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Penodic Scnrodinger operators with constant weak magnetic fields. 
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The aim of this talk is to decribe a mathematically ngorous 
justification of the Peierls substitution. In this written version of the talk 
we do not include the very preliminary discussion of the Haas Van Alphen 
effect, but refer to [HS2,3] for more definite results. A part from the 
classical work of Peierls IPJ, we have been inspired oy several 
mathematical works: such as Avron-Simon [ASi], Nenciu [NI-3), 
Bellissard (61,2], Guillot-Ralston-Trubowitz (GuRT]. (Some références to 
the physical littérature are also given below.) We learned about the use of 
Wannier functions from [B1,2],(N1-3], and in our earlier paper (HS11, we 
used such functions in the case when the penodic Schrodwger operator 
has a single band in its spectrum. In that case we obtained a réduction of 
the study of the spectrum and of the density of states to that of 
corresponding quantities for a certain effective Hamiltoman whlch is a 
pseudodifferential operator, "obtained by Peierls substitution". In 
IB1,2],IN1-3J such réductions to an infinité matrix were given. Such 
infinité matrices also play a rôle as an intermediate step in our approach. 
In the work (GuRT] certain approximate solutions of the magnetic 
Schrodinger équation are constructed by means of WKB-methods and 
some discussion of the Haas Van Alphen effect is also given. Smce only 
spécial solutions are constructed, only some partial results about the 
spectrum are obtained. 

More recently, we managed to improve the results of IHS1] (see IHS2]), 
by elimmating the assumption that we work with énergies close to a 
single band for the zéro field case, and this talk will give an outline of 
this more gênerai case. The usual Wannier functions have then 
dissappeared, but they are remlniscent in the choice of certain auxiliary 
operators: 

η 
Let V€C°°(R n:R) be penodic with respect to the lattice, r = ® 2 e , , 

1 J 

where the form a basis in R n , so that V(x+y)=V(x) for every # € Γ . 

Let A ^ ^ A p C C ^ d R ^ R ) , and assume that the corresponding extehor 

différentiel or "magnetic field", B=d(EAjdXj) is constant on R n . We are 

then mterested in the spectrum and in the density of states for the 
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magnetic Sehrôdinger operator (m.S.o.) : 

(1)" P B i V = £ ( D x . + A j ( x ) ) 2 + V ( x ) . 

By simple conjugations of the operator by exponential factors, we know 
that only Β and not the spécial choice of A is important here, and since 
we assume that Β is constant, we may take A ^ t x ^ E b ^ X j , where 

Β=fEEbj^dXjΛdx^ and b j ^ - b ^ j . 

In the case B=0 we can use the Bloch-Floquet theory: Let Γ* be the 
dual lattice, { y * € R n * ; y y * € 2 i T Z } , and put % e = { u e L f 0 C ( R n ) ; u(x+y)= 

β^ ι ι (κ ) for ail y e r } , for θ € Ε η * / Γ * (which is a Hllbert space equipped 
with the standard L 2 mner product over a fundamental domain of 

Γ.) The operator U, defined by Uu(x,e)=E u ( x - y ) e ^ e is unitary from 
Γ 

L 2 ( R n ) to J®%ede and the inverse is given by 

i r M x ) = ( vo i (R n * / r * ) ) _ 1 f v ( x ,e )de . 

P = P Q y is then unitarily équivalent to J ^ P g d e , where Ρ Θ is the 

(essentially self-adjoint) operator on defined as PQ y in the sensé of 

distributions, We also know that the spectrum of P 0 < v is purely 

absolutely contmuous and 

of the form υ J k , where J k = { E k ( 6 ) ; θ € Ε η * / Γ * 1 . Here Ε 0 ί θ )<Ε | ί θ )< . . 

are the eigenvalues of P^ . In the case of a simple band, J ^ , (disjoint 

from Jj. when k^k^) the Peierls substitution says that when Β is small 

and for énergies close to J^Q, the operator is "well approximated" by the 

pseudodifferential operator, E k o ( D X l + A 1 ( x ) , . . , D X r t + A n ( x ) ) . 

We fix some z ^ e R . Our aim is to study the spectrum and the density 

of states near the energy ZQ, when Β is small. We start with the case 

B = 0 : 
Proposition 1. There exists an integer N > 0 , and analytic functions, 
^ : Ε η * / Γ * ~ * % $ , for j=1 , . . ,N , such that for every θ € Ε η * / Γ * and for 
every ζ in a complex neighborhood of z 0 , the operator 

Ρ ( Ζ , Θ ) = ( θ 2 | : % g x £ N - * % A x e N 

\ Ç + 0 / 
is bijective. Here % § is the intersection of and the space of functions 

belonging locally to the standard Sobolev space H 2 . Moreover, 
R + u ( j ) = ( u l ^ ) % e , R _ = R * . 
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If z 0 belongs to a simple band, J ( < 0 , then one can prove thaï 

Ker (P 8 -E k o (8 ) ) is a trivial line bundle over R n * / r * ( See [NIl.lHSI]), and 

it follows in that case that we can take N= l , and ·,ί)|(θ)=-»ρ(θ), a 

normalized analytic section of Κ β Η Ρ ^ - Ε ^ ί θ ) ) . 

Let 
/Ε ίζ ,θ) Ε + ( ζ ,θ ) \ 

[ίΛζ,Θ) Ε _ + ( ζ , θ ) / 
dénote the inverse of Ψ (ζ,β). (We notice that in the simple band case, we 
get E _ + ( z , 6 ) = z - E k o ( e ) , provided that we choose R+ as above.) An 

important observation is that ζ belongs to the spectrum of P^ if and only 

if Ο belongs to the spectrum of Ε_ + (ζ,θ). This is due to the formulas, 

( Ρ θ - ζ ) - 1 = Ε(ζ,θ)-Ε + ( ζ ,θ ) (Ε_ + ί ζ ,θ ) ) - , Ε_(ζ ,6 ) , 

Ε _ + ( ζ , θ ) " Ι = - Ρ + ( Ρ θ - ζ ) - 1 Ρ _ 

We now add a weak constant magnetic field, B. For some suitable rn, 
let 1i<x,Ç),..,1n(x,Ç) be linearly independent real llnear forms on T * R m = 

R m x R i ï l * with the property that, 
(2) <1j,1 (<}=<B,ejAe|<>, for j , k= l , . . ,n . 

Here ia,b} dénotes the Poisson bracket; E(<V.a)(<L.b)-(9 y.a)(9i-.b), for 

a=a(x,£), b=b(x,C) in C°°(T*R m ) . As an example, we can always take 
rn=n and ljix,£)=£j+Aj(x) (and this corresponds to the classical Peierls 

substitution), but it is also of interest that we can sometimes take m<n. 
Let θ = ( θ | , . . , θ η ) , where βj=<θ,ej>, so that 8j are the dual coordinates 

on R n * and using thèse coordinates, we define 1(x,£)=(1j(x,£),..,l n(x,Ç)) 

as a point of R n * / r * . We then have: 

Theorem 2. There exists a smooth function g=g(B,z:6) with values in the 

NxN matrices, defined in a neighborhood of { 0 } x { z 0 } x ( R n * / r * ) in 

R n ( n - 1 ) / 2 x ç x ( ç n * / r * ) f holomorphic with respect to ζ ,θ, such that for 
z,B in a neighborhood of (z 0 ,0) in C x R n ^ n ~ W 2 , we have the 
équivalence: 

(3) z € a ( P B > v ) ^ 0 € a ( O p w ( g ( B , z ; l ( x , Ç ) ) ) . 

Moreover, g (û ,z ;6 )=E_ + ( z ,8 ) . 

Here "tf" dénotes "spectrum of", and Op w(a) dénotes the 
peudodifferential operator obtained by Weyl quantization of a (assumed to 

belong to some suitable space of symbols on T * R m ) : 

(A) Op w (a )u (x )=JJe i ( x -y ) 1 f l a((x+y)/2,Tl)u(y) dydH/(2Tr)m, 
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for u in the Schwarz space, MRm). (11 foliows from standard results on 
pseudodifferential opertors, that Op w(g*l) is bounded on L 2 ( R m ) . ) 

Brief outline of the oroof. We first return to the case B = 0 , and put 
Φ 0 ^ ( Χ ) = Ι Γ 1 ( - ^ ) ( Χ ) , φ γ ^ ( χ ) = Φ 0 ^ ( χ - γ ) . In the case of a single band, 

and with the spécial cholce Indicated after Proposition 1, the fonctions 
Φ ^ = Φ ^ j form an orthonormal basis of the spectral subspace associated 

to P 0 y , J k . Thèse are the Wannier functions, used by Bellissard |Bî,2) 

and Nenciu INI -3 ] . In the gênerai case, the analyticity of ^ with respect 

to Θ, implies that Φ ^ is exponentially decreasing: There exists a 

constant O U such that, | Φ 0 ^ ( χ ) | < C e ~ ' x ' / c for ail xeF / 1 , and we have 

the same type of estimate for every derivative of Φ 0 j . (Here we actually 

need that >pj is smooth in x, but this property can easily be added to the 

conclusion of Proposition 1.) 
Using i n 1 , we find that 

f û ( 2 ) = [ P 0 , V " 2 R - \ : H 2 ( R n ) x l 2 ( r . c N ) ^ L 2 x l 2 

is bijective, where (R$u) (y ) j= (u^y j ) L 2 ( R n) , and P ? = ( R J ) * (the 

complex adjoint of R J ) . If 

e o ( z ) - ( E ° ( z ) E + ( z ) ) 
I E 2 ( Z ) E9.+(Z) / 

dénotes the inverse, then E ^ + ( z ) is given by the (block) matrix, 

Ε^ + ( ζ ;ο ί ,β )= ίΓ (Ε_ + ( ζ , . ) ) (£ -<* ) , where we let y(f)(cO dénote the 
Fourier coefficient at οί€Γ, of the function ί€ε ° ° (Ε η * /Γ * ) . Thanks to the 
exponential decrease of the function Φ 0 ^ , one can show that G°(z) 
remains bounded also on certain exponentially weighted spaces. 

For B ^ û , one has to consider Ρ β > ν as a singular perturbation of P ^ y . 

Moreover, will not in gênerai commute with translations by 

éléments of Γ, but with certain modified "magnetic" translations (see 
2ak 12], Luttinger [L], Bellissard [B1,2] and Nenciu INI —3]): For οί€Γ, we 
put T ^ ( x ) = e ( 1 / 2 K B » X A 0 < > u ( x - c 0 and check that; 

(4) [ P B | V , T § 1 = 0 . 

We can not use Floquet theory (in gênerai) since the τ | do not necessarily 

form a commutative group: 
f S ) τ Β τ 6 _ ρ - Κ Β , ο ( Λ β > τ Β τ β 
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We put ρ Τ ^ Φ 0 y R ^ u ( « ) j = ( u ^ ^ j), U € L 2 ( R n ) , R ! = R B * , 

Let H | = Î U € L 2 ( R n ) ; such that (D x +Aj)u, (D x +Aj ) (D X | t +A k )u belong to L 2 

for ail j,k}. Thls 1s a Hubert space wlth the natural norm. 
Proposition 5. For (2,B) in a neighborhood of {z 0 }x{0} in C x R n i n _ 1 ) / 2 , 

the operator V^iz) is bijective from H B

2 x i 2 onto L 2 x i 2 . If we let 

U 5 ( z ) E B + ( Z ) / 

be the corresponding inverse, then the matrix of E ? . + ( z ) is of the form, 

E^ + ( z ) = e ( 1 / 2 ) < B ' r t A ^ > f ( B , 2 ; o i - : 0 ) , where f is smooth in B,z and 

holornorphic in z, with 

(6) |3§" f (B ,z ;« ) |<C^ e " ^ ' ^ ' for some t l>0, independent of y , 

(7) f (0 ,z ;oO=2r(E_ + (z , . ) ) ( -«) . 

tioreover, zeotPg^y) if and only if θ€<τ(Ε^ + (ζ) ) . 

The idea of the proof is that although P g > v is a singular perturbation 

of P()y , the two operators are close in any fixed compact set, when Β 

is small enough. The same can be said about F 8 and 1P° and it turns out 

that we can form approximate inverses by using suitable partitions of 
umty, the magnetic translation operators and 6 ° . 

The matrices of the form %Q(fî(<t,$)=e{U2')<B>CÎA&>'f(ot.-$) with 

felUr) form an algebra. We can write f io i ) t^ B , Χ# Β = <ΪΠ>Βί&οί) 
where £^ί.β)=1 if and =0 otherwise. We have, 

Î R x r - B r - B _ p K B , < X A $ > r - B r - B 

Thanks to the choice of the ]j, one vérifies that, 

(9) e i < « , K x , D x ) > e 1 < 3 l K x , D x > = e K B f o ( A 3 > e K £ , l ( x , D x ) > e K « l 1 ( x , D x > < 

In fact e i < ^ ï K x i û x ) > = 0 p W ( e i < o ( , K x , Ç ) > ) s o w e C Q n u s e t n e c a i c u U j s o f 

Weyl quantizations. (See [BoGH], IH01.) Το ^flgif) we can then associate 

the pseudodifferential operator, O p w ( E f ( o ( ) e i < o : ' 1 ( x ' ^ > ) = O p w ( g o l ) ) 

where g is the function on R n * / r * with f=7(g ) . This correspondence 
commutes with composition of the operators. 

In the case, when f is of exponentiel decrease, one can show, using a 
theorem of R.Beals [Be], that 
(10) crttïlB(f))=<r(Op(goi)). 
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Applying this to the fonction, f , given in Proposition 3, we obtain 
Theorem 2. 

Remark 4 . In order to apply semiclassical analysis, we can fix a field BQ, 

put B = h B 0 and let h - * 0 . If , l n are adapted to B 0 as above, then to Β 

we can associate the linear forms lj(x,h£), and the study of the spectrum 

of P B y is then reduced to the study of the "semiclassical" 

pseudodifferential operator, 0pw(g(hB,z;1(x,hÇ))). 

Not only the spectrum, but the density of states, can be reduced in the 
same way. Let F € C Q ° ( R ) . Then F ( P B j y ) is a smoothing operator, and the 

(smooth) distribution kernel, K(x,y) satisfies: K(x+tf,x+tf)=Kix,x). 
Following Shubin [Sh], and several other authors, we introduce the 
averaged trace, 

(11) tf F ( P B > V ) = J f l K ( x f x ) d x / V o K f t ) , 

where Ω is some fondamental domain of Γ. If F > 0 , then tr F ( P B > y ) > 0 , so 

there is a unique Radon measure, p B y (the so called density of states) 

such that, 
(12) fr F ( P B j V ) = j F ( z ) p B j V ( d z ) . 

Let F € C Q ° ( C ) be an extension of F such that dF~=0(IIm(z)|). Then, 

(13) F(P B ν ) = -(1/ττ) f—zr- ( z - P B y ) " 1 L(dz), 

where L dénotes the Lebesgue measure on C ^ R 2 . If F and F~have their 
support in a sufficiently small neighborhood of {ZQ}, we can exploit the 

formula ( ζ - Ρ Β ? ν ) - 1 = - Ε Β ( ζ ) + Ε ^ ( ζ ) ( Ε ^ + ( ζ ) ) _ 1 Ε ^ ( ζ ) , and that E B (z) is 

holomorphic in z, to get, 

. dFÎz) Β o t ο 
(14) F(P B v ) = - 0 / T r ) J - ^ r E | ( Z ) ( E B

 + ( z ) ) - , E § ( z ) L(dz). 
3z 

Next, we take the trace of this relation. One can show that, 
(15) tf E^(E^ + ) - 1 E ? = t r i E ^ Î E ^ ) - 1 ) , 

where, 

(16) tAr(1ïlB(f))=(VoKii))" 1 tr(f(0))=(2TT)- nJtrg(9)de, f = y g . 

R n * / r * 
Moreover, 

(17) E ? E B = d E B _ + /dz . 

If Q=0p w (g°î ) is the operator in Theorem 2, we get: 
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fàHz) ... , 
(16) tr F(P B v i = - ( 1 / i T ) J — = - tr((dQ/dz)*Q-') UdzVVoKil) 

3z 
Here, in the case of Weyl-quantizations, we define tr(ûpw(q)) as the 
mean value of the trace of the symbol q. (This mean value exists in the 
case of (6Q/ôz )oQ - 1 ) . Further developments will appear in [HS2,3]. 
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