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Rotating Drops in a Vessel.

G. CONGEDO - M. EMMER - E. H. A. GONZALEZ (*) (**)

1. Introduction.

Many problems related to surface tension phenomena have been
considered in the last years. A successful approach, based on the
principle of virtual work, leads to a variational formulation of the
physical problem in which a certain functional (representing the global
energy of the system under consideration) has to be minimized subject
to some « natural » constraints. In particular, results on existence
and regularity have been obtained recently for the capillary tube
and for the sessile and pendent drop (see for example [1], [2], [3],
[4], [8], [9], [10], [12], [13], [15], [16], [17] and [24]).

Moreover, a problem of rotating drops related with astrophysics
and nuclear physics was considered by the third author in [1] (for a
numerical approach to this last problem see [2], [3], [4] and [21]).

In this paper we consider a problem which arises, for instance, in
the construction of spincasting contact lenses (see [5] and [20]). We
study the existence and the regularity of equilibrium configurations
for a rotating incompressible fluid in an infinite vessel V.

One would like to find the domain occupied by a body of fluid
contained in ~1 when it rotates with constant angular velocity.

The hypotheses are essentially on flJ; we suppose that the walls
of V-that is, its boundary 8flJ-are given as the graph of a func-
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tion y : R, where ’lp goes to infinity at least as clyl2 2 when its
argument y goes to infinity. Throughout this paper we suppose for
semplicity that y(y) == lylo-; this hypothesis is not essential, the be-
haviour at infinity and a «trace inequality » (see (1.3)) being sufficient
for the existence and interior regularity of the equilibrium configura-
tions.

The energy of any allowable configuration is given by volume terms
(gravity and kinetic forces) and surface contributions. The problem
is to minimize the energy functional among all the subsets of pre-
scribed volume.

In order to write the surface energy in a convenient way one

needs a suitable expression for the surface area. That is, an expres-
sion which makes the energy functional low er semicontinuous in some

topology in which one has good compactness theorems.
Our expression for the surface area of the boundary of a set is

the « perimeter of a set », as introduced in [6] and [14]. It is well

known that a family of sets which have perimeters bounded by a
constant is compact in the L1loc-topology. Unfortunately, this is not
,sufficient for our purpose, since we have imposed a volume constraint
on the admissible configurations.

Thus, 9 for the existence programme we must improve the 
convergence on the minimizing sequences. This is obtained by taking
into account the gravity contribution as in [16].

A method introduced in [18] was already used in [1] to study the
problem of a rotating drop in the space. Here we modify the method
in an appropriated way to obtain the boundedness and regularity
of the equilibrium configurations. It should be pointed out that the
same method can actually be used to prove the existence of local
minima for small angular velocity, even in the case 0  «  2 (where
the existence of absolute minima fails to hold). In this case one should
consider a definition of a local minimum analogous to that introduced
in [1]: a local minimum is a configuration which minimizes with
respect to « small » perturbations.

In the first section we introduce some preliminary results and
notation from perimeter theory and formulate the problem in a precise
way. Section two is devoted to the existence programme, while in
section four we prove the boundedness and regularity of the equi-
librium configurations. In section three we prove the existence of

« interior » points for the equilibrium figures: this is a crucial step
for the regularity programme.
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1. Notations and definitions.

The global energy of a liquid drop .E in the vessel flJ rotating
around the z-agis with constant angular velocity under the
combined action of surface and volume forces is given by

where H(y, z) - g &#x3E; 0, Q&#x3E;O are given constants and

0: 8flY - (0, ~) is a continuous function. The third integral represents
the contribution of energy given by gravitational and kinetic forces,
while the first and second integrals represent the contribution of sur-
face forces.

With we mean the distributional gradient of the characteristic
function CPE of the set E. We say that E has f inite perimeter in an
open set D c Rn if is a Radon vector measure with finite total
variation in D.

If A is a Borel subset of D we indicate by flDcpEI I the total varia-
A

tion of DcpE over A; when A is open we have the formula

If the boundary aA of A is Lipschitz-continuous, We shall denote
respectively the inner and outer traces of E on aA 

(see [6], [14], [22]). We indicate with Hk the k-dimensional Hausdorff
measure in Rn, while
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In the following, for brevity, y we will write

for every measurable set E c Rn. We seek to minimize the energy
functional (1.1) in the class

REMARK 1. There exists a constant p &#x3E; 0 such that

2. Existence results.

REMARK 2. It is very easy to see that, if a  2, then

The same is true in the case a = 2, g  ,5~.
In fact, let be the ball of measure 1 tangent to 8W at

the point (j, 0, ..., j2) E oCU’ and let r be its radious.
We have:

and this last quantity goes to - oo as j goes to + oo.
Now, let us prove a first existence theorem:
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THEOREM 1. If oc = 2, ,~  g and 0~0o~~~~ then
there exists a set En minimizing Yp in C.

PROOF. At first, note that in this case Yp is bounded from

below in the class 8. In fact, from (1.3) it follows that

Then

Now, let be a minimizing sequence, that is

therefore there exists a constant C such that

Taking account of inequality (1.3) we then obtain
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and therefore

From (2.2) and a well-known compactness theorem (see [6], [14],
[22]) it follows that there exist a set En and an increasing sequence

such that

in the lo topology. Now, using the inequality (2.3) we see that
such a convergence takes place in the sense and thus 8.
The theorem follows now from the lower semicontinuity of Yp with
respect to the topology.

REMARK 3. In the limit case a == 2, Q = g the inequality (2.2)
continues to hold, as is immediatly seen. However, the inequality
(2.3) fails to hold and we are not able to improve the convergence (2.4).

Let’s now prove a second existence theorem:

THEOREM 2. If a &#x3E; 2 and 00  6o C ~, lfr E then, 
there exists a set minimizing in 8.

PROOF. Define to = g) - in the case 4li &#x3E; 0,
otherwise to = 0.

Using (1.3) we have, for every .E E 8
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that is,

From (2.5) we have

where C3 = a, S2, g). Therefore

Let be a minimizing sequence. Then there exists a constant C
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such that

and therefore, from (2.5) we obtain

where 04,05 depends on 0, fl, 60 , a, SZ, g. The theorem follows now

arguing as in the proof of theorem 1.
The following sections are devoted to prove the boundedness and

regularity of the sets ED in theorems 1 and 2. To this aim it will be
useful to prove at first the existence of interior points (in the sense
of measure) for the sets E~ .

3. Existence of interior points for the sets 

Let us consider the case a &#x3E; 2 (the case a = 2, S~  g goes on
in the same way). For the sake of brevity put E = En.

Choose g so that

(we claim that such a .g exists because of the continuity of the func-
tion K --~ ~E r’1 {(y, z): H(y, z)  and because

if and
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Hence there exists a ball Br(xo) c ~(y, z) : H(y, z) &#x3E; .g~ such that

Let’s take T such that

and put E = CUT- E. The set f minimizes the functional

in the family of the sets F c with and with

prescribed volume.
Let c f(y, z) : H(y, z)  K) be such that

We want to prove that, if ! is « large enough » (with
respect to I then or, e quivalently, that
if I is « small enough », then I To this aim
we begin by proving an isoperimetric-type inequality. Let us begin
by introducing some notations:

such that 0  we put

Assume the trace of E on (i = 1, 2, 3) is continuous (i.e.



176

and define

We have:

LEMMA 1. With the notations given above, there is a constant
C(n), depending only on the dimension n, such that

where for short N = nl(n -1) and

PROOF. From the isoperimetric property of the sphere (see [7],
[19]), we have

Let us define a new set F in the following 

where we have chosen r’ such that _ .I’. From the minimum

property of R we have
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Assume for semplicity the trace of E on is continuous;
then, we have

It is easy to see that

and therefore, from (3.4) we obtain

Now, remember that if is a ball of radious .R and L is a

Borel subset of B, it holds

(see inequality (1.18) in [23]).
From this inequality we then obtain
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Recalling (3.5) we have:

From V we deduce that x , that is, com-
bining with (3.7),

From (3.3) and (3.8) we have

Now we assume Then and V = (1 + for
a suitable S ~ 1; setting

we obtain from (3.9):

~~1 JL

The same relation (with V, replaced by V2) holds in the opposite
case so that (3.10) is actually true with Vi replaced by
min (TT1, V2) = VIA TT2 This completes the proof of Lemma 1.

We remark that the only reason to assume the continuity of the
trace of E on (i = 1, 2, 3) and on aBr,(xo) was a simplifica-
tion in the notations, as it is easily verified by considering the inner
and outer traces of E.

Now, reasoning in an analogous way as in the proof of Theorem 1
in [18] and Theorem 2.3 in [1], we can prove that, if
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is « small enough » (in the sense introduced in Lemma 1 in [18]),
then there exists el, 0  such that

But this implies because otherwise, y if

where r is chosen in order to preserve the volume constraint ---

, we should have (which is a contradiction).

Thus, we conclude that:

LEMMA 2. Let Ep be a set minimizing 5n in 8 as in theorems 1, 2.
Then there exists a ball Ba(x) c W such that
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4. Boundedness and regularity of the sets Es2.

Let us begin by proving a lemma analogous to Lemma 1. In this

proof the existence of interior points to E = Ep, as asserted in

Lemma 2, will be useful. Let T* T be such that

and such that there exists a ball B of radious 6 with I

For put

Let us assume the trace of .E on

continuous and define

As before, we have

Hence, from (1.3) we deduce

Let us define a new set F by dropping E1 U E2 and adding a ball
c such that IFI = jjE7j (this is possible by the previous as-

sumptions). Therefore, we have and recalling (3.6)
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we obtain

and, because

we have

From (1.3), recalling that 0~e~~ we obtain

and therefore, from (4.3), we have
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From (4.2) and (4.5) we obtain:

that is

where 06 depends on 8o and ~7 depends on 60 , 6,,u.
From (4.6) by an analogous proof as in Lemma 1, we obtain the

inequality

where .g = 6, p, n ) .
We have thus established the following

LEMMA 3. With the notations given above, we have
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Consider now the strip ’tJ p’ Arguing as in [18], [1], we
can prove that, for T «large enough » (and therefore 
- I « small enough »), there exists í, T  í  T + 1, such that

Let us replace now the set E by a set .l~ obtained by cancelling
E r1 (W - ’BJT) and by adding a ball Ba(x’) ~ ‘1rT* (6, T* as in proof
of Lemma 3) such that /EI = IF/.

Then, from the minimum property of E, and the inequalities (3.6),
(1.3), we have:

that is

and this last quantity is strictly positive if

is o small enough ».
In fact :
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On the other hand

From (4.10) and (4.11) we have

Hence

and this quantity is strictly positive for positive small V.
Thus we have the following

THEOREM 3 (Boundedness of the sets Let .E~ be a set mini-
mizing Yp in 6 as in theorems 1, 2. Then there exists r = Q,
g, 00) such that

Arguing now as in [18] and [1], we obtain also the following regu-
larity theorem:

THEOREM 4. (Regularity of the sets Let En be a set mini-
mizing Yn in 8 as in theorems 1, 2. Then 8Ep is an analytic (n -1)-
dimensional manifold, except possibly for a closed singular set ED
whose Hausdorff dimension does not exceed n - 8.
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