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An Existence Theorem for Solutions of n-th Order

Nonlinear Differential Equations in the Complex Domain.

CHARLES POWDER (*)

SUMMARY - In this paper, we consider n-th order nonlinear ordinary dif-

ferential polynomials whose coefficients have asymptotic expansions as
x --~ oo in terms of logarithmic monomials (i.e., functions of the form
3f(a?) = kxao(log X)ai ... (log, x)aQ where k is complex and non-zero, the ai
are real and log. x is the m-th iterated logarithm. In earlier work Strodt,
Wright and Bank proved the existence, in sectors, of solutions asymptotic
lo logarithmic monomials. For the first and second order cases, Bank

x

proved the existence of solutions of the form exp ju where u is asymptotic
xo

to a logarithmic monomial. Such solutions have large rate of growth.
In this result, we treat the n-th order case and prove an existence theorem
for such solutions. It should be noted that the conditions of the theorem
can be easily verified by simple computations and the use of certain

algorithms.

1. Introduction.

We treat n-th differential polynomials where the coefficients are
complex functions, defined in and analytic in a sector

(for fixed a and b in (- 7~ n) and some and where o0

in this region, each non-zero coefficient has an asymptotic expansion

(*) Indirizzo dell’A.: Department of Mathematics, University of Dayton,
Dayton, OH 45469, U.S.A.
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in terms of logarithmic monomials (i.e., functions of the form

for complex and real This class contains, in particular,
those differential polynomials having rational functions for coefficients.
In [2, § 43] and [8, § 122], existence theorems were proved for solu-
tions of these equations which are asymptotically equivalent to loga-
rithmic monomials o0 over a filter base consisting essentially
of those sectors here.

For the first and second order cases, Bank [4 and 5] proved the
x .

existence of solutions of the form exp fu where u is ~ a logarithmic
xo

monomial. Such solutions were shown to have a larger rate of growth
as 0153 --+ oo than all logarithmic monomials. Such concepts and nota-
tion are reviewed in Section 2. In this paper, we prove an existence

x

theorem for the n-th order case for solutions of the form exp f u.
xo

For a given n-th order differential polynomial S~, we consider a
corresponding (n - i)-st order differential polynomial G (see § 3.1 ).
Then critical monomials of G (those logarithmic monomials for which
there is a function h ~· N such that G(h) is not ~ G(N) ) are of par-
ticular interest. In [2, §§ 21 and 26], an algorithm was introduced for
finding the set of all critical monomials of a given differential poly-
nomial. We look for critical monomials N of G such that N &#x3E; x-1.

(Thus N ... (logt x)at, where (ao, a1, ..., at) is lexico-

graphically greater than (0, 0, ... , 0).) If (a, b ) is an interval on which
cos + arg c) is positive, then Theorem 4 asserts the existence,
in sectorial subregions of the original sector, of at least a one-para-
meter family of solutions of S~(y) = 0, each having the form exp jw
for some W - N, provided certain subsidiary conditions are fulfulled.
(Such solutions are automatically of larger rate of growth than all
logarithmic monomials. The conditions are of two main types. One

type requires that N not be a critical monomial of certain other

(n -1 )-st order differential polynomials. (This type of condition is
fulfilled in general.) A second type of condition is also generally ful-
filled since it requires that certain other logarithmic monomials which
arise do not have certain special forms. These conditions are similar
to those imposed in existence theorems in [2, §43] and [8, ~ 122] for
solutions of n-th order equations which are - logarithmic monomials.
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It should be noted that it is easy to test the conditions in any given
example by using the algorithm in [2, §§ 21 and 26], by inspection or
by simple computation. These conditions guarantee (using [2] at the
outset) that G(z) = 0 has a solution Furthermore, the condi-
tions enable us to use that solution to transform = 0 into quasi-
linear form. The conditions play an essential role in effecting the
transformation, since they permit us, at a crucial stage, to assert the
existence of a particular type of solution of a certain n-th order non-
homogeneous linear differential equation (see Lemmas 5.8 and 5.9).
Conditions (vi) and (vii) in Theorem 4 are not the best possible ones.
They are however the most natural ones to simplify computations in
Lemma 5.2 and in the main proof.

One can obtain information on the existence of solutions of Q(y) =0
which are of smaller rate of growth than all logarithmic monomials,
by making the change of variable y = ww and then applying The-
orem 4.

In section 6, we apply our result to an example.

2. Notation and preliminaries.

2.1. NOTATION. For each non-negative real-
valued function g on (o, (b - a)/2 ), let E(g) be the union (over
5e(0,(&#x26;2013~)/2)) of all sectors, a -E- ~ C arg (x - h(~S) ) C b - ~ where

-~- b)/2 ). The set of all E(g) (for all choices of g)
is denoted .F(a, b) and is a filter base which converges to 00 (see [7,
§ 94]). Let S1 be the subset of .F’(a, b) consisting of those members E
of F(a, b) such that lzl &#x3E; 1 for all z E E. By log F(a, b) is meant the
set {log R: R E Sil. Each E(g) is simply-connected by [7, § 93]. If W

is analytic in E(g) then the symbol f W stands for any primitive of W
x

in E(g). If x and xo are in E(g), then the contour of integration for f W
xo

will be any rectifiable path in E(g) from xo to x. A statement is said
to hold except in finitely many directions (briefly e.f.d.) in b) if

there are finitely many points in (a, b) such that the

statement holds in each of F(a, r1 ), r2 ), ... , F(ra , b) separately
(see [1, ~ 6]).

2.2. NOTATION. If f is analytic in some E(g), then f -~ 0 in F(a, b)
means that for any E &#x3E; 0, there is a gl such that  s for all x
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in E(gl). The relation of f ~ 1 in .F(a, b) means that in addition to
f -~ 0, all functions 0) f -+ 0 where = (x log x =

= 8’ (8k- ~ f ) . Then fl ~ f2 , f 2 and fi ~ f 2 mean respectively,
11’-""¡ cl2 for some constant and finally

either f 1 ~ f 2 or (see [7, §13]). If f ~ 1, then by [7, §28],
(x log x ... log, x) f’  1 for all q ~ 0. If M = x)xi ... (log, x)"a,
then and if V = M(l + E) with E ~ 1, then by simple
calculation, Y’ ~ z-iV and V’  if and only if ao = 0. By 
is meant If M is not constant, then it follows from [7, § 28] that
N ~ N implies N’  M’. If for every real a, f we say f is

trivial. in b) and set 30(f) oo.

2.3. DEFINITION. A logarithmic domain of rank p (briefly LDp)
over F(a, b) is a complex vector space L of functions (each analytic
in some E(g) ), which contains the constants, and such that any finite
linear combination of elements in L with coefficients which for some

q&#x3E;p are logarithmic monomials of rank q (i.e., those of the form
... (log, x)"g), is either - to a function of the latter form

or is trivial (see [7, §49]).

2.4. DEFINITION. A logarithmic differential field (briefly an LDF)
over F(a, b), is a differential field D of functions (each analytic in
come E(g) ), for which there is an integer such that D contains
all logarithmic monomials of rank q, and such that every non-
zero element of D is ~ to a logarithmic monomial of rank (For
a fixed q, the set of rational combinations of logarithmic monomials
of rank is the simplest example of an LDF) (see [9, p. 247]).

2.5. DEFINITION. If in F(a, b), W is ~ to a monomial of the
form,

where and t &#x3E; 0, then we say W is in the divergence class in
F(a, b). The indicial function of W is the function on ( a, b ) defined by

where is the Kronecker delta. Clearly IF(W) has at most finitely
many zeros unless k &#x3E; 0 and K is purely imaginary (see [7, § 40, 100]).
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If is a non-constant logarithmic monomial, then by a simple
computation, is not identically zero.

2.6. NOTATION. Let S~ be an n-th order differential polynomial
in y with coefficients in an LD1J over F(a, b ) . We say that SZ is NTPD
(non-trivial of positive degree) if at least one term of positive degree
in the indeterminates has non-trivial coefficient. Let S~ be NTPD.
Then S~ is unstable at .M if for some f - lVl, is not - SZ(.M~). If

.~1 is a logarithmic monomial we say M is a critical monomial of S~.
If kM is a critical monomial of Q for every non-zero constant k, then
.l~ is a parametric monomial of ,S~ (see [2, § 2, 3, 4, 14] ) .

2.7. NOTATION. Let oc* == (ao , ... , an ) be an (n + 1)-tuple of non-
negative integers. By f cx. is meant By y’* is meant 
... If 0 = (go, gi, ... , 9 99n), then by Oln is meant ...

... (99.)’n. .Define

For simplicity we will write

where 1 is in the s-th place. Let Let S~[*, a] = max-
imum over a* of ad(a*) + - w(a*). Let VJ(u, v) be the transform
of under the change of variables x = eu and y = ve"u. Then the

differential polynomial exp (- SZ[*, v ) is denoted [a,; S~] (v ) or
simply [oc; ,~]. By induction define ..., ao; By [M, i, Q]
is meant [~i_1(.M), ..., 60(M) (see [2, § 7]).

2.8. NOTATION. Let and let y - c exp Define 1pn(u)
by = Clearly 1po(u) =1 and by induction

By P(u) is meant

2.9. DEFINITION. Let r be a non-negative integer. Let l3r =
= x log x ... logr-l x and Lo -1. Let V2, ... , V’n be logarithmic
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monomials of logarithmic rank c r - 1, such that

Let -Wj - Vj and A~ _ - (.Lr for j =1, 2, ... , n. Let P(x, -) be
an algebraic differential operator and let P(x, y), when written as a
polynomial in Ory = (y, ... , have the form P(x, y) = E

03B1*

. Then P(x, -) is normal with respect to ( Wl, W2, ... , if

and

Here, -) is the homogeneous linear part of P and by HLP -
’(~y2013)~tf(~ ...,1) is meant that (~Fi,T~...,~) is a factoriza-
tion sequence for -) (see [8, §§ 29, 87, 101 and 102]).

2.10. DEFINITION. A homogeneous linear differential operator

with coefficients in an ZDp is unimajoral if A(1)~ 1 and 1

for 1.

2.11. DEFINITION. We say that the sequence ( TT1, V2 , ... , V n ) is
unblocked in I if no IF(Vi) is identically zero on 1.

3. Uniform hypotheses.

3.1. HYPOTHESES. Let be an n-th order differen-

tial polynomial with coefficients in an LDF over F(a, b). Let A ==
- {d(03B1*):f03B1* is not identically zero}. Let p = max A. Let G(z) -

3.2. LEMMA. Assume § 3.1. Assume that is not iden-

tically zero. Let N be a simple (see [2, § 28] ) non-parametric critical
monomial of G such that N is not a critical monomial of 
Then there exists a logarithmic monomial Q(x) such that 
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. (N + Nz) (G~1~ means the homogeneous linear part of G) is unima-

joral with at least one factorization sequence (Vi, V2, ..., Vn-1)’ Also

QG(N) ~ 1 and

PROOF. Since N is not a critical monomial of and
is not trivial, then aGlaz(n-1)(N) is not trivial. Thus, since

N is a simple non-parametric critical monomial of G, the result fol-
lows by [2, ~ 40(a)]. This completes the proof.

3.3. LEMMA. Assume § 3.1 and the hypotheses and notation of
Lemma 3.2. Let ll(z) = QG(N + Nz). Assume that ll.(z) is normal
with respect to ( V1, ... , 7 r) for some r and that the sequence
(Vl, Y2, ..., Vn-i) is unblocked [8, §98]. Then e.f.d. in F(a, b), there
exists a function uo - N such that = 0.

PROOF. By [8, § 103], since A is normal with respect to ( V1, V2 , ...

..., Vn-1, r), it is also weak with respect to ( Yl , Y2 , ... , There-
fore by [2, ~ 41 ], ... , is an asymptotically steady type
for ~l (see [8, §§ 88 and 117]). Hence by [2, ~ 43], e.f.d. in F(a, b),
there exists a function uo - N such that 0. This completes
the proof.

4. Theorem.

Assume  3.1. If is non-empty let q ==max (A - {p})
and H(z) == ! f"*( If(z) )"*. Let N be a critical monomial of G such

d(a *) ~,2
that

is non-empty then N is not a critical monomial

and

(iv) N satisfies the hypotheses of Lemma 3.2.
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Let VI, V2, ..., Vn_i be the functions defined in Lemma 3.2. Assume
that

(v) the hypotheses of Lemma 3.3 are satisfied,

and

(ix) for some m, then with V. - aN,

Then under these hypotheses, e.f.d. in F(a, b), there exists a function
uo - N such that, for zo in the domain of the equation = 0

x

possesses solutions for every The solutions y~
Xo 

have the properties:

(A ) For every real a, 

(B) For each c ~ 0 there is a function such that y) is
of the form exp 

PROOF. By Lemma 3.3, e.f.d. in F(a, b), there exists a function
such that G(uo) = 0. Let Uo = N + Nwo. Let I be any open

subinterval of (a, b) such that ~o exists in F(I). By Lemma 5.1, for
x

any non-zero c with y~ = c exp fu and for any real a,
xo

If A we are done since == 0. Then if .g is
a value of log c, we have y, = exp (.K + f uo ) which is of the correct
form.

Assume that A - {p} is not empty. For Q given in Lemma 3.2
write = 0 in the form,
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Let c be non-zero. Then Let y = y~(I + w) and mul-
tiply by y;1). Then (2 ) becomes

Specifically,

so by § 2.8,

We place those terms in (4) for which d(a*) - p into the left hand
side of (3) and the rest into the right hand side of (3). Then since
since each is ~ a power of x and uo and 1J’m(uo) are -C a power of x
for any m, we have = where x~ for some {3. It

follows from (1) that

(5) ha* is trivial in F(I) for each a* .

Similarly, .

From (3) and (4),

We compute g(O, 0, ... , 0). From (7

Recall the notation in § 2 . 7. From (7)
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Since

Thus by (9) and Lemma 5.5,

We have assumed that QG(N + N2v) is normal with respect to
(Yl, V2, ..., Yn_1, r). As in § 2.9, let QG(N + Nw) = P(x, as an

operator in ery. As in [8, p. 68], we write

where the identity operator,

means the operator
1

We also write Recall that so that

with ~

Define Then by Lemma 5.2 and 5.3 and by
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(10), (12) gives

From [8, p. 68],

We assert that

Recall that Fi - V2 -C ... ~ x-1. For m &#x3E; ~&#x3E;1,
by Lemma 5.3, (N-1)(m-s)  x-m+s N-1. Also by Lemma 5.2, 
~ (-1)m(V1...Vm)-1. Therefore by these estimates, (14), and the fact
that for k&#x3E;2, we have for 1~~~~,

For the the terms in (13) are L which is

easily shown to be, where

each term of M has Assertion (15) follows.
We assert that

From ( Define

Recall that by Lemma 5.2, B,,, -1. Hence by (14), Again
by Lemma 5.2, Thus by (14), g~2 ~ TT1 1 N- 2 N’ = TN-1.
Let be an arbitrary term in As in Lemma 5.3,
(N-1)~m&#x3E; ~ x-m+1(N-1)’. By Lemma 5.2, (-1 )m Yl ... 1. Hence

by (14), we have 
Therefore and the assertion follows.
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Let 0* = ( 0, 0, ..., 0 ) . Since q = max ( A - ~p~ ), by (4) we have,

where By assumption, N is not a critical mono-
a

monomial of , and since

Then T«(N) lies in some LD.F’ (namely the field generated by the
original field and the set of logarithmic monomials of rank  the
rank of N). Since there exists a monomial B such that

B. Thus

From (5) and (11), so is trivial. Also, by (5), (15) and (16),

Consider the equation
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Let ZT be a logarithmic monomial so that U - (1 -E- T). Divide (22 )
n

by UN-1 to By (21),
k=l

Write s, U-1N ===Rk-l Uk-I’ where and Uk = (-1 )k( ZI Y1 ... Vk)-l
for k ~ 2 . Set Ro = sl U-1N ",1. Let v’ = u and consider the oper-

Since uo is in an LD, then by (7) each is a finite linear
combination of elements in an LDm for some m. Each h03B1* is trivial

by (5). The set of functions M1F1 + ... + + t, with the Mils
monomials, the in an LD and t trivial, is an LDs for some
s ~ m by [7, § 53]. Thus, the sa* lie in an LD. Clearly then the Rk’s
all lie in an LD.

By 2.2 and assumption (vii), Thus by
assumption (vi), 

M-l

Let + By Lemma 5.6, R(z) possesses a sequence
k=1

of critical monomials Mi , ~l12 , ... , where Mi- and Mk ~ Vk
for k =2, ..., n-1.

By assumption (v), the sequence V1, Y2, ... , is unblocked on

(a, b). Hence =1= 0 for k = 2, ... , n -1 on (a, b). If T - 1,
then V, and 0 on (~c, b). If T ~ 1, then Mi - T Yl =

- N’IN and N is non-constant so by 2.5, IF(N’jN) is not identically
zero. Thus, is not identically zero on (a, b). If T ~ 1, then
by assumption (viii) with T - 6, IF(((1 + 6)Vi) is not identically
zero. In any case, there is an open interval J c I on which the se-

quence ( Ml , .D12 , ... , is unblocked.
It follows from Lemma 5.7 and (23) that .~l possesses a factoriza-

tion sequence ( M1, ... , Also by assumption (vi) and the un-
blockedness, the sequence M2, ... , Mn_i) is separated in the sense
of Chamberlain [6, § 2]. Therefore by [6, ~ 3], there exist functions
s ~ 1 and for k =1, 2, ... , n -1 such that A == s W n-1 ... W, -

Let H ==-QBNU-1. By (20) we may write - - so* as
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We will apply Lemma 5.8. Now yl- 11 is of the form 

Let V = Then W1, ... , 7 V and H are - to logarithmic
monomials. Since IF(N) &#x3E; 0, 7 Clearly V &#x3E; x-1.

We assert that W is not , V for each i and IF(Wi- V) m 0. For

i:&#x3E; 2, there are three possibilities. If then 

Since IF(- V) &#x3E; 0, then LF(W i- V) &#x3E; 0. If W  V, then Wi- V-
~ W i and since 0, then 0 and so LF( W i - V) fl 0.
If Wi .. N, say aN, then Wi- V - (or -~- p - q) N and by assump-
tion (ix), For i =1, 
If then and the assertion holds as for i ~ 2. If T &#x3E; 1
then TV1 = N’/N ~ x-1 ~ N. Thus V and so Wl - il -
- - V. Then IF(- V) &#x3E; 0 implies V) fl 0 .

All of the hypotheses of Lemma 5.8 are satisfied. Hence, e.f.d.
in ~’(I), equation (24) possesses a solution zo where

Clearly I~1 is ~ a logarithmic monomial and, since and

V &#x3E; 0153-I, 9 by Lemma 5.9, the equation v’ = zo possesses a solution,
e.f.d. in F(I), of the form

Therefore vo is a solution of (22).
By (1) since q  p, vo is trivial and so

Let J be any open subinterval of I for which wo exists in F(J).
A simple computation gives v’ 0 = Mvo where M = (q - -~-1~2I1~2’
From 2.2, R~/1~2 ~ x-1 ~ uo and so

In the notation of (2.8), (22) evaluated at vo is
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+ ~). Then

Insertion into (22) and division by vo yields

Denote this equation

We now proceed to estimate the ty.’s. By (5) and (6),

From (28) and the definition of is ~ a logarithmic mono-
mial for any j . Hence,

Now by (30) and (31),

By (27), (32) and (33), the last term in (34) is trivial in F(J). Since

so is also trivial, it follows from (29) and (34) that to* is trivial in 
Clearly,

Thus by (30), (31) and (35),
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By (27), (32) and (33) the last term of (36) is trivial in .F’(J) . The first
n

term is precisely I and hence by (29), (36) becomes
k=0

where trivial in F(J).
For by (30), (31) and (35) .

As before, the terms for which d(a*) &#x3E; 1 are trivial in F(J) by (27),
(32) and (33). In view of 2.2 and 2.8, for each j. Now
from (38), for s ~ 1,

with qs trivial and therefore by (21),

and

For d(y*) ~ 2, ty~ is trivial in F(J), since the only terms in (30)
which contribute have %(oc*)&#x3E;2, and by (27), (32) and (33) such coef-
ficients are trivial in F(J).

We have definite information about the coefficients of T (u) except
for to . It follows from (20 ), (26), and (37) that which,
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from (25) and (26), becomes

where Clearly to is ~ a logarithmic mono-
mial say R. Divide (31) by R to get

For simplicity, let WI === (1 + Il Y1 and Wk = V, f or k = 2, ...
... , n -1. It then follows from (39), (40’), (41) and (42) that for 

where p, is trivial in F(J), 1 for each pair (s, j) and the empty
product Wo ... Wi is 1.

To proceed, we must estimate the coefhcients a,. This is done in
four cases which are:

and

Case (a). Recall that Thus by and assump-

tion, Then, for

and so, by (28), (43) becomes with

Now and so Hence, for j = s, ... , n -1
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and 1 Thus

That all the Ak’s lie in an .LD follows from the same argument used
for the Clearly A(z) has the sequence of critical monomials

(UI, U2 , ... , where Uk = ( p - q ) N (see the proof of Lemma 5.6).
Thus by Lemma 5.7, (Uiy U2 , ... , Un ) is a factorization sequence for ~.
Hence,

where Pk ~ 1 for each k. Equation (42) may be written

Now by (42), ao* and for d(«*) &#x3E;2 are trivial in F(J). Also, IF’
. ( (p - q) N) &#x3E; 0 on J. We may then apply Lemma 5.10. Hence, equa-
tion (46) possesses a solution u* - 1 in F(J). Thus v* = vo(l + u*)
is a solution of (19) and finally y ’* = + v*) is a solution of

= 0 . It is clear from the nature of I and J that such a y* exists
e.f.d. in F(a, b). Since vo is trivial by (27), then v* is trivial. So

and part (A) follows from (1). Since y* + v*), then
+ (v*)’/(1 + v*) ). Now v* is trivial. Therefore, (v*)’ is

trivial and hence (y*)’ ==y:Wc where W, - uo. For x1 a point in the
domain of We and for some non-zero constant K we have y$ =

x

Note that y* is non-zero and thus K is non-zero.
xi / 

x 
B

Then for any value of log IT we have y*c =exp which
x1

is of the form exp fWe. This proves part (B) and concludes the proof
for Case (a).
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Case (b). We first note implies that both N  V,
and T1. If T &#x3E;1, then Wi = (1 + T Y1 con-

";t"

trary to assumption. Similarly if N, then (1 + T) Vi -
= Fi + N. This is again a contradiction. Hence we have

for each i. Now so by (28) and (43), a, =

Since for all i, and so VS-I)-lN-1 for
~ ~ s -f-1 and It follows that

Recall that ao - 1. Therefore in view of (47)

where Ak,......, 1 for each k. Clearly the Ak’s lie in an LD. Let Ul =

= (p - q) N and Uk = for k &#x3E; 2. By following the proof of Lem-
ma 5.6, A (z) has the sequence of critical monomials U2 , ... , Un),
Hence by Lemma 5.7, 0 has the factorization sequence U2 , ...

..., 7 Equations (45) and (46) are valid for this sequence. Now

IF( ( p - q ) N ) &#x3E; 0 and no II’( Yi ) is identically zero. Thus for any

open subinterval .K of J on which these indicial functions are no-

where zero, equation (46) possesses a solution u* ~ 1 in F(K) by Lem-
ma 5.10. Then v* = vo(l + u*) solves (19) and y* + v*) solves
S~(y) = 0. The remainder of the proof is as in Case (a).

Case (c). Since for some m, and 

we have for and 
n

Then from (28) and (43), for where
j=s
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Clearly for and for i &#x3E; m. Hence 
for 

~’

It follows that

Since then

From (48) and (49) we have

where Ak ~ 1. Clearly the A,ls lie in an LD. From the proof of
Lemma 5.6, A (z) has the sequence of critical monomials (Ui ,, U2 , ... , U fl)
with = ( p - q ) N for km + 1 and Uk =V,-, f or k &#x3E; m + 1. Since
N &#x3E;- x-1, so by Lemma 5.7, (/J has a factorization sequence
( Ul , U2, ... , Un ). Now LF’( ( p - q) N ) &#x3E; 0 and no is identically
zero. Thus on any open subinterval .g of J on which these indicial
functions are nowhere zero, there exists a solution u* of (46) where,
by Lemma 5.10, u* - 1 in F(J). Hence, v* = + u*) solves (19)
and y* = y~(1 + v*) solves = 0. The remainder of the proof is
as in Case (a).

Case (d). Here N for some m. We separate momentarily
the possibility that m =1. So assume that m &#x3E; 1. By (ix), if Wm =

then (~ -~- p - q) is not zero. Since 
and V - (q - p ) N, then Wi-V"-’-(q-p)N if Wm - V -

and for i &#x3E; m .
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Hence from (28) and (43), where

The relations Wi N-1 ~ 1 for i  m, 1 for i &#x3E; m and 
~ N-1 ~ a are valid. For s &#x3E; m, Ws-I)-IN-m-1 
and

Hence,

When then for j  m or j &#x3E; m + 1,

and

If follows that GB,m+1’ However by (ix),

Let Å8m be the left hand side of (51). Thus

For the case m =1, since TV1 = N’IN, then necessarily lY1=
= Y1-E- N’/N is ~ VI and hence N. Let aN. Then by (ix),

is non-zero. Hence, W1-Y ~ (cr + p - q) N. Also, Wi -
for i&#x3E;2. Thus (50) holds even for m =1 and so too, (52)

is valid for m =1.
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We proceed as in the previous cases. From (50) and (52) we have

where Ak ~ 1. Clearly the Ak’s lie in an LD. From the proof of

Lemma 5.6, A (z) has the sequence of critical monomials ...

... , IJn ) where for and for 

and where ck is a non-zero root of

This last espression is the form of 1l’ï(v) in Lemma 5.6. Multiply (53)
by (a and simplify to get

Clearly then from (54), cl = Q -~- p - q and ck = p - q for 2 ~ k ~ m + 1.
By Lemma 5.7, (Ui, ZI2 , ... , Un ) is a factorization sequence for 0.
Since + p - q) N) is not identically zero, and
no IF(Vi) is identically zero, it follows that for any open subinterval K
of J on which these indicial functions are nowhere zero, the equation
(46) possesses a solution u* ~ 1 in F(K). This is a consequence of
Lemma 5.10. Hence, 1’* == vo(l + u*) solves (19) and y* =2/c(~ + 1’*)
solves = 0. The remainder of the proof is as in Case (a). This

completes the proof of the theorem.

5. Supplementary Lemmas.

5.1. and &#x3E; 0 on I. Let ~co - N exist
on I and for each non-zero c let y~ = c exp Then for each real a,

in F(l). ,
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PROOF. This is a consequence of [4, Lemma 4, p. 132].

5.2. Lemma. Let L, = x log x ... logp-1 x. Let V1, V2, ..., V n be
logarithmic monomials of rank ~ p -1 such that ;5 V2 ~ ...

Then

for and with the empty product taken as 1 and

PROOF. Part (1) is proved by induction on both indices. Part (2)
is obvious.

5.3. Lemma. Let z = N + Nw where N is in an LD, for some r
and N is not trivial. Then

PROOF. This is a straightforward computation using 2.2.
n

5.4. LEMMA. Let for Then
;=1

and

where Lr = x log x ... logr-l x.

PROOF. The proof is by induction on n.

5.5. Lemma. Let u E LD.F’ and let y = c exp f u. Define 1pn(u) by
= "Pn(u)y. Then
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and

’ 

PROOF. Statement (1) is proved by induction. Statement (2) is
also proved by induction by using (1).

5.6. Lemma. Let Viy Y2 , ... , Y~ be logarithmic monomials of rank
c p -1 such that .

n

Let G(z) + Eo where the all lie in an LDQ for some q
3=~

and for each i. Then if H2, ..., Mn is the sequence of
critical monomials of (~, the Ma can be arranged so that Via.
Furthermore, if Y1 ~ V2 -C ... -~ V n , then Mi - Vi for i == 1, 2, ... , n.

PROOF. Assume that .

For figed z, let and let aal, at2, ..., aar be the r distinct

non-zero roots of with respective multiplicities Clear-
r

ly, pij = ki- 7ei-1.
; = i

CLAIM. G(z) has critical monomial i of multiplicity pij for
j =1, 2, ... , r. Since 9 

1 for and E, = 1

it follows that
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Hence [Wa, p -1, G] =.Fi(v) -~- Ri(v) where Ri(v) is trivial in logp
F(a, b). Each non-zero root aii of Fi(v) has multiplicity Thus,

is a critical monomial of G of multiplicity pij. This proves the
claim.

The first part of the lemma follows from the claim. Let V,.
~ V2 ~ ... ~ Y~. Then Fi(v) = (- 1)i-1va-1(cl ... Ci-I)-I(l- ei lv). The

only non-zero root of Fi(v) is ci with multiplicity one. The result
follows. This completes the proof.

5.7. LEMMA. Let Vi , V2, ... , Yn be logarithmic monomials of rank
 p - 1 such that V 1 ~ Y2 ~ ... ~ Y~, . (V1... Vj)-l for
j ==1) ... , n. Let 

’~~ ’~~ ’~~ 

where the E~’s lie in an LDa for some q and where E j ~ 1 for each j.
Let x-1. Assume that (Mi , M2, ..., Mn) is the sequence of crit-
ical monomials of G(z) with Then A is unima-

~ ~ ~ 
"

joral and M2 , ... ,Mn) is a principal factorization sequence for A
(see [8, §§ 28 and 29]).

PROOF. Let By Lemma 5.4,

and hence,

Interchange the order of summation and put

k-1

We assert that TIkLr+i for each k. k, by Lemma 5.4,
Therefore, since for all m and

we have
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Now by Lemma 5.4, D(r + 1, k, k) = and since 1, we have
Ek UkD(r + 1, k, k) ~ Then, Bk~ This proves the as-
sertion.

Since charac-

teristic polynomial (see [8, § 42]) of !1 is
IL - 1

From the definition of it is clear that 1. Hence, A is strongly
unimajoral of rank r + 1. Thus by [8y §20(~)]. ~1 is unimajoral.

with

Gk ~ 1. Then Now G(z) has the sequence

of critical monomials M1, ... , M~. with ... ~ Mn . One
notices that in the proof of Lemma 5.6, the perturbations .Ek ~ 1
do not alter the critical monomials of G. It is clear that has

critical monomials Mi , if 2? ... , M .
As a result of Lemma 5.6, Mk .,. ]Vk[ for each k. Each of the

lie in the divergence class, and thus so do (That is,
(~o(~Vlk), ...) is lexicographically greater than (-1, -1, ...).)
The coefficients of ~l all lie in some LD and Il is unimajoral, hence
by [8, §44], (Mi, ~V12 , ... , Mn ) is a principal factorization sequence
for ~l . This completes the proof.

5.8. Lemma. Let W1, TY2, ... , Wn, H and V be functions which
are asymptotic to logarithmic monomials in some F(I). Let 

and Wi be not - V for each i. Let 0 and 0

for each i. Let 2uo be a function of the form exp Then, e.f.d.

in .F’(I ), the equation W n ... possesses a solution wo 
where

PROOF. Consider the equation Wz = = zo where yY is not - V

and (W in the divergence class). Let z = - 

Then with

Substitute z’ into the equation and divide by xzo to get u’ + Uu = x-1
where U = Y- W -~-- .H’ H-1 -E- IY’ W-1 -~- x-1. Since .H~’ -C gx-1 and
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W’ - -Wx-1 by 2.2 and V - W &#x3E; V &#x3E; x-1, then U ~ V - W &#x3E; x-1. In
~

some element of F(I), U is nowhere zero. Hence, we may write
u + u’ U-1 = Clearly, 0 and (x U)-I ~ 1. Let J be

any open subinterval of I on which IF(U) is nowhere zero. It fol-
lows from [6, p. 271, Lemma 6] that there is a function 1 in F(J)
such that ul + u’ = (x U) -1. Since U1 ~ 1, then also 1. Hence

~ci t7-1 ~ (x U) -1 and so (x U)-1. Clearly then, W1 sol-
ves = zo . Then wi where s It follows that

s~WH(W-V)-1.
To solve W n ... proceed iteratively. Clearly W n z =

= Hwo is of the form solved above. Thus, e.f.d. in F(I), Wn z = Hwo
possesses a solution vn = Rnwo where WnH(Wn- V)-l. Now Rn
is - a logarithmic monomial. Hence, = Rn wo is also of the

form solved. Proceed in this fashion to get that W n ... 
possesses, e.f.d. in I’(I ), a solution wo = Rwo where R is as desired.
This completes the proof.

5.9. LEMMA. Let V and R be - logarithmic monomials in some
F(I). Let V &#x3E; x-1 and 0. Let zuo be a function of the form

exp f Y. Then, e.f.d. in F(I), the equation v’ = Rwo possesses a solu-
tion uo = where S - RV-1.

PROOF. This is a consequence of [3, p. 19, Lemma 10(b)].

5.10. LEMMA. Let where

Wl, 7 ... , I Wn are in the divergence class and Ei ~ 1 in some 
for i =0,1~ ... , n. Let where ao* and

with d(a*) ~ 2 are trivial in F(I). Then for any open subinterval J
of I on which no has a zero, the equation = 0 possesses
at least one solution in F(J).

PROOF. Let W1y. Then is a linear polynomial
in A,y, ... with each coefficient  a power of x. Thus, with
AoY === y,

where A*(y) = (llo(y)~ ~1.~(y), ... , ~ln(y) ), Since the a/X.’s are trivial for
d(a*) ~ 2, the are also trivial in F(I). By the remark after
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[8, § 99.7], (99.6) and (99.7) are sufficient for a strong factorization
sequence. These are satisfied here, so (-W,, ... , Wn ) is a strong
factorization sequence for If(y) (see also [8, § 88(b)]). Hence if J is

any open subinterval of I on which no has a zero, the equa-
tion = 0 possesses at least one solution Yl ~ 1 in F(J) by [8, § 99,
Part 5]. This completes the proof.

6. An example.

Let

where n is a non-negative integer, r is any non-negative integer
 n + 1, m, p and q are any non-negative integers such that m + p +
+ qr, w(x) is any finite sum of logarithmic monomials and 11 is any
third order differential polynomial with coefficients in an LDF over
F(-n, n) each of whose terms has total degree r- I in y, y’, y’
and y"’. In this case

By using [2, § 26], we find that G(z) has the three simple, non-para-
metric critical monomials Ml =1, M2 = ( 13 ~ -1 ) /2 and .~3 = - M2 .
By using [2, §§ 21 and 26], we find that g has the critical monomial
x-1 if p # 0, the critical monomials x-1 and 2x-1 if q =1= 0 and no
critical monomials if p = q = 0. Clearly, aG/az" has no critical mono-
mials.

Since II’(M1) = IF(M2) =1 and - -1, only and M2
satisfy (ii). Consider first the monomial Then ,



89

Since =1, Q =1 in Lemma 3.2. Thus,

By Lemmas 5.6 and 5.7, has a factorization sequence
(V1, V2) with V1 = I and Y2 = z. An easy computation shows that
QAI(z) is normal with respect to (V1, Y2 , 1). Since IF(V1) = 1 and

cos 20, ( Yl, V2) is unblocked.

Clearly, Y2 and Y2 . Since Yl = Mi, o =1 and 1 ~
0 ~r - n - 2 , 2(r- n-2)}. Finally

Thus, e.f.d. in .F’(- ~, n), the equation = 0 possesses a one para-
meter family of solutions y* == exp fWc where W~ ~ 1.

Now consider the monomial M2 == y. Then

Thus, ==20139~-~2013y) -)- 4~20133~ Since -y3+4y-3 =0,
(9 - 8y)-l. By Lemmas 5.6 and 5.7, HLP(Q2 has a

factorization sequence (y-2(9 - 8y), yx) = ( Wl, W2). That is
normal with respect to (Wi, W2 , 1 ) is again straightforward. Since

is real and non-zero, then 1. Also, 
Now 1 so and then Q = y-1 W1 which is not an integer.
Now LF(a -+- (p - r) y) - ~ 1, so (ix) is satisfied. Thus, e.f.d. in

F(-n, n), the equation Q(y) = 0 has a one parameter family of solu-
tions y* with W ~ ~ y.
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