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On the Functionally Countable Subalgebra of C(X)
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ABSTRACT - Let Cc (X)  f f 2 C(X) : f (X) is countableg. Similar to C(X) it is observed that the sum of any collection of semiprime (resp. prime) ideals in the ring
Cc (X) is either Cc (X) or a semiprime
p (resp. prime) ideal in Cc (X). For an ideal I in
Cc (X), it is observed that I and I have the same largest zc -ideal. If X is any
topological space, we show that there is a zero-dimensional space Y such that
Cc (X)  Cc (Y ). Consequently, if X has only countable number of components,
then Cc (X)  C(Y ) for some zero-dimensional space Y . Spaces X for which Cc (X)
is regular (called CP-spaces) are characterized both algebraically and topologically and it is shown that P-spaces and CP-spaces coincide when X is zerodimensional. In contrast to C  (X), we observe that Cc (X) enjoys the algebraic
properties of regularity, @0 -selfinjectivity and some others, whenever C(X) has
these properties. Finally an example of a space X such that Cc (X) is not isomorphic to any C(Y ) is given.
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1. Introduction
Unless otherwise mentioned all topological spaces X are infinite completely regular Hausdorff and we will employ the definitions and notation
used in [9]. A celebrated result due to Rudin [23], Pelczynski and Sema-
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deni [21], states that if X is a compact space then X is functionally countable (i.e., each member of C(X) has countable image) if and only if X is
scattered (i.e., every nonempty subspace of X contains an isolated point)
see also [19, Proposition 3.1] and [18]. Recently the if part of this interesting
result has been generalized to compact a-scattered spaces in [8]. One
trivially observes that the subset of C(X), where X is any space not necessarily compact, consisting of those members with countable image is a
subring of C(X) containing the real numbers, i.e., an R-subalgebra of C(X),
and we denote it by Cc (X). Motivated by the first result mentioned above
and the latter trivial fact we are led to study Cc (X) and will try to connect
its algebraic properties to topological properties of X. It turns out Cc (X),
although not isomorphic to any C(Y) in general, enjoys most of the important properties of C(X) (note, some of these properties do not hold for
C  (X) unless X is finite). It seems up to now the only well-known subring of
C(X) which, parallel to C(X) has played a major role in the context of C(X),
is C  (X). But we should notice that C  (X) is in fact C(Y), where Y  bX,
that is to say C(X) and C  (X) are of the same type and hence in this sense
the description of a proper subring of C(X) fits Cc (X) to a tee. Let us,
without further ado, give an outline of this paper. After presenting some
preliminary results of C(X) which are trivially shared by Cc (X) in Section 2,
in Section 3, and prove the fact that for any ideal
we introduce the p
zc-ideals

I in Cc (X), I and I have the same largest zc -ideal. It is also observed that
the sum of any family of semiprime (resp. prime) ideals in Cc (X) is either
Cc (X) or a semiprime (resp. prime) ideal in Cc (X). In Section 4, topological
spaces in which points and closed sets are separated by elements in Cc (X)
are called c-completely regular space and it is observed that these spaces
coincide with zero-dimensional ones. Consequently for any topological
space X we prove that there exists a zero-dimensional space Y which is a
continuous image of X and Cc (X)  Cc (Y). Section 5, is devoted to the introduction of CP-spaces (i.e., spaces for which Cc (X) is a regular ring). It is
observed that every P-space is a CP-space and a characterization of CPspaces similar to the one for P-spaces is given (see [9, 4J]). In particular, we
show that X is a CP-space if and only if whenever f fn g1
n1  Cc (X) then
1
T
Z( fn ) is an open zero-set of the form Z( f ), where f 2 Cc (X). Conse-

n1

quently in zero-dimensional spaces, P-spaces and CP-spaces are the same.
In Section 6, we show that some important algebraic properties of C(X)
such as regularity, @0 -selfinjectivity and some others are shared by Cc (X)
but not by C  (X). Finally in Section 7, we present some examples to show
that Cc (X) may not be isomorphic to C(Y) for any topological space Y.
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2. Preliminaries
In this section we aim to state, without proofs, some of the elementary properties of Cc (X) which are needed in the subsequent sections
(note, the proofs are more or less similar to the corresponding ones for
C(X)). It is evident that whenever X is connected then Cc (X)  R,
otherwise R 4 Cc (X). It is also worth mentioning that if X is either equal
to bN or to bQ, then Cc (X) is a proper R-subalgebra of C(X) which is not
isomorphic to R or a direct product of copies of R (note, X is strongly
zero-dimensional, see [6, Theorems 6.2.7, 6.2.12], but it is neither a
scattered space nor a P-space, see the first few lines of the introduction
f  g  j f gj
2 Cc (X)
and our Corollary 5.7). We also note that f _ g 
2
for all f ; g 2 Cc (X), hence Cc (X) is a sublattice of C(X). For f 2 Cc (X) and
f > 0 we note that there exists k 2 Cc (X) with f  k2 . We also note that
whenever f 2 Cc (X) and f r is defined with f r 2 C(X), where r 2 R, then
f r 2 Cc (X). Let us put Cc (X)  Cc (X) \ C  (X), then every homomorphism
W : Cc (X) ! Cc (Y) takes Cc (X) into Cc (Y). It is clear that if X is pseudocompact then Cc (X)  Cc (X). But we may have Cc (X)  Cc (X) without the
pseudocompactness of X, for consider X  ( 1; 0) [ f1; 2; . . . ; ng as the
subspace of R, then Cc (X)  Cc (X).
We recall that the socle of C(X), denoted by CF (X), which is the sum of
all minimal ideals of C(X), consists of all functions in C(X) which vanish
everywhere except on finite number of points of X, see [16, Proposition 3.3].
Clearly CF (X) is an ideal in both C(X) and Cc (X). Motivated by this we give
the next definition.
DEFINITION 2.1.

For a topological space X we put
C F (X)  f f 2 C(X) : j f (X)j51g:

It is manifest that C F (X) is a subring of Cc (X) and
CF (X)  C F (X)  Cc (X)  C(X):
It goes without saying that if C(X; K) is a subring of C(X) such that each
f 2 C(X; K) takes values in a countable subring K of R, then it is a subring
of Cc (X). Let us for the sake of brevity put C(X; Z)  Ci (X),
C(X; Q)  Cr (X) and note that these subrings are unfortunately not Rsubalgebras of C(X). But in this article we are mainly interested in Cc (X)
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and C F (X) and note that the latter two subrings of C(X) are R-subalgebras
of C(X) containing the socle of C(X).
REMARK 2.2. Let X be a space with C(X)  Cc (X) and Y be a pseuS
docompact space and Z  X _ Y be the free sum of X; Y. Then
C(Z)  Cc (Z)  C  (Z).
REMARK 2.3. Let f 2 Cc (X), then f is a unit in Cc (X) if and only if
Z( f )  1, a fact which is not true for C  (X) in general.
We recall that [9, 1D(1)] plays a useful role in the context of C(X). The
following is the counterpart for Cc (X).
LEMMA 2.4. If f ; g 2 Cc (X) and Z( f ) is a neighborhood of Z(g), then
f  gh for some h 2 Cc (X).
COROLLARY 2.5. If f ; g 2 Cc (X), and j f j  jgjr ; r > 1, then f  gh for
some h 2 Cc (X). In particular, if j f j  jgj, then whenever f r is defined for
r > 1, f r is a multiple of g.
CONVENTION. Let us put Zc (X)  fZ( f ) : f 2 Cc (X)g, where X is a topological space.
REMARK 2.6. Lemma 2.4, Corollary 2.5 are also valid in C F (X) and
Cr (X) but not in Ci (X).
DEFINITION 2.7. Two subsets A and B of a topological space X are said
to be countably separated (c-separated) in X if there is an element
f 2 Cc (X) such that f (A)  1, f (B)  0.
The next result is the counterpart of [9, Theorem 1.15].
THEOREM 2.8. Two subsets A; B of a space X are c-separated if and
only if they are contained in disjoint members of Zc (X). Moreover, c-separated sets have disjoint zero-set neighborhoods in Zc (X).
COROLLARY 2.9. If A; A0 are c-separated in X, then there are zero-sets
F; Z in Zc (X) with A  X n Z  F  X n A0 .
Similar to a z-filter, one can define a zc -filter on X.
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DEFINITION 2.10. 1 6 F  Zc (X) is called a zc -filter on X if F satisfies
the following conditions.
(i) 1 2
= F.
(ii) Z1 ; Z2 2 F, then Z1 \ Z2 2 F.
(iii) Z 2 F, Z0 2 Zc (X) with Z0  Z, then Z0 2 F.
Clearly, for every ideal I in Cc (X), Zc [I]  fZ( f ) : f 2 Ig is a Zc -filter
on X and conversely, if F is a Zc -filter on X, then Z 1 [F] 
f f 2 Cc (X) : Z( f ) 2 Fg is an ideal in Cc (X). Moreover, every zc -filter F is
of the form F  Zc [I] for some ideal I in Cc (X) and for any ideal A in
Cc (X), Z 1 [Zc [A]] is an ideal in Cc (X) containing A.
DEFINITION 2.11. An ideal I in Cc (X) is called a zc -ideal if whenever
Z( f ) 2 Zc [I], f 2 Cc (X), then f 2 I.
REMARK 2.12. Clearly, every zc -ideal in Cc (X) is an intersection of
prime ideals in Cc (X). Prime zc -filters and zc -ultrafilters are defined similar
to their counterparts in [9] and one can easily see that in fact all the results
in [9, Chapter 2] are trivially valid if we replace C(X) by Cc (X).
We need the following results too.
THEOREM 2.13. Let Q be any zc -ideal in Cc (X). Then the following
statements are equivalent.
1.
2.
3.
4.

Q is a prime ideal in Cc (X).
Q contains a prime ideal in Cc (X).
For all f ; g 2 Cc (X) with fg  0, we have either f 2 Q or g 2 Q.
For each f 2 Cc (X), there exists a zero-set in Zc [Q] on which f does
not change sign.

COROLLARY 2.14. Every prime ideal in Cc (X) is contained in a unique
maximal ideal in Cc (X).
REMARK 2.15. Let us define an ideal I in C F (X) to be a zF -ideal if
Z( f ) 2 ZF [I]  fZ(g) : g 2 Ig, f 2 C F (X), then f 2 I. Now it is easy to see
that the previous two results are also valid in C F (X) if we replace zc -ideal
by zF -ideal and Zc [Q] by ZF [Q] in these results. It is manifest that these
results are valid for some more applicable subrings, such as Cr (X), Ci (X), of
Cc (X).
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3. zc -ideals
If x 2 X and Mxc  Mx \ Cc (X), where Mx consists of those elements of
C(X) which vanish at x, then Mxc is a maximal ideal in Cc (X), for consider
onto
W : Cc (X) ! R, where W( f )  f (x), hence ker W  Mxc and we are done.
Consequently the Jacobson radical of Cc (X) is zero, i.e., J(Cc (X))  0. It is
well-known that the sum of two z-ideals in C(X) is either C(X) or a z-ideal,
see [9, Lemma 14.8]. The usual proof of this result depends on the properties of bX which are inapplicable to Cc (X). But fortunately the proof of
this result in [24] can be modified for Cc (X) and is presented below.
LEMMA 3.1. Let f ; g; l 2 Cc (X), Z( f )  Z(g) \ Z(l) and define
8
8
; x 2 Z(g) \ Z(l)
; x 2 Z(g) \ Z(l)
>
>
<0
<0
2
2
h(x) 
; k(x) 
:
fg
fl
>
>
; x2
= Z(g) \ Z(l)
; x2
= Z(g) \ Z(l)
: 2
: 2
2
2
g l
g l
Then we have the following conditions.
1.
2.
3.
4.

jkj _ jhj  j f j.
f  h  k.
fl2  k(g2  l2 ), fg2  h(g2  l2 ).
h; k 2 Cc (X).

PROOF. It suffices to show that h, k are continuous. By similarity, we
may only show that h is continuous. To this end, we prove that h is continuous at any point x 2 Z(g) \ Z(l) and this completes the proof. Since
f (x)  0, we infer that for any e > 0 there exists a neighborhood U of x with
x 2 U  f 1 ( e; e). Now by (1) and the fact that f (U)  ( e; e) we have
h(U)  ( e; e), i.e., h is continuous.
COROLLARY 3.2. Let A; B be two zc -ideals in Cc (X). Then either
A  B  Cc (X) or A  B is a zc -ideal.
PROOF. Let A  B 6 Cc (X) and f 2 Cc (X) be an element with
Z( f )  Z( f 0 ), where f 0 2 A  B. We are to show that f 2 A  B. But
f 0  g  l, where g 2 A, l 2 B. Clearly, Z( f )  Z( f 0 )  Z(g) \ Z(l). Now let
h; k be as in the previous lemma, hence f  h  k. But Z(h)  Z(g) and
Z(k)  Z(l) and since A; B are zc -ideals we infer that h 2 A, k 2 B. Hence
f 2 A  B and we are through.
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COROLLARY 3.3. Let F  fAi gi2I be a collection of zc -ideals in Cc (X).
P
P
Ai  Cc (X) or
Ai is a zc -ideal.
Then either
i2I

i2I

Using the fact that each minimal prime ideal in a subring of a ring R is
the contraction of a minimal prime ideal of R and the fact that minimal
prime ideals in C(X) are z-ideals, we immediately have the following corollary.
COROLLARY 3.4.

Every minimal prime ideal in Cc (X) is a zc -ideal.

The next result is the consequence of the previous two corollaries and
Theorem 2.13.
COROLLARY 3.5. Let F  fPi gi2I be a collection of minimal prime
P
P
Pi is a prime ideal in
ideals in Cc (X). Then either Pi  Cc (X) or P 
i2I
i2I
Cc (X).
Let us recall that a subring A of C(X) is called absolutely convex if
f 2 C(X), g 2 A, and j f j  jgj imply that f 2 A. In [24], certain properties of C(X) are extended, in an easy way, to absolutely convex
subrings of C(X). Although, Cc (X) may not be absolutely convex in
general, but if we borrow the proofs of [24, Lemma 2.1, Lemma 5.1,
Theorem 5.2, Theorem 5.3], word-for-word, we obtain the same results
for Cc (X) in the following sequence of corollaries, see also [17, Corollary
2.3] and [9, 14B.1].
COROLLARY 3.6.

A prime ideal P in Cc (X) is absolutely convex.

COROLLARY 3.7. The sum of a collection of semiprime ideals in Cc (X)
is a semiprime ideal or is the entire ring Cc (X).
COROLLARY 3.8. Let P be a prime ideal in Cc (X). Then the ring
Cc (X)=P is totally ordered and its prime ideals are comparable.
The next corollary is much stronger than Corollary 3.5.
COROLLARY 3.9. Let fPi gi2I be a collection of semiprime ideals in
P
Pi is a prime
Cc (X) such that at least one of Pi 's is a prime ideal, then
i2I
ideal (or all of Cc (X)).
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In [20, Proposition 2.4] and [2, Proposition
p 3.2] and [4, Corollary 2.3] it is
shown that for any ideal I in C(X), I and I have the same largest z-ideal.
The following is the counterpart for Cc (X). But before presenting the re1
P
j f jrn 2 C(X), where rn is
sult, we note that whenever f 2 Cc (X) and g 

n1
a positive real number, then g 2 Cc (X) note, let f (X)  fan g1
n1 , then
1
P
1
rn
g(X)  fbi gi1 , where bi 
jai j .
n1

THEOREM 3.10.
largest zc -ideal.

Let I be an ideal in Cc (X). Then I and

p
I have the same

PROOF. We first observe that the sum of all zc -ideals in a proper ideal
by Corollary 3.3. Hence it suffices to show that if A is a
is a proper p
zc -ideal,

zc -ideal in I, then A  I. To see this, let f 2 A and by replacing f by
1
1 j f jn
P
f
2 A, we may assume that j f j  1. Now define g 
, hence
n
1  f2
n1 2
the
we infer
g 2 Cc (X), by p
 above comment. Since Z(g)  Z( f ) and f2 2 A
1
that g 2 A  I. Thus gn 2 I for some n > 1. But 2 n j f jn2  g, i.e.,
3
j f j  (2n gn )n , which implies that gn j f , by Corollary 2.5, therefore f 2 I
and we are done.
REMARK 3.11. If we replace Cc (X) by C F (X) and zc -ideals by zF -ideals,
then all the results of this section remain valid for C F (X). But, we should
emphasize that the function g defined in the previous proof may not be in
some of the natural subrings of Cc (X), for example g is not in Cr (X), hence
the previous proof cannot be extended to other subrings of Cc (X) in general. But we should also emphasize that all the results in this section except
Theorem 3.10, remain valid (with the same proofs) for Cr (X) and more
generally for C(X; K), where K is a subfield of R. Using the comment
preceding Corollary 3.4, the counterpart of Corollary 3.4, can be easily
proved for Ci (X), but the other results of this section may not be true for
the latter ring.

4. Zero-dimensional spaces and Cc (X)
We begin with the following definition.
DEFINITION 4.1. A Hausdorff space X is called countably completely
regular (briefly, c-completely regular) if whenever F  X is a closed set and
x2
= F, then there exists f 2 Cc (X) with f (F)  0 and f (x)  1.
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Clearly, a Hausdorff space X is c-completely regular if and only if
whenever F  X is closed and x 2 X n F, then x and F have two disjoint
zero-set neighborhoods in Zc (X). Consequently, there exist g; h 2 Cc (X)
with x 2 X n Z(h)  Z(g)  Fc .
REMARK 4.2. X is a c-completely regular space if and only if
F  fZ( f ) : f 2 Cc (X)g is a base for the closed sets in X or equivalently if
and only if B  fint(Z( f )) : f 2 Cc (X)g is a base for the open sets in X.
If we apply the proof of [9, 3.11(a)] word-for-word, we obtain the following.
PROPOSITION 4.3. Let X be a c-completely regular space and A; B be
two disjoint closed sets in X such that A is compact, then there is
f 2 Cc (X) with f(A)  0, f(B)  1.
The following fact which incidentally shows the previous result holds if
we replace Cc (X) by C(X; K), where K is a countable subfield of R, is crucial
in our study and although its proof is routine, we present some part of it for
the sake of the reader.
PROPOSITION 4.4. Let X be a topological space. Then the following
statements are equivalent.
1. X is a zero-dimensional space (i.e., a T1 -space with a base consisting of clopen sets).
2. For each closed subset F of X and x 2 X n F, there exists f 2 C F (X)
with f (F)  0 and f (x)  1.
3. For each closed subset F of X and x 2 X n F, there is f 2 A such that
f (F)  0 and f (x)  1, where A is a subring of C(X) whose elements
take values in a countable subring of R.
4. X is c-completely regular space.
PROOF. We only show that (4))(1). Let x 2 X and Ux be a neighborhood of x. Then there exists f 2 Cc (X) with f (x)  1, f (Uxc )  0 and
f (X)  [0; 1]. Since f 2 Cc (X), we infer that there exists r 2 [0; 1] such
that r 2
= f (X). Hence x 2 f 1 (r; 1)  f 1 ([r; 1))  Ux . But clearly
Ax  f 1 (r; 1)  f 1 ([r; 1)) is a clopen set and we are done.
COROLLARY 4.5. Let X be a Hausdorff space, then X is a zerodimensional space if and only if its topology coincides with the weak
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topology induced by Cc (X) (C F (X)) or by a subring of Cc (X) such as A in
part (3) of the above proposition.
It is well-known that as far as the algebraic properties of C(X) are
concerned we may always assume that X is a completely regular space. In
what follows we similarly observe that as far as algebraic (lattice) properties of Cc (X) (C F (X)) or some other natural subrings of Cc (X) are to be
investigated, we may impose the blanket assumption of the zero-dimensionality on X.
THEOREM 4.6. Let X be any space (not necessarily completely regular). Then there is a zero-dimensional space Y which is a continuous
image of X and Cc (X)  Cc (Y).
PROOF. We define x  x0 on X if f (x)  f (x0 ) for all f 2 Cc (X). Clearly,
this is an equivalence relation on X. Put Y  f[x] : x 2 Xg, where [x] is the
equivalence class of x 2 X. We define W : X ! Y by W(x)  [x]. Now for each
f 2 Cc (X), let us define gf 2 RY by gf (y)  f (x), where y  [x], hence
f  gf  W. Now put C 0  fgf : f 2 Cc (X)g  RY and we observe that g 2 C 0
if and only if g  W  f for some f 2 Cc (X). Let us now consider the weak
topology on Y which is induced by C 0 . Therefore C 0  C(Y) and since for
each open set G in R we have W 1 (g 1 (G))  f 1 (G), we infer that W is continuous. We also note that for y; y0 2 Y with y 6 y0 , there exists g 2 C 0 with
g(y) 6 g(y0 ), hence Y is Hausdorff. It is also manifest, by definition, that for
each gf 2 C 0 we have jgf (Y)j  j f (X)j  @0 . Finally, it is trivial to see that
u : Cc (Y) ! Cc (X), where u(g)  g  W is an isomorphism. Hence it remains
to be shown that Y is zero-dimensional. To this end, let H  Y be an open
set and y 2 H. Then y 2 g1 1 (a1 ; b1 ) \ g2 1 (a2 ; b2 ) \ . . . \ gn 1 (an ; bn )  H for
some g1 ; g2 ; . . . ; gn 2 C 0 , ai ; bi 2 R; i  1; 2; . . . ; n. Since for each gi we have
jgi (Y)j  @0 , we infer that without loss of generality we may assume that
= gi (Y), i  1; 2; . . . ; n. Consequently, y 2 g1 1 (a1 ; b1 ) \ g2 1 (a2 ; b2 )
ai ; bi 2
\ . . . \ gn 1 (an ; bn )  g1 1 [a1 ; b1 ] \ g2 1 [a2 ; b2 ] \ . . . \ gn 1 [an ; bn ]  H, hence
y 2 Dy  H, where Dy  g1 1 (a1 ; b1 ) \ g2 1 (a2 ; b2 ) \ . . . \ gn 1 (an ; bn ) is a
clopen set and we are done.
REMARK 4.7. In the previous proof we note that if C(X; K) is a subring
of Cc (X) whose elements take values in a countable subring K of R, then
u(C(X; K))  C(Y; K), i.e., C(X; K)  C(Y; K). In particular, Cr (X)  Cr (Y),
Ci (X)  Ci (Y) and one can also easily show that C F (X)  C F (Y).
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The following interesting result shows that if X is a space whose class of
components is not large, then Cc (X) is C(Y) for some zero-dimensional
space Y.
COROLLARY 4.8. Let X be a topological space whose set of components
is countable. Then Cc (X)  C(Y) for some zero-dimensional space Y.
PROOF. In view of the previous theorem there exists a zero-dimensional space Y such that Y is a continuous image of X and Cc (X)  Cc (Y).
But it is clear that Y is totally disconnected (i.e., the only nonempty connected subsets of Y are the singletons). Consequently, Y must be countable
and therefore Cc (X)  Cc (Y)  C(Y).
COROLLARY 4.9.

Let X be a topological space with only n components.
n
Q
Then Cc (X)  C (X) 
Ri , where Ri  R for i  1; 2; . . . ; n. Moreover
i1
n
Q
Ki , where Ki  K for i  1; 2; . . . ; n and K is a countable
C(X; K) 
i1
n
n
Q
Q
Qi , where Qi  Q and Ci (X) 
Zi ,
subring of R, hence Cr (X) 
i1
i1
where Zi  Z.
F

5. Countably P-space
In this section we introduce countably P-spaces. We recall that X is a Pspace if and only if C(X) is a regular ring, see [9, 4J]. We observe trivially if
C(X) is regular, then so too is Cc (X), but the converse is not true in general.
Motivated by this, we offer the following definition.
DEFINITION 5.1. A space X is called a countably P-space (briefly, CPspace) if Cc (X) is regular.
S
EXAMPLE 5.2. Let X  [0; 1] _ N be the free sum of [0; 1] and the
natural numbers N. Clearly, X is a CP-space which is not a P-space.
PROPOSITION 5.3.

Every P -space is a CP -space.

PROOF. Let X be a P-space. We must show that for each f 2 Cc (X),
there exists g 2 Cc (X) with f  f 2 g. Since C(X) is regular, there is h 2 C(X)
with f  f 2 h. Consequently, f  f 2 g, where g  h2 f . It is also evident that
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1
, whenever x 2
= Z( f ). Hence g 2 Cc (X) and we
Z( f )  Z(g) and g(x) 
f (x)
are done.
REMARK 5.4. Lemma 2.4, gives another proof of the above result, for
Z( f )  Z( f 2 ) for all f 2 Cc (X), hence f  f 2 g for some g 2 Cc (X).
It is well-known that X is a P-space if and only if every Gd -set is open,
see [9, 4J(3)]. The following which plays a crucial role in our study is the
counterpart of the previous fact in Cc (X).
THEOREM 5.5. A space X is a CP-space if and only if every zero-set in
Zc (X) is open. Moreover, in this case whenever f fi g1
i1 is a countable set in
1
T
Z( fi ) is an open zero-set in Zc (X).
Cc (X),
i1

PROOF. Let X be a CP-space and f 2 Cc (X), then f  f 2 g for some
g 2 Cc (X). Clearly, e  fg is an idempotent in Cc (X) and Z( f )  Z(e) is
open. Conversely, if Z( f ) is open for all f 2 Cc (X), we are through by
Remark 5.4. Finally, let I be the ideal in Cc (X) generated by f fi g1
i1 , i.e.,
1
1
P
P
I
fi Cc (X). Since Cc (X) is regular, one can write I 
ei Cc (X),
i1

i1

where each ei is an idempotent in Cc (X) and ei ej  0 for all i 6 j, see
[13, Lemma 2] or [7, the proof of Proposition 1.4]. We note that
whenever ej (x) 6 0 for some x 2 X, then ei (x)  0 for all i 6 j. Clearly,
1
1
1
T
T
P
T
ei
and it is
Z( fi ) 
Z(g) 
Z(ei ). Now we define g 
i (1  e )
2
i
g2I
i1
i1
i1
1
T
evident g 2 C(X), Z(g) 
Z(ei ). Hence if we show that g 2 Cc (X), then
i1

we are done. But for each x 2 X there exists at most a unique i  1
ei (x)
1
such that ei (x) 6 0, therefore g(x)  i

and conse

2 (1  ei (x)) 2i1
1 1 1
quently g(X)  0; 2 ; 3 ; 4 ; . . . , i.e., g 2 Cc (X).
2 2 2
REMARK 5.6. Let X be a CP-space. Then C F (X) (C(X; K), where K is a
countable subfield of R and in particular Cr (X)) is a regular ring too. To see
this, one can just apply the proof of either Proposition 5.3 or Remark 5.4,
verbatim. We should remind the reader that the previous theorem which is
basic in our study (see for example, Remark 6.10) may not be true for
C F (X), but our proof shows that it is in fact true for the subring C(X; K)
and in particular for Cr (X). Finally we must also emphasize that it is trivial
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to see that each regular subring of C(X) should contain an isomorphic copy
of Q, hence Ci (X) can never be regular.
COROLLARY 5.7. Let X be a zero-dimensional CP-space. Then every
Gd -set A containing a compact set S contains a zero-set in Zc (X) containing S. In particular, every zero-dimensional CP-space is a P-space.
PROOF.

Let A 

1
T
n1

Un , where each Un is an open set. Since A  S, we

infer that S and X n Un are disjoint for all n  1. Thus by Proposition 4.3,
there exists a zero-set Fn 2 Zc (X) with S  Fn  Un for all n  1,
1
1
T
T
Fn . But by the previous theorem
Fn  Z( f ) for some f 2 Cc (X)
S
n1

n1

and we are through, for S  Z( f )  A. The final part is now immediate.
Next, let us put Ocp  Op \ Cc (X) and Mpc  Mp \ Cc (X), where p 2 X
and Op is the ideal of C(X) consisting of all f in C(X) for which Z( f ) is a
neighborhood of p. It goes without saying that Mpc is a maximal ideal in
Cc (X) and Ocp is a zc -ideal in Cc (X). The following is now the counterpart of
[9, 4J] for Cc (X) and for its proof it suffices to apply the corresponding
proof for C(X) word-for word and also invoke the previous theorem.
THEOREM 5.8. Let X be a topological space. Then the following statements are equivalent.
1.
2.
3.
4.
5.
6.
7.
8.
9.

X is a CP-space.
Cc (X) is a regular ring.
Each ideal in Cc (X) is a zc -ideal.
Each prime ideal in Cc (X) is a maximal ideal.
For each p 2 X, Mpc  Ocp .
Every zero-set in Zc (X) is open.
Each ideal in Cc (X) is an intersection of maximal ideals.
For all f ; g 2 Cc (X), ( f ; g)  ( f 2  g2 ).
For every f 2 Cc (X), Z( f ) (X n Z( f )) is C-embedded.
1
T
Z( fi ) is an open zero-set in Zc (X).
10. If f fi : i 2 Ng  Cc (X), then
i1

Finally, we conclude this section with the following remarks.
REMARK 5.9. Let X be any CP-space. Then by Theorem 4.6 and
Corollary 5.7, there is a P-space Y which is a continuous image of X.
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REMARK 5.10. In Theorem 5.8, if we replace zc -ideal by zF -ideal and
put OFp  Op \ C F (X) and MpF  Mp \ C F (X), then all the equivalences (2)(9) in this theorem are valid for C F (X) . But we should also remind the
reader that all the previous equivalences (2)-(10) are true with the same
proofs for C(X; K), where K is a countable subfield of R and in particular
for Cr (X). It is also emphasized that whenever X is a zero-dimensional
space the proof of Corollary 5.7, shows that for a countable subfield K of R,
Cc (X) (C(X)) is regular if and only if C(X; K) is regular. As for Ci (X), we
recall that Ci (X) can never be a regular ring.
6. Cc (X) vs. C(X)
A commutative ring R is called self-injective (@0 -selfinjective) if every
homomorphism from an ideal (countably generated ideal) of R into R can be
extended from R into R. Commutative regular rings, in general, are rarely
@0 -selfinjective, see [10, Example 14.7]. But surprisingly in [7, Theorem 1], it
is shown that C(X) is regular if and only if C(X) is @0 -selfinjective. Another
interesting property of C(X) is the fact that whenever the set of isolated
points is dense in X, then C(X) is a self-injective ring if and only if C(X) is
isomorphic to a direct product of fields, see [3, Theorem 4.2, Proposition 4.4].
We also recall that if C(X) satisfies the latter condition, then it is in fact
isomorphic to a direct product of the field of the real numbers, that is to say,
C(X) keeps its faithfulness to the real numbers. In this section, we show that
Cc (X) enjoys all these interesting properties too. We should also remind the
reader that C  (X) can never have any of these properties, unless X is a finite
Q
space, in which case, C(X)  C  (X)  Cc (X)  C F (X)  CF (X)  Ri ,
i2I
Q
where Ri  R and jIj  jXj and clearly Cr (X)  Qi , where Qi  Q,
Q
i2I
Ci (X)  Zi , where Zi  Z.
i2I

Before observing the validity of the last property mentioned above for
Cc (X), we need the next lemma.
LEMMA 6.1. Let 0 6 I be an ideal in Cc (X) (C(X)) which is a field as a
ring. Then I  R. Similarly, if 0 6 I is an ideal in C(X; K) which is a field,
where K is a subfield of R, then I  K.
PROOF. Since I is a field, it has an identity, e 2 Cc (X) say. Hence
0 6 e  e2 is an idempotent and eCc (X)  I, for I is an ideal in Cc (X). Clearly
eCc (X) is an ideal in I too, hence eCc (X)  I (note, I is a field). It is also
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evident that every ideal of Cc (X) which is inside I, is an ideal of I too. Hence
I is the only nonzero ideal of Cc (X) which is in I. Consequently, I is a minimal
ideal in Cc (X). Now eCc (X)  Cc (X)=(1 e)Cc (X) implies that (1 e)Cc (X)
must be a maximal ideal in Cc (X). Let x 2 Z(1 e) and define W : Cc (X) ! R
by W( f )  f (x), hence Cc (X)=ker W  R. But clearly (1 e)Cc (X)  ker W
and therefore (1 e)Cc (X)  ker W, by the maximality of (1 e)Cc (X). Thus
I  eCc (X)  Cc (X)=ker W  R, and we are done. Finally, this proof can be
carried over verbatim for C(X) and C(X; K).
REMARK 6.2. The above proof shows that if I is a nonzero minimal
ideal in C(X) or in either Cc (X) or C F (X) (resp. C(X; K), where K is a
subfield of R), then we must have I  R (resp. I  K). It is interesting to
note that if in the ring C(X; K) we assume that K is just a subring of R
which is not a field, then C(X; K) cannot contain a nonzero minimal ideal. In
particular, the socle of Ci (X) is zero.
COROLLARY 6.3.

Let

Q

W

Fi  Cc (X), where every Fi is a field. Then
i2I
W
Q
Fi  R for all i 2 I. Similarly, if Fi  C(X; K), where every Fi is a field
i2I

and K is a subfield of R, then Fi  K for all i 2 I.

PROOF. We may consider Fi as Fi  haj i : ai 2 Fi ; aj  0, for all
Q
j 6 ig. Hence each Fi is an ideal in Fi which is also a field. Consequently,
i2I

W(Fi )  Ai  Cc (X) is an ideal which is also a field in Cc (X) for all i 2 I.
Hence, by the previous lemma we have Ai  R, i.e., Fi  Ai  R and we are
done. The proof for C(X; K) is similar.
REMARK 6.4. One can clearly observe that Ci (X) can never be isomorphic to any direct product of fields, for Ci (X) cannot be a regular ring .
More generally, in view of the previous remark, no direct product of fields
can be even a direct summand of Ci (X).
It is well-known and easy to see that if I is an ideal in a commutative
reduced ring R, then I is essential in R (i.e., I intersects every nonzero
ideal nontrivially) if and only if Ann(I)  fr 2 R : rI  0g  0, see also
[16]. Using this trivial fact we prove the following interesting result.
THEOREM 6.5.

The following statements are equivalent.

1. Cc (X) is a selfinjective ring and the set of isolated points of X is
dense in X.
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2. Cc (X) 

Q
i2I

Ri , where Ri  R for all i 2 I and every nonzero ideal of

C(X) intersects Cc (X) nontrivially and C(X), Cc (X) have the same socle.
PROOF.

(1))(2). Let CF (X) 

P
k2K

ek C(X), where ek  e2k and each

ek C(X) is a minimal ideal in C(X), be the socle of C(X), see [16]. By the
comment preceding Remark 2.2, CF (X)  Cc (X). Clearly ek C(X)  ek Cc (X)
for each k 2 K. Since C(X)  ek C(X)  (1 ek )C(X), we infer that each ideal
of Cc (X) inside ek C(X) is also an ideal of C(X). Hence, each ek C(X) is a
minimal ideal of Cc (X) and therefore CF (X)  CcF (X), where CcF (X) is the
socle of Cc (X). Inasmuch as the set of isolated points of X is dense in X we
have Ann(CF (X))  0 in C(X), by [16, Proposition 2.1], a fortiori,
Ann(CF (X))  0 in Cc (X). By the above comment, we note that CF (X) is essential in both C(X) and Cc (X). This incidentally also shows that every
nonzero ideal of C(X) intersects Cc (X) nontrivially. We now claim that
CF (X)  CcF (X). To see this, we recall that in any commutative ring R
every ideal inside the socle of R is a direct summand of the socle, see [16],
hence we must have CcF (X)  CF (X)  A, where A is an ideal in Cc (X).
Now by the essentiality of CF (X) we infer that A  0 and we are done.
Q
ek Cc (X)  R by W( f )  hek f i. Since
Finally, let us define W : Cc (X) !
k2K

Ann(CcF (X))  0, we infer that W is one-one. Next, we claim that W is also
onto. To see this, let hek fk i 2 R, where fk 2 Cc (X) for all k 2 K and we are
Q
Tk , where
to find f 2 Cc (X) with W( f )  hek f i  hek fk i. Put l  hfk i 2
k2K
Q
Tk  Cc (X) for all k 2 K. Now by considering CF (X) as an ideal in
Tk ,
k2K

we define u : CF (X) ! Cc (X) by u(x)  lx for all x 2 CF (X) (note, in fact u
is defined by u(ek )  ek fk for all k 2 K). Now by the selfinjectivity of Cc (X),
u can be extended to u : Cc (X) ! Cc (X). Hence u(g)  u (g)  gf for all
g 2 CF (X), where f  u (1) 2 Cc (X). Thus u(ek )  ek f , hence u(ek )  ek f 
ek fk for all k 2 K and consequently W( f )  hek f i  hek fk i and we are done.
Q
ek Cc (X) is an isoThus we have already shown that W : Cc (X) !
k2K

morphism. But each Rk  ek Cc (X) is a minimal ideal in Cc (X) which is also
a ring with ek as its identity. Since each ideal of Rk is also an ideal of Cc (X)
(note, Cc (X)  ek Cc (X)  (1 ek )Cc (X)), we infer that Rk cannot have a
nonzero ideal (note, Rk is a minimal ideal in Cc (X)). Consequently, Rk is a
field and in view of Lemma 6.1, we must have Rk  R for all k 2 K and this
completes the proof.
(2))(1). It is well-known that the direct product of any collection of
fields is a selfinjective ring, see also [12]. It remains to be shown that the set
of isolated points of X is dense in X. But by [16, Proposition 2.1], the density
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of these points in X is equivalent to Ann(CF (X))  0 in C(X). Clearly,
Q
Q
P
Ri is the socle of
Ri and it is essential in
Ri . This immediately
i2I

i2I

i2I

implies that CF (X) is essential in Cc (X) and therefore Ann(CF (X))  0 in
Cc (X), for Cc (X) is reduced. We now claim that Ann(CF (X))  0 in C(X) too.
If not, then Cc (X) \ AnnC(X) (CF (X))  AnnCc (X) (CF (X)) 6 0, which is absurd.
Hence as we observed earlier Ann(CF (X))  0 in C(X) implies that the set
of isolated points of X is dense in X.
REMARK 6.6. If we replace Cc (X) by C F (X) in the previous theorem,
then using the same proof without the slightest change, the result remains
valid for C F (X) too. But the result fails for C(X; K), where K is any
countable subring of R, for C(X; K) can never contain the nonzero socle of
C(X). In particular, it also fails for Cr (X), Ci (X).
Before proving the remaining property for Cc (X), let us recall that a
subset S of a commutative ring R is said to be orthogonal, provided xy  0
for all x; y 2 S with x 6 y. If S \ T  1 and S [ T is an orthogonal set in R,
then a 2 R is said to separate S from T if s2 a  s for all s 2 S and
a 2 Ann(T), see [12], [14] for more details. We recall the following fact
which is in [12, Theorem 2.2] and [14, Proposition 1.2].
LEMMA 6.7. Let R be a reduced ring (not necessarily commutative).
Then the following statements are equivalent.
1. R is selfinjective (@0 -selfinjective).
2. R is regular and whenever S [ T is an orthogonal (countable orthogonal) set with S \ T  1, then there is an element in R which
separates S from T.
We also need the following fact.
LEMMA 6.8.

The following statements are equivalent in Cc (X) (C(X)).

1. If S [ T is an orthogonal set in Cc (X) (C(X)) with S \ T  1, then
there exists f 2 Cc (X) ( f 2 C(X)) which separates S from T.
2. For any orthogonal set L in Cc (X) (C(X)) there exists f 2 Cc (X)
(f 2 C(X)) with g2 f  g for all g 2 L.
PROOF.
for C(X)).

We only give a proof for Cc (X) (note, the same proof works
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(1))(2). It is evident.
(2))(1). We are to show that there exists h 2 Cc (X) such that hT  0
and g2 h  g for all g 2 S. By (2), there exists f1 2 Cc (X) with g2 f1  g for all
g 2 S [ T. We also note that S [ (2T) is an orthogonal set, where
2T  f2t : t 2 Tg. Hence there exists f2 2 Cc (X) with g2 f2  g for all
g 2 S [ (2T). For each g 2 T we have 4g2 f1  4g and 4g2 f2  (2g)2 f2  2g.
Now put h  2f2 f1 2 Cc (X), hence 4g2 h  0 and therefore
g2 h  0  (gh)2 , i.e., gh  0 for all g 2 T. Finally, if g 2 S, then
g2 h  2g2 f2 g2 f1  2g g  g and this completes the proof.
REMARK 6.9. By applying the proof of the previous result one can
easily show that this lemma is also true in any reduced ring R (not necessarily commutative) with 2x 6 0 for all 0 6 x 2 R, see also [25]. We
should also remind the reader that in the previous lemma, we may replace
S; T and L by countable orthogonal sets.
THEOREM 6.10. Let X be a topological space. Then Cc (X) is a regular
ring if and only if Cc (X) is an @0 -selfinjective ring.
PROOF. If Cc (X) is @0 -selfinjective, then Cc (X) is regular, by Lemma
6.7. Conversely, by Lemma 6.7, and Remark 6.9, it suffices to show that
whenever S is a countable orthogonal set in Cc (X), then there exists
f 2 Cc (X) with g2 f  g for all g 2 S. To see this, let S  f fi g1
i1 , where fi 6 0
for all i 2 I. Since Cc (X) is regular and in view of Theorem 5.5, we infer that
1
T
Z( fi )  Z(h) is an open set, where h 2 Cc (X). Now we define

i1

Gi  X n Z( fi ) for all i  1. Since fi fj  0, we have Gi \ Gj  1 for all i 6 j,
1
S
Gi
and we also note that each Gi is a clopen set. Finally, we define G 
i1
S
S
1
and hence X 
Gi
(X n G). Therefore we may define f : X ! R by
i1

fi (x) ; x 2 Gi
, i.e., f jGi  fi for all i  1 and f (x)  0 for all x 2
= G,
f (x) 
0
; x2
=G
hence f is continuous by [9, 1A(2)]. We also note that j f (X)j 
1
S
fi (X)  @0 , hence f 2 Cc (X). Clearly, f (x)  fi (x) for all x 2 Gi 
i1

X n Z( fi ) and Z( fi )  Z( f ) for each i  1, hence ffi  fi2 for all fi 2 S and we
are done.
REMARK 6.11. We should emphasize that Theorem 6.10, is not true for
C F (X) in general. The reason that the above proof does not work for C F (X)
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lies in the fact that the second part of Theorem 5.5, may not be true for
C F (X), see Example 7.1, Remark 7.4. But we should remind the reader that
the proof of Theorem 6.10, can be applied word-for-word to show that the
theorem is also true for C(X; K), where K is a subfield of R, and in
particular for Cr (X). But as we observed earlier Ci (X) is never a regular
ring, a fortiori is never @0 -selfinjective.
7. Cc (X) may not be a C(Y)
We have already shown that whenever C(X) is @0 -selfinjective (note,
C(X) is regular too), then so too is Cc (X). In this section we show that C(X)
may be selfinjective, but Cc (X) may not be so. We also observe that
whenever C(X) is @0 -selfinjective, then not every regular subring of C(X) is
@0 -selfinjective (we should emphasize that in this case Cc (X) is both regular
and @0 -selfinjective). Finally we present an example of a space X for which
Cc (X) is not isomorphic to any C(Y). In the following example, we see that
C(X)  Cc (X) is selfinjective, but C F (X) is not even @0 -selfinjective. We
should remind the reader that all three rings are regular.
EXAMPLE 7.1. Let X be an infinite countable discrete space. We may
1
Q
put C(X) 
Ri , where Ri  R for all i  1. Hence C(X)  Cc (X) is a
i1

selfinjective regular ring. Finally, we claim that C F (X), although a regular
subring of C(X), is not @0 -selfinjective. To see this, put
(
R

hai i 2

1
Y

)
Ri : there are only finitely many distinct ai

i1

Clearly, R  C F (X). Now put X  A [ B, A \ B  1, where jAj  jBj  @0 .
For each i 2 A, let us define fi  hai i 2 C(X), where ai  ri 6 0, aj  0 for
all j 6 i, moreover we assume that all ri are distinct and for all i 2 B, we
define gi  hbi i 2 C(X), where bi  1, bj  0 for all j 6 i. Clearly, if
S  f fi : i 2 Ag, T  fgj : j 2 Bg, then S \ T  1 and S [ T is an orthogonal set in C F (X). We claim that there is no element in C F (X) which
separates S from T. Let h  hci i 2 C F (X) separate S from T and obtain a
contradiction. We must have fi2 h  fi for all i 2 A and gi h  0 for all i 2 B.
1
Consequently, we must have ci  for all i 2 A and cj  0 for all j 2 B.
ri
Therefore h 2 Cc (X) n C F (X), which is the desired contradiction.
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Let us recall that a commutative ring R is called a Baer ring if for any
subset S of R we have Ann(S)  eR, where e  e2 . A space X is said to be
extremally disconnected if every open set in X has an open closure, see
[9, 1H]. In [3, Theorem 3.5] it is shown that C(X) is a Baer ring if and only
if X is an extremally disconnected space.
For the proof of the following result, see [3, Theorem 4.2] and Lemma 6.7.
THEOREM 7.2. Let X be a topological space. Then the following statements are equivalent.
1.
2.
3.
4.

C(X) is a Baer regular ring.
X is an extremally disconnected P-space.
C(X) is a selfinjective ring.
If S [ T is an orthogonal set in X with S \ T  1, then there exists
an element in C(X) which separates S from T.

The next trivial result is needed.
LEMMA 7.3. Let T and R be two commutative rings with R  T and R
contains all idempotent elements in T. Then whenever T is a Baer ring, so
too is R.
PROOF. Let S  R be a subset, then AnnR (S)  AnnT (S) \ R. But
AnnT (S)  eT, e2  e 2 T, since T is a Baer ring. Hence, by our assumption
e 2 R. Now it is clear that eT \ R  eR and we are through.
Finally we conclude this article by presenting the next two remarks, of
which, the first one shows the validity of the title of this section and the
second one gives some reasons for our interest in Cc (X) and C F (X) and it
also includes an open question. Incidentally, in the remark which follows,
we observe that C(X) and Cr (X) (more generally C(X; K), where K is any
field) are selfinjective, but neither Cc (X) nor C F (X) are so. It is left to the
reader to show that Cc (X) is @0 -selfinjective, but C F (X) is not, although it is
a regular ring.
REMARK 7.4. There is a topological space X such that there is no space
Y with Cc (X)  C(Y). To see this, let X be a discrete space which is unQ
Q
Ri , and Cr (X) 
Qi , where
countable (i.e., jXj  jRj). Then C(X) 
i2X

i2X

Ri  R, Qi  Q for all i 2 X, are clearly selfinjective. Now let X  A [ B,
where A; B are uncountable with A \ B  1. There exists a one-one
mapping f of X onto R n f0g. Now for each i 2 A, let us put
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fi  hai i 2 Cc (X), where ai  f (i) and aj  0 for all j 6 i, hence all components of fi are zero except one. For each i 2 B, we also put
gi  hbi i 2 Cc (X) with bi  f (i) and bj  0 for all j 6 i. Finally, we put
S  f fi : i 2 Ag, T  fgi : i 2 Bg. It is evident that S \ T  1 and S [ T is
an orthogonal set in both Cc (X) and C F (X). We now claim that there is no
element in Cc (X), a fortiori, in C F (X) which separate S from T (note, this
shows that the latter two rings are not selfinjective, by Lemma 6.7 ). To see
this, let h 2 Cc (X) be such an element and obtain a contradiction. We must
1
for all i 2 A. But f is one-one
have g2 h  g for all g 2 S, hence h(i) 
f (i)
and A is uncountable, hence jh(X)j is uncountable which is a contradiction.
Finally, we claim that the space X is the one we promised at the outset of
the remark. Since X is an extremely disconnected P-space, we infer that
C(X) is a Baer regular ring, by Theorem 7.2. Hence, by Proposition 5.3,
Cc (X) is a regular ring and it is also a Baer ring, by Lemma 7.3. Finally we
show that Cc (X)  C(Y), where Y is any space, leads us to a contradiction.
To see this, we note that C(Y) is a Baer regular ring too. Hence by
Theorem 7.2, Y is an extremally disconnected P-space and C(Y) is a
selfinjective ring. But we have already shown that Cc (X) is not selfinjective
and this is the desired contradiction.
REMARK 7.5. Let us put A  C(X; K), where K is a countable subring
of R. It is interesting to recall that when K is a subfield of R and X is a
zero-dimensional space, then X is a P-space if and only if A is a regular
ring, see Corollary 5.10 (note, in this case the subfield K need not even be
countable, see the proof of Proposition 5.3). Clearly there are infinitely
many subrings such as A in C(X), but unfortunately none of them can be an
R-subalgebra of C(X). But it seems when it comes to the study of C(X) in
general, then those subrings of C(X) which are R-subalgebras are more
appropriate to be considered. Although for the above subring A we may
consider the R-subalgebra R[A] (i.e., the R- algebra generated by A over
R) of Cc (X), but none of the nontrivial results (for example, Theorems 5.5,
5.8, 6.5, 6.10) in this article which are true for Cc (X) may remain valid for
R[A]. In particular, when X contains isolated points then the socle of C(X)
(i.e., CF (X)) which is nonzero, see [2] and [16], appears naturally in both
Cc (X) and C F (X) too, but we must remind the reader that none of the
previous subrings of C(X) such as A can contain CF (X) (note, these subrings cannot even contain any ideal of C(X) containing a nonzero idempotent). Again for each subring such as A one might put AF  A  CF (X) to
get the subring AF of Cc (X) containing CF (X), but clearly AF and Cc (X)
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cannot share the nontrivial results in this article (for example, even an easy
and natural one such as Proposition 5.3, may not hold for AF ). Finally in
contrast to Cc (X) (for example, we may recall the interesting result of
Rudin, Pelczynski and Semadeni in the introduction) some of its natural
subrings such as A and in particular Cr (X) and Ci (X) can never be isomorphic to any C(Y), for otherwise they must contain an isomorphic copy
of R which is impossible. With regard to the latter remark, the interested
reader is encouraged to characterize all topological spaces X (not necessarily compact) for which C(X)  Cc (X) (resp. Cc (X)  C(Y) for some
space Y), an interesting question which is unsettled yet. But unfortunately
it seems (at least to us) that these topological spaces cannot be easily described (note, compact scattered spaces have this property and there are
uncountable non-compact spaces enjoying this property too, see also
Corollary 4.8). All these facts and perhaps some others make us believe
that among the subrings of C(X) whose elements have countable image,
Cc (X) and CF (X) seem to be the natural companions for C(X) which along
with C  (X) can be considered in investigating the connections between the
algebraic properties of C(X) and the topological properties of X.
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