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A HYBRID GENETIC ALGORITHM FOR THE VEHICLE
ROUTING PROBLEM WITH THREE-DIMENSIONAL
LOADING CONSTRAINTS

Lixin Miao1 , Qingfang Ruan1 , Kevin Woghiren2
and Qi Ruo1
Abstract. This paper addresses a Three-Dimensional Loading Capacitated Vehicle Routing Problem (3L-CVRP) which combines a threedimensional loading problem and vehicle routing problem in distribution logistics. The problem requires the combinatorial optimization of
a feasible loading solution and a successive routing of vehicles to satisfy client demands, where all vehicles must start and terminate at
a central depot. In spite of its clear practical signiﬁcance in the real
world of distribution management, 3L-CVRP in literature is very limited for its high combinatorial complexity. We solve this problem by a
hybrid approach which combines Genetic Algorithm and Tabu Search
(GATS). Genetic algorithm is developed for vehicle routing and tabu
search for three-dimensional loading, while these two algorithms are integrated for the combinatorial problem. We computationally evaluate
this hybrid genetic algorithm on all publicly available test instances,
and obtain new best solutions for several instances.
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1. Introduction
The Three-Dimensional Loading Capacitated Vehicle Routing Problem (3LCVRP) is a very complex problem which combines two NP-hard problems called
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three-dimensional loading and vehicle routing. 3L-CVRP is initially introduced in
a seminal paper [16] and it requires the determination of a set of goods whose
total weight and volume cannot exceed vehicle weight capacity and loading space
respectively, a feasible placement of goods in the loading space and several routes
transported by a vehicle ﬂeet for shipping goods to a number of clients for the
minimization of the number of vehicles and total transportation cost.
This combinatorial problem is of signiﬁcant value from both practical and theoretical viewpoints. From the practical application, 3L-CVRP is especially relevant
for the cases that suppliers have to deal with large goods and the operations of
loading have to be considered seriously. i.e., when one is distributing soft drinks,
kitchen components, auto parts, and household appliances, the loading problem
must be taken into account. It has become increasingly popular in recent years
in the ﬁeld of distribution management. Concerning theoretical importance, 3LCVRP is a very challenging problem for it includes two well known NP-hard optimal problems: three-dimensional Loading Problem (3LP) and Capacitated Vehicle
Routing Problem (CVRP).
The 3LP is particularly related to various container loading problems. It is
constrained by the supporting surface, the fragility of goods, and the sequential
loading or unloading which are considered in the literatures [4, 11, 25, 30, 36]. The
3LP calls for the determination of a given set of three-dimensional rectangular
goods into the minimum number of three-dimensional containers (bins), while
ensuring goods are completely contained within containers. Although the 3LP is
solved by some eﬀective heuristics and meta-heuristics in the literature [7,8,12,27],
several instances in [27,28] with less than 50 goods are still unsolved to optimality
due to their special diﬃcult quality.
The CVRP is one of the most widely researched problems in combinatorial
optimization. It calls for determining the set of routes of minimal transportation
cost, where a set of consignments are shipped by a vehicle ﬂeet. For each vehicle,
the total weight volume of loaded goods cannot exceed vehicle weight capacity
while the speciﬁc loading is not considered. Its thorough review is in the classical
volume [34]. Diﬀerent eﬀective solution methods are introduced for CVRP: i.e.,
an exact algorithm combining branch-and-cut and branch-and-price is presented
in [15], some other meta-heuristics are proposed in [5, 6, 31, 35].
To the best of our knowledge, loading and routing problems have been studied
widely but independently. Only few papers concern the combined optimization of
vehicle routing and three dimensional loading problems. More precisely, these combinatorial problems are almost motivated for the practical cases. For example, a
seminal paper [16] is exploded especially by a diﬃcult loading problem with diﬀerent shaped goods of high risk and the cost of being damaged during transportation;
the paper [9] is studied for the delivery of timber chipboards, where Tabu Search
(TS) and an Ant Colony Optimization (ACO) are presented to solve the problem;
authors in [14] are capable of dealing with large-size instances, they introduce a
meta-heuristics for 3L-CVRP to provide high quality solutions with reasonable
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computational eﬀort. A systematic survey of this ﬁeld is presented recently in [21],
which can be useful both to practitioners and academic researchers.
The 3L-CVRP generalizes another loading and routing problem known as the
Two-dimensional Loading Capacitated Vehicle Routing Problem, denoted as 2LCVRP. In 2L-CVRP, each vehicle has a two-dimensional rectangular space, goods
with a two-dimensional rectangular space for being loaded to vehicles. The aim of
2L-CVRP is to optimize the distribution cost of the given goods which cannot be
stacked one over the other. The 2L-CVRP proposed initially in [19, 20] is solved
by exact and meta-heuristic algorithms. Subsequently it is improved by several
methods such as the branch-and-cut algorithm [22], tabu search heuristics [17],
GRASP × ELS approach [10], memetic algorithm [24], hybrid meta-heuristics [33],
and ACO [13], respectively.
In this paper we propose a hybrid approach based on the Genetic Algorithm and
Tabu Search (GATS) for 3L-CVRP. It is motivated by the excellent results produced from both the classical routing problem [2], where the competitive solution
time and quality is obtained by genetic algorithm (GA), which owns some eﬃcient
features to be depicted in the third section, and three-dimensional loading [16],
in which a feasible loading pattern can easily be obtained and the computational
time can be rapidly reduced by tabu search (TS) and two types of loading heuristics possessing some strengths. Our aim is to generate high quality solutions with
reasonable computational eﬀort, therefore developing a hybrid genetic algorithm
being able to solve large-size cases and being probably useful for real world delivery. We deal with this problem by carefully merging and tailoring techniques from
the literature to the problem.
The main contribution of this paper is twofold. Firstly, using the hybrid genetic
algorithm, we produce very good results on all publicly available test instances
improving the best previous approaches on average by 0.82%, and in some cases
even by more than 9%. Secondly, we show that these solutions can be found very
fast by GATS, the average of computational times being in less than 60 s. This
is in contrast to the current results in the literature where computation time is
slower.
The remainder of this paper is outlined as follows: a more speciﬁc description of
3L-CVRP, its loading constraints and problem model, and an example are given
in Section 2. A hybrid genetic algorithm is presented in Section 3. In Section 4
computational results are proposed and analyzed. Some conclusions are drawn in
the ﬁnal section.

2. Problem description
2.1. Problem statement
Let A = (B, C) be a complete graph, where B = {0, 1, . . . , n} is a set of n + 1
vertices corresponding to a depot (vertex 0) and n clients (vertices 1, . . . , n), and
C a complete set of edges connecting each vertex pair (i, j) (i, j = 0, 1, . . . , n).
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Each edge has an associated routing cost cij . Given a ﬂeet of v(p = 1, . . . , v)
identical vehicles, each of which has a weight capacity D and a three-dimensional
rectangular loading space S addressed by width W , height H, and length L. Denote
by S = W · H · L the available rectangular loading space. Supposed each vehicle
has an opening as large as the vehicle (W · H) on the rear for the loading and
unloading operations. Each customer i (i = 1, . . . , n) requires a set of mi threedimensional items Iik (i = 1, . . . , n, k = 1, . . . , mi )having width wik , height hik ,
mi
and length lik , whose total weight is di . Let si = i=1
wik hik lik denote the total
amount of loading space needed by customer i. The notation is based on [14].
The 3L-CVRP calls for the determination of a set of at most v routes entirely starting and ending at the depot, a feasible three-dimensional loading and
the minimization of the total cost, given that there exists a placement of goods in
the volume that satisﬁes 3L-CVRP constraints deriving from the nature of goods,
the stability of goods, and other practical transportation regulations, which are
presented as follows:
– Visiting rule: all items of each client only can be distributed once, hence split
deliveries are not allowed.
– Containing request: all goods are completely contained in vehicles, no parts of
goods outside of vehicles.
– Fragile requirement: goods are divided into two types: fragile and non-fragile. If
Iik is fragile, a fragility ﬂag fik is equal to 1, and 0 otherwise (i = 1, . . . , n, k =
1, . . . , mi ). Fragile and non-fragile goods can be stacked on top of each other
respectively, however non-fragile items cannot be placed on top of fragile ones.
– Loading constraint: the loading must be orthogonal. Goods usually have a ﬁxed
top with respect to the height in transportation. Goods can only be rotated by
90◦ on the horizontal plane.
– Sequential loading policy: last-in-ﬁrst-out policy introduced in [14,22] is a common request in the loading and delivering environments. It is denoted in the
following as a sequential loading constraint. When visiting a client, all his goods
must be unloaded without moving goods of clients visited later through a sequence of straight shifts parallel to the L-edge along the route. That is to say,
no goods required by the successive clients can be placed between Iik and the
rear of vehicle or on top of Iik .
– Up-down unloading limitation: if item i is on top of item j (the top of item
j is under the bottom of item i, but does not necessarily touches it), item j
cannot be unloaded before the unloading of item i, and the items which are on
top item i.
– Supporting area constraint: when item Iik is placed on top of other goods,
its base should be supported by a minimum supporting area. In other words,
the goods placed under Iik , must form a cumulative area Ā ≥ λwik lik , where
0 ≤ λ ≤ 1 is a given parameter which represents a minimum fraction of area of
Iik to be supported. Obviously, if an item is placed on the base of the vehicle
directly, the supporting area constraint will be always satisﬁed.
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Figure 1. A simple 3L-CVRP example.
The goal of 3L-CVRP is twofold. First, it minimizes the number of usage of vehicles
and the total transportation cost of routes. Secondly, it addresses a feasible loading
stack in the ﬁrst place. Hence, the 3L-CVRP model can be divided into two groups,
one for VRP and the other for 3LP. The objective function and constraints of VRP
model are mathematically formulated as shown in [1, 14, 23, 32, 33, 37].
2.2. Problem example
For the sake of good understanding of 3L-CVRP and its constraints, see, for
example, Figure 1, where nine clients demand for a total of 17 weighted goods, to
be delivered through vehicles based at a central depot. Fragile goods are depicted
in grey color. The total volume of goods loaded in the vehicle does not exceed the
vehicle weight D = 20. A possible solution formed by three routes is proposed.
In Figure 2, feasible three-dimensional loadings corresponding to the routes of
Figure 1 are shown: no split delivery happens; all goods are completely contained
in vehicles; no non-fragile item is placed on top of fragile goods; the loading is
orthogonal; each item base is supported, partially or completely, by the surface of
vehicles or other goods (see the loading of goods I11 and I32 of route 1, I72 and I91
of route 3 in Fig. 2); all items can be unloaded without moving items of the clients
visited later. For instance, recalling the loading of route 2, all goods of client 4
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Figure 2. Feasible three-dimensional loadings for the routes of Figure 1.
can be unloaded without shifting goods from client 5 or 6, after distributing the
goods of client 4, the goods of client 5 can be unloaded without moving any goods
of client 6.
In the version of 3L-CVRP, when removing some of the constraints described
above, some diﬀerent loading and routing problems representing diﬀerent practical
problems in transportation will be obtained. It is also of interest to estimate the
solution diﬀerence between one loading structure and another for understanding
the cost implications of diﬀerent constraints. We will analyze and estimate these
diﬀerent inﬂuences in Section 4.

3. A Hybrid genetic algorithm
To our best knowledge, both the capacity vehicle routing problem and the threedimensional problem are NP-hard problems, and the combinatorial problem 3LCVRP is clearly also the case. Therefore, we prefer to employ heuristic and metaheuristic methods instead of an exact algorithm to solve this combinatorial problem
within reasonable time. A number of initial feasible solutions for 3L-CVRP are
initially generated by Sweep Approach (SA) [18], which are optimized by a genetic
algorithm (GA). We then solve the loading sub-problem using TS method. In
Section 3.1 GA is set up to construct the solutions of VRP. In Section 3.2 TS
is proposed to ﬁnd a feasible solution of 3LP. In Section 3.3 a hybrid genetic
algorithm is presented to solve 3L-CVRP, its procedure is introduced in detailed.
3.1. GA for vehicle routing
At the start of the process of GA for VRP, we produce an initial population
of structured solutions using SA proposed by [3, 26, 29]. Four stages are executed
in SA. First, the consignments around the depot are numbered and sorted clockwise. Second, the vehicles are numbered and each of them is required to serve the
consecutive customers from a randomly-selected customer base until a constraint
violation occurs. Third, a given number of initial solutions are constructed to build
a population, each of which is calculated through the routing distances and related
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Table 1. The solution depiction of Figure 1.
Customer
Solution

1
1

2
1

3
1

4
2

5
2

6
2

7
3

8
3

9
3

Table 2. The application of 2-point crossover of the parents.
Customer
Parent 1
Parent 2

1
1
1

2
1
3

3
3
2

4
2
1

5
1
3

6
2
1

7
3
2

8
2
2

9
3
3

Table 3. The result of 2-point crossover for the oﬀspring.
Customer
Oﬀspring 1
Oﬀspring 2

1
1
1

2
1
3

3
3
2

4
2
1

5
3
1

6
1
2

7
2
3

8
2
2

9
3
3

to a ﬁtness value of GA. Fourth, for the sake of crossover of GA, the route of each
solution of VRP is described as a line which is marked with the decimal number
of vehicle. For example, the solution of Figure 1 is depicted as follows:
In Table 1, customers 1, 2, 3 are marked with vehicle 1, customers 4, 5, 6 with
vehicle 2, customers 7, 8, 9 with vehicle 3. The chromosome of solution is depicted
as line 1-1-1-2-2-2-3-3-3 according to the sequence number of customers.
The structured solutions of initial population will be optimized by a reproductive process and a replacement scheme of GA. In the reproductive process, two
parent solutions in the population are chosen by roulette method [2], which is employed to generate oﬀspring with a standard 2-point crossover procedure. These
2-points in the chromosome are selected randomly, see Table 2. Crossover points are
generated randomly between customers 4 and 5, and between customers 8 and 9.
Columns depicted as lines are inserted in the corresponding locations in Table 2
and are divided into two sectors. An application of 2-point crossover yields the following oﬀspring, each having the vehicle allocations from parent 1 with one sector
and from parent 2 within the other sector in Table 3.
Customers 1, 2, 5 are served by a same vehicle in Table 2, while customer 5 is
replaced by customer 6 in Table 3. The former route for customers 1, 2, 5 is broken,
and a new route must be set up for customers 1, 2, 6. In this paper, we make use
of TS (readers can refer [16] for a detailed description) to ﬁnd loadings of solution
of each oﬀspring. If oﬀspring duplicate existing members of the population, it will
be removed. If oﬀspring have worse ﬁtness than their parents, it will be deleted. If
oﬀspring violate volume and/or capacity constraints, it will be removed. If oﬀspring
have better gene values than their parents, they will be selected to stay in the
population. In each step of iterative process of this algorithm, a simple mutation
of chromosomes is applied in the population for the improvement of solutions.
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Figure 3. A process of GA for VRP.
In the replacement scheme, we give a size of population and keep it constant.
When an eligible oﬀspring enters the population of GA, the ﬁtness of the whole
members in the population will be calculated and ranked again. The member with
the worst ﬁtness will be replaced by an eligible oﬀspring. With this replacement
method feasible solutions will evolve and save computational time of algorithm.
The procedure will continue until the terminal criterion is satisﬁed. Figure 3 shows
a process of GA for VRP.
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3.2. TS for three-dimensional loading
In the TS algorithm, items I(k) to be loaded in the same vehicle k are sequenced
in reversed order of visit considering loading constraints. Non-fragile items precede fragile items to ensure the former’s top surface can be employed for carrying
subsequent items of any fragility status. For example, Figure 1, where the loading sequence is {I31 , I33 , I32 , I21 , I22 , I11 , I12 } for vehicle 1, I62 , I61 , I51 , I52 , I41 for
vehicle 2, and I92 , I91 , I81 , I71 , I72 for vehicle 3. Given such a sequence, front-leftbottom and touching-area heuristics are executed respectively to ﬁnd a feasible
loading solution that minimizes the used space or maximizes the number of items
to be loaded into vehicles. In this subsection, our aim is to use a loading space of
maximum width W , maximum height H, and minimum length LL.
Front-Left-Bottom heuristics for three-dimensional loading problem
(F LB3L ) [3] focuses on those positions where the bottom surface of item
to be loaded (resp. left, resp. front) touches either the bottom of the vehicle
container or the top of an already loaded item. F LB3L scans the normal positions
according to our aim and considers two feasible orientations on the W -L plane.
F LB3L chooses the ﬁrst feasible loading as soon as it satisﬁes all packing
constraints. Touching-Area heuristics for three-dimensional loading problem
(T A3L ) [26] concerns the positions in which an item to be loaded maximizes
the percentage of the item surface touching the vehicle container and other
items already packed. T A3L selects the position with the highest percentage.
Each procedure of these two heuristics is iterated until all items are placed
into vehicles or one of other stopping criteria is reached and the best loading
solution is obtained. The stopping criteria say that a preﬁxed maximum number
of generations is reached and the algorithmic convergence has been achieved.
If the minimum length LL is less than L for each vehicle, namely LL ≤ L,
a feasible loading is found and the algorithm terminates. If one vehicle cannot
contain its items, namely LL > L, TS chooses a better loading solution obtained
by the two loading heuristics and attempts to update this incumbent solution.
For the vehicles where items cannot be fully loaded, items are divided into two
types. Items u loaded entirely within the vehicle are deﬁned as type T1 , u ∈ T1 .
Items v having a portion outside the vehicle are as type T2 , v ∈ T2 . TS uses
two tabu lists for these two types of items, The value of the tabu list length
is experimentally determined as the minimum between 10 and half the number
of goods to be loaded. TS will substitute a diﬀerent pair (u, v) to execute all
possible shifts for investigating the neighborhood thoroughly only if it improves
the incumbent solution. The improvement is evaluated by a score M (u, v), where
M (u, v) = S(u, v) + (σ(u) + σ(v))L. S(u, v) is the solution value of VRP after u
and v are exchanged. σ(u) and σ(v) is respectively the rate of the number of times
items u and v having been selected for exchanging in the previous movement of the
number of exchanges executed. L is the length of vehicle container. We calculate
the score M (u, v) of each pair (u, v) and choose the best score for the improvement
of loading problem. TS does not permit the exchange (u, v) until it has executed
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Figure 4. A process of TS for 3LP.
a preﬁxed number of iterations. TS will terminate as soon as a feasible loading
is found or when the algorithm has ﬁnished a preﬁxed number of iterations. A
procedure of TS is shown in Figure 4.
3.3. A Hybrid approach for 3L-CVRP
In this subsection, we integrate GA and TS to be a hybrid approach for 3LCVRP. First we apply SA to generate some initial solutions for VRP. Subsequently
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we employ GA to optimize the solutions of VRP and rank the solutions of a given
number in the population. Third we make use of F LB3L and T A3L (FT) to address
3LP. If a feasible loading of the 3LP is found by the two loading heuristics, the
process of the hybrid algorithm will terminate. Otherwise, 3LP is optimized by TS.
In the TS algorithm, items are divided into two types and exchanged with each
other to improve the rate of space usage of vehicles. If a feasible loading solution
is generated by TS, the hybrid algorithm terminates. Otherwise, the procedure is
repeated for the successive top solution of VRP until a feasible solution is found.
A pseudocode of the hybrid approach for 3L-CVRP is described in Table 4, while
in the next two paragraphs some procedures of the hybrid approach are explained.
In Table 4, four diﬀerent types of algorithms are integrated for 3L-CVRP,
namely SA, GA, FT and TS. Two main processes are produced to solve vehicle routing sub-problem and three-dimensional loading sub-problem respectively.
These four algorithms will be integrated since no feasible solution of 3L-CVRP is
found in a whole procedure.
Some steps probably confusing readers during the process are explained as follows. The ﬁrst point is step 13, we list the whole solutions of VRP for the choice
of ﬁnding a feasible loading solution in sequence. The second one is step 19, the
number of iterations is given, if TS cannot ﬁnd a feasible loading solution on a top
solution of VRP, the algorithm will halt and test the successive top solution. At
last, the process will stop when either the number of generations reaches 1000 or
the number of continuous iteration of non-improvement reaches 100.

4. Computational results
The Hybrid Approach is coded in C# and compiled with windows XP compiler. The algorithm is tested by computational experiments on a Pentium IV
with 2.3 GHz and 1 GB of RAM, running under a windows operative system. It is
tested on the set of instances proposed in [16], which can be downloaded from
http://www.or.deis.unibo.it/research.html. These instances are the only
3L-CVRP instances available on the web. They provide an interesting test bed
since heuristic solutions are available for comparison. In the instances, the graphs,
the weight demanded by clients and the vehicle weight capacities are taken from
27 Euclidean CVRP instances (see [34] for a detailed description of CVRP test bed
instances). The arc costs are determined as the Euclidean distances between client
coordinates. The loading volume has dimensions W = 25, H = 30, and L = 60.
For each client the number of requested goods is randomly generated according to
a uniform distribution between 1 and 3. Each item dimension is randomly generated according to a uniform distribution in the interval between 20% and 60% of
the corresponding vehicle dimension. The minimum supporting area is set equal
to 0.75. For presenting the advantage of this hybrid approach, we compare its solutions with TS [16], GTS [33], ACO [14], and HBMO [32]. The parameters setting
for the GATS are given in Table 5, where the ones of TS are tested in [16,17,29,38],
and the ones of GA are examined in [2].
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Table 4. A pseudocode of the hybrid approach for 3L-CVRP.
SA-GA for CVRP, FT-TS for 3LP
01. Using SA to generate an initial population of structured solutions
02. Evaluate ﬁtness value for each individual in the population
03.
Select two parents in the population with roulette method
04.
Produce two oﬀspring by crossovering the parents
05.
Mutate oﬀspring
06.
Evaluate ﬁtness of oﬀspring
07.
Rank the member of the population
08.
Remove the worst solution from the population
09.
Keep the size of population constant
10.
If the stopping criteria of GA are satisﬁed
11.
Go to step 15
12.
Else
13.
Go to step 03
14.
Endif
15. List the top solutions of GA (LT S)
16. Do i=1:LT S
17.
Load the items with F LB3L and T A3L respectively.
18.
If a feasible loading solution is obtained
19.
Go to step 35
20.
Else
21.
Do ii = 1 : N I
%N I: the number of iterations
22.
Employ two tabu lists for two types of items
23.
Calculate the improvement of M (u, v) for each pair
24.
Choose the best improvement and exchange the items pair (i, j)
25.
If a feasible loading solution is obtained
26.
Go to step 35
27.
Else
28.
go to step 21
29.
Endif
30.
Enddo
31.
Endif
32. Enddo
33. If no feasible solution for 3L-CVRP is found
34.
Go to step 1 and repeat the procedure until the solution of 3L-CVRP is found
35. Return the best solution found for 3L-CVRP

Table 5. The parameters of GA and TS.

Parameter
α
β
λ
θ

GA
Description
Iterations
Popular size
Crossover
Mutation

Value
1000
100
0.75
0.05

Parameter
γ
μ
τ
π

TS
Description
Neighbor size
Tabu list tenure
Tentative value
Average edge cost

Value
Min{n/4, 20}
Min{n/10, 15}
1, c, 2c
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In Table 6, the ﬁrst four columns report the index
I of instances, the number
n
of clients n, the total number of goods M (M =
i=1 mi ), and the number
of vehicles employed. The next four columns report the solutions obtained by
TS [16], GTS [33], ACO [14], and HBMO [32], respectively. The hybrid algorithm
in this paper is run 10 times. For the GATS we report the average total travel
costs uavg , the computational time generating best solution of the instances secu ,
and the total running time for the solution sectot . Since the solutions found by
TS in [16] is the ﬁrst and standard results based on all publicly available test
instances, we mainly compare GATS with the other four algorithms and give
their gaps, evaluated as %gG-T = 100((uavg − x)/x, %gG-G = 100((uavg − y)/y,
%gG-A = 100((uavg − zavg )/zavg , and %gG-H = 100((uavg − c)/c. For each column
the row AVG presents the average values on the 27 instances. Each vehicle satisﬁes
the standard 3L-CVRP requirements of the loading constraints: fragile constraint,
sequential loading, a minimum supporting of 75% of each goods base and rotation
allowed only on the base.
In Table 6, in terms of solution quality the GATS meta-heuristics is clearly
superior to the TS. In all the cases, the average of the solutions found by GATS
is 8.14% better than the one found by the TS. Secondly, we ﬁnd that the performance of GATS is 3.99% better than the performance of GTS, for the whole
instances except for E023-03s, E031-09h, E036-11h, E041-14h, E076-14s, E10108e, and E101-14s. We thirdly note that the GATS results in a 0.95% solution
improvement compared with the ACO algorithm, 16 instances within the 27 can
produce better solutions. Fourthly, we ﬁnd that performance of GATS is 0.82%
better than the performance of HBMO, which produced the best current solutions
in literature. Finally, we focus on the computational times executed by GATS. We
yield a very largely averaged reduction of computational times of GATS compared
with the other four algorithms, reaching 97.40%, 97.78%, 96.93%, and 92.89%,
respectively.
In Table 7, we execute the GATS approach to evaluate the eﬀect of each loading constraint imposed by the problem on the total costs. In particular, we run
our algorithm with four diﬀerent loading constraint conﬁgurations, including the
fragility, LIFO, and supporting area constraints. For the sake of simple comparison, we only give the average value of solutions generated by the algorithms. The
ﬁrst column reports the diﬀerent loading constraints for the diﬀerent algorithms,
while the second to sixth columns report the solution under four diﬀerent loading
constraints. The seventh column reports the gaps between four diﬀerent loading
conditions of GATS, where %gGATS = 100(ui − uavg )/uavg , ui (i = 2, 3, 4, 5) is the
solution value of the i th row generated by GATS. The last column reports the gaps
between these ﬁve diﬀerent algorithms, where %dG-T = 100(uavg − x)/x, %dG-G =
100(uavg − y)/y, %dG-A = 100(uavg − zavg )/zavg , %dG-H = 100(uavg − c)/c. The
ﬁrst row shows the solutions of all constraints of TS, GTS, ACO, HBMO, GATS
and two types of gaps, the second row to the fourth one does not consider the
fragility, LIFO, and support area respectively. For the last ﬁguration all three
aforementioned constraints are ignored.

n

M

V

E016-03m 15 32 4
E016-05m 15 26 5
E021-04m 20 37 4
E021-06m 20 36 6
E022-04g 21 45 4
E022-06m 21 40 6
E023-03s 22 46 5
E023-05s 22 43 5
E026-08m 25 50 8
E030-03g 29 62 6
E030-04g 29 58 5
E031-09h 30 63 9
E033-03n 32 61 5
E033-04s 32 72 6
E033-05s 32 68 6
E036-11h 35 63 11
E041-14h 40 79 14
E045-04f 44 94 8
E051-05e 50 99 8
E072-04f 71 147 13
E076-07s 75 155 12
E076-08s 75 146 13
E076-10s 75 150 13
E076-14s 75 143 15
E101-08e 100 193 16
E101-10c 100 199 18
E101-14s 100 198 17
AVG

I

TS
x
316.3
350.6
447.7
448.5
464.2
504.5
831.7
871.8
666.1
911.2
819.4
651.6
2928.3
1559.6
1452.3
707.9
920.9
1400.5
871.3
732.1
1275.2
1277.9
1258.2
1307.1
1570.7
1848.0
1747.5
1042.3

GTS
y
321.5
335.0
431.0
458.0
465.8
508.0
796.6
880.9
642.2
884.7
873.4
624.2
2799.7
1504.4
1415.4
698.6
872.8
1296.6
818.7
641.6
1159.7
1245.4
1231.9
1202.0
1457.5
1711.9
1646.4
997.18

ACO HBMO
GATS
zavg
c
uavg
secu sectot
305.4
303.2
303.7
2.6
2.9
335.0
335.0
309.4
7.0
8.5
409.8
398.1
358.2 12.8
15.3
440.7
440.7
439.7 10.4
13.6
453.2
452.6
435.2 12.4
14.2
501.5
498.6
488.4
7.6
9.1
797.5
790.2
823.4 18.5
21.4
820.7
820.7
813.5 12.4
13.8
635.5
635.5
625.3 11.9
13.8
841.1
836.2
799.6 21.4
23.8
821.0
825.8
767.0 19.4
21.6
629.1
626.6
635.5 15.2
18.7
2739.8 2739.8 2736.7 28.8
29.1
1472.3 1469.4 1287.3 19.1
22.1
1405.5 1369.7 1289.4 22.4
24.2
698.9
703.2
706.7 19.8
23.6
870.3
872.1
874.0 22.7
25.0
1261.1 1250.9 1234.6 24.4
26.3
781.3
780.4
779.8 39.7
48.5
611.3
605.6
596.6 67.0
72.3
1124.6 1119.5 1138.7 54.2
57.1
1197.4 1167.3 1224.0 34.1
37.9
1171.8 1171.8 1211.1 40.7
47.3
1148.7 1136.3 1261.9 86.3
90.7
1436.2 1426.3 1501.0 689.6 708.2
1617.0 1585.5 1621.7 91.2 112.3
1573.5 1562.2 1588.3 55.8
58.3
966.66 960.10 957.43 53.6
57.8
%gG-T
−3.98
−11.75
−20.01
−1.96
−6.25
−3.17
−0.99
−6.69
−6.12
−12.24
−6.39
−2.47
−6.54
−17.46
−11.22
−0.16
−5.09
−11.85
−10.50
−18.51
−10.71
−4.22
−3.74
−3.46
−4.44
−12.24
−9.11
−8.14

GAP
%gG-G %gG-A
−5.52
−0.53
−7.63
−7.63
−16.89 −12.60
−4.01
−0.23
−6.56
−3.97
−3.84
−2.60
3.37
3.26
−7.66
−0.88
−2.63
−1.60
−9.62
−4.93
−12.19 −6.58
1.80
1.02
−2.25
−0.11
−14.43 −12.56
−8.91
−8.26
1.16
1.11
0.14
0.42
−4.78
−2.10
−4.74
−0.19
−7.01
−2.40
−1.82
1.26
−1.72
2.21
−1.69
3.36
4.99
9.86
2.99
4.51
−5.27
0.29
−3.53
0.94
−3.99
−0.95
%gG-H
0.17
−7.63
−10.02
−0.23
−3.83
−2.03
4.20
−0.88
−1.60
−4.37
−7.12
1.42
−0.11
−12.39
−5.87
0.50
0.23
−1.30
−0.07
−1.49
1.72
4.85
3.36
11.06
5.24
2.29
1.67
−0.82

Table 6. Comparisons of the GATS algorithm with TS, GTS, ACO, and HBMO on 3L-CVRP instances
from the literature. All loading constraints imposed.
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I

TS
x
secx
All constraints 1042.3 2058.9
No fragility
1014.5 2410.8
No LIFO
951.2 1709.8
No support
939.5 1882.5
3D only
876.3 1567.4

GTS
y
997.2
972.7
950.6
928.3
876.4

ACO
HBMO
GATS
zavg
secz
c
uavg
secu
966.7 1746.6 960.1 957.4 54.6
945.1 1337.0 935.9 938.8 50.2
916.3 676.6
912.5 911.3 51.4
919.7 1340.0 915.2 913.0 53.2
856.7 689.3
851.1 849.2 48.8

GAP
%gGATS
0
−1.95
−4.82
−4.64
−11.30

%dG-T
−8.14
−7.46
−4.19
−2.82
−3.09

GAP-value
%dG-G %dG-A
−3.99
−0.95
−3.49
−0.68
−4.13
−0.54
−1.64
−0.73
−3.10
−0.87

%dG-H
−0.28
0.30
−0.13
−0.24
−0.22

Table 7. Summarized comparison between these ﬁve diﬀerent algorithms on diﬀerent loading conﬁgurations.
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We ﬁrstly focus on the percentage diﬀerence %gGATS , the gaps between all constraints and the other four constraints in Table 7. If we remove the LIFO constraint
and supporting area constraint, the algorithm will lead to the larger reduction of
4.82% and 4.64%. While removing the fragility constraint can just ﬁnd a weak reduction of 1.95% in the solution value. When we remove all three constraints, the
hybrid approach will obtain an overall average solution value reduction of 11.30%
which is by far better improvement than three others. Secondly, we concern the differences %dG-T , %dG-G , %dG-A , and %dG-H between the average solutions found
by TS, GTS, ACO, HBMO and GATS under diﬀerent loading conﬁgurations. We
ﬁnd that when considering the whole constraints, the gaps among these three algorithms are the largest at 8.14%, 3.99%, 0.95%, and 0.28%. While relaxing some
constraints, the gap will be reduced. We note that the smallest gaps between GATS
and TS, GATS and GTS are 2.82% and 1.64% when the supporting area constraint
is ignored, the smallest gap between GATS and ACO is 0.54% when we relax the
LIFO constraint.
We ﬁnally test tabu search and two types of loading heuristics on the threedimensional loading instances independently, and compare the results with the
recent literature, such as [7, 8]. We ﬁnd tabu search integrating F LB3L and T A3L
in this paper cannot produce better solutions than the results generated by [7, 8]
due to the lack of application of the Interval Graph representation of the packing
and the size enlargement of the associated neighborhoods.

5. Conclusions and future researches
The problem in this paper combines three-dimensional loading problem and
capacitated vehicle routing problem which both are NP-hard problems. Although
the practical relevance is evident, we only can ﬁnd very few papers devoted to the
combination of loading and routing due to its sophisticated characteristics. There
is no exact algorithm presented for this combinatorial problem, so it is diﬃcult to
achieve the optimality for the reasonably sized problems. A very good performance
of GATS approach is presented with publicly available test instances comparing
to recent TS, GTS, ACO, and HBMO meta-heuristics. We are able to improve the
total routing cost on average by 0.82% comparing with the best current solutions.
Since 3L-CVRP can open new possibilities of solving real life problems in transportation logistics, it is valuable to study this ﬁeld continuously. In our opinion,
the future research beneﬁt is threefold. Firstly, the performance of the hybrid approach for 3L-CVRP can be further improved possibly when considering diﬀerent
objective functions reﬂecting practical requirements. Secondly, 3L-CVRP can be
extensively studied, where its formulation is extended to cover more operational
constraints such as heterogeneous ﬂeet of vehicles, pickup and delivery, time windows and the center of gravity of the load. Thirdly, it is also possible to integrate
the model and method with location issues.

HGA FOR 3L-CVRP

79

Acknowledgements. The authors very thank two anonymous referees for their valuable
comments and suggestions.

Appendix
(The routes of 27 instances: RI)
RI
RI
RI
RI

1:
2:
3:
4:

RI 5:
RI 6:
RI 7:
RI 8:
RI 9:
RI 10:
RI 11:
RI 12:
RI 13:
RI 14:
RI 15:
RI 16:
RI 17:

RI 18:

RI 19:

0-7-8-1-11-5-0|| 0-12-4-13-14-0|| 0-3-2-9-10-15-0||0-6-0||
0-12-4-15-10-0|| 0-2-3-1-0||0-8-7-0|| 0-11-9-5-0|| 0-14-6-0||
0-12-18-16-13-14-17-0|| 0-1-6-19-11-20-5-7-0|| 0-2-9-8-0|| 0-3-15-4-0||
0-8-7-5-0|| 0-14-13-4-9-0|| 0-10-19-11-6-0|| 0-12-18-16-17-0|| 0-15-3-0|| 0-21-0||
0-1-2-5-7-9-10-0|| 0-15-12-14-16-17-0|| 0-18-20-21-19-0|| 0-11-8-6-3-4-13-0||
0-9-7-5-6-8-0|| 0-12-15-18-14-0|| 0-3-4-11-0|| 0-17-20-21-0|| 0-13-16-0|| 0-12-10-0||
0-6-1-2-3-16-15-14-21-0|| 0-10-13-18-0|| 0-4-5-8-7-9-0|| 0-19-20-22-17-0|| 011-12-0||
0-6-1-2-3-16-15-14-17-0|| 0-5-4-8-7-0|| 0-9-13-11-12-18-0|| 0-19-20-22-21-0||
0-10-0||
0-6-14-1-23-2-0|| 0-16-13-7-17-0|| 0-9-8-11-21-0|| 0-5-20-0|| 0-18-24-22-0|| 010-12-0|| 0-19-15-0|| 0-3-0||
0-25-29-24-1-4-3-0|| 0-26-28-27-6-5-0|| 0-8-14-9-17-12-0|| 0-16-13-15-10-117-0|| 0-19-20-22-2-18-0|| 0-21-23-0||
0-15-16-13-7-17-0|| 0-8-14-9-12-11-21-0|| 0-1-24-25-29-6-4-3-0||0-22-20-1918-23-0|| 0-26-28-27-5-2-10-0||
0-14-19-8-0|| 0-10-11-0|| 0-22-28-2-0|| 0-29-5-15-20-0|| 0-4-30-13-0|| 0-6-1712-3-0|| 0-9-25-18-23-0|| 0-26-7-27-0|| 0-16-1-21-0||
0-3-20-25-19-23-21-8-9-10-0|| 0-5-11-12-7 -6-0||0-13-32-17-1-4-31-0||0-18-2627-28-2-30-29-0|| 0-15-24-14-22-16-0||
0-18-19-21-20-22-24-0|| 0-4-3-2-12-5-31-0|| 0-28-27-26-25-17-0|| 0-30-14-151-13-11-0|| 0-10-8-9-7-0|| 0-6-32-23-16-29-0||
0-29-28-27-26-25-0|| 0-21-20-22-19-18 -17-14-1-0|| 0-8-9-10-32-6-7-12-3-0||023-24 -15-13-0|| 0-4-5-11-2-0|| 0-16-30-31-0||
0-29-5-15-20-0|| 0-33-1-22-23-0|| 0-10-31-25-0|| 0-7-35-8-34-0|| 0-13-27-4-0||
0-26-12-17-3-0|| 0-18-24-16-0|| 0-11-19-0|| 0-21-28-0|| 0-30-2-0|| 0-9-32-0||
0-16-33-23-0|| 0-8-35-7-26-0||0-28-21 -0||0-27-13-15-5-0|| 0-6-2-29-0|| -3-3239-0|| 0-38-10-0|| 0-31-9-0|| 0-4-34-0|| 0-22-1-30-0|| 0-12-40-0|| 0-18-25-24-0||
0-20-37-36-0|| 0-14-19-0||
0-5-6-7-35-3-4-34-32-0|| 0-28-33-31-41-44-0|| 0-21-20-24-9-15-1-0|| 0-12-1413-16-25-0|| 0-30-39-40-42-36-38-37-2-0||0-23-22-26-19-8-0||0-11-18-17-100||0-27-29-43-0||
0-17-37-15-44-42-41-13-0|| 0-12-47-4-18-14 -25-46-0||0-40-19-45-33-10-3938-0|| 0-5-49-9-50-16-2-29-0|| 0-36-35-20-3-28-31 -48-0||0-8-26-7-23-24-430||0-30-34-21-11-22-0||0-1-32-27-6-0||
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RI 20: 0-52-45-53-46-49-0|| 0-9-7-4-8-3-5-71-0|| 0-13-12-16-17-2-15-19-11-59-0||058-61-60-62-63-64-66-54-0||0-65-67-68-39-57-25-0||0-44-42-43-48-47-50-700||0-28-22-21-30-29-20-0||0-10-6-18-1-33-0||0-32-31-34-36-41-0||0-14-35-550||0-24-26-23-27-0||0-38-37-69-40-51-0||0-56-0||
RI 21: 0-55-25-50-18-24-49-16-3-0|| 0-56-23-63-33 -73-62-28-22-1-0||0-70-60-71-3647-21-74-30-4-0||0-72-39-9-32-44-40-12-0||0-51-6-68-75-67-34-52-57-0||0-6442-41-43-2-48-0||0-20-37-5-29-45-13-0||0-38-65-11-66-59-14-0||0-46-8-35-70||0-31-10-58-26-0||0-53-19-54-15-0||0-61-69-27-17-0||
RI 22: 0-13-27-52-34-46-8-35-14-54-0|| 0-17-51-6-68 -75-4-67-0||0-43-41-42-64-220||0-71-60-70-37-47-21-29-0||0-61-28-62-73-33-63-16-0||0-44-3-32-9-39-400||0-19-53-11-65-38-10-0||0-69-36-5-48-74-2-0||0-25-50-18-24-49-23-0||0-5715-20-7-0||0-1-56-30-45-0||0-12-26-58-72-0||0-59-66-31-55-0||
RI 23: 0-39-9-32-44-3-16-63-0|| 0-12-40-17-51-6-75 -0||0-49-24-18-50-25-55-72-650||0-15-57-13-27-29-5-36-0||0-43-41-42-64-22-62-73-2-0||0-70-60-71-69-2147-48-54-0||0-67-34-46-8-35-7-58-0||0-23-56-1-33-68-30-0||0-10-38-11-66-190||0-53-14-59-52-45-0||0-61-28-74-4-0||0-20-37-26-0||0-31-0||
RI 24: 0-53-14-19-8-13-0|| 0-71-60-70-20-37-5-69-0|| 0-25-50-18-24-49-1-0||0-43-4142-64-22-73-23-0||0-10-58-72-39-9-0||0-36-47-21-74-28-0||0-32-44-3-16-6351-0||0-26-67-34-46-0||0-4-75-68-6-17-0||0-2-30-48-29-27-0||0-52-45-15-5754-12-0||0-7-35-11-65-38-0||0-59-66-31-55-0||0-33-62-61-56-0||0-40-0||
RI 25 : 0-42-87-97-95-94-6-96-0|| 0-77-3-79-33-81 -9-51-20-70-31-0||0-98-37-9259-99-93-85-61-5-89-0||0-55-25-39-56-75-74-22-0||0-36-47-48-82-7-8-11-0||044-14-100-91-16-0||0-67-23-41-73-21-72-4-54-0||0-18-60-83-84-17-86-0||063-90-32-10-62-0||0-38-43-15-57-2-58-40-0||0-28-27-69-1-50-0||0-80-68-1226-53-13-0||0-29-24-76-78-34-35-71-19-0||0-45-46-49-64-0||0-30-66-65-520||0-88-0||
RI 26: 0-73-70-71-76-78-81-63-0|| 0-44-45-46-48-51 -52-43-0||0-24-25-27-26-236-12-0||0-32-33-34-36-39-38-37-0||0-97-93-92-94-95-96-99-98-4-0||0-89-8885-84-83-68-0||0-86-87-90-91-75-1-5-0||0-82-79-77-80-72-66-0||0-7-3-8-9-150||0-40-41-42-49-0||0-22-21-20-28-0||0-18-17-13-19-16-14-29-0||0-56-58-6054-0||0-50-47-69-62-55-0||0-67-65-74-61-64-0||0-59-57-53-31-35-0||0-11-102-30-0||0-100-0||
RI 27: 0-35-71-9-81-33-79-51-0|| 0-92-59-99-96-94-6 -89-18-24-0||0-93-85-91-10037-98-0||0-82-48-47-36-46-8-45-0||0-15-43-42-87-97-95-27-0||0-14-44-16-615-84-7-0||0-21-73-72-74-22-75-56-25-0||0-65-66-20-30-70-31-0||0-57-2-58-400||0-60-83-17-86-38-53-0||0-3-77-76-50-1-28-0||0-80-68-26-0||0-13-52-88-6210-63-0||0-41-23-39-4-34-0||0-11-19-49-64-90-32-0||0-54-55-12-0||0-69-7829-67-0||
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