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Upper and Lower Integral Difference Functionals,
Closest Approximations, and Integrability.

WILLIAM D. L. APPLING (*)

1. Introduction.

Suppose U is a set, F is a field of subsets of is the set of all
functions from F into exp(R), PB is the set of all elements of p with
bounded range union, is the set of all bounded finitely additive
functions from F into R and pl is the set of all nonnegative-valued
elements of V AB .

Suppose that for each P in p, ~-bounded on U with respect to
the subdivision 1) of U (section 2 ), L and G are functions from F into R
such that if V is in F, then and are defined, respecti-
vely, as the sup and inf of the set:

{ subdivision of V and a subset of a refinement of ’1)
i

b(I) in fJ(I) for each I in
We pause here to remark that in section 2 of this paper we shall

either discuss the notions, such as the immediatly preceding one, and
assertions that appear in this introduction, or refer the reader to

certain previous papers for them. We let « 0152 «S)) mean «0152 is a

refinement of D ».
Certain refinement-sum inequalities imply that if P is in p and is

~-bounded on U with respect to a subdivision of U, then, for each V

(*) Indirizzo dell’A.: Dept. of Mathematics, North Texas State University,
Denton, Txas 76203, U.S.A.
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in .F’, each of the integrals (section 2)

exist, and

furthermore, if V is in .I’, then

exists iff

in which case

In a previous paper [4] the author proved the following theorem:

THEOREM I .A, I . If N is a positive integer and f is a function from RN
into R, then the following two statements are equivalent:

1) F, ,u~ is a finitely additive measure space and Xl’ ... , oeN
is a sequence of functions from F into R (or, for that matter, into
exp(R)) with bounded range (or bounded range union) such that if

i=1,...,N, then

exists, then

exists, and

2) f is continuous.
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Consider the following abstraction of statement 1) of the above
theorem:

(*): Suppose that N is a positive integer and Y is a function
from the set of all N-tuples of elements of VB into VB such that if 1]
is in P-4B and a,, ... , oeN is a VB-N-tuple such that for i =1, ... , N,

exists, then

exists (We note, and refer the reader to Theorem 2.A.1 of section 2
of this paper, that (*) is equivalent to a statement of (*) in which P.4B
is replaced by pfl.).

In view of the fact that a function, W, satisfying the conditions
of (*) can be constructed by simply choosing, for each 
a1, ..., L4N7 a continuous function from RN into R and letting

... , aN) be given by

we shall confine our attention to a .tJ B-N - tuple an element ,8
of VB such that if ?7 is in P.4B and if i = 1, ..., N, then

exists, then

exists, and deduce a continuity-type statement that involves a notion
of « dominated equi-integrability ~. Specifically, y we show the follow-
ing (section 6):

THEOREM 6.1. Suppose N is a positive integer, P is in VB and cx,,

... , aN is a sequence of elements of VB such that if 21 is in V AB and each
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of the integrals for i = 11 ... , N

exists, then

exists. Then, if 0  c and p is in then there is d &#x3E; 0 such that if x
is in V AB, for all V in F,

and for i = 1, ... , N,

then

It is trivial that the conclusion of the above theorem implies the
hypothesis, so we forbear stating the theorem as a characterization
theorem. We note (see Theorem 2.A.1 of section 2) that the hypo-
thesis of Theorem 6.1 is equivalent to a statement of the hypothesis
in which is replaced by pfl.

One of the principal facts what we shall use in proving Theorem 6.1
is the fact (see section 3) that if y is in p,3, then the set Jv of all q in

such that

exists, is a C-set in accordance with the following definition:

DEFINITION. The statement that lVl is a C-set means that M C po
such that:

1) If nis in is in VAB and flul is in then x is
in ~1, and
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2) if p is in p+ and v is a function from I’ into R given by

then v is in if r1 .p~.
In [5J the following  nearest point theorems is shown:

THEOREM 1.A.2. Suppose M is a C-set and for each in .pAB, T(7y)
and are functions from F into R given, respectively, by

Then there is a transformation aM from into .lVl such that if q is
in and V is in F, then

Furthermore, if q is in is in .lVl and

then

Throughout this paper, for each C-set M, we shall let 2m and aM
denote the Am and am associated with if by Theorem I.A,I. Note
that if if is a C-set, and q is in .p AB, then

As stated above, and proved in section 3, for each y in .tJB, I 3v is
a C-set. Another fact that we shall use in proving Theorem 6.1, is
the following theorem which establishes a  dominated convergence))
relationship between the upper and lower integral difference func-
tional and 
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THEOREM 5.1. If y is in PB, u is in .p~ and 0 C c, then there is d &#x3E; 0
such that is in .p AB, x - fir¡ I is in .p~ and

then

2. Preliminary theorems and definitions.

Throughout this paper all integrals will be limits for (finite) refi-
nements of (finite) subdivisions, of the appropriate sums. We refer
the reader to [2] and [3] for more detailed remarks about the above
mentioned notions as well as for various refiniment-sum inequalities
and the integral existence essertions that follow from them, such as,
for example, the existence of the « upper » and «lower » integrals men-
tioned in the introduction. The reader is also referred to [3] for a
statement of KolmogorofTs [7] differential equivalence theorem as

well as various integral existence and integral equivalence assertions
that follow from it. If, in a given argument in one of the subsequent
sections of this paper, the existence of an integral or the equivalence
of an integral to an integral is an easy consequence of the above men-
tioned material, we shall feel free to merely write the integral or make
the equivalence assertion and leave the proof to the reader.

We end this section with an extension of a previous interval func-
tion theorem of the author [1]. The argument for this extension car-
ries over from the interval function case with only minor modifications
and we therefore omit it.

THEOREM 2.A.1. If y is in ~ and 77 is in .pAB’ I then

exists iff

exists.
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3. Functional equations, inequalities and continuity properties of upper
and lower integral difference functionals.

We begin by stating two easily proved lemmas. Suppose each of a
and fl is in p and is ~-bounded on U with respect to D ~ {~7}.

LEMMA 3.1. If V is in F, then

so that

LEMMA 3.2. If s in is R, then 8X is ~-bounded on U with respect
to ~. Suppose V is in F. If 0 c s, then

and if s  0 , then

so that, in either case,

THEOREM 3.1. Suppose fJ is in is in PABI K is in R, 
for all x in the range union of fl, and TT is in F. Then
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so that

PROOF. Suppose P is either .L or G. It is easy to see that if I is
in F, then

so that if D ~ {V}y then

Therefore

so that

THEOREM 3.2. Suppose fl is in PB each of 77 and x is in I 

for all x in the range union of fl and V is in F. Then

PROOF. By Lemma 3.1, we see that

and
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By Theorem 3.1, the right expression of each of the above inequalities
does not exceed

Since the left expression of the inequality of the statement of Theo-
rem 3.2 is the left expression of one of the above inequalities, the
theorem follows.

We prove a homogeneity theorem that we shall use in section 5.
We first state a lemma which is a fairly easy consequence of the Bochner-
Radon-Nikodym Theorem. A proof of this lemma can be found in [6].

LEMMA 3.A.I . If a is in is in p’ and p(I) exists, then
u

i. e. , if 0  c, then there is ~ « (U) such that if 0152 «S) and for each V
in 0152, a(V) is in a(V), then

THEOREM 3.3. Suppose T is a transformation from into p,,
and g is a number such that if each of q and x is in and V is in F,
then

Suppose a is in PB I A is in PAB and exists. Then
T"

i. e. , I if 0  c, then there is T $: {~7} such that if 0152« ~ and a is a
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function from E such that a(I) is in cx(l) for all I in 0152, then

PROOF. Let p denote the element of p£ given by

By Theorem 2.A.1,

exists, so that, by Lemma 3.A.1,

Now, suppose 0  c. There is such that if 0152 ~ S) and
for each V in 0152, a(V) is in oc(F)y then

so that
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Therefore

Now suppose in PB and for each x in P-IB Z(x) is the element
of given by

We now use Theorems 3.2 and 3.3 to show a homogeneity assertion
about Z that we shall use in proving Theorem 5.1.

THEOREM 3.4. If a is in is in P-4B, and exists, then
for each V in F, u

exists and is 

PROOF. By Theorem 3.2, for each q and i in PAB and V in F, and
I for all x in range union,

v

so that by Theorem 3.3,

which clearly implies that if V is in F, then

exists and is
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but by Lemma 3.1, for each I in F and x in R.

so that

so that

exists and is

We state two immediate corollaries of Theorem 3.4.

COROLLARY 3.5. If 21 is in P-4B and V is in F, then

PROOF. Let B be the function on F given by

For each I in F,

so that if V is in F, then exists and is By Theo-
v v

rem 3.4, if V is in F, then exists and which

is but v

so that
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COROLLARY 3.6. If each of ?7 and x is in and for all V in F,

then for all V in F,

PROOF. Let Clearly, if I is in F, then

and if TT is in F, then

Now, if V is in F, then, by Theorem 3.4 and Corollary 3.5,

4. A C-set discussion of integrability.

In this section we prove the assertion, made in the introduction,
that if fl is in .tJB, then Jp is a C-set.

THEOREM 4.1. If fl is in PB, then 3p is a C-set.

PROOF. As in previous duscussions, for each 77 in we shall

let Z(q) be the element of p_4.B given by

Clearly
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N’oW, if 21 is in 3p, x is in PAB and

for all V in F, then by Corollary 3.6,

so that x is in 30 ; thus 1) of the definition of a C-set is satisfied for Jp.
If each of C and x is in V~ f1 then, by Corollary 3.6 and Lemma 3.1,

so that f max{C, u} is in 3p.
Now suppose ’YJ is and Â is the function from F into R given by

Clearly A is nonnegative-valued. We next show that A is in pl. Sup-
pose Vi and are mutually exclusive sets of F and 0  c. There

are xl , x2. and ~3 in .p~ r1 Jp such that each of r~ - xl , ~ - X2. and q - X3
is in p Q and

and

Let

From the preceding paragraph v is in Jd v is in ~A, so that if V
is in F, then

Furthermore,
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and

so that

Therefore

Therefore Â is in .p ~ .
Again, suppose 0  c. There is K &#x3E; 0 such that for all x

in the range union of fl. There is x in 30 r1 such is in p+
and

Clearly, now, is in pl. By Theorem 3.2,

so that

Therefore

so that A is ~A . Therefore 2) of the definition is satisfied for Jp.
Therefore Jp is a C-set.
In subsequent discussions in this paper, for each fl in we shall

let ao and Ao denote, respectively, y am and 2m, where .M = 30.
We now prove a theorem that we shall use in proving Theorem 6.1.

We begin by stating a lemma (see [5]) that is a generalization of an
assertion made in the proof of Theorem 4.1.

LEMMA 4.2. If is a C-set and each of 77 and x is in then

so is X}.
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THEOREM 4.2. If G is a collection of C-sets, then n X is a C-set
a

and if x is in and V is in F, then letting if = n X,
6?

where

PROOF. Clearly 0 belongs to every C-est, so that the elements of G
have an element in common.

Now suppose 21 is in is in .BJAB and

for all V in F. Since, for each X in is in X, it immediately fol-
lows that x is in X, so that x is in .M. Therefore 1) of the definition
of a C-set is satisfied for M.

Now suppose ,u is in .p and Â is the function from F into R given by

in ~2013 ~ in 

Suppose X is in G. If V is in F, then, since M C X,

I V)  SUP 11 V) : I in X r1 ~A ~ ~ - ~ in ~A~ = ax(~) ( Y) ~

Therefore, if Â is in then I is in X n So suppose V1 and V2
are mutually exclusive sets of F and 0  c. There are x1, "’2 and x3
in such that for i = 1, 2, or 3, is in 

and

If Y is in G, then x1, x2 and x. are in so that by Lemma 4.2,
x4, which shall denote
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is in Y m Therefore X4 is in if Furthermore, ~M 2013 U4 is

clearly in .p, so that if V is in F then

Moreover,, y for i = 1, 2, 2 or 3, X4 - Ui is in Therefore,

and

so that

Therefore A is in so that, from previous remarks, I is in 
Therefore A is in M r1 ~~, so that 2) of the definition of a C-set is

satisfied for M.
Therefore M is a C-set.

Now, suppose x is in pl. Clearly, for all .X in G, ax(x) - am(m)
is in p+, so that if X1, ..., Xn are in G, then

is in pl. Therefore, if V is in F, then

We show that b(x), which is clearly nonnegative-valued, is in .tJ~. Sup-
pose VI and Vz are mutually exclusive sets of F and 0  c. There

are finite subcollections,
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of G such that, letting P denote b(x),

and

so that if Wi, ... , We is the union of the above collections of X’s,
Y’s and Z’s and V* is Vi, Va or Vi U Va, then

so that, letting a denote a~t(x)~, we have that

Therefore ~B is in p’. From this and the definition of ~8, it follows that
is in pl, and that fl is in X for all X in (~, so that fl is in ~~.

Therefore is in ~A, so that from the initial remarks of this
paragraph it follows that

5. A dominated convergence theorem.

In this section we prove Theorem ~.1, as stated in the introduction.

PROOF OF THEOREM 5.1. As in section 3, following the proof of
Theorem 3.3, for each 21 in PIB let be the element of given by
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Now suppose, on the contrary, that there is c &#x3E; 0 such that if

d &#x3E; 0, then there is 21 in PAB such that x - I is in and

so that by Corollary 3.5, if ( = fl17l, then

and, with reference to Theorem 1.A.2,

Let It follows that there is a sequence of elements
of p Q such that if n is a positive integer, then u - Cn is in y

and

For each positive integer n, let

so that, by Corollary 3.6 and Lemma 3.1,
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For each positive integer m, x - vm is in For each positive
integer n and positive integer w, let

clearly each of and is in ~A .
For each positive integer n, let be the function from F into R

defined by

It is easy to show that if n is a positive integer, then pn is in pl, y and
we leave the proof to the reader. Furthermore, each of x - fln and
¡.tn - a(x) is clearly in ,p~ for every positive integer n.

Now, for each positive integer n and positive integer w, again by
Corollary 3.6 and Lemma 3.1,

and

Therefore, if n is a positive integer and 0  s, then there is a positive
integer w such that

so that

so that

If n is a positive integer, then a(x)} is in 30, so that by
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Theorem I.A.2,

Let It be the function from F into R defined by

n a positive integer} .

Note that if n is a positive integer, then is in .p~; this and a
few other elementary considerations imply that ¡.t is in and we

leave the details to the reader. Also, each and /~ 2013 a(x) is
in and, most importantly, from the inequality of the last para-
graph,

so that, since x -,u is in V ~, it follows that It is not in 30 , so that

but, if n is a positive integer, then, since is in ~A, it follows
from Corollary 3.6 that

this implies that

a contradiction.
Therefore the theorem is true.

6. The inclusion and continuity theorem.

In this section we prove Theorem 6.1, as stated in the introduction.

PROOF OF THEOREM 6.1. There is .g in R such that lxl  K for all x
in the range union of fl. For i = 1, ... , n’ let and Âi = 2,,,,
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n

Let 3* =n 3~, . Clearly 3*c 3,0. By Theorem 4.2, 3* is a C-set. Let
i=l

*==. Suppose 0  c’ and /z is in p’ - Let c==/(2jE"+l). It

clearly follows from Theorem 5.1 that there is d &#x3E; 0 such that if i =
= 1, ..., n, x is in V AB is in V~ and

then

Suppose x is in is in p} and for



23

By Theorem 4.2, for each I in F,

so that

Since 3* -C Jp, it follows that

so that, by Theorem 3.2,

and the theorem follows.
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