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High Order Finite Difference Schemes
with Application to Wave Propagation Problems.

MARIA ANTONIETTA PIROZZI (*)

ABSTRACT - We consider the approximate solution to wave propagation problems by
a family of fully discrete finite difference implicit schemes already proposed in
[1]. The stability of mixed initial boundary-value problems is investigated, since
this is an essential aspect of the practical application of a numerical method into
a working code. The required boundary data are recovered through space-time
extrapolation formulas and their effect on the overall accuracy is also esti-
mated. A wide series of computational experiments is performed to illustrate
the behaviour of the schemes for scalar and vector equations. The features of
the boundary treatments are tested and the theoretical error predictions are
shown to be in broad agreement with the numerical results.

1. Introduction.

The development of numerical schemes remains a very active area of
research for problems involving wave phenomena which are important
from a practical point of view. In the past few years, interest has grown in
high order methods (say, second order at least) to avoid excessively fine
meshes and to improve the effectiveness of the algorithms. Following this
trend, in [1] the author proposed a class of finite difference implicit
schemes for solving one-dimensional hyperbolic problems expressed by

(*) Indirizzo dell’A.: University of Naples «Parthenope», Naples, Via de Ga-
speri 5, 80133 Napoli, Italy.



where x is the position, t is the time, u =(Ul, and F are r-vectors, A
is a real r x r matrix, is an open bounded domain of R , f is of dimension
r, ui and g are of dimension s, uII is of dimension r - s and Q is a real s x
x (r - s) matrix. The family combines a three-point spatial operator and a
two-level time integration formula. Moreover, in the line of the upwind
«methodology», the schemes have a discretization that depends on a
change in sign of the Jacobian eigenvalues. Hence, the physical propaga-
tion of perturbations along characteristics, typical of hyperbolic equa-
tions, is considered in the definition of the numerical method. The maxi-
mum order of accuracy possible is third-order in space and second-order
in time.

In this paper we investigate the stability of finite domain problems
with the well-known theory of Gustafsson, Kreiss and Sundstrom (GKS).
In fact, the influence of the boundary conditions implementation on a nu-
merical scheme may be considered as stronger with implicit methods as
compared to explicit methods. Moreover, stable interior approximations
can be affected by unadapted boundary treatments, leading to possible
instability of the complete scheme or to the reduction of unconditional to
conditional stability. The required boundary data are recovered through
space-time extrapolations formulas and theoretical estimates of the

truncation error are also derived.
In order to illustrate the behaviour of the family, a wide series of nu-

merical experiences for scalar and vector equations is presented. Simple
wave propagation problems with smooth and/or discontinuous solutions
are solved to experiment with the frequency dependence of the ampli-
tude and phase errors. As a representative test case for the non-lineari-
ties occurring in real flows, the inviscid Burgers equation is also consid-
ered. Finally, the practical features of the boundary conditions are test-
ed and their effect on the overall accuracy is evaluated. The error predic-
tions are shown to be in broad agreement with the computational results.

2. Background: the high-accuracy finite difference schemes.

The aim of this section is to present an outline of the numerical
methods developed in [1]. To this end, consider the system (1.1) with r=1,
i.e. the scalar convection equation
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and introduce a difference ~rid which is uniform in x and t

The function values at the grid nodes are

Assume that F = Au and ~, = const. The starting point is the following
implicit scheme with two-time level and three-point support

where the coefficients are general functions of A and the mesh ratio

Moreover, with a discretization depending upon the sign of ~,

Define

Looking for, at least, second-order schemes in space, the equation (2.2)
becomes

while
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is a scheme with a third-order accuracy in space, irrespective of the
change in the sign of A. Here,

and E is the forward shift operator.
Since the time integration is defined by simply applying the 8 method

to the space-discretized convection equation (2.1), a second-order

scheme in time will satisfy the additional condition

The scheme (2.5) requires at each time step the inversion of the tridi-
agonal system

wher

and T(n) denotes terms at time level n. Due to the strict diagonal domi-
nance property of the implicit operator, the solution of the system (2.7)
can be obtained either by direct or by iterative algorithms.

As for other finite difference methods, the scheme (2.5) has been ex-
tended in a straightforward way the nonlinear system (1.1), namely

, _n - , 

’

where

contains the eigenvalues of A and S is the matrix of right eigenvectors.
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3. Analysis of boundary treatments.

A great deal of efforts has been focused on the theoretical analysis of
the influence of the boundary techniques on stability and accuracy, since
this is an essential aspect of the practical application of a numerical
method into a working code.

In what follows, we investigate the stability of finite domain problems
with the GKS theory. As it is well known, we can restrict our attention to
the corresponding right quarter-plane problem, which we get by remov-
ing one boundary to the infinity. Let us consider in S = [0, 00] the linear
system

au au
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the boundary condition

(~t2) ~,~, I ( (l _ t,l = rr(t,l _ mm Tl _

It should be noted that this kind of system with characteristics «nearly
in pairs » describes a great variety of applications involving wave phe-
nomena and has been already studied by the author in [2-3].

Claearly, the scheme (2.8) becomes

A- B «

V1 ··ilVVVii VVLV lli iVLil

/0. 0. ’I I / w ~ - 1 . A .
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with z and K given by (2.3)-(2.9), respectively. Thus, at each time level we
have to solve a block tridiagonal system whose elements are 2 x 2 matri-
ces. In the case at hand, a worthwhile gain in computational work is ob-
tained since the implicit operations can be easily reduced to scalar tridi-
agonal inversions. Finally, the unconditional stability of the Cauchy
problem is demonstrated by the following

THEOREM 3.1 [1]. The implicit finite difference scheme (3.3) is
stable in the Lax sense iff the parameter 0 satisfies the inequality

The solution of (3.3) can be carried out only if we specify boundary
conditions to eliminate the components of Un, o . We assume that in addi-
tion to (3.2) a separate procedure is used to determine the missing infor-
mations, namely

for some function H. In the GKS theory we look for normact mode repre-
sentations of the form

where z is a complex number and Um is the solution of the resolvent
equation

belonging to the space L2 (x) of all grid functions

Since (3.5) is an ordinary difference equation with constant coefficients,
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we obtain

where Ps ( m , z) are polynomials in s with vector coefficients and ts are
the roots of the characteristic equation

Inserting (3.6a) into the boundary conditions (3.2)-(3.4), we get the lin-
ear system

and a necessary and sufficient condition for the GKS stability is
that

To continue, we need

LEMMA 3.2. Let the hypothesis of Theorem 3.1 hold. If we number
properly, the roots of (3.7) have the following properties

Because the vectors associated with (3.7) have the form

with 0 and X scalar parameters, by the Lemma 3.2 it results that the gen-
eral solution of (3.5) which decays as ~ increases is

Next, we investigate the boundary treatments

j natural number ,
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where

The formulas (3.9) are representative of common choices, altough many
other approaches can be defined (characteristic boundary conditions,
compatibility relations, etc.). They are based on extrapolations of the in-
ternal variables towards the boundary and are called space-time or
oblique extrapolation schemes. Moreover, they have been shown to
maintain stability when combined with some popular interior approxima-
tions. With the help of the Lemma 3.2 we can easily state the

following 
_

THEOREM 3.3. Let the hypothesis of Theorem 3.1 hold. The 
imation (3.3) is GKS stable with the boundary conditions (3.9) in com-
bination with the (3.2).

PROOF. Inserting (3.6b) into (3.2)-(3.9), we obtain

so that the condition (3.8) is satisfied and the method is stable.
Until now we have discussed only the stability of the finite domain

problem. Proceeding as in [4], we can also investigate how the truncation
error of stable boundary schemes is propagated into the interior and
evaluate the accuracy of the computed solutions using the Skollermo
theory. Applying the Fourier transform in time with dual variable w, the
boundary approximation effects are measured in terms of the relative
error

where B(z, t ) is a function which depends on the boundary algorithm
that is being tested, t = exp + b ) ], z = exp and q is
the root of the characteristic equation (3.7) inside the unit circle when
z = 1. Expanding B in powers of L1x, we may obtain a theoretical esti-
mate of E(co) as a function of the number of points per wavelength in
space defined by
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For the extrapolation methods (3.9) the function B may now be writ-
ten as

The leading term, E, in the expansion of the relative error is readily
shown to be

where

denotes the Courant number and the mesh ratio r is defined by (2.3). The
formula (3.10) gives some insight into how (3.9) can be expected to re-
duce the effectiveness of the computed solution, altough the number of
points required to obtain a certain accuracy can be used as a general
guideline. Moreover, due to the minus sign in the expression of E, there
are certain choices of which are less favorable than others, because
the error emanating from the boundary approximation has an important
influence on the overall accuracy.

Next, we measure the efficiency of the zeroth, linear and quadratic
space-time extrapolation methods. The smaller the value of PPW, the
more accurate the boundary algorithm.

Table 1 shows the minimum number of points per wavelength re-
quired to make E less than error tolerances TOL = 10%, 1% and 0.1%
with Q m~ = 0.75.

Analogous results are given in Table 2 and 3 for am_ = 0.5 and 
= 2.25, respectively.

The theoretical predictions suggest that it may be quite profitable to
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TABLE E ’e’

TABLE 3.

use high-order methods if possible. To be noted that this information
should also be relevant in more complicated situations, since the model
problem can be used to describe the local behaviour in most cases. Final-
ly, if TOL is decreased from 10% to 1%, the number of points per wave-
length increases by a factor three in the linear case and by a factor two
in the quadratic case.

Remacrk.

The GKS-stability analysis is of great importance also in com-

putational applications with conditions imposed on internal boundaries.
Previous studies have been concentrated on mesh refinement methods,
since stable approximations are required at interfaces of the fine
and coarse grids. (For the problem (3.1 ), the stability of a fully-explicit
staggered upwind scheme with interpolation and/or finite-difference

matching conditions has been studied by the author in [5].) Recently,
Lerat et al. [6] have proposed stable boundary treatments for block-
structured grids in order to solve steady hyperbolic systems of con-
servation laws by the domain decomposition technique which is very



effective in dealing with complex fluid dynamics problems and allows
for an efficient use of parallel computers.

4. Computational experiments.

As it is well known, the field of one-dimensional flows offers a test
space of great extent for methods and algorithms. This is due to a combi-
nation of complexity of the one-dimensional Euler equations, making
them representative of the non-linearity of real flows, and of sufficient
simplicity, allowing the existence of exact solutions. In addition, the
first-order equations provide non-trivial examples to assess accuracy
and convergence properties of finite difference schemes.

In this section we will present a wide series of numerical experiences
performed to illustrate the behaviour of the family (2.8) for scalar and
vector equations. Moreover, the practical features of the stable boundary
methods (3.9) will be studied and their influence on the overall accuracy
will be evaluated.

Scalar conservation laws.

Let us consider the constant coefficient linear first-order hyperbolic
equation

"’1-. "’-.

-..., ----- ----..., ---- ---- ---- ---- ~...__.._ _..~ .~..,..,..~_...... ---- ~...,-- -- ------ ~, - ~---

ably tailored scalar version of (2.8) has been build up, namely

1 ~ 2 ~ _ B -

with r given by (2.3). To give some insight into how dissipation and dis-
persion errors can be expected to reduce the effectiveness of schemes, in
[1] we have compared the Fourier representations of the exact and nu-
merical solutions. Following [7], one can define formally dissipation as
the attenuation of the amplitude of waves and dispersion as the propaga-
tion of waves of different wavenumber at different speeds. The Fourier



modes analysis reveals that the error on the phase of the solution is close
to one for low frequencies and goes to zero at the high-frequency range
of the spectrum. Moreover, the schemes are dissipative (in the sense of
Kreiss) of order 2 with the exception of the scheme corresponding to 0 =
= 0.5. In fact the modulus of the amplification factor g satisfies the
inequality

why

denotes the Courant number. Note also that for increasing Q, the ampli-
fication factor tends to the limit

and the maximum convergence rate is achieved for 0 = 1 since g - 0 in
this case.

In order to examine the practical effects of the amplitude and phase
errors, the first set of numerical experiments consists of problems with
smooth solutions. We will solve the equation (4.1) on the region ,S =

- [ o , 1 ] with the velocity of propagation A = 1 and periodic conditions at
the boundaries. The initial profile is given by the Gaussian-modulated
cosine function

with various choices of the parameters w and a . Without loss of generali-
ty we take the known forcing s so that the exact solution is identical to
the initial data. The parameter 0 is set to 0.5 in all the calculations.

To begin with the function (4.4) is a Gaussian (k = 0) and a = 0.04.
The grid is uniform with 100 points across the domain and the Courant
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Fig. 1. - Solution at t = 1.

number, given by (4.3), is set to unity. Figure 1 shows the exact solution
and the approximate solution after 100 time steps, i.e. at t = 1. We can
observe that the structure of the computed wave is perfect. As depicted
in Figure 2, the results are in good agreement with errors bounded by
9.0e-4.

Analogous experiences have been performed by considering three
different values of a . Figures 3-5 confirm that the numerical method re-
mains very effective, since Gaussians always have considerable low
wavenumber content, which is convected accurately. The computations
also indicate that the maximum absolute error produced for a = 0.02 is
approximately fifteen times greater than that produced for a = 0.05.
Clearly, this occurs because more sharply peaked initial data have larger
high-frequency components.

Finally, the exponential wave packet (4.4) is chosen to correspond to
a selected value of the wavenumber and hence to a fixed value of the

phase angle t7 for a given mesh size 4r . Numerical computations are per-



Fig. 2. - Error for a = 0.04.

Fig. 3. - Error for a = 0.02
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formed for a = 0.1 and At = L1x = 0.005. Figure 6 shows results at k = 10
after 200 time steps. We can observe that the scheme has a good
behaviour with errors up to 2.0e-4. The same calculations carried out at
k = 24 are given in Figure 7. As expected, the level of accuracy decreas-
es, due to the increasing dispersion errors.

It is well known from the literature that the use of standard numeri-
cal schemes of second order accuracy or higher produces oscillations at
and near the «shocks» whose effects may be severe enough to destroy all
accuracy in the calculation. Lower order schemes are generally free of
these oscillations, but can also be so dissipative as to wash out much of
the detail of the flowfield.

In order to better understand the properties of the class (4.2) at han-
dling propagating discontinuities, we now consider a classical test prob-
lem given in [8]. The linear convection equation (4.1) is solved on the do-
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Fig. 7. - Error for k = 24.

main ,S = - oo  x  oo with the source term s = 0 and the initial
condition

The exact solution

represent a square wave moving with velocity A in the positive x direc-
tion, retaining its original shape.

We choose the constant A to be 1. To avoid dealing with boundary
conditions, t and x are restricted to the intervals, 0 ~ t ~ 0.75 and -1 ~
~ x ~ 2, respectively. The calculations are carried out on a spatial mesh
size 4z = 0.01 by using three particular schemes of the family (4.2) cor-
responding to 8 = 0.5, 0.75 and 1.0.
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x

Fig. 8. - Solution at the time t = 0.25 a) p = 0.2, b) p = 0.5.

Figure 8 compares the computed results at the time t = 0.25 for two
values of the Courant number Q = 0.2 and Q = 0.5.

Analogous plots are given in Figures 9 and 10 at the times t = 0.5 and
t = 0.75, respectively.

The results support the expectations. In fact, the accuracy is ex-
tremely good in the smooth flow regions but in the vicinity of discontinu-
ities depends sensitively upon the value of the parameter 8. Moreover,
we see graphically the dilemma to which we alluded earlier: the choice
between oscillation on the one hand and dissipation on the other.

The large amount of dissipation inherent to the two schemes with
first-order accuracy in time is clearly observed. The approximated sol-
utions are monotone but, compared with the exact solution, appear to
have «melted» (or diffused) away. We can note that the smearing in-
creases with 0, the wave being distributed over roughly twenty-five grid
points at 0 = 1. Finally, the graphs confirm that for ~ = 0.5 the computed
solution is more severely damped.
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Fig. 9. - Solution at the time t = 0.5 a) p = 0.2, b) p = 0.5.

The scheme with 8 = 0.5 generates some oscillations ar the discon-
tinuous transitions, due to the dominating effects of dispersion errors.
However, it is easily seen that the structure of the waves remains un-
changed as the Courant number and t vary.

We can also observe that the calculated profiles are slightly better
than those obtained in [8] by other commonly used finite difference
methods.

In order to provide a more adequate basis for comparison, Table 4
shows the numerical errors arising in the solution of the problem dis-
cribed by equations (4.1)-(4.5) for at = 0.5 at the time t = 0.75.

To be noted that the mean absolute error produced by the only
scheme second-order accurate in time is approximately 65 percent of the
mean absolute error using the Lax-Wendroff method. While it may be
felt that the discussed test problem artifically oversimplifies
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Fig. 10. - Solution at the time t = 0.75 a) p = 0.2, b) p = 0.5.

TABLE 4. Errors in the square wave test after 150 timesteps.
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the relative performance of the various algorithms, this is generally the
case when one imposes the constraint of analytic solubility.

As a representative test case for the non-linearities occurring in real

flows, let us now consider the Burgers transport equation

whose advection velocity is given by the solution u itself. Using the time
linearization technique introduced by Briley and McDonald (1975), the
scheme (2.8) becomes [1]

where

and the mesh ratio T is defined by (2.3).
The numerical experiments consist of problems with smooth sol-

utions and are carried out to assess stability and convergence properties.
In what follows, we will consider the equation (4.6) on ,S = [0, 10] sup-
plemented by the boundary condition

and the initial values
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The exact solutions are

respectively.
We need to emphasize that these relatively simple problems are com-

monly used in literature to highlight some of the questions involved in
the stability analysis of nonlinear equations. In fact, within the frame-
work of the von Neumann theory it can be said that the stability of the
linearized equations, with frozen coefficients, is necessary for the stabili-
ty of the nonlinear form but that it is certainly non sufficient. For
example, the case with the initial values (4.8ac) is solved in [9] with the
leapfrog scheme to see when an exponential growth in the computed sol-
ution can occur, even though the stability condition for the linearized
version is satisfied.

The calculations have been conducted with the parameter 0 set to 0.5
by using the time step 4t = 0.05. The accuracy of the numerical solution
at the time t = nL1t is measured in terms of the relative error

Table 5 shows results after 200 timesteps for the grid sizes 4r =
= 0.2/2r with r = 0, 1, 2. All in all, the experiments evidence that there is
good agreement between the exact and the approximate solutions. More-

TABLE 5. Errors in the Burgers equation after 200 timesteps.
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over, the behaviour of the scheme is totally satisfactory since the accura-
cy improves as the spatial mesh size decreases.

One-dimensional systems of conservation laws.

A wide series of numerical experiments has been carried out for the
vector equation (1.1) with various choices of the initial and boundary con-
ditions. All the numerical results have been obtained by taking the par-
ameter 0 to be 0.5.

Simulations have been performed to examine the building up of pro-
gressive waves moving in opposite directions, that such as might occur in
practice where the outgoing wave is «generated» by a partial or total re-
flection of the incoming wave.
A very simple case of forced oscillations, of some interest in connec-

tion with tidal theory, is that of a straight channel S with horizontal bed
closed at one end ( x = 0) and communicating at the other ( x = L) with an
open sea in which a periodic oscillation is maintained. Thus, consider the
system (3.1) where the constant matrix A is defined by

g is the Earth’s gravity acceleration and h is the depth of ,S . The compo-
nents of the vector u = ( ~ , ~ )T represent the velocity and the water sur-
face elevation, respectively. The initial and boundary conditions are ex-
pressed as

Ir

with

The exact solution can be written in the form
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- Fig. 11. - Water surface elevation at time t = 3.75 sec.

Numerical computations are conducted for L = 10 m, g =

= 9.81 m sec-2, h = 5 m, the wave amplitude a = 0.1 and the wave fre-
quency OJ = 3.7r. The grid is uniform with 200 points across the domain
and the mesh ratio r is set to 0.5.

Figures 11 and 12 compare the exact and calculated water elevations
at the times t = 3.75 sec and t = 7.25 sec, respectively. The results show
that the scheme fully reproduces the waveform, with a maximum abso-
lute error bounded by 3.lle-3 after 290 timesteps.

Finally, to perform a reliability check for the accuracy predictions
given in the preceding section, we consider the system (3.1) supplement-
ed by the following initial and boundary conditions



107

The exact solution is

, The problem is solved for different values of the parameters a and b .
The required data are recovered through the oblique extrapola-
tion formulas (3.9). In order to reveal their effects on the overall accura-

cy, we choose the maximum absolute error at the time t 
= nL1t

In the first experiment we set a = 0.1, b = 0.4 and compute the nu-
merical solution on a grid with d x = d t = 0.05. In other words, the
Courant number defined in (3.11), is taken to be 0.5. Tables 6 and 7

give the components of the vector En at time steps n = 20, 40 , ... , 100 for
various conditions specified at x = 0.
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TABLE 6. Maximum absolute error for U I.

We observe that the predictions are confirmed by the computational
experiences. In fact, the results indicate that the zeroth extrapolation
scheme plays a dominant role in the total error. Moreover, the linear and
quadratic conditions may be viable boundary approximations. Finally,
the comparison with the corresponding Table 2 shows that the theoreti-
cal error estimates and the true maximum absolute error for the problem
at hand are in broad agreement.

In order to further analyse the practical behaviour of (3.9), analogous
calculations are presented in Tables 8 and 9 for a = 0.25, b = 3.5, 4r =
= 0.05 and At = 0.01, i.e. for = 0.75.

As before, the theoretical results are supported by the computations.
The figures in the Tables point out more firmly how the zeroth oblique-
boundary condition dominates the total error. Finally, there is certainly
a substantial gain of accuracy in using the quadratic extrapolation
methods.

TABLE 7. Maximum absolute error for U II.
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TABLE 8. Maximum absolute error for U I.

TABLE 9. Maximum absolute error for U’.

5. Conclusions.

Implicit solution methods are increasingly important in applications
modeled by partial differential equations with disparate time and spatial
scales [10]. The advantage of such algorithms, which outweighs the dual
disadvantages of program complexity and operation count, is the ability
to take much longer time steps without exciting numerical modes of
instability. -

We believe that the high order finite difference methods considered
here provide a promising option for simulating a broad class of problems
involving wave phenomena. The stability in presence of boundaries has
been analysed, since the influence of numerical boundary treatments on
the overall accuracy is considerable and can not be emphasized enough.
We have demonstrated from the theoretical point of view, as well as
through computational experiments, that oblique extrapolations formu-
las are stable and viable boundary approximations.



110

The computational examples confirm that good accuracy is obtained
for smooth solutions. However, the dispersion and dissipation errors can
reduce the effectiveness of the numerical schemes for propagating dis-
continuities. An in-depth analysis is therefore required in dealing with
complex flow fields. As for other popular finite-difference methods, a
wide series of corrective or limiting techniques may be used to prevent
unwanted oscillations [11-12]. It is hoped to conduct investigations of .

this type in the near future.
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