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Groups with all Subgroups Subnormal
or Nilpotent-by-Chernikov
HOWARD SMITH

It was proved by Asar in [1] that a locally nilpotent group in which every
proper subgroup is nilpotent-by-Chernikov is itself nilpotent-by-Chernikov. It is easy to see that the main problem here lies with establishing
solubility, since a non-trivial soluble group G has a homomorphic image
that is either cyclic or a Pru
Èfer p-group, and if M / N / G; with M nilpotent
and both G=N and N=M Chernikov, then MG is easily shown to be nilpotent, and of course G=MG is Chernikov. In view of earlier results from [7],
Asar's result completes the proof that a locally graded group with all
proper subgroups nilpotent-by-Chernikov is nilpotent-by-Chernikov; in
particular, a locally graded group with all proper subgroups nilpotent is
soluble-by-finite.
Now, by a well-known result due to MoÈhres [6], a group G with all
subgroups subnormal is soluble, and in [9] and [10] the question was
considered as to what might be said about a group G in which every
subgroup is either subnormal or nilpotent. With regard to establishing
solubility, the main two results in [10] were that a locally soluble-byfinite group with all subgroups subnormal or nilpotent is itself soluble
(Theorem 1), and a locally graded group in which every subgroup is
either nilpotent or subnormal of defect at most n is also soluble (Theorem 2). (Let us note here that there is an error, but one that is easily
corrected, in the proof of Lemma 2:2 of [10], in that the appeal to
Lemma 1:2 at the beginning of the second paragraph really requires an
amended version of Lemma 1:2; where solubility replaces nilpotency
throughout; the details are almost identical. A similar remark applies to
the proof of the Proposition in [9], which invokes Lemma 3 of that paper, but here an alternative correction is to include in the statement of
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Lemma 4 of [9] the hypothesis that every soluble subgroup of G be
nilpotent.)
Further results in [9] and [10] are concerned with establishing rather
more than solubility, and we do not concern ourselves in the present paper
with attempting to generalize those results but postpone treatment to a
couple of forthcoming articles. Our purpose here is to investigate whether
a group with all subgroups either subnormal or nilpotent-by-Chernikov is
soluble-by-finite, and as companion results to Theorems 1 and 2 of [10] we
have the following.
THEOREM 1: Let G be a locally soluble-by-finite group in which every
subgroup is either subnormal or nilpotent-by-Chernikov. Then G is soluble-by-finite and is either soluble or nilpotent-by-Chernikov.
THEOREM 2: Let G be a locally graded group in which every subgroup
is either nilpotent-by-Chernikov or subnormal of defect at most n; where n
is some fixed positive integer. Then G is soluble-by-finite and is either
soluble or nilpotent-by-Chernikov.
As is the case for Theorem 1 of [10], Theorem 1 above generalizes quite
easily to the case of groups G that are locally generalized radical, that is,
every finitely generated subgroup of G is the union of an ascending series
of subgroups whose factors are either locally nilpotent or locally finite. To
prove this, it is enough, in view of Theorem 1; to show that such a group G
is locally soluble-by-finite, and to this end we may assume that G is generalized radical. By (possibly transfinite) induction on the length of an
appropriate series of G; we may assume that there is a normal subgroup K
of G with G=K locally nilpotent or locally finite and K locally soluble-byfinite and hence, by Theorem 1; soluble-by-finite. Since G=K is also soluble-by-finite it follows that G is soluble-by-finite.
We recall from [10] that it is a most difficult problem to decide whether
a locally graded group with all subgroups subnormal or nilpotent need be
soluble, since it is not known whether there exists an infinite finitely
generated residually finite p-group with all subgroups either finite (and
hence nilpotent) or of finite index (and hence subnormal). This is our justification for introducing the bound on subnormal defects in the statement
of Theorem 2: From now on we shall denote the class of nilpotent-byChernikov groups by NC:
Our first result is easy to prove and is used several times during the
course of our discussion.
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LEMMA 1: Let G be a group in which every subgroup is either subnormal or in NC; and let K be a non-NC-subgroup of G: Then the dth term
G(d) of the derived series of G is contained in K, for some integer d; and if G
is not soluble-by-finite then every subgroup of G=G(d) is subnormal.
PROOF. There is a finite subnormal series from K to G; and each factor
has all subgroups subnormal and is therefore soluble [6]; it follows that
G(d)  K for some d: If G is not soluble-by-finite then neither is G(d) , so
= NC and the result follows.
G(d) 2
LEMMA 2: Let G be a locally nilpotent group that is also locally finite,
and suppose that every subgroup of G is either subnormal or in NC (respectively, subnormal or soluble). Then either G is in NC (respectively, G is
soluble) or there is a primary component Gp of G such that Gp is not in NC
(respectively, is not soluble) and G  Gp  K; for some NC-subgroup K:
PROOF. Firstly we note that every NC-subgroup of G is soluble. Now
suppose that every subgroup of G is subnormal or in NC and that some Gp
is not in NC: Then every subgroup of G=Gp is subnormal and so
G=Gp 2 NC [3] and G has the structure indicated. Suppose, on the other
hand, that every primary component is in NC but that G is not. Either there
are infinitely many p-components Gpi that are all nilpotent and are such
that the class of Gpi increases with i, or there are infinitely many p-components Gpi that are not nilpotent. In either case we write G  H1  H2 ;
where each Hj contains infinitely many of the Gpi : It is clear that H1 is not in
NC (since a Chernikov group involves just finitely many primes), but
H1  G=H2 ; which has all subgroups subnormal and is therefore in NC;
again by [3]. This contradiction concludes the proof in the case where all
subgroups are subnormal or in NC:
If every subgroup of G is subnormal or soluble then much the same
argument works: if Gp is insoluble then G=Gp has all subgroups subnormal
and is therefore in NC [3], and if Gp is soluble for all primes p but G is not
soluble then we may write G  H1  H2 where this time each Hj contains
primary components of unbounded derived length. Again H1  G=H2 ;
which is soluble [6], and a contradiction ensues.
Here is another result that is used on more than one occasion.
LEMMA 3: Let G be a locally graded group in which every subgroup is
either subnormal or in NC; let R denote the soluble residual of G; and
suppose that G=R is soluble. Then G is soluble-by-finite.

248

Howard Smith

PROOF. If G is not soluble-by-finite then neither is R; and so R 2
= NC:
By results from [1] and [7] (as referred to at the beginning of our discussion), R has a proper non-NC-subgroup S; and since S is subnormal in R we
have SR 5R and every subgroup of R=SR subnormal, so R=SR is soluble,
contradicting the fact that R is perfect.
Our next result is a generalization of Lemma 1:2 of [10], referred to
above. We have seen that Lemma 2:2 of [10] really required an adaptation
of Lemma 1:2 (i.e. a ``soluble version''), and we now state and prove a result
that covers both this amended version and other cases. The following may
be of use in further discussions of the kind presented here. Notice, for
example, that the class NC is an example of a class X satisfying the given
criterion. Notice also that if every subgroup of the group G is subnormal
but G 2
= X then the existence of such a triple (K; F; r) as described in the
proposition below follows from a result that is primarily due to Brookes [2]
- see, for example, Lemma 3 of [3].
PROPOSITION 1: Let X 

1
S

Xi
i1
Xi1 for

be a class of groups, where each class Xi

is hs; Li-closed and Xi 
all i: Let G be a group in which every
subgroup is either subnormal or in X; and suppose that G 2
= X: Then there
is a positive integer r; a non-X subgroup K of G, and a finitely generated
subgroup F of K such that, for every non-X subgroup L of K that contains
F; L is subnormal of defect at most r in K:
PROOF. Suppose the result false and set K0  G; H0  1: Assume that
for some i  1 we have subgroups Ki 1 ; Hi 1 of G; with Hi 1 finitely generated and contained in Ki 1 ; which is not in Xi : By hypothesis there is a
non-X-subgroup Ki of Ki 1 with Hi 1  Ki and Ki of defect greater than i in
Ki 1 : Choose xi 2 [Ki 1 ;i Ki ] n Ki ; then xi 2 [Ki 1 ;i Li ] for some finitely
generated subgroup Li of Ki ; and (by L-closure) we may choose Li so that
= Xi : Set Hi  hHi 1 ; Li i: Thus we have defined Ki and Hi inductively for
Li 2
1
S
all i  1: Write H 
Hi ; then H 2
= X; and so H is subnormal in G; of defect
i1

d; say. Now xd 2 [Kd 1 ;d Hd ]  [G;d H]  H; and so xd 2 Hi for some i;
which we may choose to be greater than d: Thus xd 2 Hi  Ki  Kd ; a
contradiction. The result follows.
PROPOSITION 2: Let G be a locally nilpotent group in which every
subgroup is either subnormal or nilpotent-by-Chernikov.Then G is
soluble.
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PROOF. If T denotes the torsion subgroup of G then every subgroup of
the torsion-free group G=T is subnormal or nilpotent; it follows from
Theorem 2 of [9] that G=T is nilpotent. Thus we may assume that G is
periodic, and by Lemma 2 we may further suppose that G is a p-group for
some prime p: Assume the result false and let R denote the soluble residual
of G: By Lemma 3; G=R is insoluble, and we may factor and hence assume
that G is residually soluble.
By Proposition 1, with X the class of soluble groups, we may also assume
that there is a positive integer r and a finite subgroup F of G such that every
insoluble subgroup of G that contains F is subnormal of defect at most r in G:
Let U be an arbitrary finite subgroup of G containing F: We claim that U is
subnormal in G: First note that there is a normal subgroup N of G such that
G=N is soluble and U \ N  1; and since N is not soluble we have UN
subnormal in G: We may suppose that G  UN; so that G=N is finite and
hence nilpotent, say gk (G)  N: There is a chain N > N1 > N2 > ::: of nor1
T
mal subgroups of G with each G=Ni soluble and Ni  1; and for each i we
i1

have F  UNi and UNi insoluble, and so [G;r UNi ]  UNi for all i: Thus
1
1
T
T
[G;rk U] 
UNi \ N 
Ni (U \ N)  1; so U is subnormal in G; as
i1

i1

claimed. Since every finite subgroup of G is contained in such a subgroup U;
we see that G is a Baer group.
Now, as in the proof of Lemma 5 of [5], if G contains a hyperabelian
subgroup H that is not soluble then it contains an insoluble subgroup H
that has hyperabelian length v: By means of an application to H of Proposition 1, if necessary, we may (by re-labelling) assume that G  H: But
now F is contained in some normal soluble subgroup H0 of G; and if H0 has
derived length n then we may choose H0 maximal normal in G with respect
to having derived length n; in which case G=H0 is also residually soluble.
Let V be an arbitrary normal subgroup of G that contains H0 and is such
that G=V is soluble. Then V is not soluble and so every subgroup of G=V is
subnormal of defect at most r in G=V : By Roseblade's Theorem [8], G=V is
nilpotent of bounded class, and so G=H0 is nilpotent and we have the
contradiction that G is soluble. It follows that every hyperabelian subgroup
of G is soluble.
Again we argue as in [5]: let x be an arbitrary element of G: Then hxi is
subnormal and if hxiG is not soluble then (by looking at the normal closure
series of hxi in G) we see that there are subgroups A; B; C of G, with A
soluble, A / B / C; B  AC and B insoluble. Since B is a product of normal
subgroups, each of which is a conjugate of A, we have B hyperabelian and
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hence soluble, and by this contradiction hxiG is soluble. Since x was arbitrary we now have G hyperabelian and hence soluble, and this contradiction completes the proof of Proposition 2:
LEMMA 4: Let G be a group in which every subgroup is either subnormal or nilpotent-by-Chernikov. Then the product V of all normal NCsubgroups of G is soluble-by-finite, and if G is not soluble then V is nilpotent-by-Chernikov.
PROOF. Let Vl be a normal NC-subgroup of G: Then there are characteristic subgroups Ll ; Dl of Vl such that Ll  Dl ; Ll is locally nilpotent,
Dl =Ll is (divisible) abelian and Vl =Dl is finite. The product L of all the Ll is
locally nilpotent and normal in G; and the product D=L of all Dl L=L is
likewise locally nilpotent and G-invariant. By two applications of Proposition 2, D is soluble. Now V =D is the product of G-invariant finite subgroups
Vl D=D; so V =D is a periodic FC-group and its finite residual R=D is
therefore central.
Certainly V =R is residually finite and locally finite, and if it is not soluble-by-finite then, for every normal subgroup N=R of finite index in
V =R; we have N 2
= NC and hence every subgroup of V =N subnormal, which
gives V =N nilpotent. Thus V =R is residually nilpotent and hence locally
nilpotent, and Proposition 2 gives the contradiction that V =R is soluble.
Thus V =R is soluble-by-finite and hence V is soluble-by-finite, so there
is a soluble G-invariant subgroup U of finite index in V : If V 2
= NC then all
subgroups of G=U are subnormal and G=U is soluble [6]. Thus G is soluble,
as required.
PROPOSITION 3: Let G be a locally finite group in which every subgroup
is either subnormal or nilpotent-by-Chernikov. Then G is soluble-by-finite, and is either soluble or nilpotent-by-Chernikov.
PROOF. If G 2 NC then G is soluble-by-finite, so let us assume that
G2
= NC and proceed to show that G is soluble-by-finite. Notice that this
will imply that G is soluble, for every finite image of G has all subgroups
subnormal and is therefore nilpotent (and hence soluble). Let V be as in
Lemma 4 and suppose for a contradiction that G is not soluble-by-finite.
Then V 2 NC; and if N=V is a nontrivial normal subgroup of G=V then
N2
= NC; so every subgroup of G=N is subnormal and G=N is soluble and
locally nilpotent. Let M=V denote the intersection of all such normal
subgroups N=V : Then G=M is residually (locally nilpotent) and locally
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finite, so G=M is locally nilpotent and hence soluble, by Proposition 2: If
M  V then G=V is soluble, while if M 6 V then M=V is the soluble
residual of G=V and Lemma 3 gives G=V soluble-by-finite. In either case
we have G soluble-by-finite-by-soluble-by-finite and therefore soluble-byfinite.
PROOF OF THEOREM 1: Assume the result false and let R denote the
soluble residual of G; by Lemma 3 G=R is not soluble. Now a soluble-byfinite group F that is residually soluble is soluble, since F modulo its
soluble radical is finite and residually soluble and hence soluble. Thus
G=R is locally soluble, and there is no loss in supposing that G is locally
soluble.
Let H1 denote the locally nilpotent radical of G and, for each i  1;
let Hi1 =Hi be the locally nilpotent radical of G=Hi ; set H  [1
i1 (Hi ):
= NC for some i then
Now each Hi is soluble, by Proposition 2; and if Hi 2
every subgroup of G=Hi is subnormal and so G=Hi is soluble, giving the
contradiction that G is soluble. Thus H is contained in the subgroup V of
G that is defined in Lemma 4, and since V 2 NC so is H: But then
H  Hd for some d; factoring, we may assume that G has trivial locally
nilpotent radical. Thus G has no nontrivial subnormal soluble subgroups
and hence no subnormal NC-subgroups; so, among the nontrivial subgroups of G; the subnormal subgroups, the insoluble subgroups and the
non-NC subgroups coincide. If 1 6 N / G then G=N has all subgroups
subnormal and is therefore soluble and locally nilpotent. Note that every finitely generated subgroup of G is in NC (and is therefore nilpotent-by-finite).
Now let G0 be the intersection of all nontrivial normal subgroups S of G
with G=S torsion-free and locally nilpotent. Suppose that G0  1; and let X
be an arbitrary finitely generated subgroup of G: There is a normal nilpotent subgroup Y of X of class c; say, such that X=Y is finite. Every
torsion-free nilpotent image of X is nil-c and hence X is nil-c: But then G is
locally nilpotent and Proposition 2 gives the contradiction that G is soluble.
It follows that G0 6 1 and hence that G=G0 is locally nilpotent. If N is an
arbitrary nontrivial normal subgroup of G0 then G(d)  N for some integer
d; by Lemma 1; and since G=G(d) is locally nilpotent we see that G0 =G(d) is
the torsion subgroup of G=G(d) ; and so every proper image of G0 is soluble,
periodic and locally nilpotent. We may assume that G  G0 .
Next, let G1 be the intersection of all nontrivial normal subgroups of G:
Then G1 is the soluble residual of G and G=G1 is insoluble, by Lemma 3: It
follows that G1  1:

252

Howard Smith

By Proposition 1 there is an insoluble subgroup K of G; a positive
integer r and a finitely generated subgroup F of K such that every
insoluble subgroup of K containing F has defect at most r in K: Let N
be an arbitrary nontrivial normal subgroup of K: Then N is subnormal
in G and so N 2
= NC and, again by Lemma 1; we have G(d)  N for some
integer d; and G=G(d) is periodic and locally nilpotent, as therefore is
K=N: Every subgroup of K=N that contains FN=N has defect at most r
in K; and we see too that FN=N is finite. By Theorem 0:2 of [4], there is
an integer b depending only on r such that L : gb (K) is finite modulo
N: Similarly, if M is an arbitrary nontrivial normal subgroup of L then,
since K and hence M is subnormal in G there is a term G(e) of the
derived series of G contained in M; and since FG(e) =G(e) is a finite
subgroup of the locally nilpotent group K=G(e) it follows from [4] that
L=M is finite and nilpotent. In particular, L=L0 is finite and so there is a
finitely generated subgroup U of L such that L  UL0 : But then
L  Ugi (L) for every positive integer i; and if U has derived length at
most d then so has L=gi (L) for every i: Since G is residually soluble so is
L; and as L=M is finite nilpotent for every nontrivial normal subgroup
M of L it follows that L(d)  1 and L is soluble. This gives the final
contradiction that G is soluble, and the proof of the theorem is complete.
PROOF OF THEOREM 2: Supposing the result false, we may assume by
Lemma 3 that G is residually soluble, and hence that every NC-subgroup
of G is soluble. If N is an arbitrary normal subgroup of G with G=N soluble
then N is not soluble and so it is not in NC: But then every subgroup of
G=N is subnormal of defect at most n and so G=N is nilpotent of class
depending only on n [8]. Since the intersection of all such N is trivial we
have G nilpotent and hence soluble, a contradiction.
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