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ON A TRACE PROBLEM

Nota (*) di JACQUES LOUIS LIONS (a Nancy) 

1. Introduction

In the plane { xi , let Q be the open &#x3E; 0 } ; let 1t1

and U2 be two functions given in S2 with the properties

Assuming that only (1.1) holds, one can define, as it is well
know n (Aronszajn [I], J. L. Lions [I], G. Prodi [1] ), the « traces »

0) of u;(x) on the boundary and 0) e i.e.

~ 

(*) Pervenuta in Redazione il 21 marzo 1961.
Indirizzo Institut Mathématique, 2 Rue de la Craffe,

Nancy (Francia).
1) Work done under contract AF 61(052)-414 with the LT.S. Air Force.
~1 L~(..~2), as uaually, denotes the space of square integrable functions in

~3 for the measure = the derivatives are taken in the sense
of distributions in n cf. SCHWARTZ [1], SOBOLEV [1].
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where 0) denotes the Fourier transform in xx of 0).
If we assume now that moreover (1.2) then 

satisfies a .stronger condition than (1.3), as we shall see in seetions
2 and 3 - where we shall define the best (i.e the smallest) spaces
spanned by 0) and 0) -. The problem of characte-
rizing the « traces spaces » spanned by U2(X1, 0) aiises
in connection "it1l the boundary value problems related to the
Navier-Stokes equations.

Let us now replace in the above problem L2(Q) by 
p ~ 2. Then, icithout assuming (1.2), the condition

which plays the role of (1.3) has been found by E. Gagliardo [1]
- Next, the Gagliardo’s result w as extended in Lions [3]. The
combination of this last paper and the above remarks leads

naturally to the following general problem.
Let E be a complex Banach space; if e E E, ~~ e II will denote

the norm of e in E. Let /B be an unbounded operator in E satisfying :

f A is the infinitesimal generator of a semi-group G(t) ,~~°~~ I strongly continuous in E for t &#x3E; 0, and bounded 3).

We shall denote by D( /~ ) the domain of A ; provided with the
norm

D( A ) becomes a Banach Space.
Let p and a be given with the following properties:

We denote by Tl-(p, a, D(A), E) (cf. Lions [3]) the space of

function u satisfying,

3) For the semi-group theory, the reader is referred to Hille-Phil-
lips [1].

measurable with 

0
Standard modification when p = oo .
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provided with the norm

W(p, d, D(A), E) becomes a Banach space. If E is a Hilbert

space and if p = 2, it is a, Hilbert space.
Now let ul be given in a, D( /‘ ), E), w-ith the

property:

We set the following problem:

Problem 1.1: To characterize the spaces spanned by U1(O)
and uz(0) when ’U1 and u, span the space W(p, a, E),
subject to condition (1.8).

We give in section 2 necessary conditions; we conjecture
these condition to be sufficient - and we prove in section 3

that this is true in the Hilbert case.

2. Necessary conditions.

2.1 Let us set

It follows from Lions [3] that f i and f 2 satisfy

5) 11,’ = (du/dt) is the derivative of u considered as a distribution in
the open set ] 0, oo [ with values in D( /~ ). (Cf. ScHwARTZ [2]).
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We are going to prove that f, satisfies a stronger condition.

2.2 Let us denote by 1, 2, the function which equals
u; (t ) for t &#x3E; 0 and 0 f or t  0. One has (taking the derivative

dldt in the distribution’s sense on the whole line):

where 6 = measure of mass 1 at the origin.

But by (1.8), (du2) = - A u1 hence

The solution of the Cauchy problem (2.2) is given by

(where we extend G(t) by 0 for t  0).
But since

where I = identity mapping from D( A ) into itself, y we have

and therefore (2.3 ) gives

From this equality it follows that
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Applying here an inequality due to Hardy (cf. Hardy-Lit-
tlewood-Polya [11, p. 245 (9.9.8)) we obtain:

Summing up:

Theorem 2.1.: Let u, and n2 be given in a, D(A), E)
subject to (1.8). Then U2(O) = II satisfies condition (2.6).

:~.3 Since

condition (2.6) implies that

I

i.e. condition (2.1) for j = 2. 
’

Reciprocaliy, if f, is given with (2.1 ), then

but in general, if A is not an isomorphism from D( A ) onto E,

does not belong to Lp(o, oo; E) - - so that (2.6) is in general a
stronger condition than (2.1), j = 2 -.

Example: We consider E = Zp(R), 1B = d/dx, =
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Then f 2 satisfies:

and

And in general (2.8) does not hold for a function satisfying
(2.7) and (2.9).

When p - 2, (2.8) is equivalent to

f 2 = Fourier transform of f 2 .
We can also notice that ~2 E D( /~ °° ) e) does not imply (2.6) in

general.

2.4 Remark.

The proof of Theorem 2.1 give also the inequality

where c is a suitable constant ’ ).

6) l~ f z E D( l~ ), ...
7) We made no attempt for calculating the best constant c.
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2.5 We conjecture that the result of Theorem 2.1 is the best
possible, i.e. given fi with (2.1) and f z with (2.6), f 1, D, there
exists u2 E W (p, a, D( /B ), D), with the properties :

We have been unable to prove this result in general; we
shall prove in section 3 that this is indeed correct when E is a
Hilbert space, p = 2 and A (or i A) self adjoint.

3..Hilbertian case. Necessary and sufficient conditions.

Let E be a separable Hilbert space and A be a self-adjoint
operator in E. By diagonalization of A, we can always assume tha,t

d~C = positive measure on R,
h(A) - d,u - measurable family of Hilbert spaces (cf. Dixmier [1]),
and that for f E D(A) (domain of A),

(3.1 )

If we take

(3.2)

then A is the infinitesimal generator of the (unitary) group
given by

We apply Theorem 2.1 in this situation, with p = 2.
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Condition (2.1) for 11 becomes

condition (2.6) becomes

We can now prove the

THEORE11 3.1. : Let fl and f 2 be given in E, satis f ying conditions

(3.4) and (3.5). Then there exist U1 and U2 such that

8) ~ IA(1) denotes the norm in one has
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Let and N be two funetions given on t &#x3E; 0, real

valued, twice continuously differentiable, with compact support,
and satisfying

We introduce t) by

The second condition (3.8) is fulfilled.
Let us check that (3.6) holds, for j = 2. We can check sepa-

rately that

The first condition is equivalent to 
’

and this is (3.5); the second condition is equivalent to

and this f ollows from (3.4 ~.

Next for ~u~ (~., t) :
~t
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One has to check that

and that

where P(.3) = or S3T/ (.~).
The first condition is equivalent to

and this follows from (3.~); the second condition is equivalent to

and this follows from (3.4).
Therefore, it is proved that (3.6) holds, j - 2.
We choose now ui in such a way that (3.7) is true, i.e. iÂu1 +

(~u~)/(~t) = 0; by comparison with (3.11), it follows that

We notice that 0) = so that it remains only to
check (3.6) for j = 1.

The verifications, which follow the same lines than above,
are left to the reader.
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