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Abelian Groups
with Anti-Isomorphic Endomorphism Rings.

G. D’EsTE (*)

All groups considered in this paper are abelian. We say that a

group G is E-dual if there exists a group H such that the endomorphism
rings E(G) and are anti-isomorphic; G is said to be E-self-dual
if E(G) has an anti-automorphism. In this note we investigate some
properties of E-dual and E-self-dual groups. In section 1, we examine
some closure properties of the classes of E-dual and E-self-dual groups.
In fact, we prove that direct summands of .E-self-dual groups are
not necessarily E-self-dual, and direct sums of E-self-dual groups are
not necessarily E-dual. In section 2, we show that a torsion group G
is E-dual if and only if, for every prime p, its p-component is
either a p-group of finite rank or a torsion-complete p-group with
finite Ulm invariants. In section 3, we describe some classes of E-dual
cotorsion groups. As we shall see, a reduced cotorsion group G is
E-dual if and only if, for every prime p, the p-adic component of G
is either a J,,-module of finite rank or the p-adic completion of an
E-dual reduced p-group. We also prove that a divisible group G is
E-dual if and only if G is either a torsion E-dual group or a torsion-
free group of finite rank. In section 4, we show that plenty of reduced
torsion-free groups are E-dual. In fact, every controlled group G such
that E(G) is of cardinality  ~ i, the first strongly inaccessible cardinal,
is an E-dual group. In the torsion-free case some pathologies of the
class of E-dual groups appear. For instance, by Corner’s realization

(*) Indirizzo dell’A. : Istituto di Algebra e Geometria, Università di Padova-
Via Belzoni 7 - 35100 Padova (Italy).

Lavoro eseguito nell’ambito dei gruppi di Ricerca Matematica del C.N.R.
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theorems, completely different reduced torsion-free groups have anti-
isomorphic endomorphism rings. Finally, we remark that there exist
torsion, mixed and torsion-free E-dual groups which are not E-self-dual.

For all unexplained terminology and notation we refer to ([5]);
in particular N is the set of natural numbers, P the set of prime num-
bers ; Z, Q, J p are respectively the groups (or rings) of integers, ra-
tional numbers, p-adic integers; Z(p) is the group (or field) with p
elements. If G is a group and g E G, then o(g) is the order of g and,
if G is a p-group, o(g) = where e(g) is the exponent of g. If G’

is a pure subgroup of G, we write If G is torsion-free and
is a subset of G, then 8)* is the pure subgroup of G generated by S.
For every set .X, is the group of all functions from X to G with
finite support. If R is a ring, then .R° is its opposite ring and, for every

Mn(R) is the ring of all n X n matrices with entries in R. For

every p-group G and every ordinal a, 1,,(G) is the a-th Ulm invariant
of G. When we shall say that B = is a basic subgroup of the

nEN

p-group G, we always adopt the convention that Bn is a direct sum
of cyclic groups of order pn. If G is a reduced cotorsion group, then
we write G where each Gp is the p-adic component of G.

pEP

§ 1. Let G and H be groups and assume there is an anti-iso-

morphism between E(G) and E(H). Since idempotents of E(G) are
mapped onto idempotents of E(.H), the following lemma is obvious.

LEMMA 1.1. Direct summands o f E-dual groups are E-dual.

The situation is different in the class of E-self-dual groups.

LEMMA 1.2. Direct summands o f E-self-dual groups are not neces-
sarily E-self-dual.

A

PROOF. We shall prove that if

6g = G4 = then G is E-self-dual, but there exists a direct sum-
,eP

mand of G which is not E-self-dual. In the following n denotes the
group (or ring) and £ denotes the group @Z(p). Thus

pep pep

(1~4). Let A and
A* be the following subrings of M4(D):
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Then, by ( [5] Theorem 106.1 ), A is isomorphic to E(G) and, using the
decomposition G = the same applies to A*. Since

the transposition of M4(IT) induces an anti-isomorphism between A
and A*, we conclude that G is E-self-dual. To complete the pioof,.

3

we now show that G’ =- EÐGi is not an E-self-dual group. Otherwise,
~i=1

suppose E(G’) has an anti-automorphism which takes ei, the projec-
3

tion of G’ onto Gi, to a suitable c E E(G’) (1  i  3). Then G’ _ 
i = 1

where Hi - si(G’ ) for every i. Evidently and fi pohi = U;
yEP

hence, by ([15] Theorem (1  i  3). Also note that
*

For every prime p, let 1p
be the unit of Z(p) and let x = Gl; y = G2. On the

3 3

other hand x - s, ; for some xi, yi E Hi (1  i  3). To find
i = 1 i = 1

a contradiction, we first prove that xi , y e Z (1  i 2). For instance,
we show that x, Since = aE1(x) = azi E g1 (a E G1= II) and

there exists a homomorphism T: such that rp(z) - zx1
for every therefore nT = 0 for some it Since 
- 0, we must have x, E E, as claimed. Consequently
P* = fp E P/tp(Gl) EBtp(02) ::Ker (~1--f- ~2)~ contains all but finitely many

3 3

primes. Fix p E p* and let denote the identity map
i=1

of G’. Then the choice of p implies j(t,,(Gl) EB tp(02))  H3; on the
other hand tp(02) and tp(H3) are all isomorphic to Z(p). This
contradiction establishes that G’ is not E-self-dual, and the lemma
follows. Another application of ([5] Theorem 106.1) shows that E(G’ )
is anti-isomorphic to E(G"), where G" = Hence G" is

another direct summand of G which is not E-self-dual. C7

LEMMA 1.3. Finite direct sums o f E-self -dual groups are not neces-
sarily E-dual.

PROOF. It is enough to observe that Q, Z(pOO), Z are clearly E-self-
dual ; however, as we shall see in sections 3 and 4, the groups Q Q 
Q EB Z, @Z are not E-dual. 0

Before classifying all E-dual and E-self -dual torsion groups by
means of a suitable realization of their endomorphism ring, we sum-
marize the results previously obtained about this kind of problem
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Liebert has shown ([10] Lemma A) that the endomorphism ring of a
finite p-group has an anti-automorphism. By a result of Faltings
([4] Lemma 2.10), the same property holds for every torsion-complete
p-group with finite Ulm invariants. A new theorem of Liebert ([12]
Theorem 8.1) states that if G is a torsion-complete p-group, then E(G)
has an anti-automorphism if and only if G has finite Ulm invariants.

§ 2. In the first part of this section we prove that if G is an E-dual
reduced p-group, then G must be a torsion-complete E-self-dual

p-group. We begin with two lemmas.

LEMMA 2.1..Let G be a reduced p-group. If G is E-dual, then f a(G)
-is finite, tor every ar  to.

PROOF. Let G be as in the hypotheses and assume B = 0 Bn is
nEN

basic in G. We now prove that B1 is finite. By 1.1, there exists a
group H and an anti-isomorphism f : E(Bl) - E(H). Since pH = 0,
.an application of ( [1] General Existence Theorem, p. 193) shows that
Bl is finite. An elementary proof of this fact is the following. Assume

To find a contradition, it is enough to prove that Bl cannot
be of cardinality ~o . Suppose the contrary. Then .g is not finite and
E(Bl) has only one proper two-sided ideal consisting of all endo-

morphisms of finite rank ([8], Chapter 4; also see [1], p. 198).
Since the endomorphism ring of an uncountable vector space has at
least two proper two-sided ideals, i.e. the ideals of all endomorphisms
of finite or countable rank, we conclude that _ Ho’ Let a be a

minimal idempotent of E(Bl) and let ~c’ = f (~). Then 
- I Hom (n(B,), I - while In’E(H)1 = n’(H))1 = 2~~.
’This contradiction establishes that B1 is finite. To complete the proof,
it is enough to check that is finite (n e N). Fix n E N, and let
f : E(Bn+1) - E(H) be an anti-isomorphism. Remark that H is a direct
,sum of cyclic groups of order because pn+’H == 0 and E(H)
has no idempotent of order  pn+1. Let (]1: -~ 

and a2: E(.g) -~ E(H) jpn E(H) be the natural homomorphisms. Since

Ker a1= Ker a2t and f is an anti-isomorphism, there exists an anti-
isomorphism f : - such that for,= Evidently
~1(E(Bn+~) ) ^’ and ~2(E(H) ) ~ E(pnH). Therefore is

finite, and the lemma follows. L7

LEMMA 2.2. Let G be a reduced p-group. If G is E-dual, then

-PWG - 0.
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PROOF. As before, let B be a basic subgroup of G. Let
MEN

nn denote the projection of G onto Bn with + p-G
m#n

(n e N). Assume G is E-dual; then, there is an anti-isomorphism
f: E(G) - E(H) for some .g. To see that G is separable, we shall use
the following properties of H:

(1) t(H) = t~(H). Let Since G has no summand
whose endomorphism ring is isomorphic to Jq or to for some

the same applies to .g. Therefore tq(H) = 0.

(2) 1~’ is reduced. By the previous remark, it is enough to ob-
serve that Q and cannot be subgroups of H.

(3 ) H is a J~-module. This follows from the fact that the center
of E(H) is isomorphic to the center of E(G), and the center of E(G)
is isomorphic to Jp or to for some ([5] Theorem 108.3).

(4) If ~~ = and n’(H) = B’ (n e N), then is a
nEN

basic subgroup of t,(H). Since B’ is a direct sum of cyclic groups and
B’ ; t~(H), there is a basic subgroup such that B’ ~ B".

* 

Our claim is that B’ - B". Assume this is not true. Choose m e N
such that B~  B~~t. Let q’ be a projection of .H~ onto B’~, and let
r¡’ - f (r~ ) . Therefore is a direct sum of cyclic groups of order pm
and clearly This contradiction proves that B’ = B’.

(5) = 0. To see this, suppose the contrary. Then, there
is 99 c- E(G) such that = 99’e E(H)[p] and 
Since ~~ ~’ - 0, we get 0 It follows that 99 = 0, and
this contradicts the hypothesis that ~’ ~ 0 ; consequently = 0 .

The last remark tells us that, if H is a p-group, G is separable. To
end the proof, assume that Then there is a suitable

tpEE(G)[p] such that Let since
0 99’ is 0 on B’. Using (1), 2 (2) and (4), we conclude

that = 0, and therefore Hom H[p]) =1=0. This implies
that H/t(H) is not p-divisible; hence, by (3), there exists x E H, t(H)
such that J,x is a direct summand of H. But this is impossible, be-
cause G has no summand isomorphic to Jp or This contradiction

proves that 0. CI

REMARK. In G is an infinite reduced E-dual p-group, IGI = 2No.
In fact, with the notations of 2.2, To prove the

n c-N
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reverse inequality, y take in e N such that Since 

~ IB’/p:îB’1 - No, we clearly have

Following ([12], p. 350 ), we say that a p-group G is torsion-compact
if G is torsion-complete and every Ulm invariant of G is finite. We
now give a realization of the endomorphism ring of a torsion-compact
p-group G. If G is finite, an application of ([5] Theorem 106.1) shows
that there e N such that E(G) is isomorphic to a subring of

fully invariant under the transposition of This
is an elementary proof of a result ([10] Lemma A) mentioned in
section 1. Suppose now that G is not finite. Fix a basic subgroup
B ==EB0153n) of G such that if Regarding G as em-

nEN

bedded in let Rn denote the projection of G onto (n E N);
nEN

for every x E G we may write x = I where and

an is a suitable p-adic integer (n c N). Let h be the p-adic valuation
of J, and let A be additive group of all N0 x N0 matrices over J, of
the form a = [a,,], where Àrs = max (0, e(xr) - e(xs) ) for every
r, 8 e N. Then A is a ring with the usual rows by columns product
and the subset I of all a = [ars] E A such that e(xr) (r, s E N)
is a two-sided ideal of A. Remark that every cp E E(G) is completely
determined by the elements - (iXrsXr)reN (s c N)I. With these

notations, let e : be the map defined by e(lp) #= + I
for all 99 E E(G). Evidently ~O is a group isomorphism. We claim that e
is a ring isomorphism. To see this, choose q, y E E(G) ; then there
are suitable ars, Prs, brs E Jp (r, s e N) such that ~O(g~) = [a,,] -~- I ~
~(~) _ + I ; == + I. Fix r, 8 EN; then there exists
some k E N such that + e(xs). Consequently 

k

Since
i=1

k

we obtain Using the hypothesis that 
i = 1

for all we conclude that 
n c-N
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This proves that ~O is a ring isomorphism, because c- E(G) and
r, s are arbitrary elements.

The following theorem characterizes all E-dual reduced p-groups.

THEOREM 2.3. Let G be a reduced p-group. The f ollowing are

equivalent :

(1) G ,is torsion- compact.

( 2 ) G is E-self-dual.

(3) G is E-dual.

PROOF (1) ~ (2). As already observed, finite p-groups are E-self-
dual. Assume G is not finite and fix a basic subgroup B = 0 

nEN

Since Àsr = - we clearly have in == an + 2,,r (n EN), and
therefore ~Sr = · Let r &#x3E; s ; this hypothesis implies

Since = e(xr) - e(xs), we get Z’n = 6n - Àrs (’I2 EN); thus 6~r ·

Consequently - [6rs], and t is a ring anti-automorphism, as

required. Let and YrsEJp; then if and only
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if Hence t induces an anti-automorphism of A/I,
that we still call t. Since A/I is isomorphic to E(G), G is E-self-dual.

(2 ) ~ (3 ) : This is obvious.

(3 ) ~ (1 ) : Let G be an E-dual p-group. If G is finite, G is clearly
torsion-compact. If G is not finite, Lemmas 2.1 and 2.2. enable us
to assume that = t n xn&#x3E;) , where B == @ is a basic sub-

nEN / nEN 
_

group of G and e(xr) c e(xs) if To prove that 
we introduce some endomorphisms of G similar to those used in

([9] Theorem 28). Let nn be the projection of G onto 
Then, for all we define as follows : = 0

and where Since G is

E-dual, there exists an anti-isomorphism f : E(G) ---~ E(H) for some H.
Write = esr (r, s e N) and choose yn E H such that ==

= For every r, let Ers be the endomorphism of H
uniquely determined by the following conditions 

= 0. Remark that errersess implies es,~ = essesrerr; there-
fore tor some Assume G C B and
choose Then there exist and 

such that and for all Let an = 0
if n  m, and let tX: = tXn if n ~ m. We claim that s* = 
To see this, let q’ denote an endomorphism of H with the following
properties : (~eN). Now consider the
endomorphism q of G such that t(cp) _ By hypothesis, we clearly
have It fol-

lows that Since we obtain

This contradiction shows that G = 13 and the proof is

complete. D

REMARK. Let G be an infinite torsion-compact p-group. With
the previous notations, the anti-automorphism t of E(G) defined in
the first part of the proof has the property that Ers; thus we

may assume Urs = 1 for This follows from the fact
that t is induced by the most obvious transposition of the ma-

trix ring A .
A remark of ( [12], p. 352) states that if G is a p-group, then G is

E-self-dual if and only if G is either a torsion-compact group or a di-
visible group of finite rank. As we shall see, if a divisible p-group
is E-dual then it is .E-self-dual, but there exist E-dual p-groups which
are not .E-self-dual.
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THEOREM 2.4. Let G be a divisible p-group. Then G is if
and only i f it is o f finite rank.

PROOF. If G is a divisible p-group of rank n, then Mn(Jp)1
clearly has an anti-automorphism. By 1.1, to prove the theorem, it
is enough to show that a divisible p-group of rank ~o cannot be E-dual.
Assume this is not true. Write G = ~ Gn , where for

nEN

every and choose an anti-isomorphism f : E(G) - E(H) for-

some H. Let Rn be the projection of G onto Gn (n E N), and let T’== 
(cp E .E(G)). First note that the groups n[(H) (n E N) are all isomorphic..
Otherwise, there exist m, n E N such that Z(p-) and Jp .
But this is impossible, because = 0, while nmE(G)nn *0
(compare with ([13] Lemma 1.2)). Remark now the following pro-
perties of H:

(1 ) H is not a divisible p-group. Suppose (1) does not hold. Let
0’1: E(G) - E( G)jpE( G); 0’2: E(H) - E(.g)/pE(H) be the natural homo-
morphisms. Then or,(E(G)), 0’2(E(H)) are isomorphic to the endomor-
phism rings of two infinite vector spaces over ~(p ), and this is a
contradiction. In fact, the existence of f implies that is

anti-isomorphic to 0’2(E(H)). Hence (1 ) is true.

(2) H is torsion-free. Since G has no finite summand, the same
holds for 2L Consequently = 0 for every prime q ~ p, because G
cannot have Jq or Z(q-) for a summand. It remains to check that

t~(H) = 0. Assume the contrary. Then H is a mixed group and t(H)
is a divisible p-group. Thus t(H) is a proper fully invariant direct
summand of H. On the other hand G has no proper fully invariant
direct summand. This contradiction proves that H is torsion-free.

(3) g is a reduced Jp-module. Since H is torsion-free and G
is a p-group, it suffices to repeat the proof of (2) and (3) of Lemma 2.2.

It is now clear that we may assume ~ci (H) = Jp . As an immediate

consequence Hom (G, G1) ~ Hom (n§(H) , H) ~ H) -
By (3), the map which takes q’ to gg’(1) for all cp’E Hom 1 H)
is an isomorphism between Hom (n§(H), H) and H; therefore 
Since H properly contains the p-adic completion of +R’n(H), the

_ 

group H = is not p-divisible. This implies that H has a
nEN

pure subgroup, hence a direct summand, isomorphic to Jp. Since

Hom (H, H) ~ 0, there exists a non-zero endomorphism 99’ of H such
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that ~((+)~(~)) == 0. But this means that if cpEE(G) and = cp’,
nEN

then cp * 0, while nnq - 0 (1~ E ~T). This contradiction establishes that
divisible p-groups of infinite rank are not E-dual. 0

REMARK. Let G be a divisible p-group of infinite rank m. Then,
as observed in ([5] vol. II, p. 220) E(G) is isomorphic to the ring of
all column-convergent m x m matrices with entries in Jp (i.e. in every
column almost all entries are divisible by pn for any n In this
case the asymmetry between rows and columns cannot be removed
by means of a suitable transposition, as in the case of infinite torsion-
compact p-groups.

THEOREM 2.5. Let G be a p-group. Then G is E-dual if and only if
either G is torsion-compact or G is o f finite rank.

PROOF. By the previous results, we assume G is neither reduced
not divisible. Suppose first that G has finite rank. Then G has a de-

r

composition i with the following properties: Gi i is a cyclic
i=l

group, if and if n + 1 c z , r. Using ( [~] The-

orem 106.1), we identify E(G) with the ring of all matrices 
r

where (Xii E Hom Gi). Define H to be the group g (D where
i=1

H; = Gi if and Hi = Jp if n + Another applica-
tion of ([5] Theorem 106.1) shows that E(H) is isomorphic to the ring
of all r x r matrices where Lxij E Hom .Hi). Identifying the
groups Hom (Gi, Gi) and Hom (Hi, (1  I, j  n), let t : E(G) -~ E(H)
be the map that sends a = to ta = [aji] for all a E E(G). Since t

is a ring anti-isomorphism, G is E-dual. Conversely, let G = D @ R
be an E-dual p-group, where for some r E ~ and .R is

reduced. Our claim is that R is finite. Suppose .R is not finite and
fix an anti-isomorphism f: .E(G)~--~ E(H). Let ~c2 be the projec-
tions of G onto D and R respectively, and let ~a --- Hi 
(1~2). Then H == Hl0J H2. Since ~i E(~) ~2 = 0, Hl is isomor-

phic to J~. The proof of Lemma 2.2 enables us to regard N3 as embed-
ded in a group of the form where B’ = ~ Bn is isomorphic

neN nEN

to a basic subgroup of R. Since |R/B| = 2m-, we get
nEN

I Hom (R, D) = Hom (B, Z(pOO)) 
° 

&#x3E; 2 No ([5] Theorem 47.1). This
contradicts the fact that ) Hom H2)I |R Hom (Jrp,nEN

.Therefore R is finite, and the proof is complete. C7
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COROLLARY 2.6. Let G be a torsion group. Then G is E-dual if and
only i f tp(G) is E-dual f or every prime p.

PROOF. Necessity follows from 1.1. Assume that is E-dual

(p E P). Let Hrp = t,(G) if tp(G) is reduced, and let .Hp = Jp (D .R if
t p(G) ~ EBR, where r E Nand R is reduced. If H = ~ Hrp,

__ 

veP

then Since E(trp(G)) is anti-isomorphic to 
pEP

for all p E P, E(G) is anti-isomorphic to E(H). Thus G is E-dual. C7

COROLLARY 2.7. I f G acnd .H are torsion groups with anti-isomorphic
endomorphism rings, the following eonditions hold tor every prime p :

(i) tp(G) is either reduced or divisible.

(ii) t~(G} is isomorphic to t~(H).

PROOF. (i) Assume is neither reduced nor divisible. Then
our hypotheses imply that t,(H) is a group of the form t~(H} = D Q R,
where D is divisible, R is reduced and Hom (D, Since this is

clearly impossible, (i) holds.

(ii) If is reduced, then the proof of 2.2 indicates that t~(G)
and t~(H} must be torsion-compact p-groups with the same Ulm in-
variants. Consequently is isomorphic to tp(H). If t~(G) is divisible,
the statement is obvious, because and must have the

same rank. 0

REMARK. By 2.6 and 2.7, if G and H are torsion groups and there
exists an anti-isomorphism f : E(G) --~ E(H), then G belongs to a

restricted class of torsion groups and H is isomorphic to G. In parti-
cular, let G, H~, f be as above; then the following conditions are

equivalent:

(1) f is induced by a group isomorphism z~: (i.e. =

= tqt-1(q E E(G)).
(2) E(G) is commutative.

In fact, assume first that (1) is true. Since 

1p E E(G)~, (2) clearly holds. This completes the proof, because the
implication (2) =&#x3E; (1) follows from the Baer-Kaplansky theorem.

Hence, by ([15] Theorem 1 ), condition (1) } is not generally satisfied.
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§ 3. The characterization of all E-dual torsion groups enables us
to prove the following

THEOREM 3.1. Let G == IT Gp be a reduced eotorsion group. Then G
pEP

is E-dual if and only it, for every p E P, its p-adic component Gp is either
a Jp-module o f finite rank or the p-adic completion o f a torsion-compact
p-group.

PROOF. Necessity. Suppose G is .E-dual and fix a prime p. To prove
that Gp has the required properties, we distinguish three cases.

(i) Gp adjusted. Since E(Gp) is isomorphic to E(tp(Gp)) ([13] Theo-
rem 3.3), from Theorem 2.3 we deduce that Gp is the p-adic comple-
tion of a torsion compact p-group.

(ii) Gp torsion-free. An application of ([11] Theorem 5.5) shows
that where Q~ is the field of p-adic numbers.
Using 2.4, we conclude that Gp is isomorphic to J; for some 

(iii) G~ neither adjusted nor torsion-free. It is not restrictive to

assume Gp = Jrp @ G’p, where r e N and G§ is adjusted. We claim that
Gp is finite. Suppose the contrary. Let B be a basic sub-

neN

group of and assume Fix a group H and an anti-
nEN

isomorphism between E(Gp) and jE7(~), which takes q to q’ (q E E(Gp)).
Let R1, R2 be the projections of Gp onto J; and G’p respectively, and
let .H~ _ ~2 (H) (1~2). Evidently and 
because HI is fully invariant in .H. Since is isomorphic to

the proof of Lemma 2.2 shows that H2 is a reduced Jp-module.
The hypothesis that G~ is not finite and the fact that 
guarantee that .H2 is not a p-group. Let x be a torsion-free element
of .H2 , and let y = ux, where u is a p-adic integer algebraically inde-
pendent over Choose x, y E Hl such that Then .H has
an endomorphism ’P’ that maps x and y onto x and y respectively.
Since Hom(Jrp, G’p)  Hom Jp (Jrp, ITBn) , the center of E(G) is isomor-
phic to Jp and the same applies to E(H). But this is a contradiction,
because Consequently G) is finite.

Sufficiency. Assume G where each Gp is as in (i), (ii) or
pep

(iii). Then 2.5, 2.6 and the result used in (i) tell us that, for every 
there exists a group Hp such that E(Gp) is anti-isomorphic to E(Hp)
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and J?p is fully invariant in

G is E-dual. 0

COROLLARY 3.2. Let G be a reduced cotorsion group. The

following are equivalent : PEP

(1) For every prime p, Gp is either a torsion-free of
finite rank or the p-adic completion of a torsion-compact p-groitp.

(2) G is E-self-dual.

PROOF. Since G is E-self-dual if and only if the p-adic component
Gp of G is E-self -dual (p E P), the result is an immediate consequence
of the previous theorem. In fact, the first part of the proof of 3.1
shows that if Gp is E-dual, then Gp is E-self-dual if and only if it is
either adjusted or torsion-free. D

REMARK. In ( [9], p. 73) Kaplansky asserts that there are reasons
for believing that two modules with isomorphic (or anti-isomorphic)
endomorphism rings are isomorphic or  dual ». This suggests that
we translate 3.1 and 3.2 as follows: The correspondence given by
Harrison ([7]) between torsion groups and reduced cotorsion groups
induces a correspondence between E-dual (E-self-dual) torsion groups
and E-dual (E-self-dual) reduced cotorsion groups. It is natural to

compare this statement with a result of May and Tubassi ([13] Main
Theorem) about groups with isomorphic endomorphism rings, i.e. the
characterization of all groups G and .~ such that E(G) 1"’..1 E(H) and
t(G):4=t(H). Even in this case, a theory of duality, more precisely
Harrison’s duality, clarifies the situation.

THEOREM 3.3. Let G be a divisible group. Then G is E-dual if and
only if either G (D Dp with Dp a divisible p-group o f f inite rank or G

pep

is a torsion-tree group of finite rank.

PROOF. Sufficiency immediately follows from 2.5, because if G is
torsion-free of finite rank r, then lVlr(Q). Since arguments
very similar to those used in the first part of 2.1 show that infinite
dimensional vector spaces over Q cannot be E-dual, it remains to

prove that the group is not E-dual ( p E P) . Suppose
this does not hold. Let ~2 be the projections of G onto Q and Z(p°°)
respectively, and let ~i , ~2 be the corresponding elements under an
anti-isomorphism between E(G) and E(.H) for some H. Write
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we must have Therefore JE(G) 1, and this con-
tradiction proves that divisible mixed groups are not D

The following result is an obvious consequence of Theorem 3.3.

COROLLARY 3.4. Let G be a divisible group. Then G is E-dual i f
and G is E-self-dual.

COROLLARY 3.5. Let G == D and let D, the divisible part of G,
be non-zero and torsion-tree. Then G is E-dual if and only if D and R
are E-dual and R is a torsion group.

PROOF. Let G be an E-dual group as in the hypotheses. Fix a

group H such that E(G) and E(H) are anti-isomorphic. Write
H = where Hom (HI, Hom (.R, D) ; Hom (H2 , Hi) = 0
and E(H2) are anti-isomorphic to E(D) and E(R) respectively.
Then Hx is isomorphic to D, while H2 is a reduced torsion group. By
symmetry, we conclude that R is a torsion group. The other assertions
follow from Lemma 1.1 and the fact that D and R are fully inva-
riant in G. 0

COROLLARY 3.6. let D be a non-zero divisible,
torsion group and R - n Rp an adjusted cotorsion group. Then G is

VEP

i f and D is E-dual and R is finite.

PROOF. By 1.1 and 2.6, we need only prove that if G is an E-dual
group as in the hypotheses, then R is finite. To see this, fix a group H
and an anti-isomorphism between E(G) and E(H) mapping 99 onto ~’
for every Let n2 be the projections of G onto D and R
respectively, and let _H = where R’i(H) (1  i  2). As-
sume first that R - Rp for some prime p. Our claim is that .R is finite.
Suppose the contrary. Then there exists cp E E(G) such that qJ 

= 0. Since Glt(G) is divisible and torsion-free, 
([5] vol. I, p. 182) and, obviously, q = qR2. Hence q’(H) is a non-zero
subgroup of pro H2. On the other hand, by 3.1, t(R) is a torsion-compact
p-group. Since is isomorphic to E(t(R) ), the proof of Lemma 2.2
assures us that pro H2 == 0. This contradiction establishes that is
finite. To complete the proof, it remains to show that the hypothesis
that G is E-dual always implies that I~ is finite. Assume this is not
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true. Then, as before, there exists q E E(G) such that 99 =,?4- 0 and
~(t(G) ) -= 0. For every prime p, let ep denote the projection of G
onto R,. Remark that ~p’(11) r1 tfJ(H2) = 0, because tp(H2) = e’(H) and
q’(H) r1 e’(H) == 0 (p E P). Since Glt(G) is divisible and torsion-free,
it follows that Therefore T(H) must be a torsion-free

peP

divisible subgroup of .H2, and this is clearly impossible. In fact,
.1~ has no subgroup isomorphic to Q and the same applies to H2. This
contradiction proves that R is finite, and the proof is complete. 0

REMARK 1. Let G be as in 3.6. Then a necessary and sufficient
condition for G to be .E-dual is that D and R are E-dual with 1~ a

torsion group. In fact, by ([5] Corollary 54.4), reduced cotorsion tor-
sion groups are bounded. The result now follows from 2.6..

REMARK 2. The hypotheses of 3.6 cannot be weakened, because
there exist reduced E-dual groups G of the form G = T @ R, where T
is a non-zero torsion group and is an infinite adjusted cotorsion
group. For instance, Lemma 1.2 tells us that the group G 0+-

E-d ual. VEP

~EP

PROPOSITION 3. 7. If G is a mixed E-dual group, the 

facts hold:

(i) Glt(G) is not necessarily E-dual.

(ii) is E-dual, for every prime p.

PROOF, (i) Since is E-dual and Glt(G) is a divisible
pep

torsion-free group of rank (i) follows from 3.3.

(ii) Let B --- EB Bft be a basic subgroup of t,(G). Since B~ is a
!N

summand of G, B~, is finite (n EN). If B is finite, then the statement
clearly holds. Assume B is not finite. Then there exist suitable

rn e B such that and 
7aEN

Fix pairwise orthogonal projections so that if

17: tp(G) - is the product map, i.e. 17(x) = (x E tp(G)),
MeN / B

then pw tp(G). It remains to show that q(t,(G)).
/ 

.

Let denote the endomorphism of G uniquely defined by the fol-
lowing conditions: = 0 and = where A.., -
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- max (0, - (r, s E N). As in the proof of 2.3, the existence
of these elements implies 

’

REMARK. Condition (ii) indicates that only very particular torsion
groups may be the torsion part of an E-dual group. We don’t know
examples of E-dual groups G such that, for some prime p, pwtp(G) is not
divisible. However, we can give a sufficient condition in order that
pwtp(G) is divisible. In fact, if G and H have anti-isomorphic endo-
morphism rings and Hlt(H) is p-divisible, then is E-dual. To

see this, assume the anti-isomorphism between E(G) and E(H) takes
{{1 to 99’ (~p E E(G)). Write tp(G) = D ~ R; tp(H) == D’ @R’ where D,
D’ are divisible and R, .R’ are reduced. We claim that po)R - 0.
Suppose this does not holds. Then there is an endomorphism of G
such that 0 ~~(C) p~[p]. Let ~c~ (n E N) be as before. An argument
similar to that used in 2.2 shows that @ ~n(.H) is a basic subgroup of 1~’.

nEN

Since a,, 99 -- 0 g~’ is 0 on t(H) and clearly 
But this is impossible, because is p-divisible. This contradiction
establishes that = 0. Consequently p(J)tp(G) is divisible.

§ 4. In this section we investigate some properties of torsion-free
.E-dual groups. Since Corollary 3.5 gives the structure of an E-dual
group containing Q, we can confine ourselves to the reduced case.
First we recall some definitions.

If G is any group, the finite topology of E(G) has the family of all
Ux== = with X a finite subset of G, as a basis of
neighborhoods of 0. It is well known ([5] Theorem 107.1) that E(G),
with respect to the finite topology, is a complete Hausdorff topological
Ting. According to ( [2], p. 63), reduced torsion-free groups of cardinality
 2No are called control groups. If G is a group and, for some control
group C, every subgroup of G of finite rank is isomorphic to a sub-
group of C, then G is a controlled group. In the following denotes
the first strongly inaccessible cardinal ([5] vol. II, p. 129).

THEOREM 4.1. If G is a controlled group and E(G) is o f cardinality
 ~ i , then G is E-dual.

PROOF. It is enough to show that the ring A = (E(G))O, equipped
with the discrete topology, satisfies the hypotheses of ([2] Theorem 2.2).
This clearly holds, if we only show that the group E(G) is controlled.
To this purpose, regard E(G) as embedded in n E(G)jU x, the product

x
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being extended over all finite subsets X of G, and let .K be a sub-
group of E(G) of finite rank. Take linearly independent elements

... , cpr E E(G) such that ... , Then there exist
a finite subset X’ of G such that the natural projection fl 

x

maps ... , cpr onto linearly independent elements. Since
is isomorphic to a subgroup of E(G)l Ux,. The

choice of ~ assures us that every subgroup of E(G) of finite rank is
is isomorphic to a subgroup of 0 Using ( [2] Proposition 2.1 ),

x

we conclude that E(G) is controlled. This completes the proof. D

COROLLARY 4.2. I f G is a reduced torsion-free separable group and
E( G) is o f cardinality  N,, then G is E-dual.

PROOF. Let C = ~ 7~p~~. Since C is a control group and every
pep

subgroup of G of finite rank may be embedded in C, the result follows
from the previous theorem. 0

REMARK. There exists an E-dual group G such that G(N) is E-dual.
In fact, the group Z(N) satisfies the hypotheses of 4.1. Observe that,
by 2.5 and 3.3, this possibility cannot occur if G either a torsion or
a divisible group.

Comparing 3.1 and 3.3 with 4.1, we see that the behaviour of tor-
sion-free cotorsion groups is completely different from that of torsion-
free non cotorsion groups. Also note that, by Corner’s theorems,
very complicated torsion-free groups have uncomplicated, even com-
mutative, endomorphism rings ([14], p. 180; [15], p. 62). On the other
hand, if G and If are arbitrary reduced torsion-free groups with anti-
isomorphic endomorphism rings, then H does not generally inherit many
properties of G. For instance, it has been proved ([6] Theorem 1.2)
that if G = Z(N) , then there is no reduced torsion-free group .H of the
same type as Z such that E(G) and E(H) are anti-isomorphic. More

generally, we have the following

PROPOSITION 4.3. There exist a free group G and a non controlled
group H such that E(G) and E(H) are anti-isomorphic.

PROOF. Let G = Z(N) and A = (E(G))O. We shall show first that A,
endowed with the discrete topology, satisfies the hypotheses of

([3] Theorem 1 ). Fix a prime p. Since JAI = 2m- and p/°A = 0, it

suffices to prove that Jp is linearly disjoint from the group A, that
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/ M 

is from the group E(G), over Zp i.e. if n = 0 in E(G), the p-adic
B nE i = 1

completion of E(G), with go, ... , I 99n E E(G) ; E Jp and linearly
independent over Z,, then ... 99,n = 0 Assume this is not

n ’

true. Then we may where (1  i  n), 
;=1

and the ai’s are as before. Let G - where Gn = Z, xn = 1 E Gn
neN

and is the projection of G onto Gn (n e N). By hypothesis, there

exist r, -8 E N such that = 0 is a linear combination of
i = 1 

the ails with coefficients in Z not all equal to 0. This contradiction
establishes that A has the required property. We claim that there
exists a non controlled group .H whose endomorphism ring, with the
finite topology, is the discrete ring A. In fact, for every a E A we can
choose a p-adic integer a(a) with the following properties:

(i) The set ~a(a): a E A} is algebraically independent over Z,

(ii) Jp has trascendence degree 2No over the subring generated
by the a(a)’s. Let H be the following pure subgroup of the p-adic
completion Â of A

Since ( [3] Theorem 1) assures that E(.H) is isomorphic to A, it remains
to check that H is not controlled. To see this, let S denote the subset
of all such that R1qR1 = n1; nrta, = 0 (r, s E N; r =A 8). Now
consider the pure subgroups S’ and ~S", where

By ([3] Proposition 1 ~, S’ is not controlled. Since S" is isomorphic
to S’ and S" H, we conclude that H is not controlled. CI

PROPOSITION 4.4. There exists a countable reduced torsion-free
group G such that E(G) is not anti-isomorphic to the endomorphism ring
o f a counta,ble reduced torsion-tree group.

PROOF. Let G = Z(N). With the same notations of 4.3, let ers be
the endomorphism of G defined by = x,. ; = 0 (r, s EN).
Let f : E(G) --~ E(H) be any anti-isomorphism. To end the proof, it

is enough to show that H is not countable. Assume the contrary.
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Then H is a countable reduced torsion-free group and f is continuous
with respect to the finite topologies of E(G) and E(H). This is an
immediate consequence of ([14] Lemma 4.3), because if U is a sub-

group of E(H), then

U open « countable

reduced torsion-free « U) open..

Since E(G) is not discrete, the same applies to E(H). Therefore E(H),
has a proper open left ideal U and f -1( U) is a proper open right ideal
of E(G). It is now clear that there exists m e N such that icp E E( G) :

0 where V is an open two-sided ideal of .E(G}~
and Choose ffJ E .E(G)BV and define (p, E(G) as fol-
lows : 1 ( 1  T  9R ) j 9?’ ~r -- ~ ~ (T ] 9~2 ) .

m

Evidently q = q’ + q" and Write q’ where 97rnr ===
r=i

99’OTr, (1  r  m). Then there are suitable nkr E Z,

1 ~ r  m ) almost all 0 such that 99, = I nlr elr - · Since
kEN

we conclude that q ETT. This contradiction proves that .H is not.

countable, and the proof is complete. 0

REMARK 1. There exists a non commutative topological ring A
such that A is the endomorphism ring of a countable reduced torsion-
free group and the same applies to its opposite ring. In fact, let G = 
and, using the notations of 4.4, let A be the subring of E(G) consisting
of all q such that = 0 (r, s E N; r &#x3E; s), i.e. A is isomorphic to
the subring of all upper triangular No X No matrices with entries in Z.
([5] Theorem 106.1). It is easy to see that A, with the topology in-
duced by the finite topology of E(G), has a family of two-sided ideals
as a basis of neighborhoods of 0 and satisfies the hypotheses of

([2] Theorem 1.1).
REMARK 2. The direct sum of two reduced torsion-free E-self-

dual groups is not necessarily E-dual. To prove this, fix a prime p
and let We claim that G is not E-dual. Otherwise,

is anti-isomorphic to for some group .bt of the form
H = H’ (f) H", where Z ; E(~I" ) Hom (H’, H" ) = 0 and
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Hom (H", Since H’ is reduced and torsion-free, we may
assume Consequently Hom (H", .g’ ) = HomJp (H", H’) Choose
a non-zero homomorphism 99: H"- H’ and regard H’ as a pure sub-
group of its Z-adic completion Since q(H") = 

oep

~.H’ r1 there exists x E such that = p n x for some
n e N. These conditions imply that Jps is a pure subgroup, hence
a direct summand, of H’ . But this is clearly impossible, because E(g’)
is isomorphic to Z. This contradiction establishes that G’ is not E-dual.

The previous example suggests that we determine some properties
of all E-dual groups admitting a free summand.

PROPOSITION 4.5. If G = Z @ G’ is E-dual, then the following con-
ditions hold:

(i) G’ is reduced and torsion-free.

(ii) G’ is not cotorsion.

(iii) G’ is not necessarily a controlled group.

PROOF. (i) We first prove that G’ is torsion-free. Suppose E(G)
is anti-isomorphic to E(H). Then H has a decomposition .g = H’ EÐ H",
where Z and Hom (H", Hom (Z, G’ ) G’ . Since H’ is

torsion-free, the same applies to G’. Using Corollary 3.5, we conclude
that G’ is reduced.

(ii) This immediately follows from (i) and Remark 2.

(iii) Fix a prime p. Let G’ denote a pure subgroup of J, with
the following properties: 1 E G’ ; ~ and the trascendence

degree of Jp over the subring generated by G’ is 2m-. Let G = Z 0 G’ ;
then, as in 4.3, one can show that the ring (L~(G) )°, with the discrete
topology, satisfies the hypotheses of ([3] Theorem 1 ). Thus G is

E-dual and, by ([3] Proposition 1 ), G’ is not controlled. C7

REMARK. More generally, if R is a rational group, p is a prime and
G = R 0 G’ is E-dual, then implies tp(G’ ) = 0. In fact, we
can find a group H = .H’ ~ .H" such that E(G) is anti-isomorphic to
E(H), E(R) and Hom (H", Hom (R, G’ ) . Since H’ is
torsion-free and G’ has no element of order p. Finally note
that if ~ _ Q, then the structure of G’ is completely determined by 3.5.
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