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On a Lifting Problem for Principal Dedekind Domains.

PAOLO VALABREGA (*)

We prove that a principal Dedekind domain D of characteristic
~n &#x3E; 0 containing a coefhcient field and satisfying a slight condition on
the fraction field is liftable to characteristic 0, i.e. there exists a two-
dimensional regular domain .R of characteristic 0 such that = D.

SUNTO - Dimostriamo che un dominio di Dedekind principale D con caratte-
ristica p &#x3E; 0, munito di corpo dei coefficienti e soddisfacente a una ulte-
riore condizione sul corpo delle frazioni 6 sollevab le a caratteristica 0,
cio6 esiste un dominio regolare I~ di dimensione 2 e caratteristica 0 tale
che = D.

Introduction.

In our paper [9] ~ve proved a lifting result for discrete valuation
rings of characteristic p &#x3E; 0 containing a coefficient field.

In the present paper we delocalize the preceding result, giving a
lifting theorem for principal Dedekind domains containing a « coef-
ficient field », i.e. a field IT isomorphic with every residue ring modulo
a non zero prime ideal. Precisely we show that such a domain in charac-
teristic p &#x3E; 0 is isomorphic with (ivhere R is a two-dimensional
regular domain of characteristic 0), provided that a slight assump-
tion on the fraction field of our Dedekind domain is fulfilled.

(*) Author’s address: Istituto matematico dell’Universith, via Carlo Al-
berto 10, Torino.

The present paper was written while the author was supported by the
CNR as a member of the GNSAGA.
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We remark that, when D is an algebra of finite type ov er a ground
field l~, i.e. D is the afhne ring of a smooth curve, then lifting results
are well known (see for instance [7], Proposition lS.I.I ). But in the
results given here we don’t need any finiteness conditions of D over
the ground field and they are valid both when D is finite and when
D is not finite over K.

The paper contains also a few general results on Dedekind domains
and regular domains in dimension 2, as well as examples of liftable
rings both finitely and not finitely generated as algebras over the
coefficient field.

I. All the rings are supposed to be commutative, with 1, but not
necessary noetherian.

DEFIKITION 1. Let K be a field of positive characteristic p. A 
main is a domain D satisfying the following conditions :

(i) D is Dedekind;

(ii) K is contained in D;

(iii) for every maximal of D, the canonical 
is an isomorphism;

(iv) unique factorization holds in D, i.e. every maximal ideal is

principal.

EXAMPLB 1. Let I~ be an algebraically closed field of character-
istic p &#x3E; 0 and let D be the affine ring of a regular curve over K:
D = KrX1, ... , X n] / s, where J is a prime ideal. For every prime $
of D, is finite over K, hence the map K -+ is an isomo-

phism.
To satisfy property (iv) we can consider the affine line or

the parabola K[X, Y] j( Y - f (X )) or the hyperbola K[X, Y] j(X Y - 1)
or the circle K[X, YJ/(X2 + Y2 - 1 ) .

DEFINITION 2. Let K be a field of positive characteristic p. A lift-
ing of K to characteristic 0 is a discrete complete valuation ring C with
maximal ideal generated by the prime number p such that C/p C is iso-
morphic with K.

REMARK. Given an arbitrary field of positive characteristic p,
a lifting C always exists, as a consequence of [4], chap. 0, proposi-
tion 10.3.1.
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DEFINITION 3. Let C be a complete d iscrete valuation ring of 
te1’istic 0 and maximal ideal generated by the prime number p. A C-do-
main S is a domain satis f ying the following conditions :

(i) S is regut ar;

(ii) C is contained in S;

(iii) pS is a prime ideccl contained in the radical of S;

(iv) is a 

DEFIXITIO:X 4. Let K be a field of characteristic p &#x3E; 0, C a lifting
of K, D (J¡ A C-lifting of D is (t such that 

and D are isomorphic as 

TD’henever R is a C-domain or a completion of R will
always mean completion with respect to the topology of all maximal ideals,
unless explicitly stated otherwise.

Now we give a few lemmas on K-domains and C-domains.

LEMMA 1. Let D be a and the set of all maximal
ideals of D. Then there is an isomorphism of topological rings :

where X i is a generator o f ~ i in D.

PROOF. The first equality follows from [2], chap. III, ~ 2, n. 13,
proposition 17, since are comaximal in D. Furthermore

every D$, is a discrete valuation ring with parameter X’i ([10], vol. I,
chap. V, § 7, theorem 15) and coefficient field .K. Therefore D$, has
completion isomorphic with as a corollary of Cohen’s structure
theorem ([8], chap. V, theorem 31.12).

REMARK. The canonical map: the diagonal,
i

i.e. a &#x3E; (ac, ..., c~, ...~ ([2], chap. III, 9 2, n. 13, proposition 17).
Observe that every X is an element of for every j. More-

over, if i ~ j, X and are coprime, so that Xi is invertible in 7

hence also in Therefore Xi generates in D an ideal whose
general element has the following form: x j is arbitrary for j # 1,

In particular we see that is a prime ideal.
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LEMMA 2. Let A be a noetherian domain and M = (mi)iE.. the set of
all maximal ideals of A. Then A = A n L, where A is the completion
of A with respect to the topology of all maximal ideals and L is the f rac-
tion field of A.

PROOF. Following [2], chap. III, ~ 2, n. 13, proposition 17, we
identify as usual A with the direct product n 

i 
_

We recall also that the canonical map A ~ A is the diagona~l:
W ~ (x, x, · · . , x, ...). i

Now let y = (yi)i,,:, belong to fi m L, so that yi = alb, where a and b
belong to A, for each i. Therefore yi belongs to = Amn
for every i. This implies that is a constant sequence whose

unique term belongs to n Ami = A, since the localizations are taken
i

running all over the set of maximal ideals of A.

PROPOSITIO:N 3. Let D be a and L a subfield of the f rae-
tion field od D, satis f ying the following eonditiorcs :

(i) K is contained in L;

(ii) for every maximal i of D, L contains a parameter Xi i
of D~~, such that Xi E D.

Then B = D is a K-domain with completion D.

PROOF. First of all, every ideal XiB is maximal in B, since we
have:

Let nom. fl3 be a prime ideal in B. We want to show that $ is either
or XiB, for some i.

So let x belong to $; x cannot be invertible in D, because it is

invertible in L but not in B. Hence x belongs to some maximal ideal
in D, say X;D; this implies that Therefore the

whole ideal $ is contained in the set 
i

Let’s now assume that X ~ ~ ~~s, for every j. Choose x in ~ arbi-

trarily.
Then x = for a suitable index 21 and a suitable element x,

in B.

But so that: for suitable i2 and x2 . Finally
we see that for every n, where il, ... , in, ... is a

sequence of indexes and x,, is a suitable element in B.
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Therefore x belongs to the Xin)D, which is the 0 idea
n

since every non zero element in a noetherian ring belongs only to

finitely many primes of heigt 1.
Therefore, if we assume that no Xi belongs to ~, our prime ideal

must be (0).
l[f 11- =/-- (0 ), then there is an i such that so that 
Therefore B is a principal Dedekind domain and for every prime

P _ XiB we have: K = B/B. Hence B is a K-domain.
As to completion of B, it is enough to observe that P is isomor-

phic, as a topological ring, with hence with D.
i

PROPOSITION 4. Let S be a the following properties
are 

(i) 1-tnique f aetorizaction holds in S;

(ii) for every maximal ideal m of S, there is an element Y E S
that m is generated by p and Y;

(iii) there is a canonical isomorphism of topological rings:

where ((p, Yi) S)iEI is the set of all maximal ideals of S.

PROOF. K-domain and let 
the set of all maximal ideals of ~. Then choose an element in ~S, say Yi,
such that Yi = Xi modulo pS. Then (p, is maximal, thanks to
the following equality:

Let now * be a prime ideal of S and assume that p E fl@ . Then P
n2odulo pS is an ideal of the form XiD, for some i, unless it is (0).
In this last case we have simply: P = pS. Otherwise, $ is generated
by p and Yi , since $ contains every inverse image of elements in X i D

Let’s now consider a prime ideal $ such that p ~ ~ . Then $
modulo p~’ is generated by a suitable element ~, where a belongs to ~.

Therefore we obtain the following inclusions:
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Let x be in Q3 ; then x=ab1+pcl, so that el is in ’~ since x - ab~
is and p is not. Hence we have:

for d2 and C2 suitable in S.

for every n .

So the following inclusions are true:

the equality depending on the fact that is a Zariski ring with respect
to p-topology.

In conclusion: if p E B then either B = pS (p, Yi) S and is

maximal; then P is principal.
Therefore statement (ii) is proved and (i) follows from the fact

that unique factorization holds if and only if every prime of height 1
is principal (l8], chap. I, theorem 13.1) .

As to (iii), the first equality depends on [2], chap. 111, § 2, n. 13, y
proposition 17. For the second part of (iii), let’s consider the local

ring it is regular, has unequal characteristic and is unramifiedy
since p belongs to a regular system of parameters ([8], chap. IV, n. 28).
Hence its completion is isomorphic with ([S], chap. v, Theo-
rem 31.12 ) .

PROPOSITION 5. Let S be a and L a subfield of the totale

quotient ring of S, satis f ying the following conditions:

(i) contained in L;

(ii) there is a D such that: i

jR == S n L.

with completion 8.

PROOF. First of all, p belongs to Rad(R); in fact, let 

be in R (assuming as usual that i0 =T-l and consider the ele-
i

ment which is invertible both in ~S and in L,
since every component is invertible. This says that 1 2013 px is invertible

in .Ry i.e. p c-Rad(R).
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Let’s now consider a prime ideal $ of 1-~ such that If

~ = ( p, for some i (where Yi generates with p a maximal

ideal of ~’), then $ is maximal in R.

In fact; let x be an element of (p, so that we can

write:

All the constant terms are elements of p C; so, in particular,
we have: ai,o = pci,o .

This implies: x - pci,o = since Yi is invertible in the j-th
component of ~, whenever j # i.

Theref ore x belongs to (p, Yi) B.
Furthermore we have:

Now we want to show that every maximal ideal is an ideal (p, 
for a suitable i.

Let B be a maximal ideal of R and x an element of Put:

x = (xi)i,,; then at least an x; must be not invertible, i.e. x; belongs to
(p, Sox belongs to (p, Hence we have just proved
that $ is contained in the set E = U(p, Y,) i0. If some Yi belongs

i

to B, we are done, because, in this case, (p, Hence we

suppose that no YZ i belongs to ~ .
For every x in ~, we have : x = -~- Y i1 bl, where jl is a suitable

index.

Since p E fl3 , also b, and x can be written in the following way:
x = pan + Yil Y;~ ... ¥inbn, for every n, where an and bn are suitable
elements and possibly the indexes j1, j~, ..., jn are repeated.

Let’s now put: modulo Then the generate max-
imal ideals in SIPS and, since it is easy to
see that the .X~i’s generate also maximal ideals in D. So we see that x
modulo p@ belongs to all the ideals whose intersec-
tion is (0).

Therefore x = pa, for a suitable element a in ~. This says that

~ = p.R, contradicting maximality of ~ .
So we proved that there must be an index j such that ç¡5 = (p, 
If $ contains p but is not maximal, then we have just shown that

=PR.
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Let now ~ be a prime ideal such that p ~ ~’s . We want to show
that it is principal. If we can prove that $ modulo is principal,
we are done, because we can choose an a in $ which generates B modulo p
and see that Moreover we observe that

Therefore it is enough to show that is a K-donxain.
Let Z be a prime ideal in and let q3 be its inverse image in..R.

So p belongs to ~ and ~ is either or (p, for some ~. This

says that 0 is either (0) or principal generated by Xi (where Xi = Yi
modulo p). Hence is noetherian with every prime ideal gene-
rated by one element, i.e. RjpR is a K-domain.

Now we give a criterion to identify and construct subfields L of the
total quotient ring of A, where A is either a K-domain or a C-domain.
In particular we deal with the case .~ = fraction field of A[x], where
x is an element of A ; in other words we want to investigate which
~’s are good to avoid 0-div isors in A[x] .

Since there is no special simplification in dealing with K- or C-
domains our result concerns an integral domain A, in which unique
factorization holds.

First we need the following

LEMMA 6. Let A be a unique factorization domain with fraction
field K, B an overdomain of A an element of B algebraic over A.

Then the ideal of polynomials in A[T] which vanish at x is principal
and generated by a polynomial such that:

(i) the coefficients of f (T) have no common factor in A (i.e. f (T)
is primitive in A[T]);

(ii) f (T ) has degree as small as possible among polynomials which
vanish at x.

PROOF. The element x is algebraic over K and has a minimal poly-
nomial g(T). Now g(T) can be written as f(T) ja, Where a E A and 
is primitive. So both g(T) and f (T ) are irreducible over .K’, which implies
that f {T ) is also irreducible over A ([10], vol. I, chap. II, § 13 lemma 1) .
Moreover, if E A[T] vanishes at x, then = f (1’) z(T) in ~[~’]; this
implies that z(T) belongs to A[T], by [10], vol. I, chap. II, ~ 13 lemma 1.
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PROPOSITION ’1. Let A be a domain, M - the set of all mac-
imal ideals of A and A the completion of A with respect to the topology
of the maximal ideals, so that: .

Assume moreover that Ami is analytically irreducible, for every i,
i.e. (AmJA is a domain.

Given an eZement x = -1, a necessary and sufficient condi-
tion in order that be a domain with f raction field contained in the
total quotient ring of A, is that x satisfy either of the following conditions :

(i) every xi 2s transcendental over A;

(ii) all the xils are algebraic over A, with a common minimal poly-
nomiat f (T ) (in the sense of lemma 6).

PROOF. I) The condition is sufhcient. We recall that an element
y = in A is a 0-divisor if and only if there is an index j such
that y j = 0 and an index k such 0.

If condition (i) is satisfied, then an element g(x) E A[x] cannot be
a 0-divisor, since this means that g(xi) = 0, for some i; but g(xi) = 0
implies that = 0.

Let’s now assume that condition (ii) is satisfied and that an ele-
ment g(~) _ has some zero component, say g(xj) = 0.

So lemma 6 says that f (T) is a factor of hence vanishes
at every ~i, i.e. g(x) is 0.

II) The condition is necessary. Let’s assume that A[x] is a

domain with fraction field contained in the total quotient ring of -9.
Moreover, we suppose that there is an element xj which is algebraic

over A. Then xj has a minimal polynomial f (Z’) over A, by lemma 6.
Hence we have: f (x ) = = an element in -1 with a 0 at the j -th
place. But A[x] is a domain, so no 0-divisor is allowed; this implies
that f (x) has 0 components everywhere: f (x) _ (f(Xi))iEI = (oi)iE .

Therefore f(T) is a multiple of the minimal polynomial of xi,
for every i =1= j. But, conversely, we see that each xi, with is

algebraic over A and its minimal polynomial is a factor of jeT).
So f (.T ) = ~2 (Z’), for every and the xi’s have a common minimal
polynomial.

REMARK. The problem is the characterization of domains ~1. such
that Am is analytically irreducible, for every maximal ideal m. If
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A is a regular domain, ,in particular a Dedekind domain, the condi-
tion is satisfied, since Am is a regular local ring, whose completion is
even regular. A wider class of rings satistying the condition contains
any normal excellent domain, since an excellent normal local domain
is analytically normal [ 6 ], theorem 7.8 . 3 .1, (v)).

PROPOSITION 8. Let S be a C-domain and x = an element

satisfying the following 

(i) is contained in ac X-domain D whose completion
is (x = x modulo p ) ;

(ii) either a) every Xi = xi modulo p is transcendental over SIPS
or b) all the xi’s are algebraic over 8 with a common minimali

which is irreducible modulo p.

Then:

1) S[x] is a domain;

2) R = S n where fraction field of Sex] is a

C-domain;

3) RjpR is the smallest K-domain containing both and x,
with completion 

PROOF. 1 ) is a consequence of proposition 7, when we remark
that condition (ii), a) says that also the xils are transcendental over
~S, since an algebraic relation can be reduced modulo p .

2) Depends on proposition 5. In fact, is enough to show that
RjpR is contained in the K-domain D, since other conditions in propo-
sition 5 are trivial. Take f (x) /g(x) in 1~ and reduce modulo p, looking
at f (x) and g(x) as elements in ~5~. If 9(x) does not belong to the

image of our fraction, by condition (i), is contained in the fraction

field of D and also in so it is in D, b~T lemma 2.

If g(x) E pS, then also f {x) EPS, since the quotient is in ,S’.
This says that both f (x) and g(x) have image = 0 modulo p. If x

is transcendental over then these images are identically 0, so
the coefficients of f and g have the common factor p, which can be
cleared. When the xils and the xi’s are algebraic, x itself is algebraic,
with the same minimal polynomial, say h( Z’), which is irreducible
modulo p, hence in particular irreducible over S.
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By multiplication of both f and g by a common factor in S, we can
assume that f and g are divisible by h(T ), with a rest of degree less
than h(T). So the equalities = 0, g(~) = 0 modulo p are now

identical and the preceding argument is valid.

Finally, y when g(x) EprS we apply induction on r. 
°

So proposition 5 can be applied.
3) First we inquire the problem of finding the smallest K-donxain

satisfying our conditions. It is easy to see that it is simply B = r1

~1 [~]). In fact proposition 7 says that is a domain;
so the conclusion follows from lemma 2, provided that we prove that B
is really a K-domain. We need proposition 3, whose unique non trivial
condition to verify is that, for every maximal ideal Q3 of D, 1~( 
contains a parameter .X~i of D~~ , such that belongs to D.

It is enough to show that S/pS contains such Xi’s. So let’s assume
that SIPS has parameters (Zj)iEI and completion, written in the usual
way: The parameter X i in D generates a prime

ideal also in D = i.e. is a prime ideal contained
i

in the So = for a suitable in-
dex ~,o. Hence Xi and Zw differ by an invertible element of lh, say z.
But z belongs to D, since both X and Zw are in D. Hence Zw is a gene-
rator in ..D of the ideal which is the property we had to prove.

Therefore B = 7c( (S IpS) is the smallest K-domain we
are looking for.

But in the proof of 2) we checked that is a X-domain con-
tained in n So RjpR’ r~ and 3) is.

proved.

PROPOSITION 9. Let 8 be a and R its completion 
respect to the p-topology. Then R is also a C-domai1L

PROOF. Since S is p-complete, we can look for the completion 
for the p-topology inside the ring S, i.e. -R is simply the p-closure of S
in 9.

Now S is a Zariski ring for the p-topology, hence also .l~ is.

Moreover we have: RIPR - domain. Therefore is

connected, as Spec(R/pR) is ([3], § 10, corollary 10.7) . This says that R~
is a regular domain, since it is the completion of the regular domain 8
([3], §10, corollary 10.11).

Since C c R, p E Rad(R) and = K-domain, we con-

clude that R is a C-domain.
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2. In the present section we prove our main theorem, for which
we need the following

LEMMA 10. Let U be a C-d()main with maximal ideals (p, Yi)’s,
z any element in t and r1, ... , r~ a finite set of .positive integers.

The there is a e lement z’ in U such that:

where the Yzl’s are chosen arbitrarily the Yi’s.

PROOF. (as usual we identify U with the ring 
We want to show that we can find a (unique) element z’ in U such

that the following congruences are simultaneously satisfied:

suitable in 
First of all let us remark that Yi is invertible in C ~ Yi~ , whenever

j ~ i ; therefore it is enough to look for a z’ such that:

To solve our simultaneous congruences, we can also subsitute Zim
by a suitable polynomial of degree i. e. by an element:

which belongs to U.

Therefore we are done if the canonical map:

is onto whenever i runs through a finite set of indexes.
Finally it is enough to show that Y, and Yj are comaximal whenever

But they are comaximal modulo p U and p E Rad( U) . Hence,
they are really coinaximal and the result follows from [1], chap. II,
~ 1, n. 2, proposition 5.

Since Yi is invertible in C~Y~~ when we have also:
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We are now ready for our main theorem:

THEOREM 11. Let K o f positive characteristic p, C a lift-
ing o f K, V a and C-Zi f ting of V. Let now B be ac K-domain
satisfying the following conditions : t

(i) 

(ii) completion of B;

(iii) the field of B is separably generated over the fraction
field of V.

Then B acdmits a C-Zi f tzng R such that U c R.

PROOF. First of all we want to explain condition (ii). Let 

be the set of maximalideals of V, where Xi V, for every i.

Then f7 is isomorphic with the ring (lemma 1 ) . We
i

want to show that condition (ii) says that the ideals XiB’s are the
unique maximal ideals of B. Of course they are maximale, since X, 9 =
- is maximal in B and XiB = n B. Let now $ be
a maximal ideal of B, = bB. Then the principal ideal bf3
is obviously maximal in B, and it is contained in the set U XiB.

_ _ 
i

we see that bB = so that b and Xi differ by an
invertible element in B.

Now both b and X~~ belong to B, hence such an invertible element
belongs to (fraction field of B ) = B (lemma 2).

Therefore P is generated by Xj and the parameters of TT are enough
to generate the maximal ideals of B.

Once for all the Xi’s are the parameters for V and B; moreover
the maximal ideals of U are generted by p and by elements which

are equal to the X/s modulo p (see proposition 4). Hence, once for
all we’ll identify Û with (see proposition 4).

i

So we get the following diagram (where vertical arrows mean

reduction modulo p ) :
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We’ll look for our lifting inside ~7.
Put: k(B) = fraction field of B, ~( Y) = fraction field of ZT. It is

enough to prove the theorem when k(B) is either purely transcendental
or separable algebraic over 

STEP I). k(B) is purely transcendental over k(V) and T = (tW)WEW
is a transcendence basis such that k(B) = k(V)(T). Without loss of

generality, y we can assume that T c B. In fact every ti is a fraction
with both ai and b in B ; so that the ails and the b i’s together

form a system of generators for k(B) over k(V), belonging to B.
Then from this system we can choose a basis and we are done.
Let now T’ _ be a set of elements of such

that zw = tw modul pU, for every w. It is easy to see that the zw’s are
algebraically independent over U. Moreover the following fact is

true: if t. = (tW,i)iEI’ then every is transcendental over V becauge t,,
belongs to the integral domain B and 0 implies = (0
(see also proposition 7).

Therefore every elements Zw has all components transcendental
over U. Hence proposition 7 says that U(T’) is an integral domain
with fraction field L contained in the total quotient ring of Û (really
proposition 7 deals with the adjonction of one element but the step
to an arbitrary set T’ is easy, for instance by transfinite induction).

Let’s now introduce the new ring R = L r1 ~7. By proposition 8,
jR is a C-domain and Hence = fraction field of

is contained in 7~;(B) . On the other hand, let ... , tn)jg(t1, ... , tn)
be a fraction in k(B). Then we can lift the coefficienti of both f and g
to elements of tn to zi , ..., zn (elements of T’). So j(t1, ..., tn)
and g(tl, ...It.) can be lifted to elements in 1~, which says that

jet!, ..., tn)/g(t1, ..., tn) belongs to the fraction field of Therefore
we get: k(B) C IH nee k(RjpR) = k(B).

The last equality implies also: RjpR = B, by lemma 2.
So we are done in the present case.

STEP II). k(B) is separable algebraic over k(V). Consider the fol-

lowing family I’ _ of rings:

(i) every Rh is a C-domain;

(ii) for every h E H ;

(iii) U is a completion of .R,~, for every 

(iv) RhjpRh ç B, for every h E H.
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Let G - be a chain in .F. We want to show

that G admits a least upper bound in .F’, precisely the ring R’ = U G ---
- ... u RA u .Rk w .R f ....

Put: E, - fraction field of for every Then we have:

is a subfield of the total quotient

ring of U, we see that ~R’ is a C-domain with completion U, by propo-
sition 5. Hence conditions (i)-(iv) are satisfied.

Therefore is inductive and admits a maximal element R.
First of all, the C-domain must be complete for the p-topology.

In fact the p-completion of .R is a C-domain, by proposition 9, and
conditions (i)-(iv) are obviously satisfied. Hence maximality of R
says that .I~ _ (R, pB)^ .

Let’s now assume that RjpR ~ B. Then there is an element 1 in B
which doesn’t belong to Such an element is automatically
separable agebraic over .R jp.R; and multiplication by a suitable ele-
ment of makes it integral.

Let

be its minimal polynomial over 
Then choose arbitrary inverse images, say c1, ... c~ of the Eils in R

and put:

We want to show that the coefficient ci’s can be chosen in such a

way that gl(T) has a root t in Û whose image modulo p is exactly t.
Let x be an arbitrary inverse image of t in !7y so that we have:

gi(x) = pw, for a suitable w in U.
Let’s now consider the following element:

Since a = f ’ ~ t ) is different from 0 in the Dedekind domain B, we
have:

where y is a suitable invertible element in B.
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Choose y = some inverse image of y in ti, obtaining:

By lemma 10 there is an element z’ such that:

where u is a suitable element of U = R.
Let’s now substitute in the coefficienti by

obtaining: O

where v is a suitable element invertible in 1-~.
Therefore we can assume that the coefficient of is selected

in such a way that

for y suitable invertible element of 1~.

Of course the new coefficient is still an inverse image in R
of cr-1.

Now we look for a root t == ~ + ... + ... in R
of the equation:

where the bn’s are supposed to be unknown elements of Z~, to be selected
in a suitable way.

Of course p-completeness of .R allows us to conclude that t will be
a solution of an equation with coefficients in .R, since pbl + ... +

belongs to 
Substitution of t for T in the equation gives the following equality:
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Put: and choose element in R such that bl-
- w = Xr1 ... Xrsw’, where 

Then put: which belongs to f?, since is
divisible by ~...~.

Let’s assume that we have determined the elements ... , an, 
Then we select such that:

where c’ is a suitable element in jS.
Now we put:

which is an element of R.
m

Therefore is a root in R of the polynomial g(T) _

Since f ( T ) is irreducible, it is easy to see that also g(T) is irreducible
over 1-~. Moreover we have:

Hence g(T) contains as a factor the minimal polynomial h(T) of ti,
for every i. But g(T) is irreducible; so g(T) is the common minimal

polynomial of the Therefore proposition 7 says that R[t] is an

integral domain with fraction field contained in the total quotient
ring of ~.

Now put: L = fraction field of B[t], Then the C-do-
main B’ contradicts maximality of B.

Therefore we conclude that = B.

REMARK 1. The first example of a liftable K-domain is the affine
ring of a smooth factorial plane curve over an algebraically closed
field K.

In fact, consider the K-domain y]/(ï(X, Y)) (for condi-
tions of f to get unique factorization in TT, see example 1). Take then
f(X, Y) E C[X, Y] such that f = f modulo pC[X, Y].

We claim that the ring U = ~C[~, Y]j(f(X, Y))~1+c~~ is the required
lifting.
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In fact we have the following properties:

(i) p generates a prime ideal in C[X, Y)), since

(p) -~- (~) is prime in C[X, Y] as inverse image of the prime ideal in
K[X, Y] generated the irreducible polynomial f(X, Y);

(ii) p belongs to Rad( U) by construction;

(iii) every ideal of U containing properly p U is generated by p
and another element; in particular every maximal ideal, which con-
tains p by (ii), has two generators; hence the noetherian domain U
is regular at every maximal ideal, i.e. it is regular.

We conclude that U is a C-domain which lifts V.

REMARK 2. Starting with V as in remark 1, we want to apply
our main theorem; hence we need separably generated extensions L
of 7~ ( V~) .

We want to show that, if we consider any finite set (tl, ... , t,.) of

elements in Tl, such that V[ti , ... , tr] is a domain with fraction field
contained in the total quotient ring of V, then L is separable (hence
separably generated) over k(V).

In fact consider the i-th component of the t~’s : ..., tra’
They are elements of which is the completion for the Xi-adic

topology of the excellent ring ([6], 7.8.3., (ii) and (iii)).
Therefore KTXil is separable over V(Xi) and tli, ..., tsi generate a

separable, hence separably generated extension ([10], vol. I, chap. II,
~ 13, theorem 30).

Let (tii, ..., tsi) be a separating transcendence basis, whence ts+li,
..., tr i are separable algebraic over the field ... , 

Since V’ [tl , ... , is a integral domain, all the components tli, 
are algebraically independent over V. Moreover we can assume, with-
out loss of generality, that ... , tri are integral over ... , tsi) ~1
r1 9. Hence th i (h = s +1, ... , r) has separable minimal polynomialfhie o
But also thi, for every j, must have the same minimal polynomial
(proposition 7), so that the separable polynomial is the

minimal polynomial of th over ... , tS).
Therefore th is separable algebraic, for h = s + 1, ... , r, and k(V)

(t1, ... , t,) is separably generated.
REMARK 3. If V is a liftable K-domain and t is an element of

which gives rise to an integral domain B = then B is

not automatically a K-domain, since there are troubles for noetherian
property.
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In fact, also in the simple case when V = = affine line over
an algebraically closed field K, we cannot adjoint t E f7 arbitrarily.

As usual we identify 9 with the ring where a runs
i

over K (every maximal ideal of has the form (X - 
Now (ti)iEI f where t2 = ai)-K~X - ail.
Then the ring r1 Y cannot be noetherian, since all the ideals

(X - n 9) are principal primes, as it can be easily verified,
and t belongs to all of then, while in a noetherian domain a non zero
element belongs to a finite number of principal primes, since there

height is 1.
Therefore we want to look for conditions sufficient to obtain that

the ring be a li-donlain with completion Fy whenever
is a K-domain.

(i) First of all we have the following general result:

PROPOSITION 12. Let V be a semilocal K-domain and L a field such
that : k( V) C L C (total quotient ring of Tl ).

Then B = L r1 f7 2t5’ a semilocal with completion ~.

PROOF. Let the set of all maximal ideals of V,
so that we have the usual identification

Since all the X i’s generate prime ideals in B.
Morevover we have: K = VI(XI c so that

the X i’s really generate maximal ideals of B.
Furthermore, it is easy to see that every prime ideal $ of B

is contained in the set U X«B ; since I is finite, we obtain that

= XjB, for some j. i

Therefore B is noetherian, since every prime ideal is finitely gene-
rated. Moreover every maximal ideal ideal is principal; hence B is
a Dedekind domain and obviously a K-domain with completion F.

Proposition 12 says that, if V is the K-donxain of remark 1,
for instance, then every ring B separably generated over T~s is liftable,
whenever S is the complement in -¡;T of a finite set of maximal ideals:
in fact ITS is a semilocal Dedekind domain, hence every ideal in TT,~
is principal ([10]~ vol. I, chap. ~T, ~ 7, theorem 16), hence it is factorial.

(ii) Now we want to give examples of liftable rings with infinitely
many primes, different from the afnne ring of a smooth factorial curve.



216

First we need the following

PROPOSITION 13. Let V be a and L a field such that:

k(V) c L c (total quotient ring of T
Then B = L n TJ is a K-domain with completion Tl if the f ollowing

condition is f or every x E B, there are only primes P
belons to 1tnless x == 0.

PROOF. The proof runs exactly as in proposition 3. Every prime
ideal of B is contained in the set U XiB (where the Xi’s gene-

i

rate the maximal ideals of V). If x E B’, then x = for

every ~2, i.e. x = 0 ; unless some Xi belongs to P’, which means that
= XiB.

We are then ready for the first example :

Take V = K[X] = affine ring of the line over an

algebraically closed field I~. Then consider the following polynomial
in 

where c(X) is a polynomial in V without any square root in Tj = 
Put: K = 

9 so that the maximal ideals of V are the ideals
for every 

Reducing f(T) modulo we obtain:

The polynomial f 2(T), for every has two roots in ~, since K
is algebraically closed: let ki be either of these roots.

Observe that, if the characteristic is p &#x3E; 2 (as we will assume from
now on), all the are separable polynomials over V and K respec-
tively ; hence ki is always a simple root of 

For every i E I, K[X] can be considered as a subring of 
whose completion for the (X - ai)-adic topology is the ring K~X - ail.

Now is a henselian ring, being a complete local ring
([8], chap. V, theorem 30.3); so ki can be lifted to a simple root of

in .K~.X~ - say ti.
Now put: t = (ti)ZEI’ Z = fraction field of Y[t].
We want to show that B = L n 9 is a K-domain with comple-

tion V.
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By proposition 12 we have only to prove that every x E ~, x =F- 0,
doesn’t belong to infinitely many primes (X - aJ B.

Therefore it is enough to show that, if g(T) is a polynomia,l in V[T],
then g(t2) belongs to only for finitely many ai’s.

In fact every element of B has the form g(t)/h(t), where and

h(T) belong to Y(Z’). Now g(t)lh(t) belongs to (X - if and only if
g(t)lh(t) has the i-th component in (X - This means that the

i-tli component must be in (X - ai), i.e. g(t2)(X - ai).
Let’s divide by ~(T’) :

where has degree 0 or 1.
Then we have: g(t) = r(t), so that we can assume:

Finally we want to avoid infinitely many equalities of the following
kind:

Hence we would get:

for infinitely many a2’s.

Since a polynomial has only finitely many roots, we obtain:

which is absurd, since c(X) is not a square in 

EXAMPLE 3. Let K be any algebraically closed field of characte-
ristic 3, .X’ an indeterminate and put: 1T = K[X],, 9 where 8 is the

multiplicative system (1- X, {1- ~) 2.... ) .
Let’s then consider the following polynomial in V[T]:

First of all we remark that Q(X, T) has a root in ~K~X~, as a poly-
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nomial in -, precisely its unique root is the formal power
m

series where the c ri’ s are defined recursively as follows:

So h(X) is also the unique root of (1-X)Q(X, T) whose coeffi-
cients belong to K[X]. Since h(X) is not a polynomial in K[X],
(1- X)Q(.X, T) has no root in K(X), which says that it is irreducible
over K[X], since the degree is 3 and a decomposition gives always
a linear factor.

Therefore we deduce that (1- X ) Q (X, T) is irreducible over 
KIXJ being a UFD ([10], vol. I, chap. 11, § 13, lemma 1 ) . So Q(X, T)
is irreducible over K(X) and also over = V, Q(X, T) being pri-
mitive over V ( [ 10], loc. cit.).

Now, for every the equation Q (a i , T) = 0 has at

least a root .K being algebraically closed. Moreover, if 0,
Q(ai, T) is separable over ~‘ = residue field of hence ki i is lif-
table to a root ti of Q(X, T) in 

As to czi = 0, we have just proved the existence of the root h(X)
in 

Consider now the element where ti is the root of Q
in now constructed and is h(X) when 

We want to show that B = k(V[t]) r1 TJ is a K-domain using pro-
position 12.

So let’s assume that a polynomial f {X, T) of degree less or equal
to 2 satisfies the following equalities:

for infinitely many a,"’s.
Let’s put: f (ai, ki) = + q(ai) ki = 0 .

By combination of the two equations:
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we can find an equation of the first degree having k as a root:

with G and Z suitable polynomials.
Therefore, for infinitely many a2’s ki is a root of the equation:

As an easy consequence we deduce that Q(X, T) is divisible by the
polynomial T - G(X)jZ(X), so that Q(X, T) is reducible over the frac-
tion field of V, i.e. Q(X, T) is reducible over V ([10], loc. cit.), which
is an absurd.

REMARK 4. The C-lifting R of the K-domain B given in theorem 11
is a flat C-algebra. In fact C is a principal ideal domain and I-~ is an
integral domain, hence it has no torsion ([1], chap. I, ~ 2, n. 4, propo-
sition 3, (ii)).
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