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A Note on Indecomposable Modules
Over Valuation Domains.
MATT D. LUNSFORD (*)

1. Introduction.

This note was motivated by the results of Luigi Salce and Paolo Zanardo on the existence and the structure of indecomposable finitely
generated modules and indecomposable finite rank torsion-free modules over valuation domains.
Zanardo [Z] introduced the concept of u-independent sets of units in
a maximal immediate extension of R and used them to construct finitely generated indecomposable modules M of the following two

types:
1 ) M has arbitrary finite length greater than

one

and has Goldie

equal to one, and
2) M has arbitrary finite Goldie dimension greater than one and
has length equal to one plus its Goldie dimension.
Until now, these were the only explicit examples of indecomposable
finitely generated modules over valuation domains.
In order to obtain indecomposable modules without restrictions on
the Goldie dimension, we introduce the notion of quadratic u-independence. We show that in most valuation domains there exist quadratically
u-independent sets of arbitrary finite cardinality. Quadratically u-independent sets and compatible triples of ideals are used to construct
dimension

(*) Indirizzo dell’A.: Department of Mathematics, Tulane University, New
Orleans, LA 70118. This paper is taken from the author’s dissertation which was
under the direction of Professor Laszlo Fuchs. The author’s current address is:
Department of Mathematics and Computer Science, Union University, Jackson,
TN 38305.
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examples of finitely generated modules with local endomorphism
ring. In fact, it follows from our construction that over most valuation
domains, indecomposable finitely generated modules M exist such that
the only condition on the two numerical invariants of M (its length and
new

its Goldie dimension) is the necessary condition that the Goldie dimension of the module M must be less than its length.
Interestingly, in the finite rank torsion-free setting, the same concept of quadratic u-independence facilitates the construction of indecomposable modules of a new type. Analogous to the finitely generated
case, our construction reveals that over most valuation domains, indecomposable torsion-free modules M of finite rank exist such that the
only requirement on the rank of the module and the rank of its basic
submodules is the obviously necessary condition that the basic submodules must have rank less than- the rank of M.
For references on modules over valuation domains, we refer to
Fuchs and Salce [FS].
2. Preliminaries.

Throughout, R will denote a valuation domain (i.e. a commutative
integral domain whose ideals are totally ordered by inclusion). P will
denote the unique maximal ideal of R, S a maximal immediate extension of R, and Q the usual field of quotients of R. U(T) will denote the
multiplicative group of units of the domain T.
For an ideal I of R, let 7r,: S - S/IS be the canonical map from S onto S/IS. The image of R under this map is a subring of S/IS which is isomorphic to R/I. We will identify this subring 7r¡(R) of SIIS with R/I.

Evidently, R/I:S:;
S/IS. Of primary concern will be the case
when R/I is properly contained in its completion.
We recall the definition of the breadth ideal of a unit u E ,S. The
breadth ideal of u is the ideal of R defined by
We note that if u E U(R ), then B(u) is generated by the empty set and
thus is equal to the zero ideal. In the following discussions, we assume
that u E U(S)BR.
The equality S = R + PS implies that B(u) :s:; P and that B(u) is a
v-ideal, i.e. it is the intersection of the ideals properly containing it.
Hence, the valuation ring R/B(u) is Hausdorff in its R/B(u)-topology.
From the definition of the breadth ideal of u, it is clear that
B(u) S + R. For every r g B(u), there exists an element ur E U(R)
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is called a set of apsuch that u - ur E r,S. The collection I Ur I r o
+
u.
the
unit
for
Furthermore, u B(u) S is the limit in
proximations
As u + B(u) S E
of
net
the
Cauchy
S/B(u) S
E S/B(u) S but is not an element of R/B(u), it follows that R/B(u) is not
complete in the R/B(u)-topology.
3.

Quadratic u-independence.
We say that the set I ul, ...
u-independent over an ideal I of R if

DEFINITION 1.

ically

, un } C U(S) is qua,drat-

for all i, and
1)
2) for every polynomial

of

degree - 2,
implies f E P[XI, ..., Xn].
Some important properties of quadratic u-independence are given
the following lemma.

f (ul , ... ,
in

LEMMA 1.

Let I be

an

ideal of R.

is

quadratically u-independent units over I, then
is u-independent over I,
1) 1 Ul , - - -,
2) every non-empty subset
dependent over I, and
3) 1 is a prime ideal of R.
... ,

is

a

set of

quadratically

u-in-

PROOF. The first two statements are obvious from the above definitions. To prove the third statement, we suppose that I is not a prime
ideal and show that no singleton {u} c U(S) is quadratically u-independent over I. Assuming that I is not prime, there exists .an element
t E RBI such that t2 E I. B(u) I implies that u e tS + R, i.e. there
exists an a E U(R) such that u - a E tS. Hence, u2 - 2ua + a2 (u c I,S. Consequently, the
is not quadratically u-indea)2 E E
I.
pendent
=

=

-

is a set of units in S which is u-independent over a
If ~ u1, ... ,
prime ideal I, then one can conclude that I ul + IS, ... , un + IS } c S/IS
is linearly independent over the valuation domain R/I (see[SZ3]).
is quadratically u-independent over I, then
Moreover, if f ul , - - .,
we have the following conclusion:
LEMMA 2. Let
dent over I. For every

be quadratically u-indepenof degree £ 2,
polynomial f E R[Xl ,
Xn ].
implies f E I[Xl ,
...,
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2 such that
degree
of
guarf ul,
quadratic u-independence
antees that f E P[XI,
Xn ]. By way of contradiction, assume that
there exists at least one coefficient of f which is not in I. Pick such a coefficient a E PBI of f with minimal value in the value group. Multiplying
un ) by
yields
f ( ul ,

be

PROOF. Let

of

The

...,

... ,

... ,

I,S IS.
By Lemma 1, I is a prime ideal of R, thus aI I and hence
but
Therefore,
... , Xn ]. This contradiction completes the proof.
=

=

We now give a typical example to indicate that there exists a large
class of valuation domains R such that S contains quadratically u-independent sets of arbitrary finite cardinality.
EXAMPLE. Let R be a valuation domain such that, for some prime
ideal I of R, R/I is Hausdorff and not complete in its R/I-topology. Furthermore, assume that the completion of R/I is transcendental over
R/I. (For example, take R/I = Zy , where Zp is the localization of the
ring of integers Z at some non-zero prime ideal p. In this case, (R/I~ is
isomorphic to the ring of p-adic integers J~ which is transcendental
over Zp.) Choose u E U(S)BR such that u + I,S E
and ~c + IS
is transcendental over R/I. Then, it is readily seen that the set
~ ~ 2z -1 I 1 ~ i ~ n } is quadratically u-independent over I for every
choice of n e N.

4.

Finitely generated modules.

For a finitely generated R-module M, we consider two numerical invariants for M. The length of M, denoted by f(M), is defined as the cardinality of a minimal generating set for M; this coincides with the dimension of the vector space M/PM over the field R/P. The maximal
number of summands in a direct sum of cyclic submodules contained in
M is called the Goldie dimension of M and is denoted by ~(M). It is well
known (see [SZI]) that ~(M) f(M) for a finitely generated R-module
M. Furthermore, M is a direct sum of cyclics if and only if ~(M) =
=

f(M).

We state the next lemma in the more general setting of commutative local rings. It will be useful when examining the endomorphism
ring of a finitely generated module.
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Let R be

LEMMA 3.

P, and M
... ,

a

a

commutative local

finitely generated R-module with
For f E EndR M, we can write

with maximal ideal
minimal generating set

ring

an automorphism of M if and only if the coefficient matrix C
is invertible in the matrix ring Matn (R).

f is

PROOF. See

an

=

]

Matsumura [Mt, pp. 8-9].

The matrix C appearing in the statement of the lemma is known as
associated matrix of the endomorphism f.
The following definition is due to Salce and Zanardo [SZ]. Recall

DEFINITION 2.

Let A, J, I be ideals of R. We say that (A, J, I) is

compatible triple of ideals

of R if the

following

are

for every
2) I = A : J
3) R/I is not complete in the R/I-topology.

a

satisfied:

and

to begin our construction.
Given a set I uij ( 1 ~ i ~ h; 1 ~ j ~ l~ ~ c U(S)BR with
[ 0 # r E J) be a set of approximaB(uij ) I for every i and j, let
tions for the unit Uij E ,S for each i and for each j. We define a finitely
generated R-module

We
Let

are now

ready

=

where the generators

are

subject

The following observations
nition of M.

are

to the relations:

immediate consequences of the defi-

(a) The length of M is h + k.
(b) The ideals Ann xi and Ann yi

are

equal to A

for every i and j.
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of M is isomorphic to
(c) The submodule BA
direct sum of k copies of R/J.
(d) The ideal Ann (y~ + BA) is equal to J for every j.
(e) BA is a pure submodule of M.
=

has

We conclude that M is a pure extension of BA
a pure-composition series of the form

which

yields

Next,

we

the

following annihilator

by M/BA.

In

a

fact, M

sequence:

show that under an additional assumption on the set of
reach a stronger conclusion regarding the submod-

we can

ule BA.
LEMMA 4. If I uij 1 ~ i ~ h, 1 ~ j
then BA is a basic submodule of M.

~ 1~ ~

is

u-independent

over

I,

PROOF. It suffices to show that M has no cyclic pure submodule
+
+ rh xh + Sl Yl +
isomorphic to R/J. Let z E M and write z
+ ... + sk yk with all ri, sj E R. Suppose Rz = R/J. Then, at least one of
the Sj is non-zero. The defining relations on M imply that for every non...

zero r E

J,

Thus, 0 = rz e BA
of xi is equal

tor

=

Rzi ?... ? RXh for every r E J. Since the annihilai, it follows that

to A for all

n
take limits to obtain

uij is the limit modulo IS
so we can

The

fore,

=

u-independence of the
z e

AS of its

approximating

over I forces all ri, sj
PM and hence Rz is not pure in M.

E

P. There-
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We turn our attention to the ring of R-endomorphism of the module
M constructed above. Our goal is to show that under an appropriate
condition on the units I uij 1, M will have local endomorphism ring
(which guarantees the indecomposability of M).
Let Y) E EndR M. We can write

where the set T
b2p , c;m , djp 11 :s:; i, m - h; 1 j , ~ ~ /c} of coefficients is contained in R. Using the defining relations for M, the endomorphism q of M must satisfy anxi y)(axi) 0 for every a E A (this is
easily seen as the annihilator of M is equal to A) and, more significantly, for every non-zero r E J,
=

=

Thus, for every 0 ~ r E J and for every m and j such that
1 :s:; j :s:; k, we have an equation in Rxm of the form:

Recalling
following
and j:

we can

The
sion.

1 ~m -

h;

that the annihilator of xm is equal to A, we arrive at the
inclusion which holds for every 0 # r E J and for every m

is an approximating set for the unit u2~ E S for every i
take limits to obtain the following condition:

proof

and j,

of the next lemma is immediate from the above discus-
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LEMMA 5.

Let 1): {Xl’ ..., 9 Xh

i

-

... ,

M be

a

map defined

on

generating set of M by (1) and (2) where T
b2p , Cjm, djp I
1 ~ i, 7n £ h; 1 j, ~ 1~~ c R. The map 77 extends to an endomorphism of M if and only if the entries of its coefficient matrix
the

satisfy condition (3) above.
Hence, we have characterized the matrices in
which,
with respect to the minimal generating
xh ,
... , yk } are
associated to an endomorphism of M.
For fixed m and j, we view condition (3) as a quadratic equation
modulo IS in the unknowns {uip|
with coefficients from R. If we assume that the
is quadratically u-independent over I, then we can conclude (after collecting like terms)
that

Since these conditions must hold for every
that

m

and for

every j,

we

have

and

Thus

we

have

LEMMA 6.

is

proved the following lemma.

Let M be

quadratically

as

above. If the

u-independent

over

1 ~ i ~ h; 1 ~ j ~ k ~
I,

then

every

matrix
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C E Math + k (R) associated to an endomorphism of M is of the form
C = rE + D, where r E R, E is the identity matrix of Math + k (R),
and D E Math + k (P).
Under the assumptions of the above lemma, the
ring of M is a local ring.

COROLLARY 1.

endomorphism

PROOF. A matrix C rE + D (r, E, D as in the statement of Lemma 6) is invertible in Math + k (R) if and only if r E U(R). If qi,
Y)2 E EndR M are non-units, then by Lemmas 3 and 6, each has an asso+
ciated matrix with entries in the maximal ideal P; hence, the sum
form
of
is
also
a
nonan
matrix
the
same
and
thus
has
associated
+ r~ 2
unit. Therefore, E ndR M is local.
=

We

can now

prove the main result of this section.

THEOREM 1. Let R be a valuation domain, (A, J, I) a compatible
triple of ideals of R, and m n a pair of positive integers. If there
exists a set a of units contained in a maximal immediate extension S of
R which is of cardinality m(n - m) and is quadratically u-independent
over I, then there exists a finitely generated R-module M with local endomorphism ring (and hence indecomposable) such that f(M) = n and

~ (M)

=

m.

PROOF. Choose h m and k = n - m. Using the set a, form the
R-module M h, k. Clearly Mh, k has length h + 1~ = n and by Lemma 4,
the Goldie dimension of Mh, k is m; Mh, k has local endomorphism ring
by Corollary 1.
=

5. Finite rank torsion-free modules.

The following generalization of the notion of a compatible triple of
ideals is due to Salce and Zanardo [SZ4]. Recall that for two submodules L and H of Q, L : H = ~ q e Q I qH :s:; L} is also a submodule of Q. If
L H, then L: H coincides with the ideal e R
L} of R.

L, H, I be R-submodules of Q. We say that
compactible triple of submodules of Q if the following are

DEFINITION 3.

(L, H, 1) is

a

Let

satisfied:

1) 0LH,
2) 1 L : H and I &#x3E; rL for every r E R with
3) R/I is not complete in the R/I-topology.
=

HBL,

and
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Let (L, H, I) be a compatible triple of submodules of Q. Then I is a videal of R and is necessarily the zero ideal when H Q. In fact, if R is
not complete in its R-topology and if 0 L
Q, then (L, Q, I 0) is ala
of
submodules.
If
H happen to be ideals
L
and
ways compatible triple
of R, then (L, H, 1) is a’ compatible triple of ideals.
For our purposes, it suffices to consider compatible triples of the
form (R, RI , I), where I P is a prime ideal of R and 72/ is the valuation domain obtained by localizing R at I. The following lemma gives a
necessary and sufficient condition for this kind of compatible triple to
exist.
=

=

LEMMA 7.

For

a

triple of submodules
R/I-topology.

prime ideal I P of R, (R, RI , I ) is a compatible
of Q exactly when R/I is not complete in its

PROOF. We must show that the triple (R, RI , I ) satisfies conditions 1) and 2) of Definition 3 for a prime ideal I P. Trivially,
0 R RI . Since I is also an ideal of RI , r E I implies
I R.
E 72/ but
R.
Moreover, if r g I , then for every s E PBI,
Hence I R : RI . Finally, it is clear that I Rr for every r E PBI (i.e.
for every r E R such that r -1 E RI ~R ).
=

From now on, we assume that I is a prime ideal of R such that I P
and (R, RI , I ) is a compatible triple of submodules of Q. We note that
I
f1 Rr, where the intersection is taken over all R E PBI. As R/I is
Hausdorff and not complete in its R/I-topology, I is the breadth ideal of
some unit in S.
We begin our construction of torsion-free modules.
For each pair h, k of positive integers, let
be the free Rrmodule
with basis {x1, ... , xh , y1,..., yk}
and
1 j k}
be a set of units in SBR with B(uij) for every i and j. Choose a
of approximations for the unit u2~ E S. Consider the
set I u
R-submodule Mh, k of Fh, k defined as follows:
=

where

The
M

=

following properties

Mh, k

are

for every choice of h,

easily

seen

to hold for the R-module
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a) M has rank h + k.
b) For s E R, xi E sM for some i or Yj E sM for some j exactly if
s E U(R).
c) For s E R, rzjr E sM if and only if Rr % Rs.
?... 0 Rxh of M is a free R-module of
d) The submodule B
rank h and the quotient module M/B is isomorphic to the direct of k
=

copies

of the

ring RI.

e) The submodule B
LEMMA 8.

1 ~

ever

Let M be
I K h;

PROOF. As the

=

as

Rx, ?... ? Rxh is

pure in M.

above. B is a basic submodule of M when/C} is u-independent over I.

quotient module M/B is torsion-free, it is immediof units of S is
Now, suppose that the

ate that B is pure in M.

over I. We show that in this case, M has no pure ranksubmodule isomorphic to 7X/ from which it follows that B is basic in
M. Let z e M and write z = rl xl +
+
where,
+ rh xh + sl yl +
without loss of generality, we can assume that all ri ,
Further,
suppose that RI z (the cyclic Rrsubmodule generated by z in the free
Rrmodule F Fh, k ) is an R-submodule of M. For every r E PBI, we can
re-write z in the following form in which the generators yj of M do not
appear explicitly and where at least one of the Sj is non-zero:

u-independent
one

...

...

=

As z e rM and
the submodule B
xi

z’ +

...

rM, for every r E PBI , the purity of

+

?... ? RXh in M implies that the coefficients of

=

satisfy:

the limit modulo IS
take limits to obtain

Recalling that Uij is
we can

The

fore,

u-independence of the
z E

IM and hence

a

n
PBI

r,S of its

approximating

I forces all ri and Sj E I. Therepure submodule of M.

over

is not

=
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Let 1) be an endomorphism of M.

For

convenience, we

assume

that 77

satisfies

This is no loss of generality, for there always exist an r E PBI such that
rq is of this form, and then we replace q by rq. Under this assumption,
we can write

where
every r E PBI , the image of zj’ under the
pressed in terms of the maximal linearly

Therefore,

we

For

be
endomorphism Y)
set
of
M:
independent
can

ex-

obtain

Since B Rx, 0
This observation
=

...

yields

Thus, the coefficient of

an

is pure in
inclusion in

Xm must

satisfy:

=

0

of the form:

...

EÐRrxh.
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For each i

We

we take the limit modulo IS of the
to arrive at the following condition:

and j,

are now

able to state
of M.

a

very

Cauchy net

+

important lemma regarding the

en-

domorphism ring
LEMMA 9.

Let C E

(RI ) be given by:

If C represents an endomorphism of M, then condition (4) above holds
for the entries of C. Conversely,
represents an endomorphism of M exactly if its entries satisfy condition (4).

PROOF. From the above discussion, it follows immediately that
condition (4) is necessary and sufficient for the matrix C E Math + k (R)
to represent an endomorphism of M. Suppose C E
BMath + k (R). There exists r E PBI such that the matrix (rE) C rC,
where E is the identity matrix of Math I k (RI ), has all of its entries in R.
If C represents an endomorphism of M, then so does rC and hence condition (4) holds for the entries of rC. Using the fact that I is a prime
ideal of RI , it follows that condition (4) also must hold for the entries
of C.
=

To characterize the

endomorphism ring of M, we now assume that
is quadratically u-independent over I. Noting that for each m and j, condition (4) yields a quadratic equation modulo IS in the unknowns
with coefficients from R, we must

uij 1 ~ i :s:; h; 1 ~ ~ ~ k)

have
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As the above inclusions must hold for every m hold for
further conclude (after collecting like terms) that

every j,

we

can

and

We have the

following lemma.

LEMMA 10. Let M be as above and f uij I quadratically u-independent over I. The endomorphism ring of M is a subring of Math I k (R)
and every C E Math I k (R) representing an endomorphism of M must be
of the form C = rE + D, where r E R, E is the identity matrix of
Math I k (R ), and D E Math I k (I ).

have
matrix
representative
Y) E EndR M
The above remarks imply that C rE + D for some
r e 72/ and D E Math + k (I ). We claim that r must in fact be an element of
R; for if not, then-since r~(x1 ) - rxl E IM implies that rzi E M we
which is impossible. Thus, C is in
would have rxl E M with
fact of the desired form.
PROOF. Let

C E

=

Under the assumption that {Uij [1 ih;1pk} I 5 h; 1 p k} is quadratically u-independent over I, the above lemmas combine to give the following corollaries.
COROLLARY 2. An endomorphism q of M is an automorphism if
and only if its representative matrix C is invertible in Math + k (R ).
PROOF. Clearly, an automorphism of M is represented by an invertible matrix. Moreover, for an invertible matrix C = rE + D
(r, E, D as in the statement of Lemma 10), condition (4) holds or fails simultaneously for the entries of C and for the entries of its inverse
This observation completes the proof.

COROLLARY 3.

The

endomorphism ring of

M is

a

local

ring.

PROOF. A matrix C = rE + D (r, E, D as above) is invertible in
Math + (R) exactly when r E U(R). So if r 1, Y)2 E E ndR M are non-units,
then each is represented by a matrix having its entries in the maximal
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ideal P (where, of course, the elements off the diagonal are from I);
also is represented by a matrix of this form and
hence, the
thus also a non-unit. Therefore, M has local endomorphism

ring. *
We

now

state the main result of this section.

THEOREM 2. Let R be a valuation domain and I a prime ideal of R
different from P such that (R, RI , I ) is a compatible triple of submodules of Q. For a pair of positive integers m n, if there exists a set a of
units of ,SBR which is of cardinality m(n - m) and is quadratically u-independent over I, then there exists a torsion-free R-module M with local endomorphism ring (and hence indecomposable) such that t(M) = n
m.
and
=

PROOF. Take h m and = n - m. Using the set a, form the torsion-free R-module Mh, k . Then Mh, k has rank h + k n, and by Lemma 8, the basic submodules of Mh, k are of rank rn; Mh, k has local endomorphism ring by Corollary 3.
=

=

’
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