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Fourier Integral Operators of Infinite Order on D{03C3}L2 (D{03C3}’L2)
with an Application to a Certain Cauchy Problem.

ROSSELLA AGLIARDI (*)

Introduction.

The aim of this paper is to develop a calculus of Fourier integral
operators of infinite order in the spaces and to apply it
to prove some sufficient conditions for a certain Cauchy problem to
be well-posed in the above-mentioned spaces.

The calculus we develop here is analogous to the one in [4] in
Gevrey classes and in their dual spaces of ultradistributions. As for
the spaces we consider here, we recall that they have been
employed many a time in dealing with the Cauchy problem and the
propagation of Gevrey singularities. For instance in [15] it is shown
that some pseudo-differential and Fourier integral operators of finite
order continuously map to themselves and the same thing
is true for the fundamental solution of a hyperbolic equation with
constant multiplicities constructed in [14]. Specifically in [14] the

hyperbolic equation is reduced to an equivalent system. Therefore
at first a fundamental solution is determined for an operator of the
form

where the symbol of A is real, A and a are continuous in t with values
in some spaces of symbols of Gevrey type a and of order 1 and p
respectively, for some p e [0, 1]. A fundamental solution is found

which maps to itself whenever cr  1/p. The well-posedness
of the Cauchy problem for an operator of the form (I) is well-known
when c  1/p (see also [11]). A necessary condition for the well-

(*) Indirizzo dell’A.: Department of Mathematics, University of Bolo-

gna (Italy).
This work is dedicated to the memory of Prof. L. Cattabriga.
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posedness in the case a &#x3E; 1/p is proved in [10]. There it is assumed

that whenever

with i homogeneous in $ of degree p and order £  p, the following
condition is required for the well-posedness of the Cauchy problem
(with initial datum at t = 0) when J &#x3E; 1 /p :

In what follows we shall prove some sufficient conditions for the

Cauchy problem to (I) to be well-posed when (see [2] for the
case where A and a do not depend on x~ . Moreover we shall confine
our discussion to analytical symbols; we refer to [1] for the Gevrey
case in the simplified case where A = 0. Specifically we shall prove
the following

THEOREM. Let P be an operator of the form (I) where A and a
are pseudo-differential operators whose symbols satisfy the following
properties:

1) x, ~) is real valued and belongs to C([O, T]; 0160l,1,1(R2n))
p E [0, 1[. Moreover if

8 E [0, T[ and w solves the eiconal equation:

then we claim that

uniformly with respect to where we as-

sume a(2p - 1)  1, a&#x3E; 1. Then the Cauchy problem for P with
datum at t = s is well-posed in 

This paper is organized as follows. In § 0 we give some preliminary
definitions. § 1 is devoted to the development of a calculus for Fourier
integral operators of infinite order in which allows us to

prove the above mentioned result concerning the well-posedness of
the Cauchy problem in these spaces. Indeed in § 2, by applying some
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results of § 1, we construct a parametrix for the Cauchy problem by
solving the transport equations, as in [3] and [4]. Under our assump-
tions it turns out to be a Fourier integral operator of infinite order
of the kind examined previously. Then a fundamental solution is
determined. Finally we give some results concerning the propagation
of Gevrey singularities. I wish to thank Prof. D. Mari and Prof. L.

Zanghirati for some suggestions.

0. Main notation and definitions.

we write where 

By we mean a pseudo-differential operator of order N whose
symbol is ~~N,

We recall here the notation concerning symbols of infinite order
of Gevrey type that can be found in [3].

We shall say that p (x, ~) e where A, B, 
if b’E &#x3E; 0 there exists 0.&#x3E;0 such that :

We shall write 
for We shall denote by the space

lim 
A, B0, B-++oo

As for formal series of symbols we shall say E) is in
~&#x3E;o

3 C°&#x3E; 0 such that:

We shall give the following definition of equivalence of formal
series of symbols. We shall write ~) ~ 0, if dE &#x3E; 0 3C~&#x3E;0
and such that: 1-&#x3E;O
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In [15] it is shown how to construct a « true » symbol from a series
of formal symbols denoted i.e. p (x, ~) ~ Sb ~ a~ ~‘ is found in

order to have p - ~£ . ~&#x3E;o

~~o

We recall also that 0 in then 3.A., Bo , 
and h &#x3E; 0 such that :

Now we recall here a few definitions concerning the spaces which are
of interest in this work. We refer to [8] and [14] for a more detailed
outline. For notational convenience we shall often omit to point out
the domain when I~n is meant.

Let aDL~} E = ~ f E .L2; egp [~~~1~~] ~ (.~ f) (~) E -L2~ where E &#x3E; 0, 
(By Yf we denote the L2-Fourier transform of f).

Let ~L$}~~ be the dual space of the Hilbert space Ðt~ 6 and denote
by Y the transpose of the operator

By using the notation for any real number 8 and by denoting
both and by f, we get

and we denote the norm in these spaces by

Afterwards we define :

The following spaces will also be used:
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which are Fréchet spaces with the semi-norms:

Finally we shall denote by the space of all f E COO(B-) satisfying:

1. Fourier integral operators of infinite order on ~L$} 

In the following pages we shall study operators with amplitude
in and phase satisfying:

for 1 [

(see [9], Def. 1.2 in Cap. 10).
In this paragraph the action of the above-mentioned operators

on the spaces and is investigated. Notice that the operator
defined by:

is well-defined. Moreover we have the following

THEOREM 1.1. If p(x, ~), q~(x, ~) are as above, then Vs &#x3E; 0 there
exists 6,., &#x3E; 0 such that V3 E ]0, 3g] the operator Pg, defined by (1.1)
is a continuous map from 80’,s to 80’,ð and from to 

Therefore Pp: - D8il is a continuous map.
Moreover extends to a continuous operator from to 

Now let us consider a-regularizing operators.
If r(x, ~) has the property:

suffieiently large, then the
operator defined by

extends to an operator defined on
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Furthermore it f ollows that

that is, Rv maps to 

More precisely we can prove:

THEOREM 1.2. If has the property

for and with h &#x3E; 0, then the operator Rrp defi.n.ed

on by

is a continuous map from to D#1.

THEOREM 1.3 (composition of a pseudo-differen.tial and a Fourier
integral operator). Let

and the phase
Let

with property (i).

for every u E 
Then there exists an operator Qrp defined on by

and such that where

with
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and there exists an operator Rcp continuously mapping to D851,
such that :

Wave front sets in Gevrey classes. When u E D851’ we give the fol-
lowing definition of wave front set.

DEFINITION (see [15]). Let with let We

say that a point (xo, ~o) E does not belong to when
there exists a symbol a(x, ~) in with a(x,, 0$o) ~ 0 (0 &#x3E; 1) such
that a(x, E 

REMARK. In [14] Taniguchi has shown that this definition is equi-
valent to the one given by H6rmander (1971) in the case where u E 8B

For Fourier integral operators of the kind analyzed above we have
the following result:

THEOREM 1.4. If p and w satisfy the properties listed previously
and moreover ~) is homogeneous in ~ of degree 1 for I~I sufficiently
large, then for every we have:

2. An application of Fourier integral operators of infinite order to
the investigation of sufficient conditions for a certain Cauchy problem
to be well-posed in 

In this section we consider operators of the form:

where A and a are pseudo-differential operators whose symbols are in
C([0, T]; C-(B2-)) and satisfy the following properties:

~) is real valued and belongs to T]; 

a(t, x, ~) is in $([0, T]; with p E [o,1[ and verifies :

(2.i) lim Re a(t, x, for every t E [0, T] and uniformly with
p-++oo

respect to (x, r~) ERn where we assume a(2p - 1)  1,
c&#x3E;1.
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REMARK 2.1. Actually in dealing with the Cauchy problem with
initial datum at t = s, s E [0, T[, it is sufficient to claim:

with respect to (x, r~) E Rn X Sn_l, where p and T’ are deter-
mined in the following Prop. 2.1.

REMARK 2.2. When 6  1 jp the assumption (2.i) is trivially true
and it is well-known that the Cauchy problem for P is well-posed in
D{c}L2(D{c}’L2).
We henceforth confine our discussion to the case where c &#x3E; 1/p.
We recall now the following

PROPOSITION 2.1 (see [4], [14]). If A is as above, then there exists
T’ &#x3E; 0 and there exists a solution s) of the eiconal equation

n - for some co &#x3E; 0. (For the definition of we refer to [9].

REMARK 2.3. In the proof of Prop. 2.1 it is shown that if T’ is

sufficiently small, a solution (p, q) of

can be found with the following properties:

for some Ci&#x3E;0 .

By choosing a suitable T’ it can also be proved that there exists the
inverse function y = Y(t, s; x, q) of x = q(t, s; y, ~) and
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for some 

THEOREM 2.1. If P is as above, then for every s e [0, T[ there
exists T’ E Is, ~’] and there exists e(t, s; 0153, ~) continuously differentiable
up to the first order with respect to s, t with values in Coo(Rn XRn)
and belonging to 8°°’ X .Rn) uniformly with respect to t and s,
and with some ~M&#x3E;1~ satisfying the following properties. If p is the
solution of (2.1 ), then the Fourier integral operator defined by:

satisfies

(identity operator)

where s) is a continuous map from to :ot~}, for every t and s.

PROOF. In view of Th. 1.3 it is sufficient to determine e(t, s; x, E) ~

~ Eeh(t, s ; x, E) such that e(s, s ; x, E) = 1 and that the following
h&#x3E;0

term vanishes:

Therefore each eh can be determined inductively as a solution of
the following Cauchy problem:
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where

and in the case h = 1, 2, ...

Putting eh(~, 8; y, ~) = 8; q(t, s; y, ~), ~), 11, = 0,1, ... and solving
the corresponding transport equations, we can prove inductively the
following estimate (by applying for instance Lemma 4.2, p. 56 in [5]) :

which is true for every s’&#x3E; 0, with suitable positive constants

A*, 00 and for -~- -+- 
From (Ih) it follow~s that Vs &#x3E; 0, ’Bf p’ &#x3E; 0 we have :

Since 26p - 1  ~ (by assumption (2.i)), we take y’ = a --f- 1- 2ap
and conclude with respect to t and s.

h&#x3E;0

In view of Th. 1.1.21 in [4] it is 
h&#x3E;0

uniformly with respect to t, s. Thus the theorem is proved.

REMARK 2.4. The operator 1~~ in Th. 2.1 can be regarded as a
pseudo-differential operator, say R, whose amplitude is =

= exp ~) - $), if r(x, ~) is the amplitude of ~. More-
over r(x, E) has the same properties as r(x, ~).

Therefore, as we proved in [1], we have the following
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LEMMA 2.1. If P is as in Remark 2.4 then there exists a solution of

and I~’ continuously maps

THEOREM 2.2. If EqJ(t,8) and R,(t, s) are as in Th. 2.1 and F(t, s)
is as in Lemma 2.1, then

is a fundamental solution for the Cauchy problem for P.
If 9 e T] ; D 851) (respectively /eC([0,T];
, then for every there exists such that

is the solution of the Cauchy problem

and u belongs to Cl as a function of t with values in the space D851
(respectively 

Moreover, whenever A(t, z, $) is homogeneous in $ for 1$1 large,
then for every f in e( [0, T]; Dtil) and for every g in the solution

u(t, x) of the problem ( C) (with s E [0, T[, T’ sufficiently small and
t e [s, T’]) satisfies

6&#x3E;1 and ’r¡1 I sufficiently large} ,
where q, p are solutions to

PROOF. In view of Th. 2.1 and Lemma 2.1 we have s) = 0
and u(t, x) defined in (2.2) satisfies all the claims above. Uniqueness
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of the solution follows by a standard argument where the transpose
of P is considered (see [4]).

Finally (2.2)’ follows from Th. 1.4 and Th. 2.2.
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