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Asymptotic Behavior of Solutions of

Schrödinger Inequalities on Unbounded Domains
of Nilpotent Lie Groups.

FRANCESCO UGUZZONI (*)

The aim of this note is to present a technique which allows to find
asymptotic behavior at infinity, for solutions of a wide class of equa-
tions. 

---

Let be a stratified nilpotent Lie algebra of vector fields

and H = ( IE~.N , o ) be its associated homogeneous Lie group. Let

... , be a basis of ~1 and be the differential operator

Moreover we denote by Sloe the 2-natural local Sobolev space. We shall
assume that H has homogeneous dimension Q &#x3E; 3. We work in this set-
ting since we need the existence of a fundamental solution oaf - 2 of the
type T --- cd 2 - Q, where d is the natural «distance» on H. We refer to sec-
tion 2 for more precise definitions and additional notation.

The simplest example of this kind of operators is the classical Lapla-
cian £ = 4 on H = + ), for N = Q * 3. The simplest non-abelian
example is the Kohn Laplacian = L1 Hk on the Heisenberg group H =
= H k = (R2k + 1, 0), with homogeneous dimension Q = 2 k + 2.
We consider a nonnegative weak solution U E Sloe(Q) of the

Schr6dinger-type inequality

(*) Indirizzo dell’A.: Dipartimento di Matematica, Universita di Bologna,
P.za di Porta S. Donato 5, 40127 Bologna (Italy). E-mail: uguzzoni@dm.unibo.it
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in an unbounded domain Q and we obtain an asymptotic behavior of u at
infinity, starting from its L ~ properties. The potential V will be supposed
to belong to the space for all q in a neighborhood of Q/2, i.e. to the
set

Our technique relies on the use of some remarkable representation for-
mulas on the d-balls and is inspired to a work of Simader [S] and one of
Citti-Garofalo-Lanconelli [CGL].
We first consider inequality (1.1) in an exterior domain Q (i.e. ,S~ =

= H~F with F a compact subset of H). The following theorem is the main
result of this note.

THEOREM 1.1. Let Q be an exterior domain of H and let V E

nonnegative weak solution of

such that then

If moreover there exists . such that
then

REMARK 1.2. Theorem 1.1 holds true also removing the hypothesis
on the nonnegativity of u if we replace the inequality - £u  Vu with
12u I ~ In particular the Theorem holds for the equations

= Vu, with u that may change sign.

We emphasize that in Theorem 1.1 no assumption is made about the
boundary values of u. We also remark that E Llveak(H); hence our
result can be considered optimal.

In Theorem 1.1 we deal with exterior domains since we need to write

representation formulas on d-balls and allow to go to infinity both the
center and the radius of the balls. This limitation can be overcome if we
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are able to find an auxiliary function w &#x3E;- u in ,S~ of the type w = T * f,
with f ~ ~ u in H. This idea allows to get asymptotic behavior for sol-
utions of Dirichlet problems related to (1.1) on arbitrary unbounded do-
mains. In particular we derive the following theorem.

THEOREM 1.3. Let Q be an (arbitrary) unbounded open subset of H
and let V E L If u is a nonnegative classical solution of

then

REMARK 1.4. Theorem 1.3 holds true also removing the hypothesis
on the nonnegativity of u if we replace the inequality - Vu with

In particular the Theorem holds for the equations
- 2u = Vu, with u that may change sign.

We remark that in Theorem 1.3 we do not assume any a priori
summability of u. We also remark that the «limit» behavior

O(1 ~d(~)Q - 2 ) is the one of the fundamental solution of - 2.
The results of this note can be applied to semilinear equations of the

type - 2u = whenever we know that u belongs to the suitable LP
spaces. Indeed if u is a weak solution in a (global) Sobolev space, say u E
Esl,2 for every p E [ 2 , 2 Q~( ~ - 2 ) ]), both the condition on u and
on the potential V = u q -1 could be automatically satisfied. For example,
if 1 + 4/Q  q  (Q + 2)/(Q - 2), then we immediately obtain that V =
= u q -1 belongs to the class L ~ 

Moreover our results can be used as a starting point in order to ob-
tain nonexistence theorems in unbounded domains. An example of appli-
cation is given in [L U 1 ] where we find asymptotic behavior of nonnega-
tive weak solutions to the critical semilinear Dirichlet problem
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and we also prove some related nonexistence results (see also [Ul]). We
stress that the Sobolev space S6 considered in [LU1]-[U1] is not embed-
ded in L 2 ; hence a solution u of (1.3) belongs a priori to L ~ only for p =
= 2 /(Q - 2). Actually in [LUl] we prove that such a solution belongs to
L ~ for +00] (and so V = u « + 2 ) ~(~ - 2 ) -1 E L ] Q~2[)
but this result is highly nontrivial, in particular for Q/(Q - 2) p
2Q/(Q-2).

Other examples of application to nonexistence results for semilinear
equations on the Heisenberg group will be given in the forthcoming pa-
pers [LU2] and [U2]. In this respect we point out that Liouville-type the-
orems for semilinear L1 Hk-inequalities on some unbounded domains have
been recently proved by Birindelli-Capuzzo Dolcetta-Cutrl [BCC]. Fi-

nally we quote that asymptotic behavior for capacitary problems on exte-
rior domains of groups of Heisenberg type has been treated by Danielli-
Garofalo [DG].

Acknowledgment. We would like to thank Prof. E. Lanconelli for his
interest in this work and useful suggestions. We also thank the referee
for having drawn our attention to the references [BCC] and [DG] and
for some constructive comments.

2. Notation and definitions.

Let (~, [. ]) be a stratified nilpotent real Lie algebra and let (H, o ) be
its simply connected associated Lie group. We can identify H with 
for a suitable and (~, [. ]) with the Lie algebra of 0 -left-invariant
vector fields on R~ with the usual Lie bracket law [X, Y] = XY - YX.
We denote by ~ ~ ~, ~~, , o the group of dilations naturally associated to H
and by Q the homogeneous dimension of H. Let be the stratifi-

cation of ~ and let f Xl, ..., be a basis of Si. We shall deal with the
differential operator

We recall that X1, ... , Xn generate the whole f1 by the assumption f1
stratified. Moreover, if we set
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then Ve and are homogeneous, w.r.t. the dilations 6 A, of degree one
and of degree two respectively.

Throughout the paper we will make the assumption

on the homogeneous dimension of H. We remark that, if Q ~ 3, then it is
necessarily f1 = f11, (H, 0) is simply (RQ , + ) and 2 is the Laplace opera-
tor L1 on RQ. If Q ~ 3, there exists a homogeneous on H such

that, setting

a fundamental solution oaf - 2 with pole at ~ is given by

where c~ is a suitable positive constant depending only on Q (see [G]).
We set

Moreover we will often write d(q) instead of and instead of

ro(1J). We recall that a homogeneous norm on H is a function
such that iff ~ I

and

Moreover any homogeneous norm satisfies the following triangle
inequality

for a suitable c ; 1. Hence there exists B &#x3E; 1 such that

for every , Moreover, since it is also

We denote the d-balls on H by
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Since the Lebesgue measure is a Haar measure on H we have

Moreover on H the following polar coordinates formula holds:

In particular it follows that, for every

We also remark that

since V£d0 is homogeneous of degree zero w.r.t. the dilations 31 and
then

More details on nilpotent Lie algebras and homogeneous groups can be
found, for example, in [FH], [F] and [RS].
If ,S~ is an open subset of H, we denote by S(Q) the Sobolev space of the
functions such that The norm in S(Q) is given
by

Moreover we denote by Sloc(Q) the set of those such that
for every Let a 

is called a weak solution of

if
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We remark that in the definition above Vu e since
and VEL Q/2 . We also remark that every classical solution of - Vu
is a weak solution in our definition, since for j = 1, ..., n.

3. Proof of the main theorems.

The following representation formula plays a basic role in the proof
of Theorem 1.1. Let S~ be an open subset of H and ?,c E Sloe (Q); then for
a.e. ~ E Sz and every r &#x3E; 0 such that Bd(~, r) c Q, we have

where Mr is the mean value operator defined by

and c is a suitable positive constant. This formula has been proved in
[CGL], Proposition 2.3. We have only replaced the 2-balls 
- ~ T~ &#x3E; 1 /rl of [CGL] with our d-balls and used the «explicit» expression
of r (2.1). We remark that the integral in the right-hand side of (3.1) is fi-
nite since (using (2.5))

for a.e. ~ E S~ by Tonelli’s Theorem, since (see (2.4))
and

We define

where {3 has been introduced in (2.3).

LEMMA 3.1. Let S2 be an exterior domain of .
and let u E be a nonnegative weak solution of

such that If there exist s e]0, Q~p] and two
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positive constant R , M such that

then

PROOF. For every exponent + m[ we shall denote by t ’ _

= t~( t -1 ) the conjugate exponent of t. Since there exist

ql , q2 such that 1  ql  (~~2  q2  and

Moreover and then

by means of (2.1 ) and (2.4).
For every E E H and r &#x3E; 0 such that we define (see

and

We remark that by Tonelli’s Theorem, since
and , because I ~ and , More-

over
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by (3.6). In particular (3.5) and (3.7) give

By (2.5), (3.2) and the assumption u we can estimate also Mr and
get

Let us now recall the representation formula (3.1) for u. Since - 
~ Vic weakly in S~, it is not difficult to see that

(one only needs to approximate (7~ - cQ ~o Q - 2 ) with a suitable sequence
of functions Co°° (Q)). Then we get

(by (3.9)). Hence, if we have
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(by (3.8)). Moreover, if . then

since, setting
and A2 = we have (note that d

for every

From now on we will take r = r(~) (see (3.3)); in this way
for large d( ~). Using this fact we ob-

tain

by means of (3.7) and (3.5). Hence there exists Ro &#x3E; R such that, for
d(~) &#x3E; Ro, we have (see (3.12))
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by assumption (3.4). From (3.11) and (3.13) we finally get, for d(~) &#x3E;

&#x3E; Ro,

This estimate and (3.10) allow us to conclude that

since

PROOF OF THEOREM 1.1. To prove the first part of the statement we
only need to obtain (3.4) for s = Qlp and then use Lemma 3.1. If p =
= Q~(Q - 2) we have (for large d(~) )

and then (3.4) holds.
We now suppose p &#x3E; Q/(Q - 2). For every exponent t E ]1, + oo[ we

shall denote by t ’ = t~(t - 1 ) the conjugate exponent of t. Since Ve

E L ~ ( ,~ ) there exists q  Q/2 such that Q/(Q - 2 ) = ( ~/2 )’  q ’  p and
VeLQ(Q). Moreover Q - 2 - s = Q - 2 - (Q/p) &#x3E; 0. Hence

and then (see (2.4))
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We can now obtain (3.4). For large d( ~) we have

Let us now prove the second part of the theorem. We know that e
E L pl n L Q/(Q - 2) for a p1 e [ 1, Q/(Q - 2)[. By means of Lemma 3.1 we only
need to prove that (3.4) holds for s = Q/pi . For every Qlpl [ we
set

and we claim that (3.4) holds for s = if (3.4) holds for s = t. Indeed,
by Lemma 3.1, if (3.4) holds for s = t then

therefore, for large d(~),

(by means of (3.14) and (3.3)).
(3.4) holds for s = Q - 2 (see the beginning of

the proof); moreover if we set

it is easy to see that tk / Henceforth (3.4) holds for every s E
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e]O, Q/pi [. In particular if we choose q  Q/2 such that and we

set

we have 0  T  and then (3.4) holds for s = r. Hence, by Lemma 3.1,

We are now able to prove (3.4) for s = Q/pi . In fact we have (for large
~))

(by means of (3.15) and (3.3)).

PROOF OF THEOREM 1.3. We set

and we define w: 

Then w * 0 and - £w = f weakly in H. In particular u % w in 3Q U {(X)}
I VI u = - £w in Q. Hence

by the weak maximum principle for ~. Moreover if Q/2[ and f e
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then

and

(see [RS], Proposition B, p. 264).
Since there exists Q/2[ such that 

nLQ/2(Q). We now fix Q/2[ and we set q ’ = q/( q - 1 ) and

If and then for
since

Moreover and then we get
and also (see (3.16)). We know

a priori that u e L °° (Q); hence we can iterate the process above and get
(H). Since Q/2[ is arbitrary, we finally obtain

Moreover, using (3.18) one can easily see that we Sloe (H). Hence w is a
nonnegative weak solution of

(see (3.16)). It follows that

by means of (3.19) and Theorem 1.1. Again by (3.16) we finally get our
statement.
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