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VIII.1

In this note we give an example of a Banach space without the

approximation property. This answers negatively a problem posed by

S. Banach near forty years ago. The first such example is due to Enflo [1].
Here it is presented with significient modifications which make the

construction much more simpler, although "the main idea" is exactly the

same as in the original work of Enflo. The modifications are due mainly

to Figiel, but also to Pelczynski and to the author.

Let E, F be Banach spaces. By L(E,F) we shall denote the class
of all continous linear operators from E into F, by L(E) the class L(E,E)
and by L o (E) those operators from L(E) which are finite dimensional.

We say that Banach space E has the approximation property if

and we say that E has the bounded approximation property if

It was proved by A. Grothendieck [2] that if the Banach space

E is reflexive then the approximation property and the bounded approxi-
mation property are equivalent.

Let E be a Banach space and E’ its dual space. A family

(e is called K-biorthogonal system if e n E E, enC E’

The following properties are an easy consequence of the

definition :

where Id is the identity operator in E.
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Moreover there holds :

. is a sequence of subsets of N such that

and thus I

Since is linearly dense in E, the operators x’, m E N,
n n m

x’ E E’ are linearly dense in the operator-norm topology in L 0 E.
Therefore by 1°) and 20) we obtain that lim tr 

N 
u = 0 for each u E L 0(E).

Ni o

Proposition 1 : Let (e 
nEN 

be a K-biorthogonal, complete system in

E. Let us assume that there exists a sequence of positive numbers (a.)
i

such that E a.  00 and a sequence (N.) of finite subsets of N such that
i=1 1 1

liml Ni I + and for each u E L(E) there holds

then E has not the bounded approximation property.

Proof : On the contrary let us assume that E has the bounded approxi-
mation property and that M is a constant as in the definition. Let

....
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and thus I and this is a contradiction with 4°.

Let T denote the unite circle (zllzl=ll in C 1 and do the
Haar measure on T.

By L , 1 p  , we shall mean the Banach space of all
P 1

measurable mappings 
1 

such that

The dual space L is isometric with L , where 1 + 1
p q p q

is given by

5°) The sequence is an 1-biorthogonal complet system in L . p

In the sequel C1 C2 
X, C~,... will denote universal constantq 

p~ P, p~

depending only on p and À.

We shall need the following two properties of this system

I 
for each natural number n

(6°) is obtained by easy computations and 7~).is the property of the

"lacunary series" and it may be found in [3]).
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Lemma 1 : Let 1 s p and let I be a finite subset of Z such that

is an even number. Then there exists A c I such that JAI - 2

Proof : Let (6- i ) i E Ibe a sequence of independent random variables such

that E i is didtributed by the rule .

Then by the Kintchine inequality :

Moreover Thus by the Chebyschev inequality we get

This implies that there exists a sequence of signs
4 ~ - 1

Let A’ be the set of those i E I for which E? = +1 then
1

Therefore we can trInsfere from A’ to its complement in I, or

conversly ,~, not more then )1)2 arbitrary elements in such way that we

obtain a set A such that IAI - -III and

This completes the proof.
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Lemma 2 : Let 1 s p  ~, and let I = [1,2n ] n Z 2. Then there exist

A, B C I such that

and for each there holds

Proof : Let A be such as in lemma

Let 11 E L ) then let us putLet iiE 
P P 

then let us put

where p 8 is an operator given by

It is easy to see that u is diagonal e.g.

This completes the proof.
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For n z 3 let A and B be subsets
n n

and such that for each 1

Let us enumerate the elements of An and B n by

and let us denote
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Proof : For any

Let us fix j and let be given by

and let i be given by

Let us compute the norm of s :
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(because are lacunary with X = 2)

and hence

and this proves lemma 3.



VIII.9

Corollary : The Banach space E for 2  p  00 has not the approximation

property.
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