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Varieties without Boundary
in Rigid Analytic Geometry.

R. LAMJOUN (*)

Introduction.

In [L], Liitkebohmert suggests a definition for rigid analytic vari-
eties without boundary and conjectures a duality theorem. In this article
we put forward a new definition of varities without boundary and the
more general definition of morphisms without boundary. This definition
appears weaker than Liitkebohmert’s, but has the advantage of being of
local nature. Nevertheless, in the case of a discrete valuation, for sepa-
rated paracompact rigid analytic varieties, the two definitions coincide.
In the first paragraph, we introduce the notion of morphism without
boundary and show that it behaves quite well with respect to the classic
operations of geometry. In the next paragraph, we give some topological
properties of quasi-paracompact admissible formal schemes. Paragraph
three deals with generalizing the theorem of Raynaud which shows that
the category of analytic rigid quasi-separated and paracompact varieties
is equivalent to the cartegory of the generically paracompact (quasi-
paracompact) formal schemes localized with respect to admissible formal
blowing-ups. The fourth paragraph shows that under this equivalence,
the (locally quasi-compact) morphisms without boundary correspond to
(locally quasi-compact) morphisms between formal admissible schemes
which are universally closed and separated (for technical reasons, we
only consider the case of a discrete valuation). Then we deduce that our
notion of morphism without boundary coincides with Liitkebohmert’s in
the separated and paracompact case, and that a Zariski open subset of a
paracompact variety without boundary is without boundary.

In a forthcoming paper, we prove Serre’s duality theorem for para-

(*) Indirizzo dell’A: IRMAR - Univ. de Rennes 1, Campus de Beaulieu, F-
35042, Rennes, Francia.
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compact rigid varieties without boundary which are countable at
infinity.

Remark that proper varieties, Stein varieties and algebraic varieties
are separated, paracompact and without boundary. This fact illustrates
the interest of the notion of variety without boundary.

In this paper, an analytic variety shall mean a rigid analytic variety
and all open subsets are assumed to be admissible.

By K we denote a non trivial complete non-Archemedean valued field
with absolute value | |. We write R:= {Ae K/|A| <1} its ring of inte-
gers and we fix 7e R, with 0 < |7| <1.

1. Rigid morphisms without boundary.

DErFINITION 1.1. Let X =Spm(A) and Y = Spm (B) be two affinoid
varieties. An affinoid open subset U of X is called relatively compact in X
over Y if there exists an affinoid generating system F = {f;, ..., f,} of A
over B such that U is contained in {x e X/|fi(x)|<1,i=1, ..., 7}. We
then write U ccy X. When B = K, we simply say that U is relatively com-
pact in X and we write Ucc X.

REMARKS 1.2. (i) According to the Principal Maximum Modulus
([BGR], 6.2.1/4), we have Uccy X if and only if there exists an affinoid
system {fi, ..., f,} of A over B and a real number 0 <e¢<1, such
that

eeV|k*| and UcX(e'fy,...,e  f)=
={reX/|fil®)]| <e, ..., |[f@)] <e}.

(ii) Let U= Spm(Ay) be an affinoid open subset of X. We write
| lv the spectral semi-norm on the affinoid K-algebra A;. We have
UccyX if and only if there exists an affinoid generating system
{fiy .--» f} of A over B such that, if we denote by ¢ ;: A—Ay the
canonical morphism from A to Ay, then for every 1 <i<r7, |lp y(f)llv<1.

Let A be an affinoid algebra. If we denote by || [|,, the spectral semi-
norm on A, then A°={feA/|fll,<1} is a ring and A®=
= {feA/|fllp <1} is an ideal in A°. The residual ring A° /A® is written
A. Any morphism ¢: A—B of affinoid algebras induces a morphism
@: A— B; we say that @ is obtained by reduction.
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LEMMA 13. Let ¢: B—A and y: A—C be two morphisms of affi-
noid K-algebras. The following two properties are equivalent:

(@) there exists a surjective morphism ¢': B{T,...,T,} —>A
which extends @ and satisfies |[y(p' (T:)|lyp < 1.

(ii) The ring P(A) is integral over p(p(BY).
ProoF. See [Ber], 2.5.2 (a) and (d). =

ProposiTION 1.4. Let X =Spm(A) be an affinoid variety over an-
other affinoid variety Y = Spm (B) and U an affinoid open subset of X.
The following properties are equivalent:

(i) U 1is relatively compact in X over Y.

(ii) There exists a finite number of affinoid domains V; such
that

Uc UV} and ViCCYX.

(ili) There exists a finite number of affinoid domains V; such
that

U=UV, and V,cX.

ProOF. It is clear that (iii) implies (ii). Conversely, assume the exis-
tence of a finite number of affinoid domains V; such that Uc U1V and
V,ccyX. The V;N U are affinoid domains U; and U = UU As each U;
satisfies U;ccy X. It is r?bvmus that (i) implies (iii). Conversely, assume
that U =Spm(4y) = i91Vi’ where the V;=Spm(Ay,) are affinoid do-

mains such that for any i, V;ccy X. Then, there exists a surjective B-mor-
phisms ¢;: B{Ty, ..., T,,} > A (i=1, ..., n) such that, for any point x
inV;, |@(T;)(x) | <1. If we denote by ¢y, the restriction morphism A —
— Ay, and by | v, the spectral semi-norm in Ay,, then |lpv, (¢ ;(T;))lly, < 1.
The operation of reduction applied to the following diagram:

?v;

A —Ay,

I

<PV1
AU > AV
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gives the commutative diagram

According to the previous lemma, @V,-(A) is inbegral over ¢pVi(<p(B)~),

where ¢ denotes the morphism B—A. Let fe A and for any i, f;=

= @y, (f). There exists a monic polynomial P; with coefficients in ¢(B)
n

such that, 3v,(P;(f))=0. The element (.H P,-) Gu(f)) of Ay satis-
fies i=1

&, LH )(wu(f))—

- (JH )= 1”, BB XGPS =0

Since the morphism H Qv AU——> H AV is injective, @ U(A) is integral
over ¢y (@(B)). Assertlon @ results from the previous lemma. =

DEFINITION 1.5. Let ¢: X—Y be a morphism of analytic varieties.
We say that ¢ is without boundary if there exists an affinoid covering
{W;}icr of Y such that for any ¢, there exists two affinoid coverings
{Uj; }JEJ and {V;;};.s of the open subset @ ~!(W;) such that for any j,
Ujcaw,Vy;. We say that X is without boundary if the canonical morphism
X— Spm (K) is without boundary. Thus we see that X is without bound-
ary if and only if there exists two affinoid coverings {U;};.; and {V.};c;
such that for any i1el, U;ccV;.

ReEMARK 1.6. The composition of a closed immersion ¢: X—Y and
a morphism without boundary y:Y—Z gives a morphism without
boundary. In fact, it is easy to check that if W is an affinoid domain in Z
and {U;}ic; and {V;};.; are two admissible coverings of v ~*(W) such
that for any i, U;ccyV;, then ¢ ~1(U;) cowe ~1(V)).

ExamPLES 1.7. (i) Every proper morphism is without boundary. In
particular, finite morphisms and closed immersions are without bound-
ary ((BGR], 9.6).
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(ii) Recall (see [P], 2.1) that a morphism Z— Y, with Z separated
and Y affinoid, is Stein if there exists an affinoid covering {Z,, }nn of Z
such that for any m, there is a constant a,,€ \/|K*| with 0 <a,, <1 and
an affinoid generating system &, (m), ..., Ry (m) of &(Z,,) on Y) such
that

Zp-1={xeZ,/|hi(m)x)| <a, for i=1, ..., r(m)}.

When Y = Spm (K), we say that Z is a Stein variety. A Stein morphism is
without boundary. In particular, every Stein variety is without bound-

ary.

ProposITION 1.8. (i) Let {X;};,c; be an admissible covering of an
analytic variety X by open subsets without boundary. Then, X is a va-
riety without boundary.

(ii) Let X be a quasi-separated rigid variety without boundary.
Then, for any admissible covering {U, };.; of X, there exists an affinoid
covering {V;};c; which refines it and such that for any j, there exists an
affinoid domain W; of X with V;ccW;.

Proor (i) Let {U;};cs, and {V;;};,, be two affinoid coverings of X;
such that UyccV;;. The family {U;}; is an admissible covering of X
which satisfies, for any couple of indexes (i, j), U;ccVy;. The claim fol-
lows from the fact that both families {U;}; and {V};}; are admissible
coverings of X.

(ii) We can assume that the U;’s are affinoid. Let {V;}; and {W;},
two affinoid coverings of X such that, for any j, we have V;ccW;. The in-
tersection U; NV, is a finite union of affinoid domains Uj; . Each Uy
satisfies U;; ,ccW; and the family formed of the Uj; ,’s is an admissible
covering of X. ®

LEMMA 1.9. Let X, and X, be two affinoid varieties over the same
affinoid variety Y and for each i=1, 2, let U;cX; be an affinoid do-
main such that U;ccy X;. Then

Uy XyXo oy, X; Xy X,  and Uy Xy Uiy Xy Xy X,.
Proor. See [BGR], 9.62/1. =

ProposITION 1.10. Let ¢: X—Y be a morphism of analytic vari-
eties and {Y;};c; an admissible covering of Y. Write X; = ¢ ~*(Y;). Then
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@ s without boundary if and only if each map ¢;: X;— Y, is without
boundary.

Proor. If all the ¢;’s are without boundary, it is easy to check that ¢
is without boundary. Conversely, if ¢ is without boundary, adopting the
notations of Definition 1.5, for a fixed & of I and for any W; intersecting
Y, the subset Y, N W; is an admissible open subset and has an admissi-
ble affinoid covering {U;},. We have

e M UNNU;=Uyxw,U, and @ NU)NV;=V;xyU,
so according to the lemma 1.9,
(p_l(Ul) N UijCCU,(pﬁl(Ul) N ‘/ij'

It follows that ¢ ~!(U,) — U, is without boundary. From this, we con-
clude that ¢ ~}(Y,) — Y, is without boundary. =

COROLLARY 1.11. Let ¢: X—Y be a morphism of analytic vari-
eties. The map @ is without boundary if and only if for any affinoid do-
main V (or for any admissible open subset of Y) the induced morphism
@ Y (V) >V is without boundary. =

Recall that a morphism of analytic varieties is called quasi-compact
if the inverse image of any affinoid domain is a finite union of affinoid do-
mains. This is equivalent to saying that the inverse image of a quasi-com-
pact open subset is quasi-compact.

ProposITION 1.12. Let ¢: X—Y be a morphism of analytic vari-
eties. Then, ¢ is proper if and only if ¢ is separated, without boundary
and quasi-compact.

Proor. If the morphism ¢ is proper, it is clear that ¢ is without
boundary. Moreover, for any affinoid domain V in Y, the induced mor-
phism ¢ ~'(V)—V is proper ((BGR]9.6.2/3). Thus ¢ “*(V) is a finite
union of affinoid domains. Conversely, assume ¢ to be without boundary
and quasi-compact. Let V be an affinoid domain in Y, {U; }; and {V;}; two
affinoid coverings of @ ~*(V) such that for any 4, U, cc, V;. We can extract
a finite sub-covering {U;}, of {U;},. The families {U;}, and {V}; }, are fi-
nite, formed of affinoid domains and such that for any i, U;;cg, V. So, ac-
cording to ([BGR]9.6.2/3), the morphism ¢ is proper. =



Varieties without boundary ete. 35

ProPOSITION 1.13. Let ¢: X—Y and y: Y—Z be two morphisms -
of analytic varieties such that v o ¢ is without boundary and y is sepa-
rated. Then @ is without boundary.

ProOF. Let W be an affinoid domain of Z. Since o ¢ is without
boundary, there exists two admissible coverings {U;}; and {V;}; of
(Y o@) 1 (W) = @ "1 (yp ~'(W)) such that for any i, U;ccy V;. Let {Y;}; be
an affinoid covering of y ~!(W). Lemma 1.9 tells us that

Ui xwYjccoy, Vi Xy Y.
By a change of basis, the morphism X SX x 2 Y is a closed immersion, so
o (U, xWYj)ccyjé"l(V,- xXwY)).

The assertion results from the fact that the 6 “1(U; xy Y;)’s form an ad-
missible covering of ¥;. =

ProPOSITION 1.14. Let ¢: X—Y and y: Y'—Y be two morphisms
of analytic varieties such that ¢ is without boundary. Then the mor-

phism X xXyY' LY’ is without boundary.

ProOF. Let W (resp. V) be an affinoid domain of Y (resp. Y') such
that (V) c W and consider two admissible coverings {U;}; and {V;}; of
@ ~1(W) such that U;ccyV;. Lemma 1.9 gives us

U, xwVco, Vi Xy V.
When V runs through all the affinoid domains of v ~'(W), the
(Ui XWvCCVVi XWV),S

form an admissible covering of ¢’

ary., =

Thus, ¢' is without bound-

REMARK 1.15. It is not clear that the composition of two morphisms
without boundary is again without boundary. But when the morphisms
are separated and locally quasi-compact between quasi-separated and
paracompact analytic varieties, as shall see later on, the formal approach
enables us to show that this is true (4.8).
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2. Topological properties of quasi-paracompact formal R-schemes.

Recall that an R-algebra without torsion is called admissible if it is a
quotient R{Ti, ..., T,}/J, where J is a finitely generated ideal of
R{Ti, ..., T,}. A formal R-scheme is said to be admisstble if it is locally
R-isomorphic to the affine formal scheme Spf (A) of an admissible R-al-
gebra A which is admissible.

DEeFINITIONS 2.1. (i) A sheaf J of ideals of an admissible formal R-
scheme (IC; O) is called open if it contains an ideal of definition (i.e. for
every open affine subset U of X there exists an integer » such that
a"*1O,(U) is contained in J(U).

(ii) Let (X; Oy) be an admissible formal R-scheme and j a coher-
ent open ideal of Oy. The blowing-up of the ideal J in X defined as

X' :=lim Proj @0(3" ®o, O [T**1);
i n=

it is an admissible formal E-scheme. The projection ¢: X' — X is called
admissible formal blowing-up of center VY, where Y is the formal sub-
scheme of X corresponding to the sheaf of ideal J of O.

DEFINITION 2.2. We say that a topological space X is of quasi-com-
pact type (q.c.t.) if it admits a covering {X;};.; of finite type by quasi-
compact open subsets (i.e. X is the union of the X;’s and for all 7 in I, X,
meets only a finite number of X;’s). We say that an admissible formal R-
scheme is of g.c.t. if his underlying topological space is of q.c.t.

REMARKS 2.3. (i) Let X be an admissible formal R-scheme of g.c.t
and J a coherent open ideal of Oy. If X' — X is the admissible formal
blowing-up of J in &, then X’ is also an admissible formal R-scheme of
g.c.t. In fact, the blowing-up operation is of local nature. Thus, if the fami-
ly {Vi}ics is a covering of X by quasi-compact open subsets and if, for
each i, we consider the admissible formal blowing-up Y; — Y; of 4, in
Y;, we view Y; as a quasi-compact open sub-scheme of . The subsets Y;
covers X'. Moreover, Y; N Y; =@ if Y; does not meet Y;. Thus, we see
that {Y;};c; is a covering of finite type of X' if {VY;};; is of finite
type.

(ii) Let X be a topological space of q.c.t. Since any closed subset of
a quasi-compact space is also quasi-compact, every closed subset of X is
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of q.c.t. It follows that the connected components and the irreducible
components of X are of g.c.t. Assume that X has the following property:
the intersection of any two quasi-compact open subsets is also quasi-
compact. Then every covering (X;);, of X by quasi-compact open subsets,
admits a refinement (X; );, which is a covering of finite type by quasi-
compact open subsets. In fact, let (X), be a covering of finite type of X
by quasi-compact open subsets. Each open subset X, is covered by a fi-
nite number of X;’s. For each k, the intersection of X; and X is quasi-
compact and they form a covering of finite type of X.

ProrosiTiON 24. Let X be a topological space.

(@) Let {X;}ic1 be a covering of finite type of X by quasi-compact
open subsets. Then, the system {X;}ic; has the following property:

(*) There exists a fomily {Z;};; of quasi-compact closed subsets of X
such that

(P) for any i of I, X;c Z; and for any j of I such that X; N X; =6, Z; does
not meet X;.

@) If X is of q.c.t, then every quasi-compact open subset is con-
tained 1 a quasi-compact closed subset.

Proor. Let U be a quasi-compact open subset of X and {X;};.; a
covering of finite type. For any i, we write U; = U N X;. The open subset
U is covered by a finite number of U;’s, therefore U is contained in a fi-
nite union of X;. Thus, (i) implies (ii). Write Y¥; = X\ X,. For any fixed in-
dex i, the intersection Z; of the seubsets Y, such that X; does not meet
X, is a closed subset contained in the union of X; of the X,’s which meet
X;. In fact, the complementary of Z; is the union of the X;’s which not
meet X;. As the covering {X;};.; is of finite type, X; is quasi-component.
Since Z; is a closed subset contained in X/, it is also quasi-compact. Ac-
cording to the definition of Y;, we have X;cY, and therefore X; is con-
tained in Z;. It is clear that the system {Z;},.; satisfies (P). =

PropoSITION 2.5. Let X be a topological space of quasi-compact
type. Then,

() If X is irreducible, it is quasi-compact.

(ii) The irreducible closed subsets of X are quasi-compact. In par-
ticular, any irreducible component of X is quasi-compact.
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Proor. (i) If X is irreducible, then every non empty open subset of X
is dense. Let U be a non empty open subset of X. According to the Propo-
sition 2.4, there exists a quasi-compact closed subset which contains U,
which is inevitably X. Hence, X is quasi-compact.

(i) If F is an irreducible closed subset of X, then F' is of q.c.t. and
according to (i) it is quasi-compact. =

COROLLARY 2.6. (i) A topological space of q.ct. having a finite
number of irreducible components is quasi-compact.

(i) The irreducible components of a locally Noetherian topologi-
cal space of q.ct are quasi-compact and form a locally finite family.

Proor. Part (i) is immediate. For (ii), we know from ([BOU]
2.2.4.10), that a Noetherian topological space has a finite number of irre-
ducible components. By (Loc.cit 2.1.4.7) the set of irreducible compo-
nents of locally Noetherian space is locally finite. ®

COROLLARY 2.7. Let X be a topological space of g.c.t whose set of ir-
reducible components is locally finite. Then the space X is locally con-
nected and every connected component C of X is a space of q.c.t. More-
over, the components C are caracterized by the following proper-
ties:

(Py) C is a space whose set of irreducible components is locally
finite.

(Pz) Any irreducible component which meets C is contained in C.

(Ps) If F and F' are two irreducible components of C, then there
exists a finite sequence (F;); <;<n Of trreducible components of C such
that F=F,, F,=F"' and, F;_, meets F;, for any 1, 1 <i<n.

PRrROOF. The space X is locally connected by ([EGA]0.2.1.5). Let C be
a connected component of X, C is a closed subset of X; therefore of q.c.t.
Since any irreducible component is connected, we see that if F is an irre-
ducible component which meets C, then C contains F. The component C
is an union of irreducible components of X. Thus, the irreducible compo-
nents of C form a locally finite set. Property (P;) results from ((EGA]
0.2.1.10).

Conversely, let C' be a subset of X satisfying (P,), (P;) and (P3). Ac-
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cording to (loc. cit.), (P;) and (P;3) imply C' connected. Property (P)
states that C’ is a connected component of X. =

LEMMA 2.8. Let X be a topological space whose irreducible compo-
nents are quasi-compact and form a locally finite set. Then,

(i) the irreducible components of X form a set of finite type,
and

(i) every quasi-compact open subset has a finite number of irre-
ducible components.

Proor. For each point x of X, we consider an open subset U, which
meets only a finite number of irreducible components of X. Let F' be an
irreducible component of X. Since F is quasi-compact, there exists some
points 2y, ..., x, of F' such that F' is contained in the union of the U,s.
Each U,, meets only a finite number of irreducible components, there-
fore, so does F. Now, let U be a quasi-compact open subset of X, there
exists some points 1, ..., &, of U such that U is contained in the union of
all the U,’s. According to ((BOU], 2.4.7), U has only a finite number of ir-
reducible components. ®

PRroPOSITION 2.9. Let X be a topological space of quasi-compact
type whose set of irreducible components is locally finite. Then

(i) Every irreducible component meets only a finite number of ir-
reducible components.

(ii) Every quasi-compact open subset has only a finite number of
irreducible components.

ProOF. Proposition 2.5 implies that every irreducible component of
X is quasi-compact. The claim, then, follows from Lemma 2.8. =

DErINITION 2.10. We say that a topological space X is quasti-para-
compact if any open covering of X has a locally finite refinement. A for-
mal R-scheme is quasi-paracompact if its underlying topological space is
quasi-paracompact.

Let {X;};1 be a family of subsets of a set X. Assume that {X;};.; cov-
ers X. For each 7 in ], let B; be a finite family of subsets of X;, such that
B; covers X;. The union of the B; is of finite type in the following two
cases:
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(i) The system {X;};.; is of finite type. In fact, a fixed element of
B, can meet an element of B; only if X; meets X;. The statement follows
by fact that the number of these X)’s is finite.

(ii) For any index i of I, each element of B; meets only a finite
number of elements of {X;};.;.

PropPosITION 2.11. Let X be a locally Noetherian topological space.
Then X is quasi-paracompact if and only if X is of q.c.t.

ProoF. Assume that X is quasi-paracompact space. As it is locally
Noetherian space, there exists a covering of X by Noetherian open sub-
sets. This covering has a locally finite refinement (X;);. Each point  of X
belongs to a finite number of X;’s. We can therefore find a quasi-compact
open neighbourhood V,, which is contained in each X; and does not meet
the other X;’s. Since each X; of the system (X;); is quasi-compact, it is
covered by a finite number of V,’s. Denote by B; the finite family com-
posed by these V,’s. The previous remark shows that union of the B;’s is a
system of finite type. Hence, we conclude that X is of g.c.t. Conversely, if
X is of q.c.t., there exists a covering of finite type (X;); of X, of quasi-com-
pact open subsets. If (Y;); is another covering of X, then each X; is cov-
ered by finite number of Y;’s. Write X;; for the intersection of Y;, and X;.
By the previous remark, the family of X;)’s is of finite type and refines
the covering (Y;);. Thus locally finite. m

Let X be a quasi-paracompact formal R-scheme. The underlying
topological space of any formal affine open sub-scheme of X is Noethe-
rian. Consequently, the underlying topological space of X is locally
Noetherian, and X is of q.c.t. Let (X;); be a covering of finite type of X by
quasi-compact open subsets. As intersection of two affine open sub-
schemes is quasi-compact, the intersection of two quasi-compact open
subsets is also quasi-compact. Thus, any covering (X;'); of X by quasi-
compact open subsets has a refinement of finite type by quasi-compact
open subsets. Every quasi-compact open subset of X is contained in a
quasi-compact closed subset and the other way round. The covering (X;);
has the property (*) of Proposition 2.4. Every irreducible closed subset
of X is quasi-compact, and in particular, each irreducible component of X
is quasi-compact and meets only a finite number of irreducible compo-
nents. Finally, the space X is locally connected and each connected com-
ponent is characterized by the properties (P;), (P;) and (P3g) of Corol-
lary 2.17.
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3. Extension of a theorem of Raynaud.

In the following all blowing-ups will be formal and admissible (see
(BL].
There exists a functor

rig: (admissible formal R-schemes)— (analytic varieties)
X— :xrigf
where, X, is the generic fibre of a formal R-scheme X.

REMARKS 3.1 (see [BLJ4.1.a and b).

(i) The functor rig turns admissible formal blowing-ups into
isomorphisms.

(ii) The functor rig is faithful.

DEFINITION 3.2. Let X be an analytic variety. Any admissible for-
mal R-scheme X whose the generic fibre is isomorphic to X, is called an
R-model (or model) of X.

Let X be an analytic variety. Does there exist an R-model & for X? If
X is an affinoid variety Spm (Ag), with Ax=K{T,, ..., T,,} /4, the an-
swer is yes: we take for X the formal spectrum Spf(A) where A is the
quotient algebra R{Ty, ..., T,}/JNR{T, ..., T,}. If X is quasi-sepa-
rated and quasi-compact, the answer is given by a theorem of Raynaud
(see [BL] 4.1). In the following, we show that there exists an E-model for
X, for X quasi-separated and paracompact.

LEMMA 33. Let X be a quasi-paracompact admissible formal
R-scheme and {X;};c; a covering of finite type of X by formal open
sub-schemes. Let us be given some coherent open ideals J; of Oy with
I G = O, for all j such that, X; does not meet X;. Then, there exists an
unique ideal § of Oy such that, for each i of I, J|x, is the product J; of Jj s,
where X; meets X;. The ideal J is open and coherent.

Proor. If jJ exists, by local considerations it is unique, open and co-
herent. Now, to prove the existence of j, it remains to check that for any
couple (7, 7) of I% such that X; meets X;, we have

Ji |3qnog=3; |:Jc,r":r7
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But it is easy to see that for any open subset U of &; N X;, Jiw = Jjw. The
ideals Jjw and Jjw are simply the products of .« where X, meets both
and ;. =

LEMMA 3.4. Let X be a quasi-paracompact formal R-scheme and
{U;}icr @ covering of finite type of X by quasi-compact open sub-
schemes. For any i, let J; be a coherent open ideal of Oy, and @ ;: Y; — U;
be the admissible formal blowing of J; in U;. Then, each ¢ ; extends to an
admissible formal blowing-up v ;: X — X. Furthermore, there is an ad-
missible formal blowing-up y: X' — X which extends each ;.

PROOF. Proposition 2.4 exhibits a family {F;};.; of quasi-compact
closed subsets of X, such that, for each index i of I, U;c F; and for any in-
dex j of I such that U; N U; = @, F'; does not meet U;. For any ¢, denote by
V; the open subset F.

Let i eI and 7 an integer such that 2" *! e 5;, denote by 7, the reduc-
tion of J§; modulo " *! and X; the ordinary scheme after reduction. Note
that the underlying topological space of X is the same as the underlying
topological space of JC; moreover it is locally Noetherien. We extend J; to
the disjoint union of U; and V; by Oy, on V;. The statement of ((EGA],
1.6.9.7) enables us to extend j; to a coherent ideal over X;. Thus, J; ex-
tends to a coherent open ideal 3 :=h~!(}}}) of X, where the map
h: ©Ox— Oy, is the canonical morphism. Since blowing-up is of local na-
ture, the admissible formal blowing-up v ;: & — X of j/ extends the
blowing-up ¢ ;. Lemma 3.3 gives us the existence of a coherent open ide-
al J, such that J|y, is the product of the J/ |y,, for the open subsets U;
which meet U;. Hence the blowing-up y: X' — X of J in & extends all the
Pis. =

PROPOSITION. 3.5. Let X be a quasi-compact analytic variety and
{U;}ic1 o finite family of quasi-compact admissible open subsets of X.

() There exists a quasi-compact R-model X of X and a finite
family {U;}ier of quasi-compact formal open sub-schemes of X such
that the family {U; vig}icr coincides with {U;}icr. If {U,;}ier covers X
then {U;};c; covers X.

(ii) Let X be an R-model of X. If {U;}ic; 18 a finite family of ad-
missible formal R-schemes such that each U; is an R-model of U;, then
there exists a blowing-up X'—X of X and a finite family {V;};c; of
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quasi-compact formal open sub-schemes of X', such that 9; is a blow-
ing-up of U;, for each iel

Proor. Raynaud’s theorem gives existence of an R-model Y for X.
The space X in (i) is obtained by blowing-up in Y (see [BL]4.4). We now
prove (ii): the [BL] 4.4 gives a blowing-up X" of X and a family {; };.; of
formal open sub-schemes of X" sent by the functor rig onto {U, };.;. For
each i e I, we can, by [BL] 4.1.c, dominate U; and W; by a third model ;.
Considering V; as the blowing-up of \W;, the Lemma 2.6 of [BL] applied
to X" shows that there exists a blowing-up X' of & and we can consider
the Vs as formal open sub-schemes of X'. ®

LEMMA 3.6. Let X be a quasi-separated and paracompact analytic
variety and {X;}i.; an admissible covering of finite type of X by quasi-
compact open subsets. Then,

(i) there exists an R-model X for X which is a quasi-paracompact
admissible formal scheme, and

(ii) there is a covering of finite type {X};cr of X by open sub-
schemes, such that the family {X,}ic1 coincides with {X;}ic;.

ProoF. To build the model & we proceed as follows:

(i) For each i, we can find a model X; of X; and formal open sub-
schemes X; of X; (for each j such that X; N X; = ¢) such that X; is a model
of X;; = X; N X; (Proposition 3.5).

(i) For ¢ and j fixed, we can find blowing-ups X; of &; and 2 of
X;; such that a¢; = X; ((BL14.1.c).

(iii) For ¢, j fixed, as in (i) we construct a model X7; of X;; and a for-
mal open sub-scheme Xy, of JCj; such that Xj; is a blowing-up of 2C; and
X is a model of Xy = X; N X; N X, (Proposition 3.5 and [BL]4.1.c).

(iv) As in (ii), for 4, j, k, fixed, we can blow-up Xy, to 9, in order to
obtain ‘t{jk = x{k].

(v) Fix %, j again and we blow-up Xj, to X7, in order to
see the Xj’s as a formal open sub-schemes of X% (Lemma 3.4).
Similarly, for each i, blow-up X; to X in order to see the X7}’s
as formal open sub-schemes of ;. The space X, obtained by glueing
the Xj’s along the X’’s, is a quasi-paracompact admissible formal
R-scheme. It is clear that the functor rig applied to X gives the
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analytic variety X. Furthermore the covering {X; };.; is of finite type
and is mapped by the functor rig onto {X;};c;. ®

PropPOSITION 3.7. Let X be a paracompact and quasi-separated
analytic variety and X an R-model for X. Let {X;};.1 be a locally finite
Jamily composed of quasi-compact open subsets of X and {Y;};cr be a
family of quasi-compact formal R-schemes sent onto {X;};.; by the
Junctor rig. Then there exists a blowing-up X' of X and a family of for-
mal sub-schemes {VY; };c; of X' such that for each iel, Y is a blowing-
up of Yi. If {Xi}icr s a covering of finite type, so the family
{Yi bier

PrOOF. Choose a family of finite type which contains {X;};c;. In
order to get the blowing-up &' of X, we proceed as for the proof of
Lemma 3.6, taking in step (i), X; as a blowing-up of the formal
R-scheme ;. ®m

REMARK 38. Let X be a quasi-separated analytic variety that is not
paracompact but has a covering of finite type by quasi-compact open sub-
sets. As in lemma 3.6, there exists a quasi-paracompact admissible for-
mal scheme X such that X;; =X. Thus there exists admissible formal
schemes which are quasi-paracompact but whose generic fibre is not
paracompact. For example: Let (D,), be a countable family of copies of
the unit disc and X the glueing of all the D,’s along the same open disc of
radius less than 1. Then X admits a covering of finite type but it is not
paracompact.

DEFINITION 3.9. Let X be an admissible formal R-scheme and
- {%; }icr be a covering of X by quasi-compact formal open sub-schemes.
Say that {};.; is admissible if for any blowing-up X' — 3 and any
quasi-compact formal open sub-scheme U of X’ there exists a commuta-
tive diagram

U c—n X' —>X
7 ) 7
U s Ay s X' —>X",

where X" is an admissible formal R-scheme which dominates both & and
X', U" is a blowing-up of U and X is a formal open sub-scheme of X"
which is a blowing-up of a finite union of .
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DEFINITION 8.10. We say that a quasi-paracompact admissible for-
mal R-scheme is generically paracompact if it admits a blowing-up with
an admissible covering of finite type.

LEMMA 3.11. Let X be a quasi-separated analytic variety admit-
ting a covering of finite type {X;}ic; by quasi-compact open subsets.
Let X be a model of X and {X;};<; a covering of X by formal open sub-
schemes such that, for each index i, X; is a model of X;. Then {X;};.; is
an admissible covering if and only if {X}ic; is an admissible
covering.

Proor. If {X;};.; is an admissible covering, then so is {X;};.;. In
fact, if U’ is a quasi-compact formal open sub-scheme of a blowing-up X’
of X, then Uy, = U is a quasi-compact open subset of X. As X is quasi-
separated, we can assume U to be a finite union of X;’s. Therefore Propo-
sition 3.7 infers that {X;};c; is an admissible covering. Conversely, as-
sume that {};.; is an admissible covering. Then, according to Proposi-
tion 3.7, for any affinoid domain V of X, there exists a model ¥V of V and a
blowing-up X’ of X such that ¥ is a formal open sub-scheme of X'. Since
{%; }icr is an admissible covering, there exists a blowing-up V' — ¥ with
Vrig contained in a finite union of X;’s. Therefore, {X;};.; is an admissible
covering. ®m

REMARK 3.12. It follows from Lemma 3.6 and 38.11 that the blowing-
up of a generically paracompact admissible formal R-scheme is also
generically paracompact.

For our next statement, we need the notion of localization of a
category:

Let @ be a category and M be a class of morphisms of C. The loca-
lization of C with respect to M is a category Gy, together with a functor
C—> @y such that, for any functor G— ¢’ that turns morphisms of M onto
isomorphisms of ¢, there is an unique functor C,;— ' that makes the
triangle

G%GM

\/
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commutative. The category € is unique. Of course, uniqueness and
commutativity are meant up to equivalence.

REMARK 3.13. (i) If M is a system of morphisms in G, there is a nat-
ural equivalence between the localization of € with respect to M, and the
localization of € with respect to the system of finite compositions of mor-
phisms in M.

(ii) One can prove (see [B.L]2.5) that if X is a quasi-compact formal
R-scheme, the composition of two admissible blowing-ups is an admissi-
ble blowing-up. It seems that this result is no longer true when we sub-
stitute “quasi-paracompact” for “quasi-compact”, but no-counter
example is known to the author.

THEOREM 3.14. The functor rig: X+ Xy gives rise to an equiva-
lence between:

(i) The category of generically paracompact admissible formal
R-schemes localized with respect to formal admissible blowing-ups,
and

(ii) The category of paracompact and quasi-separated analytic
varieties.

ProOF. Let X be a quasi-paracompact formal R-scheme. Since the
underlying topological space of X is locally Noetherian, X, is quasi-sep-
arated. If furthermore, X is generically paracompact, then X, is a para-
compact quasi-separated analytic variety (Lemma 3.11). Conversely, if X
is a paracompact quasi-separated analytic variety, Lemma 3.6 constructs
a quasi-paracompact R-model X of X and Lemma 3.11 tells us that this
R-model is generically paracompact. It remains to prove that the functor
rig is fully faithful.

Let & and Y be two generically paracompact admissible formal R-
schemes and ¢:Y:= Y4, — X=X, a morphism between associated
analytic varieties. We prove that there is a blowing-up Y’ of Y and a mor-
phism y: Y’ — X of formal schemes such that v ;; = ¢. Choose a cover-
ing of finite type (VY;);c; of Y by quasi-compact open subsets. For any
tel, apply the Raynaud’s theorem to ;. Then, there exists a blowing-up
Yi — Y, together with a morphism ¢;: Y; — X such that @; ;= @y, .-
Lemma 3.4 yields a blowing-up ¥ ': Y — Y such that, if we denote by
Vi ' "N (Y) > X the composition of ¢; with the unique morphism
'~1(Y) =Y, deduced from blowing-up Y —Y; and y'(Y)—Y;,
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then v, satisfies ¥; rg= @i rig=@ |y, ,,- Therefore, glueing the mor-
phisms y; gives a morphism y: Y’ — X which satisfies ¢ 4, = ¢ (by the
Remark 3.1).

Let C be the category of generically formal R-scheme and G, the cat-
egory localized of C with respect to the system M of finite compositions
of admissible formal blowing-ups. The functor rig of G, in the category
€' of paracompact quasi-separated analytic varieties, is faithful. This is a
direct consequence of Remark 3.1 and of the fact that Hom, (X, Y) is
the inverse limit of Hom. (X', Y) where X' runs through all the formal
R-schemes obtained after a finite number of admissible formal blowing-
ups of X (see [H]3.1). The categories G and €' are equivalent. The theo-
rem follows from Remark 3.13. =

4. Morphisms without boundary of admissible formal R-schemes.

We assume, for technical reasons, that the valuation is discrete.

Recall a result of Liitkebohmert ([L]) needed in Lemma 4.6.

LEMMA 4.1 ((L]2.5). Let ¢: V= Spf(B)—>W=_Spf(A) be a mor-
phism of affine formal R-schemes and U a formal open sub-scheme of .
The affinoid domain Uy, 1s relatively compact in Vs, over the affinoid
space Wy if and only if the Zariski closure of Uy (the special fibre of U)
m Yy 18 proper over \W,. 1

We recall (see [EGA]JIIL.1.(3.4.1)) that a morphism ¢: X—Y of
formal R-schemes is said to be proper if the associated morphism ¢:
Xo— Yo, between the ordinary schemes X, and ¥Y,, is proper.

A theorem of W.Liitkebohmert ([L]3.1) states that a morphism
@: X— Y of quasi-compact admissible formal R-schemes is proper if and
only if ¢, is proper. We shall extend this result to morphisms without
boundary which are locally quasi-compact.

DEFINITION 4.2. Let ¢: X— Y be a morphism of admissible formal
R-schemes. We say that the morphism ¢ is without boundary if the as-
sociated morphism ¢ : 9 — Y, is universally closed.

REMARKS 4.3. Let ¢: X— Y be a morphism of admissible formal
R-schemes.
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(i) The morphism ¢ is separated if and only if the associated mor-
phism @,: 3G— Y, is separated (see [EGA]JL.10.15.2). From ([BL]4.7) we
deduce that the morphism @ g: X — Yrig is separated if and only if the
morphism @g: — VYo is separated.

(i) If ¢@': X'—>7Y is another model of the morphism @;:
Xrig— Yrig» then g is without boundary if and only if ¢’ is. In fact, let ¢":
X"— YY" be a model of ¢, such that X" (resp. Y") is a model which domi-
nates X and X’ (resp. Y and Y'). It results from ([EGA]IL.5.4.()) that the
morphism ¢" is proper (resp. without boundary) if and only if ¢’ is prop-
er (resp. without boundary) (and the same holds for the morphism ¢).

(iii) Let X be a separated admissible formal R-scheme. If X is
quasi-paracompact, we know that the irreducible components of X are
quasi-compact and form a locally finite system. Furthermore, applying
([EGAI]II, 5.4.5 and 5.4.9), shows that X is without boundary if and only if
its irreducible components are proper. Although we do not have a
counter example, it seems that if I is an R-scheme whose irreducible
components are quasi-compact and form a locally finite system, then X is
not necessarily quasi-paracompact. ®

DEFINITIONS 4.4. (i) We call a rigid morphism ¢: X—Y locally
quasi-compact, if for any affinoid domain W of Y and any affinoid do-
main V of X, the open subset ¢ "1(W) NV of X is quasi-compact.

(ii) We say that a morphism ¢: X— <Y of admissible formal R-
schemes is locally quasi-compact if for any affine open subset U (resp.
V) of Y (resp. X), the open subset VN ¢ ~}(U) is quasi-compact.

REMARKS 4.5. Let ¢: X— %Y be a model of a morphism ¢ x: X—Y
of paracompact quasi-separated analytic varieties.

(i) The morphism g is locally quasi-compact if and only if ¢, is lo-
cally quasi-compact.

(ii) If Y’ (resp. Y') is a quasi-compact open subset of Y (resp. of V),
then @x'(Y") (resp. ¢ “1(Y')) is paracompact.

LEMMA 46. Let ¢: X—Y be a locally quasi-compact separated
morphism of quasi-paracompact admissible formal R-schemes and
@g: X—Y the associated rigid morphism. If ¢ is without boundary
then, for any aoffinoid domain Wc'Y and affinoid domain Uc ¢ ~*(W),
there exists an affinoid domain Vc ¢ ~Y(W) such that UccyV.
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Proor. Since ¢ is locally quasi-compact we can assume that Y
is affine. Let U be an affinoid domain in X, there exists a blowing-up
X' — X and a quasi-compact open subset U of &' which is a model of U.
We have proved in Proposition 2.4 that there exists a quasi-compact
closed subset F' of X' which contains U. Thus, the Zariski closure Ug of
Uy is quasi-compact. Since the morphism Xy— %Y, is universally closed
and locally finite, the morphism Uj— ¥, is proper. Let W' be a quasi-
compact open subset of X' which contains F. The induced morphism
W — 9 is separated. Then, according to ([L]5.1), there exists a blowing-
up W — W and two formal open sub-schemes U"c V' of W” such that
U" (resp. V') is a model for U (resp. for an affinoid domain V in X) and
the Zariski closure of Ug in Wy is proper over Y,. Lemma 4.1 shows that
UcyV. =

THEOREM 4.7. Let ¢x: X—Y be a separated rigid morphism of
paracompact quasi-separated varieties. Suppose that @ g is locally
quasi-compact and let ¢: X— Y be a model of ¢ x. Then the morphism
@ g s without boundary if and only if ¢ is without boundary.

Proor. We first assume that ¢ x is without boundary and prove that
@ is universally closed. Since g is locally quasi-compact, we may assume
that Y is affine. The morphism ¢ x being without boundary, there exists
two coverings {U;};.; and {V;};c; of X by affinoid domains such that
U;ccyV;. We can assume that the families {U; };.; and {V;};.; to be of fi-
nite type. Up to a blowing-up of X (3.7), we can find two coverings
{U; }ier and {9;};c7 of X such that for each 4, U; (resp. V;) is a model of
U; (resp. V;). Since U;ccyV;, the Zariski closure U; o of U; o in V; o is
proper on Y,. Using ((EGA]JIL,5.4.5 and 5.4.9), we conclude that the mor-
phism G — %Y, is universally closed and thereby ¢ is without boundary.
Conversely, if ¢ is without boundary, it follows from the previous lemma
that ¢ g is without boundary. =

REMARK 4.8. Using Theorem 4.7, we obtain that the composition of
two separated, locally quasi-compact morphisms without boundary be-
tween paracompact and quasi-separated analytic varieties, is without
boundary.

PRrOPOSITION 4.9. Let X be a paracompact separated analytic vari-
ety. If X is without boundary then, for any affinoid domain U of X,
there exists another affinoid domain V such that UccV.
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ProoOF. The map X— Spm (K) is a locally compact morphism and the
statement follows from Lemma 4.6. ®m

COROLLARY 4.10. Let X be a paracompact separated analytic vari-
ety without boundary and F a Zariski closed subset of X. Then X\F is
also without boundary.

Proor. Corollary 4.9 says that X is without boundary in Liitke-
bohmert’s definition ([L15.9) (i.e. for all affinoid domain U of X, there
exists another affinoid domain V such that UccV). Then, for any Zariski
closed subset F, the subset X\ F' is without boundary in Liitkebohmert’s
definition (5.10) (this result is stated only for quasi-compact varieties but
remains true for paracompact varieties) and thereby, it is without bound-
ary with our definition. =
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