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On the Homogenization of Some Nonlinear Problems
in Perforated Domains.

PATRIZIA DONATO - GIOCONDA MOSCARIELLO (*)

0. - Introduction.

In this paper we study the homogenization of a class of nonlinear
elliptic Neumann problems in perforated domains of 

Let De be a fixed bounded domain Q from which a set Te of holes
has been removed. The set Te is obtaied in the following way: let T
a fixed set properly contained in the basic cell Y, let D, be the hole
homotetic by ratio 8 to T. Let us suppose to have a periodic distri-
bution of period E Y of DE . Then Te is the set of the holes of this

periodic distribution contained in 
Roughly speaking, let us consider the problem:

where v denotes the exterior normal with respect to 
g is Y-periodic in the second variable and a(x, ~) is a matrix periodic
in x and satisfying suitable coerciveness and growth conditions in ~.

(*) Indirizzo degli AA.: Dipartimento di Matematica e Applicazioni,
Università di Napoli, via Mezzocannone 8, 80134 Napoli.

This work has been performed as part of a National Research Project
supported by M.P.I. (40%, 1987).
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Our aim is to study the asymptotic behaviour of the solutions Us
of (Pe) as E -+ 0. Indeed, we prove that the « limit » problem of (frs) is:

Moreover the matrix b (~ ) is given by an explicit formula.
As a consequence, we are able in particular to describe the «homo-

genized ~ operator of the problem:

The homogenization theory for linear elliptic operators goes back
to De Giorgi-Spagnolo [9], Bensoussan-Lions-Papanicolau [2], San-
chez-Palencia [15].

For Dirichlet nonlinear problems of the type

some homogenization results for p = 2 were first given by Tartar [19]
(see also Suquet [16]). By different techniques, for p &#x3E; 1, homogeni-
zation results have been recently given in [11].

On the other hand the homogenization of some linear problems
in perforated domains has been studied in [6] and in Cioranescu-
Saint Jean Paulin [7] by using energy method.

1. - Statement of the problem.

Let S~ be an open set in Rn, n ~ 2, with a smooth boundary 8Q.
Introduce the representative cell Y = [0, 1,) X ... X [0, In) and de-
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note by T an open subset of Y, with smooth boundary a T, such that
Tc Y. Denote by z(ET) the set of all traslated images e(k1 + T),

By this way Rn is periodically perforated by holes of 8-size.
We make the following assumption:

The holes 7:(eT) do not intersect the boundary 3~.

This assumption restricts the geometry of the open set SZ (example:
S~ is a finite union of rectangles homothetic to the representative cell).

Define now the perforated domain:

Hence, by the previous assumption it follows that:

where Te is the subset of contained in S~.
The following notations are used in the following:

3) = the Lebesgue measure of co (for any measurable set
of R,,);

4) = the characteristic function of the set m;

5 ) v = the zero extension to the whole S2, for any function v
defined on De;

6) f~$ _ for f E and E bounded
x

open set of positive measure.

If 1  p  + oo and ~’ = p!(p - 1), we shall consider the fol-

lowing spaces:

-1 ) -Der

= { u(y) E H-1,P(Y): u has the same trace on the opposite faces of Y},
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Now, let f E LfJ’(Q) and g: 12 X Y ~ R verifying the following as-
sumptions :

(1.1 )1 g(x, ~ ) is Y-periodic and measurable for any 

where [0, + oo) - [0, + oo) is a bounded, concave and con-
tinuous function such that m(0) = 0 and E 

We shall consider the problem:

where v denotes the exterior normal with respect to jOey =

= g(x, and a(y, ~) verifies the following structure conditions:

is Y-periodic and measurable with respect to y,

Hz) for any y a.e. in Rn and any ~1, $z G R" then

Set
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a variational solution of problem (Tg) is a function Vv such that:

for any 99 e Vf.

REMARK 1.1. It is well known that, under the above hypotheses
the problem has a unique solution ug G V:..

Finally, let us consider the problem:

where ~ E R" and

u has the same trace on the opposite faces of Y} .

In the § 3 we will prove the convergence of the solutions u,, E Vp
of (Se) to the solution of the « homogenized» problem:

where

and, for if v(y) is the solution of (1.3), b is defined by
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2. - Preliminary results.

We recall some lemmas about the spaces introduced in § 1 and the
existence of a family of extension-operators.

LEMMA 2.1. I f q(y) is an element of then it can be ex-
tended by periodicity to an element o f still denoted by q,
such that

LEMMA 2.2. Let f be an Y-periodic function of 1 ~ p  + 00
and set

then as 8 -+ 0:

For a proof of the previous lemmas one may see [16] annexe 2.

LEMMA 2.3 (see [7]). There exists a linear continuous extension-

operator P E such that :

f or any 99 E 

LEMMA 2.4 (see [7]). There exists a f amily o f linear continuous
extension-operators, Ps E C(V:, verifying the following condition:

for any Y~ , where c is a constant independent 01 E. 1

The previous lemmas are proved in the case p = 2 in [7]. The
same argument can be used in the general case.
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- 

If y e let us consider the linear form on 

and

PROPOSITION 2.5

there exists a unique solution V,, E W2,P’ (Y*) o f the problem :

In particular if y is ac constant f unction, then E -W’,’(Y*).0

REMARK 2.6. It is easy to verify that the solution of problem (2.3)
can be extended by periodicity to and the function

verify:

Now, we can prove the following lemma that we’ll use in the sequel:
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PROOF. Let y be the solution of (2.3), then by remark 2.6 we have:

Then by lemma 2.2 and by observing that 
passing to the limit as e - 0 we get the result.

REMARK 2.8. If h is a constant function, by using similar argu-
ments as in the previous lemma, it can be found that

(with c independent of s) for any sequence (qe) bounded in 

LEMMA 2.9. The measures are in and

where is given by (1.4).

PROOF. It is enough to prove that

Let us consider VV E N a partition of R" by intervals of side
Since the holes Te do not intersect aQ, we can assume that
Te does not intersect 8Q;v.
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Let us denote by xiv and Xi" respectively the center and the

characteristic function of Set

We have

We observe that by (1.1 )3 pg G then by lemma 2.7 we have:

On the other hand we have:

By remark 2.8 we get

Then by (2.8), (2.9) and 
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Then passing to the limit as 8 --~ 0+ and v 2013&#x3E;- + oo zve obtain (2.6).
The proof is completed by using standard arguments concerning

the duality application between and its dual. ·

We state now some lemmas about the structure properties of b.

Using the same arguments of [11] one can prove:

LEMMA 2.10. For any ~ E Rn

I’urther i f v is the solution o f problem (1.3 ) have :

LEMMA 2.1. b(~) is locally Holder (Lipschitz i f p = 2). m

REMARK 2.12. We remark that the limit operator b(~), as in the
homogenization of Dirichlet problem (see [11]) may not verify the
same structure conditions of a(y, ~).

In some special case, the Holder estimate on b(~) can be improved
(see [11]~ . 0

LEMMA 2.13. For E1, E2 E Rn we have

PROOF. Let us denote by v, and v, the solutions of problem (1.3)
defining respectively b(~1) and b(~2).

Let us consider ui == vi -~ ~ ~ y, i = 1, 2. Then is an element
of and so, by lemma 2.3, we can consider Pui E 
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If we extend Pui by periodicity, the resulting function (still denoted
by is in 

Define

and for ~ 

It is easy to verify that

where the last relation is proved by using lemma 2.1.
If p ~ 2 from ii) of H2), we get:

where n e C10(Y*).
Then, passing to the limit as s 2013~ 0 and using (2.14), by the com-

pensated compactness result of [12] we get

Then from the arbitrarity of q, we deduce (2.11).
If 1  p  2, from jj) of .g2) we have:
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Then, passing to the limit as before, and remarking that by
lemma 2.3

we can argue in a similar way to prove (2.12). o

3. - Homogenization results.

THEOREM 31. I f a(x, E) veri f ies the structure conditions H1) -:-Ha)
and g: Q X Y --~ l~ satis f ies (1.1)1 -:-(l.l)a, then f or any f E the

sequence UE o f the solutions o f problem veri f ies :

where uo is the solution o f problem 

PROOF. We use the homogenization techniques of nonlinear

operators introduced in [10], [11].
Let us denote by Psus the extension of us given by lemma 2.4.

By using lemma 2.9, it is very easy to verify that

with c independent of 8.

Then by i) or j) of H~2), we get also:

with c independent of E.

Hence, up to a subsequence, we have



103

The theorem will be proved if we shaw that:

Indeed, using lemma 2.9 and the fact that

we obtain :

Let us fix v E N and denote by a partition of Rn as in the
proof. of lemma 2.7. Then we define Iy = ~i : Qw c 5~~, ·

iel,

For any i let us consider Then if x2v is the
characteristic function of by the continuity of b (see lemma 2.11)
we have, if v 2013~ + 00, that:

Moreover, from lemma 2.10 we have for any measurable set E c S2:

So, from the equi-absolute continuity of the integral on the left-hand
side and from (3.3) we deduce that:

the solution of problem (1.3) cor-

responding to 
Then:

and, by lemma 2.3,
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Set

and

by arguing as in the proof of lemma 2.13 we obtain:

Using the periodicity of Puzv and lemma 2.3, we have:

The from (2.10), writing the last term as an integral over SZy we have:

Let now and extend it by periodicity to the
whole Rn.

Case p&#x3E;2. If q e set MqJ = sup Irpl , from i) of H2) we have :
Q
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where the last inequality is obtained by applying Young inequality
with 6 &#x3E; 0 and the estimate (3.5).

On the other hand from ii)

Then, integrating by parts and using (3.5) and the fact that u,
is the solution of (T,), we get:

Then, passing to the limit as 8 --j- 0 in (3.8), by (3.2), (3.5) and lem-
ma 2.9, we obtain

If we first pass to the limit in (3.7) as s - 0, then n -+ 1, v -+ + oo,
by (3.9) we get:
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So, letting 6 - 0, from the arbitrariety of 99 we deduce (3.1).

Case 1  p c 2. In this case the proof is very similar to the pre-
vious case. Indeed, by using j) of H2), we have:

Then, using jj) we can control the last term:

Hence, arguing as in the previous case we obtain the result..

An easy consequence of theorem 3.1 is the following result:

COROLLARY 3.2. Assume that a(x, ~) verifies the str2ccture conditions
-:-H3) and is homogeneous of degree p - 1 with resp ect to E.
Then for any f E and g(x, y) verifying (1.11) -;.-(1.1)3 with

0, the f unction b(~) is homogeneous of degree p - 1 and the se-

quence Ve o f the solutions of the problem:

verifie s :
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where vo is the solution of the problem:

with b(~) and ,ug given respectively by (1.4), (1.5) and (1.3).

PROOF. The result follows by applying theorem 3.2 to the se-

quence 

REFERENCES

[1] E. ACERBI - D. PERCIVALE, Homogenization of noncoercive functionals:
periodic materials with soft inclusions, Appl. Math. Optim., 17 (1988),
pp. 91-102.

[2] A. NENSOUSSAN - J. L. LIONS - G. PAPANICOLAOU, Asymptotic analysis
for periodic structures, North-Holland, Amsterdam, 1978.

[3] L. BOCCARDO - F. MURAT, Homogénéisation de problèmes quasi-linéaires,
Proceeding of the Meeting « Studio di problemi limite dell’Analisi Fun-
zionale», Bressanone 1981, Pitagora, 1982.

[4] L. CARBONE - C. SBORDONE, Some properties of 0393-limits of integral
functionals, Ann. Mat. Pura Appl., 122 (1979), pp. 1-60.

[5] V. CHIADÒ PIAT, Convergence of minima for non equicoercive funetionals
and related problems, preprint S.I.S.S.A., Trieste.

[6] D. CIORANESCU - P. DONATO, Homogénéisation du problème de Neumann
non homogène dans des ouverts perforés, to appear on Asymptotic Analysis,
1, 2 (1988).

[7] D. CIORANESCU - J. SAINT JEAN PAULIN, Homogenization in open sets
with holes, J. Math. Anal. Appl., 71 (1979), pp. 590-607.

[8] P. DONATO, Una stima per la differenza di H-limiti e qualche applicazione
a problemi di omogenizzazione, Rend. Matematica, 4 (1983), pp. 623-640.

[9] E. DE GIORGI - S. SPAGNOLO, Sulla convergenza degli integrali dell’energia
per operatori ellittici del secondo ordine, Boll. Un. Mat. Ital., 8 (1973),
pp. 391-411.

[10] N. FUSCO - G. MOSCARIELLO, An application of duality to homogeniza-
tion of integral functionals, Memorie dell’Acc. dei Lincei, 17, I (1984),
pp. 361-372.

[11] N. FUSCO - G. MOSCARIELLO, On the homogenization of quasilinear diver-
gence structure operators, Ann. Mat. Pura Appl., 4, 146 (1987), pp. 1-13.



108

[12] P. GRISVARD, Elliptic Problems in Nonsmooth Domains, Monographs and
Studies in Mathematics, 24, Pitman, London, 1985.

[13] S. MORTOLA - A. PROFETI. On the convergence of the minimum points of
non equicoercive quadratic functionals, Comm. Part. Diff. Eqs., 7, 6 (1982),
pp. 645-673.

[14] F. MURAT, Compacité par compensation, Ann. Scuola Norm. Sup. Pisa,
5 (1978), pp. 489-507.

[15] E. SANCHEZ-PALENCIA, Nonhomogeneous media and vibration theory, Lec-
ture Notes in Physics, 127, Springer-Verlag, Berlin, 1980.

[16] P. SUQUET, Plasticité et homogénéisation, Thèse d’Etat, Univ. de Paris VI,
1982.

[17] L. TARTAR, Topics in Nonlinear Analysis, Publ. Math. Univ. d’Orsay,
13 (1978).

[18] L. TARTAR, Homogénéisation et compacité pae compensation, Séminaire
Schwartz Exposé, 9 (1978).

[19] L. TARTAR, Cours Peccot Collège de France 1977, partially redacted by
F. Murat; H-convergence, Séminaire d’Analyse Fonctionnelle et Nume-
rique de l’Univ. d’Alger, 1977/78.

Manoscritto pervenuto in redazione il 25 luglio 1989.


