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Carriers of Torsion-Free Groups.

R. S. PIERCE - C. I. VINSONHALER (*)

1. Introduction.

Our objective in this paper is to determine the possible carriers
of some special classes of torsion-free abelian groups and rings. Here

we define the carrier c(A) of a torsion-free (abelian) group A to be
the set of all rational primes p such that A. The classes of

groups and rings that concern us are described in terms of an algebraic
number field F and the ring OF of algebraic integers in .I’. We denote
by the set of 0,-submodules A of F such that 1 E A, and the
quasi-endomorphism ring QE(A) coincides with the set (hr : of

left translation mappings 2,: a i-+ ra by elements of F. Let EtF) be
the set of subrings of F that are members of I (I’) . For example,
I(Q) consists of all subgroups of Q that include 1 (hence, up to
isomorphism, all rank one groups) and E(Q) is the set of all subrings
of Q. In general, for the hypothesis implies (for
example, by 3.1 below) that R is integra.lly closed in ~’, hence a
Dedekind domain. The problem that interests us is: which subsets
of the set II of all rational primes can be realized as c(A) for some
A E I(F), and which have the form for some S c- E(F)? Our

main results are that ~c(A) : A E = ~c(S) : S E E(F)I, and, in the
case that F is a normal extension of Q, the family E 

is determined modulo a finite set of primes by the structure of the
Galois group Gal 

(*) Indirizzo degli AA.: Dept. of Mathematics, University of Arizona,
Tucson, AZ 85721, U.S.A.
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Our motivation for studying this question comes from several

sources. In [Re], Reid introduced the class of irreducible groups. A
torsion-free group B is irreducible if the only pure, fully invariant
subgroups of B are 0 and B. If the rank of the torsion-free group B
is finite, then B is irreducible if and only if B is quasi-isomorphic to
a finite direct sum of copies of a group A such that the quasi-endomor-
phism ring QE(A) of A is a division algebra with rk A = dimQ QE(A).
The groups of I(F) constitute a set of isomorphism representatives
of those strongly indecomposable, irreducible groups A such that

In earlier papers [P-V1 ] and [P-V2] the authors exam-
ined the question: for which division algebras D and pe77 is there a
finite rank, irreducible group A such that and c(A) _ ~p} ~
We found that if D is not a field, then almost all p have this property,
but when D is a field, then the situation is still not well understood,

Another source of interest in the carriers of the Be E(F) comes
from the study of E-rings. An E-ring is a ring R such that

This concept was introduced by Schultz [S] in 1975. Although, they
seem to be very special, E-rings arise naturally in many contexts.
(See [A-P-R-V-W], [B-S], [D-M-V], and [PI].) The rings belonging to
E(F) are E-rings, and every strongly indecomposable E-ring of finite
rank is quasi-isomorphic to a member of E(F) for some algebraic
number field .F’. The carriers of E-rings arise naturally in the effort
to classify these rings up to quasi-isomorphism, as is seen in [P-V3].

Finally, y our results in this paper shed light on a question that
arises from the results of Zassenhaus and Butler on realizing rings
as endomorphism rings of abelian groups. By the theorem of Zas-
senhaus [Z] (improved by Butler in [B1]), any ring that is finitely
generated as an abelian group is isomorphic to the endomorphism
ring End A, where A is a torsion-free group with rk A = rk 1~. If R

is the ring of integers in the algebraic number field .I’, then the group A
is isomorphic to a group in I(F), as is easily seen. It is natural to ask
if the hypothesis that is a finitely generated Z module can be
weakened to the requirement that 1~ is a finitely generated S module, y
where S is the localization of Z at some set In this caste, E
would have to be the carrier of R and hence also the carrier of the

realizing group A. An example in Corner’s paper [C] shows that such
a generalization is not always possible if ~ _ {p}. Our results in
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Section 5 below show there is no such generalization even in cases
that is infinite.

The terminology and notational conventions in this paper are
standard in the literature of abelian groups. All of the groups and
rings that we consider in this paper are assumed to be additive sub-
groups of a finite dimensional Q-space, so that they are torsion-free
abelian groups of finite rank. To simplify our statements, the term
« group » will mean a torsion-free abelian group of finite rank, and
« ring » will designate an associative ring with unity whose additive
group is torsion-free and has finite rank. If .A is a group, then QA
denotes the rational hull of A, that is, QA = U n-’A. Similar nota-

neN

tion is used for rings. Note that if .I~ is a ring, then so is In fact,
if R is an integral domain, then QR is the fraction field of 1~, since a
finite dimensional Q-algebra which is an integral domain is a field.
The letters F and .K will denote fields. Except in Section 3, they
will be algebraic number fields, in which case, their rings of integers
will be denoted by 0, and 0~.

2. Reduction steps.

Our first observation makes it possible to work within the quasi-
category of groups, and to limit our attention to strongly indecom-
posable groups.

2.1. LEMMA. (a) If the groups A and B are quasi-isomorphic,
then c(.A) = e(B).

(b) For groups A and B, = c(A) U e(B).

The statement (c~) is clear from the observation that p c c(A) if
and only if the p-rank of A is not zero, and p-rank is a quasi-isomor-
phism invariant. (See [A], Theorem 0.2.) The assertion (b) is obvious
from the definition of carriers.

As we noted above, every irreducible group B is quasi-isomorphic
to a direct sum of copies of a strongly indecomposable, irreducible
group A, and by 2.1, c(B) = c(A). Thus, to characterize the carriers
of irreducible groups, it suffices to consider only those groups that are
strongly indecomposable. A similar reduction exists in the case of
E-rings. Indeed, by a result of Bowshell and Schultz ([B-S], The-
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orem 3.12), every E-ring is quasi-isomorphic to a direct product of
strongly indedomposable E-rings.

Recall the notation I(F) and E(F), where F is an algebraic number
field. The elements of I(F) are those 0,-submodules A of .F’ with

such that QE(A) is the set of left translation maps 2, of A
by elements of .F’, and E(F) is the collection of all .R E I(F) such that
.R is a subring of F.

2.2. LEMMA. Let .F’ be an algebraic number field. (a) If B is a

strongly indecomposable, irreducible group such that then

there exists A e I(F) such that c(A) = c(B). (b) If S is a strongly
indecomposable E-ring such that F, then there exists R E E(F)
such that = c(S).

PROOF. Since B is irreducible and strongly indecomposable, it

follows from [Re], Theorem 5.4 that QB can be viewed as a one
dimensional F-space. Thus, B can be identified with a subgroup of F
such that 1 E B and Z(B) _ rB C Bi is a full subring of B.
Since OF is finitely generated, there exist such that L(B).
Then A = OFB satisfies nA = nOFB c L(B) B c B C A, that is A = B.
Thus, c(A) = c(B). The same proof applies to the E-ring case since

,~’. a

We conclude this section with a remark about characterizing the
irreducible groups whose quasi-endomorphism rings are fields.

2.3. LEMMA. For an irreducible, strongly indecomposable group A
of rank n ~ 1, the following conditions are equivalent:

(1) QE(A) is a field;

(2) there is an endomorphism 99 of A such that for all non-zero
x E A, the elements x, 99x, ... , cpn-lx are linearly independent in ~A ;

(3) there is an endomorphism 99 of A and x E A such that the
elements x, cpx, ... , cpn-lx are linearly independent in QA.

PROOF. If (1) holds, then by the primitive element theorem, there
exists 99 E QE(A) such that QE(A) = Q[99]. Thus, 1, 997 cp2, ... , cpn-l are
linearly independent over Q because dim Q.E(A) = rk A = n by the
irreducibility of A. If x E A with not all 0,

in

then yx = 0, where y _ ~ a~g~i ~ 0. Since QE(A) is a field, it follows
in
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that x = = 0. Thus, (1) implies (2); and (3) is a weakening
of (2). If (3) holds, then 1, g~, cp2, ..., 99--l is a linearly independent
subset of Q.E(A). Hence, dim QE(A) = rk A = because
A is strongly indecomposable and irreducible. Thus, QE(A) _ 
is commutative. CJ

3. Characteristics.

We will need to develop a characterization of the groups in I(F)
and the rings in E(F). The framework for these descriptions is a

representation of rank one modules over a Dedekind domain D in
terms of characteristics, due originally to Ribenboim [Ri]. (See also
the paper [K] by Kolettis.) The purpose of this section is to describe
Ribenboim’s results. We may just as well do so in the context of
an arbitrary Dedekind domain D with fraction field F.

Denote by J(D) the family of all D-submodules A of F such that
1 E A. If .F’ is an algebraic number field, we will write J(F) instead
of J(OF) ; in this case, I(F) ~ J(F). For A E J(D) and P E max D, the
set of all maximal ideals in D, denote

(As is customary, we will write = oo if this supremum is ro,
that is, if 1 E PnA for all n  ro.) The product PnA is to be inter-
preted as the usual product of D-submodules of .F’. Note that 1 c A =
= P°A, so that this definition yields a well defined mapping ~:

A mapping from max D to co is called

a characteristic over D. Thus, A - ZA is a mapping from J(D) to
the set X(D) of all characteristics over D. The ordering of ro U 1-1
(in which n  oo for all nEro) induces a partial ordering of X(D)
by the condition x c 6 if X(P)  8(P) for all P E max D. As an ordered
set, X(D) is a product of copies of the complete chain a) u 1-11 so
that X(D) is a complete, distributive lattice. It is clear from our

definitions that if A c B in J(D), then in X(D).
For X E X(D), denote

Ax = for all P E max D,

there exists with and 
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Here, Dp denotes the localization of D at P. Clearly, Ax is a D-sub-
module of F, and 1 E Ax .

3.1. PROPOSITION. The mappings I are mutually
inverse, order isomorphisms between J(D) and X(D). Moreover, for
A, B E J(D), (i.e., nA ç B for some n E N) if and only if XA(P) 
 X,(P) for almost all P E max D including those primes such that
xA(P) = oo. Finally .R E J(D) is a subring of .F if and only if xR
takes only the values 0 and oo.

Proofs of the statements in this proposition can be found in the
papers of Ribenboim [Ri] and Kolettis [K].

We need three more lemmas on how properties of the groups in
are reflected in the characteristics associated with these groups,

These results apply to the context in which D = OF with .F’ an alge-
braic number field. To simplify notation, write IIF for max OF and
7Zy(p) = for p E II, the set of all rational primes.

3.2. LEMMA. If A E J(F), then

PROOF. By definition, c(A) if and only if pA = A. The con-
dition pA = A is equivalent to PA = A for all P E IIF(p). Clearly
PA = A if and only if PnA = A for all n E N. The lemma there-
fore follows from the definition of 0

3.3. LEMMA. Assume that the algebraic number field F is normal
over Q. If JLeJ(F) and ~8 E Gal then

(a) if and only if for all PEIIF;

(b) fJA ¿- A if and only if for almost all P E lIp,
including all P such that YA(P) = cxJ.

PROOF. Since if and only if 1 E (fJP)n fJA, it follows that

XA(P) = The lemma follows from 3.1. C1

3.4. LEMMA. Let .F’ and K be algebraic number fields with F C K.
For AËJ(F), denote A = OKA. Then A G J(K) and for all QEIIK,
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where e(Q) is the ramification index of Q over F. In particular,
= 0 if and only if XA(Q n I’) = 0 and if and only

if n F) = oo.

PROOF. Let 0 be the characteristic over Ox defined by _

F). If P = Q n F, then the highest power of Q that
divides 0,,P is Qe, where e = e(Q). Thus, if 1 E PnA, then 1 E QenA.
Consequently On the other hand, since A = A XA by 3.1, if

(ai c- 0,K, is an element of A, then there exists

with such that Pn yi E (OF)P for all i, and therefore
Qenx C It follows that x E AQ . Consequently, A C: 7 so that

. C1

The results in 3.1 and 3.2 have an interesting consequence.

3.5. COROLLARY. If A E I(F) is such that c(A) is finite, then there
exists E E(T’) such that A - 1~.

In particular, c(R) = c(A) ; we will see later that this equality
can be obtained without the assumption that c(A. ) is finite.

We conclude this section with an application of 3.5 to the subject
of local rings. Recall that a ring R is local- if max 1~ is a single ideal.
Also, if p e77, then the algebraic number field .F’ is said to be p-real-
izable if there is an irreducible group A such that A is p-local and

F. Equivalently, there exists A E I(F) such that c(A) _ ~p~.
This terminology was introduced in [P-V1].

3.6. PROPOSITION. Let S be a local E-ring such that = .F’,
an algebraic number field. Then c(S) = lp) for some p Ell and F
is p-realizable. Conversely, if .F is p-realizable, then there is a local
E-ring ~S such that ~~S = F and c(S) == lpl.

PROOF. Assume that S is a local ring such that = .F’. Then
1~ == OF S E J(F) , and .R = S as we noted in the proof of 2.2. Also,
by 3.1, .R is a localization of OF at the multiplicative set consisting
of the complement of u = 0~ . Thus, if max S = ~Q~
and P G max R satisfies Q = then is a finite field; and
there exists a unique p E TI such that p E P. Such an ideal P exists

by [A-M], Theorem 5.10. It follows that If q E II and
qS -=1= S, then q E gS c Q c P. Therefore, q = p. This argument shows
that c(S) == fp} without the hypothesis that is an E-ring. The
latter assumption implies that .F’ is p-realizable because QE(S) _
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- QS = .F’. Conversely, assume that F is p-realizable, that is, there
exists such that c(A) _ {p}. By 3.5, there exists R E E(F)
such that = Then and B for p in 77.
Let S = Z + pR. Then F’ and S = I~; hence S is an E-ring.
Moreover, and so that pR E max S. If P E max R,
then PR c P because = {p}. Therefore, S n P = (Z + pR) n P =
- (Z n P) + pR = pZ + pR = pR. Since R is integrally closed (by
3.1 for example), the mapping P H  S r1 P is surjective from max R
to max S ([A-M], Theorem 5.10). Thus, max S = 0

4. Carriers of I(.F’) .

In this section9 F and K denote algebraic number fields with
.F’ ~ .K. Moreover it is assumed that g is a normal extension of Q.
The Galois group Gal of .g is denoted by G, and we write
H = Gal We identify .r with a subring of End F’ via the
translation mappings where 2xy - xy. Similarly, End K.

For A EJ(F), denote A = 0xA. Thus, A 

4.1. LEMMA. If then K C QE(A), and H C
~ Q.E (A ) .

PROOF. If x E F, then nx E OF for some and 0,A = A.

Thus, 2xcQE(A). Similarly, Finally, B E H implies

since OK is a G-module and A C ~. 0

If A then the condition for A E I(F) is QE(A) = F. The
next lemma shifts that condition to a property of QE(A). We denote

By 4.1, KH is a Q-subalgebra of QE(A).
’’

4.2. LEMMA. If then

A proof of this lemma can be found on pages 22-29 of Jacobson’s
book [J].
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4.3. LEMMA. If B E J(.K), then

PROOF. Plainly, QE(B). Since End K = .KG (by 4.2 with
F = A = Q), it suffices to show that if then

aEG

a E QE(B) for all a c G such 0. This fact was established
in the proof of Lemma 2.5 in [M-V]. 0

4.4. THEOREM. Let A E I(F). Then there is a finite set c(A)
with IEol  [F: Q] such that if Eoc EcIl, then REE(F) exists sat-
isfying _ E.

PROOF. The hypothesis A E I(F) implies QE(A) = I’, so that

QE(A) = ~H by 4.2. It follows from 4.3 that H =_ G 0 QE(A).
Thus, then ~iA is not quasi-contained in A . It follows
from 3.1 that either

(a) 00= for some or

(b) for infinitely many Q EIlK.

Let{~,...,~,~,...,~_J,0~~=[(y:~]-l=[F:Q]-l be rep-
resentatives of all left cosets of H in G, excluding H, listed so that

(a’) for  oo = A (Qi) for some and

(b’) for if and = 00, then = oo.

Consequently,

(b" ) for for infinitely many 

For fix satisfying (c~’ ) . Let be the unique ra-
tional prime in Qi . Using (b") and induction on j choose a

sequence of pairs such that 

(c) for all 

(,e’)  and

(c" ) if then 

Such a choice is possible by (b"). The set ~o = fp,: k  tj is finite,
and by 3.2, 3.4, (a’), (b’), and (c’), c(A). We will prove that ,~o
fulfills the claims of the theorem. Let Eo C E c II. Define the char-

acteristic X on IIF by x(Qk r1 F) = oo for k  t, X(P) = o if P lies
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over a and = 0 for all other prime ideals P
in By 3.1, there is a subring R E J(F) such that = xR . Then
for Q GHX, it follows from 3.4 that

(d) if Q lies over a prime 
(d’) Xli( Q) = 0 if Q lies over a prime 
(d") xR(Qk) for all k C t,
(d"’) = 0 for all k  t.

Indeed, (d), (d’) and (d") are clear from the definition of X. To verify
(d"’), note that if k  t7 then f3kQk lies over pk . On the other hand,
f3kQk n Q, n F for all l C t by (ac’), (c), (c’)7 and (c"). Hence, (d"’)
holds. It follows, from (d), (d’), (d"), (d"’) and 3.2 that = c(R) = E.
Moreover, by (d"), (d"’) and 3.1, f3k ft for all k  t. Since these

automorphisms represent all left cosets of H in G except .g, it fol-
lows from 4.1 and 4.3 that QE(R) _ KH; and QE(.R) _ F by 4.2.
Thus, C7

4.5. COROLLARY. If then there exists such that

c(R) = c(A).

4.6. COROLLARY. If R E E{F’) then there exsits
S E such that c(S) == ,r.

4.7. COROLLARY. If then there is a semi-local E-ring
such that e(8) C c(R) and le(8)1 C [F: Q].

PROOF. Since IIF(P) is finite, it follows that S E E(F) is semi-
local (i.e., max S is finite) if and only if c(S) is finite. The corollary
therefore follows from 4.4. D

For each algebraic number field T’, let ~(.F’) denote the set of all
carriers of rings in the set E(F). By the remarks in Section 2, 
consists of the carriers of E-rings .R such that Also, by 4.5,

can be characterized as the set of carriers of irreducible groups A
such that QE(A) I"V F. The rest of this paper is concerned with the
nature of 

5. Characterizing D(F).

As usual, .F denotes an algebraic number field. By 3.1, the rings
in J(F) are of the form Ax, 7 where X is a characteristic over OF that
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takes its values in {0, It is convenient to modify our notation.
For d k IIF, denote R4 = Ax, where X is the characteristic over 0,
that is defined by X(P) = 0 if P E d and z(P) = o if For

p E II and 11 let

Since IIF(p) is a finite subset of IIF, so is d (p). Then Lemma 3.2

takes the following form.

5.1. LEMMA. If L1 cIIF, then c(R4) = Ø}.
As before, let .K be an algebraic number field that includes F,

such that K is normal over Q. Denote

For L1 çIIF, denote 4 = {Q F E d 1. It follows from 3.4

that Rj = R j. Define

The result of 3.3 yields These comments and

the results of Section 4 provide a characterization of the rings in E(F).
Our result is a minor generalization of Theorem 2.13 in [P-V2] and of
work of Butler in Section 4 of [B2].

5.2. PROPOSITION. If then if and only if

G(4 ) = H.

PROOF. Since R4 E it is a consequence of the definition of

E(F) that R4 E E(F) if and only if = F. Using 4.2, it follows
that R4 E E(F) is equivalent to QE(.Ra ) = QE(RL1) = KH which, by
4.3, holds if and only if G(d ) = G n = H. 0

The computation of G(d ) is a local matter in view of the fact
that G acts transitively on the finite sets H,,(p). Indeed, we clearly
have the following result.

5.3. LEMMA. For each



274

For each prime p e/7, the action of G on Hx(p) can be described
in terms of the decomposition group of one of the ideals Q E IIx(p).
This fact enables us to translate the computation of G(4 (p)) into a
group-theoretic problem. For denote the decomposition
group of Q by

The left cosets of C(Q) are in one-to-one correspondence with the
ideals in IIh(p) by aC(Q) ~ ocQ; and of course the action of G on the
coset space is equivalent to the action of G on IIK(p). If and

X, is the union of all left cosets of C(Q) corresponding to ideals in zj,
then it is easy to see that HX C(Q) = X’p and G(4 (p)) = where

6~ denotes By 5.3 and 5.2, R4 G E(F) if and

only if = H. Thus, a subset " of II belongs to if and
2?677

only if there exist sets Xp k G for each pEE such that C(Q) = X p
(Q and n Gxp = H. This condition does not depend on the

pEE

choices of Q if a E G, then == aO(Q)a-1, 
implies HXpa-1(aO(Q) a 1) _ XplX-t, and = Gxp.

Henceforth, we assume that I’ is a normal extension of Q and
.g = I’. In this case, if and only if G(4 ) = 1, the one
element subgroup of G. if and only if there
exist sets XpkG for each such that XpC(Q) = X, (Q EIIF(p))

Following the terminology of [P-V2], a subgroup C
pEE

of G is abnormal if there is a set G such that X C = X and

Gx = 1.
Recall that the core of a subgroup C of a group G is defined by

Thus, the core of C is the largest normal subgroup of G that is con-
tained in C. Moreover, core (G/core C) = 1.

5.4. LEMMA. Let C be a subgroup of the finite group G.

(1) If .K is a cyclic, normal subgroup of G, then .g r1 C =
- .K r1 core C.

(2) If the set X C G satisfies XC = X, then core C C Gx.

(3) If C/core C is an abnormal subgroup of G/core (C), then
there exists .X’ ~ G such that XC = .X’ and G~ = core C.
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PROOF. (1) Since K is cyclic, g n C is a characteristic subgroup
of g; hence K n C-.::3G and K n C C core C. (2) The facts that core C
is a subgroup of C and core imply (core C) X = X(core C) _ X.
That is, core C c G, (3) Since C = C_/c_ore C is abnormal in G = Gj
/core C, there exists X c l§i such that X C = X and Gx = I. The pre-
image X of X in G satisfies X C = X and Gx - core C. D

It is convenient to introduce some notation and terminology. For

denote K(p) = core C(P), where C(P) is the decomposition
group of any P E IIF such that p E P. We will say that p is of cyclic
type if C(P) is a cyclic group, and that p is standard if C(P)IK(p)
is an abnormal subgroup of GjK(p). If p is not standard, then it is
called exceptional. Since the decomposition groups of the various

prime ideals over p are conjugate, this notation and terminology does
not depend on the choice of P.

If the prime p is not of cyclic type, then p ramifies in F ([W],
4-10 11), so that p divides the discriminant of ([W], 4-8-14). In

particular, almost all p E II are of cyclic type.
For a prime p of cyclic type, it can be decided whether or not p

is standard from the knowledge of the pair (GjK(p), O(P)jK(p)).
Indeed, the main theorem of [P2] (and its proof) shows that if C is
a cyclic subgroup of the finite group G_ such that core C = 1, then
C is not abnormal in G if and only if (G, C) has one of the following
f orms :

(2) ICI = 2, C not contained in the center of G.

In all of the cases the group C is determined up to con-

jugation by its order and the assumption that it is cyclic. In case (2),
there are two conjugate classes of non-central cyclic subgroups of
order two, but they are equivalent under an automorphism of G.

If C is a cyclic subgroup of the finite group G, we will say that
the pair (G, C) is of class 1 (or more specifically la, 1 b, ld, le, 1 f )
if ~G/core C, C/core C) has the corresponding form listed above, and
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(G, C) is of class (2) if (G/core C, C/core C) has the form (2) above.
If (G/core C, C/core C) has none of these forms, then (G, C) will be
assigned the designation of class 0. A finite group G will be said to
belong to the class 0, 1 (more precisely la, 1b, 1 d, 1 e, T f ), or 2 if
there is a cyclic subgroup C of G such that (G, C) is in the corre-

sponding class. As we will see, this classification is unambiguous.

5.5. THEOREM. Let F be an algebraic number field that is normal
over Q. Denote G = Gal (F/Q). Assume that the set of all
rational primes. If there is an E-ring .R such that QR ~ .F’ and

= ,~, then

Conversely, if (*) is satisfied, together with any one of the following
conditions (a), (b), or (c), then there is an such that OF ç R,
QR = F, and = E.

(a) G is of class 0, and includes at least one prime of cyclic
type.

(b) G is of class 1, and includes at least two primes of cyclic
type.

(c) G is of class 2, and includes at least three primes of cyclic
type.

PROOF. Assume that there is an E-ring .1~ satisfying QR  .F’ and
== E. It can be assumed that since these properties

hold for rings in the quasi-equality class of R. Thus, .R = R4 for
some where G(4 ) = 1 by 5.2. Since G(d ) == (~ =

pcff

- by 5.3, the equation (*) follows from the fact that
y

G(A(p)). Most of the remainder of this section is devoted to
the proof of the converse statement. Therefore, suppose that (*) holds.
Let be a standard prime of cyclic type. Thus, if P E IIF( po),
then C(P)IK(p,,) is an abnormal subgroup of G/.K(po). By 5.4 (3),
there is a non-empty subset X of G such that XC(P) = X and
Gx = K(po). Thus, by the correspondence that was described after
5.3, there exists such that d (po) # 0 and G(d (po)) =
= .K(po). For each q E choose Qq E IIF(q) and define
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By 5.1, C(R4) = ,~ . Moreover,

by 5.4 (1) and (*). By 5.2, R4 is an E-ring such that OF C RL1.
If G is in class 0, then every prime of cyclic type is standard.

Thus (a) and (*) imply the existence of the required E-ring R. More-
over, for the rest of the proof, we can assume that either: G is in
class 1 and pi, P2 are distinct, exceptional cyclic primes or G

is of class 2 and pi, p2, Ps are distinct, exceptional cyclic primes in ~.

5.6. LEMMA. If (G, C) is in the class 1, then core C is the center
of G.

PROOF. Let H be the centralizer of core C in G. Since core C is
a normal subgroup of G and C is cyclic, it follows that De-

note G = G/core C, H = H/core C, and C ==C/core C. Then 
An examination of the forms (la)-(lf) of (G, C) shows that C is not
contained in a proper, normal subgroup of G. Thus, H = G and
core C is contained in the center of G. In fact, core G is equal to the
center of G because of all the groups G in (1a)-(1 f ) have trivial

centers. 0

At this point, we digress from the proof of 5.5 in order to exhibit
an important consequence of 5.6.

5.7. PROPOSITION. Each finite group is a member of exactly one
of the classes 0, 1a, 1b, 1 c, 1 d, 1 e, 1 f, or 2.

PROOF. By definition, every finite group G is in class 1 or 2, or
in class 0 with no overlap. If G is in class 1, then there is a cyclic
subgroup C of G such that (G, C) is of class 1. By 5.6, core C is the
center Z of G, so that ~4, A 4 , .F’42 , F2o , or D3 . In partic-
ular, G is not in two different classes of type 1. If G also belongs to
class 2, then there is a cyclic subgroup C’ of G such that G/core C’ ~ D4
by an isomorphism that carries C’/core e’ to a non-central cyclic
group of order 2. Since none of the groups S4 7 A, T’42 , -~’20 , D5 or D3
is a homomorphic image of D4, 7 it follows that core C’ ~ Z. Thus,
by 5.4 (1), Z n C’= Z n core C’ c core C’ c C’. In this case, ZC’/Z is a
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cyclic subgroup of G/Z that properly contains the non-trivial, normal
subgroup Z core C’IZ. However, none of the groups S4 , A 4 , F42’ F2o,
D5 and D3 contains such a chain of cyclic subgroups. Thus, the clas-
ses 1 and 2 are disjoint. L7

To complete the proof of 5.5, another lemma is needed.

5.8. LEMMA. Let G be a group of class 2. Assume that 

Ci is a cyclic subgroup of G such that the pair (G/core Ci , Ci/core 0 i)
is of class 2. Then core Ci = core Cl for some i =1= j.

PROOF. Assume that core 01, core O2, and core 03 are distinct.

Then core core Cj for i because |G/core Cil = |G/core Cj|. By
5.4 (1),

Thus,

so that 02(core 01)/core 01 is a cyclic group of order 4. Since the

cyclic group of order 4 in D4 is unique, it follows by symmetry that
02(core 01) = C3(core 01). Moreover,

Therefore

and

contrary to our hypothesis. 0

We can now finish the proof of 5.5. For the remaining cases,
it can be assumed by 5.6 and 5.8 that pi and P2 are distinct, excep-
tional, cyclic primes such that K(pi) _ K(P2). For all of the pairs
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(G, C) in the list (1cc)-(1 f ) and (2), none of the cyclic groups C is
normal, and the various conjugates of these groups either coincide
with C or meet C trivially. Thus, it is possible to choose P, E IIF(pt)
and P2 EIIF(P2) such that O(Pt) n C(P2) _ K(pi) = K(P2). For each

q let 4 (q) = %J with Qq = Pt if q = Qq = P2 if q = ro2 , and
otherwise Qq E IIF(q) can be chosen arbitrarily. Let d = U d (q). Then

_ " by 5.1. Moreover, qc-H

by 5.3, 5.4 (1), and (*). It follows from 5.4 that R4 E E(F), that is,
R4 is an E-ring with OF c Rj - Cr

5.9. COROLLARY. Let m be the number of prime divisors of the
discriminant of the normal extension FjQ. Assume that Gal (FjQ)
belongs to the class i (0:i:2). If Eell satisfies m + i, then

if and only if n K(p) = 1.
’PEE

Indeed, 181 &#x3E; m + i implies E includes at least i -p 1 primes of
cyclic type. Note that if 8 is infinite, then 5.9 applies to any normal
extension FjQ.

5.10. COROLLARY. Let F be an algebraic number field such that
is a cyclic extension of prime power degree. If 8 e II, then

if and only if " includes a prime that splits completely in F.

PROOF. Since G = Gal is cyclic of prime power order, every
p E II is of cyclic type, G is in the class 0, and the lattice of subgroups
of G is a chain. Thus, if and only if K(p) = 1 for some

Since G is abelian, K(p) = C(P) for an arbitrary 
and C(P) - 1 if and only if p splits completely in F. 0

The results of class field theory give a fairly satisfactory charac-
terization of the primes that split completely is an abelian extension
of Q. (See [N], p. 135.) Thus, 5.10 provides an effective characteriza-
tion of for quadratic extensions of F. For example, if .F’ _ Q(i),
then consists of all sets that include an odd prime p such that
,p -1 (mod 4).
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5.11. COROLLARY. Let k E N. There is a cyclic extension and
a set with lEI = k such but no proper subset

is in 

PROOF. Let ql, q2, ... , qk be distinct primes, n = ql q2 ... qk, and
k

H = Z/nZ. Note that and for Let
i~~

be a normal extension with G = Gal H. By the Tche-
botarev density theorem ([N], Theorem 6.4), there exist primes 
such that C(Pi) = q2H (where Pi EllF(Pi)). The set E= IPI p2, ..., pk~
satisfies [E[ ( = k, (~ K(p) = 1, and for a proper subset ~,’ of E,

"E’7

(’~ .g( p ) ~ 1. Since G is cyclic, it is of class zero and every pe77
**

is of cyclic type. It follows from 5.5 and for
all 0
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