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1) Introduction

In recent years the renormalization group has shown itself as a very
powerful tool in constructive quantum field theory. Conversely, some impor-
tant aspects of this theory at the perturbative level, in particular the
renormalization problem, have been traditionally studied by different tech-
niques built around the Feynman diagrams formalism and the conceptual frame-
work of the renormalization group has not been widely used.

Nevertheless this is possible and allows, in my opinion, a better
understanding of the purely perturbative results and, at the same time a
clearer connection between the perturbative and the constructive aspects of
quantun field theory.

In this article I want to present some general ideas and results which
have been developed in the last few years at the perturbative and at the
constructive level of quantum field theory using an approach deeply based on
the renormalization group. I will put the emphasis mainly on the '"perturbative"
results and essentially briefly discuss the following topics:

1) (Perturbative) Renormalization theory with the R.G. approach.

2) The bounds for the coefficients of the perturbative series.

3) Some ideas about the possible definition of the 'mon renormalizable"
theories.

Some remaining interesting topics studied with the approach described
here, but which will not be discussed in this article, are the proof of the
Borel summability of the @ﬁ planar theory (with negative coupling constant)
and the search for a non-Gaussian fixed point in the planar ot theory at

dimension d = 4 + €.



These subjects have been discussed in different works by many people;
the approach and the results obtained, which I will discuss in detail, are
due to Gallavotti and myself [1], [2], to Gallavotti and Felder [3], and to
G. Felder [4]. A similar approach to some of these problems has been

developed independently by J. Polchinskii [9].



2) The Fuclidean field theory and the definition of the renormalization group

Formally a field theory is specified giving its interaction V(¢). In
the euclidean formalism ¢ 1is a generalized gaussian random field whose

"covariance'" C(x,y) has the following Fourier transform

N 1
C(p) = vy (1

when 1 is the ''mass' of the theory.

C(x,y) diverges at the contact (]x—y|+0) for d (dimension) greater or
equal to 2, therefore we need to regularise it. We define a regularised field
as the gaussian field associated with a new covariance: C[fN](x,y) obtained

modifying the previous one in such way that

. lim [<N] <
— oo
i) !X-yI*O C (x,5)
(2
.oy lim[<N]
ii) oo C7 (x,y) = C(x,y)
in some appropriate sense.
As an example of regularization we can choose the following one
(Pauli-Villars)
~[«N] 1 1
C—=""(p) = =037 - ; (3
+1 N+1
P 24y 2 ]

where N 1s an integer > 0, y > 1, which satisfies i) and ii). The field

associated with C[fN] will be denoted ¢[§N]

and called "the regularised
. + Nll
field with cutoff v ",
There are many possible regularisations, each one with their technical
advantages and drawbacks. The general belief is that, apart from technicali-
ties, the conclusions, obtained starting with different regularizations,

must coincide when the regularisation is removed (in this case performing

the limit N » =),



To construct a field theory essentially means to prove the existence

of the following limits

(N)
n \Y)
a1y LA <N
flrg o e plas 19
lim lim 1 i = 1im S-(xl,-..,x ] - S(xl,...,x )
Ao Noeo v Aso A n n

fo (e
(4

and to prove that the distributions S(Xl""’xn) (the Schwinger Functions)
satisfy a set of properties which, through the Osterwalder-Schrader recon-
struction theorem {5}, allow the complete reconstruction of the quantum
field theory.

The problem associated with the existence of the first limit is called
the ultraviolet (u.v.) problem, that associated with the second one (the
infinite volume limit) the infrared problem, and the two problems are
essentially independent. The u.v. problem is still unsolved in most of
the models.

At the beginning to give a meaning to the expressions we write
(see for instance (4)), we introduce an ultraviolet cutoff (YN in this
formalism). This implies that the theory with cutoff YN cannot give
any insight on distance scales smaller than Y-N. One of the basic ideas
of the renormalization group is that of looking at the Hamiltonian defining
the theory on different scales.

Starting from a theory with cutoff YN one can, in many different
ways, perform a kind of "average' over the fields in the Hamiltonian
so that the new resulting fields (often called the "block spin" fields)
are essentially constant on the smallest scales and describe the theory
only for length distances greater than Y-K, with K < N.

This "averaging' procedure transforms the original Hamiltonian
into a new one: the effective Hamiltonian on scale Y-K. Iterating

this transformation an arbitrary number of times we get a sequence {Hn}



with HO = the original regularized Hamiltonian and Hn the effective Hamiltonian

( (N_n)) .

with smallest scale y N-n) (or with u.v., cutoff ¥y

The transformation

just introduced 1is called the renormalization group transformation.

THn =, n2 0

HO = regularized Hamiltonian with cutoff YN
(Note that Hn depends also on N).

The knowledge of the transformation T gives information about the pro-
perties of the sequence {Hn} and therefore of the theory under investigation.
In particular the knowledge of the fixed points of T and of its linearization
DT around them gives the possibility of getting significant insights both in
the ultraviolet and in the infrared properties of the theory.

In the approach we are discussing the basic ideas of the renormalization
group are implemented in the following way: We start decomposing the

field ¢ [N

as a sum of independent gaussian fields, each one being
approximately associated to a well defined range of momenta (length

scales). One of the possible ways of performing this decomposition is

the following:

. N (J)
[<N]
b L0 €
0
N
C{iN] Z,C(J) (6
Xy xy
0
In particular with the Pauli-Villars regularization (6) becomes
ANl 11 _3 S SR W N AW (7
2 2 2(N+1 J V2 23 2 2(J+1) T ?
(p) p+l  pHy (8+1) 0" pity p 4y (+1) o ®

[

5N]) can be written as the product of N+l
(1),
s

The gaussian measure P(d¢

independent gaussian measures associated to the covariances C



3

N
p(ds SNy = 1peae ) (8
0

The next step is not to integrate expressions like (4) with respect to the

measure P(d¢[fN]),

(J)

but to integrate them with respect to the measures

P(d¢ *"’) of "definite frequency,'" one after the other, starting from the

highest ones and going down.

We introduce the notion of "effective potential" (very similar to the
notion of effective Hamiltonian discussed before) which in this approach
is the object one esseﬁtially studies and is defined in the following

iterative way:

41
V(K 1)

[<K+1]
q>..._
A
)C

@iy oKy v ® 6 Ky ( iN)

c = C = [P(d¢ (k1)

9

V(N) © [<N]

3N) is the original interaction with cutoff YN.
The knowledge and the control of the effective potential "on scale K",

(sK]

VK, VA(K)@p ;N) allows us to build the Schwinger functions of the theory

(13, [2]). We will therefore concentrate on it.
V(K>GP[EK];N) still depends on N throughithe cutoff YN, we are therefore
mainly interested in the existence and properties of the limit

Lin Vi o1y = v 09 ¢ 1T, (10

N>

If one is interested in perturbative results the main goal will be to be

(K) , [<K]

able to write V, (¢ — "3;N) as a formal power series in some relevant
parameters ("the physical coupling constants") whose coefficients are
uniformly bounded in the cutoff N. If, conversely, one looks for more ambi-
tious constructive results one has also to be concerned with the more

difficult task of proving or disproving the convergence of the formal

series and in the second case of showing that from the divergent series



one can, nevertheless, build a function with the expected properties which
has this series as an asymptotic one. Sometimes the constructive approach
requires less than knowing the existence of the limit (10). For instance,

it could be enough to prove that

A

(N)
v |
C +

B e et <o
where E+ are functions of the coupling constants of the theory, uniform
in the ultraviolet cutoff. This property is called the ultraviolet
stability of the theory. While the perturbative results have been obtained
for a large class of theories, the so-called renormalizable and super-
renormalizable theories, the constructive results just mentioned have been

proven true only for a few theories, whose space time dimensions are always

less than 4.



3) The perturbative results

The results we want to discuss are valid for a class of interactioms,
that is for a family of scalar field theories
We define

t-2

- 2
VW IEN g - Aéu)(N) [N 2o gy o Aét Dy :(w )7 0%
1 X x
t-1
- () (o) [<N]
= ia*b N 1.7 ) (11
where k(g)(N) are the so—called '"bare-coupling constants," they depend on

the cutoff N and, in principle, as we are now interested in perturbative
results they can be thought of as defined by formal power series in some

"relevant" parameter. In this case the expression (11) is a formal series;

otherwise it is a perfectly defined function of the gaussian field ¢[5N].
It is well known, by standard arguments, that defining the function
o(o) = 2a (-(-1—;—2-) - d
(12

cefl,t-2]
the theory is
superrenormalizable if g(o) <0 for Va < t-2

renormalizable if o(o 0 for a= t-2

i

non~renormalizable if o(®) >0 for some o< t-2

We are for the moment interested in the first two cases and in
particular in the second one, which is harder than the first. We will
consider in particular the following example of a renormalizable theory:
t =4, d=4, (c(2) = 0) which is usally called the @ﬂ theory.

As we said, we have to look for a useful expansion of the effective

J
potential V( )(¢[SJ];N). From the definition (9) of the effective

() (K) }

potential the obvious idea is to build the sequence {V''/,..., V' /,...



and thus integrating the potential on the previous scale with respect to the
gaussian field of definite frequency.
The integration on each scale produces a formal power series (often

called a cummulant expansion) namely

(J) ¢ [<J] 1 .7 (J+1) (J+1)
vy ==& i yeessV
( J 1 n! C[J+1] ( n—-times )
(13
T J+1 J+1 " 1) TV(J+1
Erpny OO v ) = 2og [p(g VO

9T

is the truncated expectation of order n and the lower index [J+1] indicates

that the integration is with respect to the measure P(dp(J+l))

. To compute
the effective potential on scale K one has to perform this expansion many
times from J = N-1 to J = K+1. The final result is that V(K)Gb[ix];N)

can be written as a (formal) multiple series of truncated expectations

of truncated expectations of ... and so on and so forth; these expectations
being performed with respect to different frequencies, starting from the
highest ones.

It turns out that it is possible to build a very useful graphical
notation for this expansion. In fact a "tree" can be uniquely associated,
to each of its terms, together with a set of frequencies h.

We do not give here a formal definition of a tree which has been
given in any detail in [1] and [2]. Intuitively a tree can be drawn
starting with an horizontal line on the left and making it bifurcate

a finite but arbitrary number of times in an arbitrary number of lines.

Let us just give a simple example: ™

\%

h, VM &G/L‘L) J \ﬂz‘”’\’h

v U‘S t

x
5
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N R
The final lines (on the right) are associated to V( ). Each bifurcation

) associated with
), vy,

], p(a

denotes a truncated expectation and the frequencies (hl, h

the bifurcations tell with respect to which measures (P(dﬁ

the truncated expectation is performed.
For instance the tree © of fig. 1 with the frequency assignment

h = (hI’ hz) corresponds to the following term of the expansion of V(K)
T T
E>K{E[hl][E[h2](v,V),V)} (14

when V is the simple expectation of V(N), up to the frequency at which the
truncated expectation is performed; in this case the V's correspond to:

E>h2(V(N)), E>h2(V(N)), E>hl(V(N)) respectively and

N
_ (1)
E (=) = f Ii P(dh ") (=),
7K fK+i

With these notations the tree expansion for the effective potential V(K)

is the following one:

]

v K 6 [_<_K].;N) 1
t-1

(o (o) .
D, Ay (MIT 4+ X I, V@ ;h;K) (15

) h
1 640 h <N
i

z Z_}}—V(e shiK) =

[

when the first term on the right hand side of (15) is just the original

. . , » ) [<K] [<K]
interaction (see (11)), written now as a function of the fields ¢ '~ ', & — ".
This term is associated to the tree 8 ; made by a single line (without
bifurcations) which correspond to a simple expectation (remember also that

E>K(@[5N])a:) = =@[§K])%).



The second term in the right hand side of (15) is associated with the
remaining "non-local part" of the effective potential on scale K. h is
the frequency assignment for the family of bifurcations {v} of a genmeric

tree and hV < N is the constraint on the sum over the frequencies due to the

fact that we start with the regularised field ¢[5N].

The relevant features of this expansion are:

i) The generic term V(8,h,K) has the following structure

[<K} . [<K] )

VEsmK) = 2 fdxl...dme(e B, Ksx) . o,x LPIPG 3 (16

[<K] [<K]

when P is a Wick polynomial in ¢ and 3¢ sand m is the number of

final lines of 9.

V(K)@p[iK];N) is an expansion in the Aé(”(N),

the order in the bare coupling constants is the number of the final lines

ii) The tree expansion of

of the generic tree 0.

iii) The "dangerous' dependence on the cutoff N is in the constraint hv <N

(see (15)). The divergences we expect in the limit N » «, if we do not

(o)

choose appropriately the Ab

(N)'s, arise because the multiple series
th(etg,k) diverge.
This point 18 crucial in this approach to the Renormalization theory.

All the divergences are due to the divergences of the sums over the fre-

(o)

quencies associated to the bifurcations. If we just keep the Ab

(N) fixed
and compute the different terms of (15), it is easy to see that, for

(9 Ny we

instance in the ¢j)-theory, already at the second order in the Ab

produce divergences., Namely:

lim I, V(@ = —<hk) = (17
e {hC<N}

The well-known strategy to cure these and the other higher-order divergences

11
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(o)

is to make a clever choice of the‘xb

(N) as a final power series in some
other parameter in such a way that, in this new expansion, all the divergences
cancel for each 6 independently at each fixed order in the new parameter.

Formally this idea can be stated in that way:

(o)
b

(azl,.. .,t-1) with coefficients

a) Write the bare coupling constants A

(o)

(N) as formal power series in the
new ''physical' coupling constants g

N-dependent :

W9 = 5 ¢ aum)g® (18
when m = (ml,...,mt_l), m, positive integer.
b) Write the effective potential V(K)Gp[fx];N) as a formal series in the

g(co's and adjust the coefficients C(GD(N;E) in such a way that all the

(K)Qp[fK];N) be finite in the

coefficients of this new expansion of V
N » « limit.

A field theory is (perturbatively) renormalisable if the program des-
cribed in (a) and (b) can be accomplished.

The approach we want to discuss briefly here, based on the Renormalization
group ideas, provides a clear and simple proof of (a) and (b) for the
renormalizable theories, Let us start sketching the lines of the proof
of (a) and (b) given in [1}, [2], where the @ﬂ—theory was discussed in
any detail.

We define véN) 6 INn) as the v [Ny} defined in (11) but with

(o)

g (some fixed parameters) instead of X(CQ(N) and consider the tree

b
expansion for V;K)&b[ix];N).

From what was said before (see iii, p. 11) we expect to find some
divergences when the limit N -+ «» is performed. To be more precise about
the nature of these divergences let us remind ourselves that VéK)Eb[ix];N)
can be written as a (infinite) sum of terms, each one expressed as the

integral with an appropriate coefficient of a Wick monomial P in
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o LD g g [2KI

fdxl dxm VN(g,§,K,P) Pﬁb[fxl ap[fxl} -

Am

where N is to remind the dependence on the cutoff YN. The limit N -+ « produces
the result that for any m there are some P's for which the following

integrals diverge:

lim [ dxl...dmeVN(g,_:_c_,k,P)l = (20

N0 Am

To build the appropriate bare coupling constants and make the theory
perturbatively finite one can proceed in the following way. We consider

the tree expansion for V;K)@>[EK];N)‘up to the second order in g and add
(N)

to the original interaction a second order term in g: AV'"'{ again of the

g
form of the terms of equation (11), for what concerns the ¢[§N] dependence

which exactly cancels the second order divergences of VéK)(-;N), in the
N » o limit, for any finite K. We start again with the interaction

(V;N) + AV(N)); consider the tree expansion up to the third order and the
2
g
divergences which appear as N + », Again we construct a new term to add

(N)

to the original interaction AV such that the tree expansion, starting

g
from [VéN) + AV(S) + AV(N)] has not any more divergences up to the order
g g’
g3. It is clear that our goal is attained if we are able to build up an
(N)
m

iterative procedure for the construction of AV for a generic m.

8
The recipe for the construction of all the appropriate counterterms
is slightly indirect. In fact, we proceed in the following way:

I) We construct a new tree expansion, which we will call "the renor-

(M)
g

malized tree expansion," starting from V , not plagued by any infinite

when the cutoff is removed.

II) We will prove that this renormalized tree expansion can be obtained



14

performing the usual tree expansion just discussed, hereafter called '"the

()

unrenormalized tree expansion" provided we start from a V
with the appropriate bare coupling constants.

I) The renormalized tree expansion

®)(, 1K)

We start from the tree expansion defining Vg

in the following way:

~

i) To each bifurcation of a generic tree 6 we append an index R or L;

(see eq.

(11))

and modify it

this has to be done in all the possible ways obtaining an expansion in a

larger number of terms.

ii) Each bifurcation of a tree is associated to a truncated expectation,

~ ~
the indices R and L tell how it has to be modified:

%
a) If the index R is appended to a bifurcation v of the tree 0,

T ,
the truncated expectation E ( ) associated to this bifurcation with

[h ]

frequency hV is a sum of term$ of the following kind

[<h,-1] [<h -1]

fdxl...dme(Gv,hvtg,P)P&y , 3
m
A
[<h -1]  [<h -1]
assume now that P@¢, d¢) = :¢x v ..abx v : p <m, the index R
1 p

implies to following substitution:

=S
-©
+
1
=
©
m

a - L):qbX I

and the operation L is defined by

0 if p > 2(t - 2)

1 d
L e.ufp @ o= TKT-{,d k)P if 2 < p < 2(t-2)

(Xl xz)

1 d | 2
T7rr { d }{.@’x)

f ax: (2 )

(21

(22

s, if P=2

(23
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Some other similar rulesvare needed when L operates on monomials P which
depend also on 3 fields. They are explicitly given in [1], [2], [3], are
finite in nember, and we do not report them here.

To complete the description of how the index‘i modifies the expansion
associated with a bifurcation let me remind that in the tree expansion (15)
Zh is a sum over the frequencies of the various bifurcations of the tree 6,

h = {hv s hv sees}. The set of bifurcations of a generic tree has an
0 1
obvious partial ordering starting from the initial lines and going down to

the root of the tree. Let v be a bifurcation following 3 and coming imme-
diately before v', then the corresponding frequencies satisfy the
following relationship

hs >h >h, (24
The presence of the indexla at the bifurcation v does not modify this rule.
b) If the indexlzlis appended to the bifurcationV (in [1], [2] instead of
putting an‘z at V the whole subtree which has V as the lowest bifurcation

is encircled by a frame) the truncated expectation Ef ) is modified subs-

hv] (

tituting for the term :¢X ...¢x : of (21) the term -L:¢x ...¢Xm: defined
1 m 1
in eq. (23). Moreover in the "Zh" of the tree expansion the sum over hv

does not run anymore on the values prescribed by the inequality (24).

Conversely, one has to make the following substitution

-1
h, -
v v
zhv —— xhv (25
hoi ] 0

~t A
Given a tree 8 with a definite choice of R and L at its bifurcations,

applying prescriptions i) and ii) we obtain a well defined expression for
the term of the tree expansion associated to © and to this choice of the

~ ~
R and L indices., Iterating this procedure for all the terms of the tree
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expansion we get a modified expansion: 'the renormalized tree expansion".

This is interesting as we are able to prove:

@) The coefficients of the "renormalized tree expansion' are finite as

N » « for any VEK;(¢LEK];N). (here r means "renormalized")

L

) This new expansion is also obtained if, instead of the interaction

VéN)Gb[EN];N) we start with an interaction

) (W) (W)
Ve 5+ AV

g g

+ AV F.o..

and we perform the original, hereafter called the "unrenormalized," tree

expansion.
This fact, remembering that all the added counterterms AV(E) must
g
have the form
wy _ Ky (o) [<N]
AV =T 0(g) T (¢ ) (26

g

see (11), is what is commonly expressed saylng that one looks for a
"Lagrangian renormalization,"

Therefore from 8) one can finally obtain the expression (as a formal
power series in g) for the bare coupling constants of the theory, the

result we were looking for. In fact

A o g - Vg(N) + EK AV(E) = zaxé %) (g;N)IIga) (27

The proof of statements o) and B) is in [1], [2]. The proof of o) is
stated in great detail; that of B) is also complete, but it is given in a
more implicit way. Here I want to sketch a proof of B) suggested to me

in that form by J. Feldman.
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As said before, to prove (B) means to prove that the "renormalized
tree expansion" (proved to be finite, in (2)) is a "Lagrangian renormalization."
This means that it 1s possible to construct an interaction of the form (11)
such that its "unrenormalized'" tree expansion for the effective potential,

K
V(K)@>Li ];N},for a generic K, is.equal to the '"renormalized" tree

(

expansion of VrK;Gp[ix];N). Of course the unrenormalized expansion is made
»

in terms of the bare coupling constants while the renormalized one, in terms

(o)

of the physical ones g* 3 g if we are interested in the @ﬁ—theory. We

proceed by induction.

We assume that the effective potential on scale K+l, V(K+l)

(+,N)
can be written via the renormalized tree expansion. Then we construct

the effective potential on scale K starting from that one scale K+l and

(K)

(*,N) can be expressed via the renormalized tree

()

prove that again V

expansion., The proof is complete if we prove that V also can be

written via the renormalieed tree expansion (we have to specify what

it does really mean in this case) and that this is compatible with

having the expression, required at the beginning, given in (11) or (27).
Let us prove the inductive step from the scale K+l to the scale K.

(K+1)

The assumption on V (3N) means that we can write it in the

following way:

K+1 g N ~ 1

) gy o 1 R

v GN) = 237 R N % R R I
040, 0 046, Kt+2

(28

The first term of the right hand side of (28) is the trivial (Z without

(o) (o)

Rl (remember that, by

bifurcations) tree and corresponds to Za g
assumption), the right hand side of (28) is the renormalized tree expansion).
.
h-———5/%‘? corresponds to the contribution of a generic tree 8 when

h Vo

we sum over all the frequencies except the last one which has the value h;
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~ ~J
6 has to be thought of with an index L or R appended to each bifurcation.

./"’LL
_ {
h‘*i:} : h{e A (29

We also denote

)
6 .
836 4 i
and rewrite eq. (28) as
K+1 n N ~
(K+1) e _______1_.{“‘“ . R .
v GN) = fgqg— % gh IS RN A AN him—;} (30

To get V(K)(;N) from V(K+l)(;N), which, one has to remember, is obtained
(M)

with an unrenormalized tree expansion from V (;N), one has only to perform

a cumulant expansion with respect to the measure P(db(K+l)). We obtain
®) ([, <K o LE/MV RS
A ;N) = ¥ + z S him,»" +
0 B+2
L -times

and we have to prove that this expression can be put in the same form as
(30), with, obviously, K instead of K + 1.

The last term of (31) can be expressed in terms of trees

. i—%— b —-———é/&«{:} (32
: {U} {hyyeeoshy } K Kk e

\/‘

h

1

2 T [1<+1]( ) =

N M8
N ™8

[ 2

when the indices {U} = {Ul"'°’UZ} which ara applied to the £ bifurcations

N A
immediately before the lowest one, run over the set {R,L,0}, U = 0 just

U=0 .
means that the term - f::} which merges in the lowest bifurcation is

the trivial tree.
Remembering that in eq. (29) for all the trees 8 the sums over the

inner frequencies are performed, we can rewrite (32) as
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1 (K+1) (R+1)y _ . )
S 7 E[Km("\.,:;i_/} i, = 6 ) gl
£
~ R Vathe
=L )+ et (33

(Note that the indexlz appended implies that the operation L is performed

and also that the lowest bifurcation frequencies run from 0 to the root

frequency K; here, anyway there is not a summation on the lowest frequency.)
Inserting (33) into (31) we see that the first term of the right hand side

of (33) cancels the last term of the Kfl of (31) while the second term of the

0
right hand side of (33) just adds to the corresponding sum, obtaining

g (1K

A
e h 'K (34

which is just eq. (30) with K instead of K+l.
To complete the proof of (B) we have to check the first step of the

instructive procedure. If we put in eq. (34) K = N we get:

N ~
VAR o [—<-N];N) = Zag(‘a)ll\(]“) + I ﬁQ (35
0

and from the meaning of the index L it follows that the right hand side
of (35) can be written as
[<N]
(D, (D —
I @M )

defining the bare coupling constants. Therefore (B) is proven and proving
the renormalizability of the theory amounts only to proving the statement
(o).

We do not do it here and refer to [1] and [2] for a proof. We remark
that this result is, in some sense, evident as the renormalized expansion

has been built in such a way as to remove the divergences arising when
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different coordinates coincide, just performing subtractions which produce
some extra zeroes in the integrands (see prescriptions in 1), ii)).

Although the guiding idea is clear, nevertheless the proof is a bit invecived
due to the fact that one has to prove that the introduction of the § and{z
at the high bifurcations does not destroy the effect of the same cperations
at the lower frequency bifurcations.

Before discussing the second and third point of this paper, I want to
present a slightly different way of looking at the same results which hes
the advantage of making more evident the connection between the perturbative
and the non-perturbative approach and, moreover, sheds some light on a
possible way of defining the non renormalizable theories. We start again

1)
from eqs. (30) and (34) and observe that in the expression (30) for V(K+1’

N
the local part of the effective potential is totally contained in the first

two terms. We can regroup them together and write:

N ~l
@), o (W s 1 1 (0 , Rm "
v (M= ®+1; ML+ 5 e (34
K+2 !
where:h1r(a)(K + 1, N), we call "dimensional running coupling constants,"
we have omitted the dependence on the g(a)'s. Looking at the expression
of V(K) obtatined from V(K+l) we can rewrite, following (31) and (34)
(K) ©) CI R
- e Q) o
K+2
N (K+1) (K+1)y _
+ 22 T E[keL] (v yenesV ) =
{~times
N ~
(o) (o) R .
= 3 . !
(f X; N)IK + Zh X h 37
K+1

which immediately implies, remembering eq. (33):
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(a) N L L (o)
r K+ 1; N) + L('k'*-'m J = r (K; N) (38
and as
DD . (K+1) (K+1)
L ( )—32 L Ere (v seres VT )
'gf————""“&v——-n_._.,,_..»
g
it is clear that r(a)(K: N) depends on r(u)(K + 1; N) and on V(K+l); V(K+l)
N ~
in turn depends on r(a)(K + 1; N) and also through I "< ﬁ{::i} on V(K+2)
K+
which depends on r(QD(K+%N) and so on and so forth, to conclude that r(a)(K; N)

will depend on all the r(a)(h; N) with h > K + 1.
- Equation (38) is therefore a recursive relation for the running coupling
constants.
Let us point out now another feature connected to the introduction of
the running coupling constants.

Looking back at eq. (38) we have

x; --—-——%—) = ozo - I; E_ RE (v(h) v(h)) (39
h K hl~ 52 21 “h “>K T[h] e
K+1 K+1 YT

L-times

We can rewrite, using this relation, the effective potential for a generic

K <N as

© N
VO = e Qs wrg® + E om0, ) (40
2

K+1
Starting from K = N and going down we see that we produce a tree expansion

of a third type different from both a unrenormalized and the renormalized

one. We write it

VOO =V e 0+ 5 5 V6, B (41
(h_<N)



when

_ () . (o)
vr(eo, K) = Dt (K NI,

1 T

. 1
V_(8, h, K) = g7 E_IRE v, e n . JyeresV 06 3 n(8), 4 1)

1 a a
St K [hvo] r Yo r s v

with 6 a generic tree whose lowest frequency bifurcation is hv , such that

0
. . . ively hD N C) I
in VO s-subtrees merges with frequencies respectively h'™", ..., h an
roots h .
Yo
All that means that this new expansion differs from the unrenormalized

~
one because each bifurcation has appended an index R and because the final

lines do not bring anymore the bare coupling constants k(gb(g) N) nor the
"physical" ones g((% but, conversely, each final line brings a running
coupling constant r(a)(h; N) where h is the frequency of the first bifurca-
tion where the final line emerges.

This "running" tree expansion proves itself very useful when it is

associated to the recursion relation for the running coupling constants

(38) which we rewrite as

22

r(“K; N) = r(o‘)‘(K +1, N) + I Iy r(o‘)(e, h, N) (43
040 “=K+1
0 v
0
h <N
v =
and
L) (o) _ 1 T (1) (s)
2 VU@, by MY = L E[K+l](vr(el’ h, R, ..,V (8 ,h ,K+1))
(44
Equations (43) and (44) provide a recursion relation for the
{r(($(h; N)}. Let us assume one can find a "solution" to it bounded in an

appropriate way (see later to give a precise meaning to it). Then it is
intuitively clear that to prove the (perturbative) finiteness of the theory

one is left to check that the "running" tree expansion is finite. This
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proof is the particular case of that for the renormalised expansion, where.
N
all the indices appended to the bifurcations are R-indices and where the

)
g(qV's are substituted by the appropriate bounds for the r(a)'s solutions

of (43), (44).

Therefore apart from some technical aspects which suggest it is better

to deal with "adimensional running coupling constants,"

we are going to
define in a moment, the proof of the renormalizability of the theory can
be rephrased in the following way:

a') Prove that the recursion relation for the running coupling constants
admit a solution as a formal power series in some parameters that we fix
on a definite scale and call "physical coupling constants" (for instance
we can define r(a%O; N) = g(cw)and that the coefficients of this formal
series are uniformly bounded in N.

B') Prove that the running tree expansion has all its coefficients uniformly
bounded in N when the adimensional coupling constants are bounded by a
constant,

This approach, developed by Felder and Gallavotti in [3] has some
advantages with respect to that proposed in [1], [2] and previously
described. 1Its content for the renormalizable theories is exactly the
same as that of the previous one, but equations (41),...(44) are meaningful
in the N > «, in a sense we are going to make precise, also for the non-
renormalizable theories, the crucial difference being now that in this case
it is not possible to satisfy (a').

To make this argument more precise and to complete the discussion about
the perturbative approach showing the results on the bounds of the coefficients
of the effective potential (from which it is not hard to derive those for
the Schwinger functions) we start defining the adimensional running coupling

constants
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(s =y

2058 -4 o <2
ala) = : t-1 (43

i A

Q
[

(In the 0" case, o 1,2,3, 0(1) = -2, 0(2) = 0(3) = 0) and we rewrite
L

the recursion relation (43) as:

n (o)
VO m =y N g r, 1 8%0,n01 0 T W
h o —— 1 i
040 hv0=K+1 (46
h <N
L2
when
a= (0'19- . C‘n)

{hi}: frequencies of the bifurcations where final lines merge

n = number of final lines of 6

and

(o)
@M 2280, n010 T (h; W 47

C
[ =
a

Yo( oDKr( o)

We observe that the dependence on N of A(cﬂ(K; N) is due to the fact that

if they are solutions of the non-linear equation (46) they will depend on

N as the kernel of the equation does. Its N-dependence is due to the

condition hZ<N of (46). This suggests that one could consider as the "tree
v

equation" for the running coupling constant the analogous one to (46) but

with the constraint hv < N removed. Namely

- n(®) (o)
A Dy = 7D (D gy gy oL 2ol en 10 V)
| 2 1
66 {hVO-K+l} (48

It would be very interesting to investigate if this equation has a solution
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and if this solution is connected in the obvious way with the solution of (46)

Py = 1im A Y & W {49
N>

Nothing is known about the existence and the nature of these sslutions so
there is not very much to add to this pointu One has, of course, to reaiise
that in searching for solutions of the functional equation {(4&) one ig Looking
for more strong results than the purely perturbative ones.

Going back to the perturbative problem we can summarize the description
of this last approach with the following results (proved in [11, [2] for
the renormalizable case, explicitly for the @ﬁ theory, and in [3] for the
non-renormalizable situation as well).
Theorem 1

(X)

Let V ( :N) be the effective potential on scale K and consider its

"running" tree expansion (41); the order n in the running coupling constants

is made by a finite sum of terms of the following kind:

Joaxpoeiax VO Go,x,p) B ol g [

An

) (50

where P is a Wick monomial of degree p in the ¢'s and the 3 's on scale X;

then the following estimates hold uniformly in N:

K -
{ lv(K)(x yoeex ,P) [dxp . idx < N(p)Cn(n(t 2D L[ ReRy d@ysnnenby (G

A ...A
1% X

where Al,...,An Qk (family of cubes paving Rd of linear size Y—K),

| =

C, K> 0, N(p) is a function > 0 of the only variable p and {Ik

sup lk((Q(K, N)[.
(o, K,N)
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This result, in the @ﬁ case, essentially tells that as t = 4, the
coefficients of the running tree expansion have a n! dependence (n is the
order in ||A||) from which we expect that its Borel series has a finite
convergent radius due to an instanton singularity on the negative axis[s].
This is present as well as in the d = 3 case for the o" theory. The next
result shows, implicitly that nevertheless in d = 4 the situation is more
complicéted when we look for an expansion in the physical coupling constants
instead of the running coupling constants.

Theorem 2

The coefficients B((»(G,E,gp of the "B-functional" defined in the right

hand side of eq. (46) satisfy, uniformly in N, the following estimates

-p(h ~h 1)
~2))1!
8¢9 @,n, 0] < BERDL oy v (52
: v>v
0
where C, p > 0 and n is the number of final lines of 6., In the ®ﬁ case we

have a n! in the bound (52). (In @%, as the theory is superrenormalisable,
essentially one has not to introduce the running coupling constants). Due
to this n! one can expect that troubles can appear in the expansion of the
running coupling constants in terms of the physical ones. The problem is
in fact that the coefficients of tﬁis expansion bring themselves some n!
dependence (wheren is now the order of the physical coupling constants).
Therefore one could suspect that the final n-dependence of the coefficients
of the renormalized tree expansion is worst than the predicted n!-one.
This is not the case, but its proof is a complicated task (obtained before
with different methods by T. 't Hooft and De Calan, Rivasseau [6], [7])
thoroughly discussed in [1], [2].

To come back about the possibility of using this formalism to
attack the problem of a definition and a possible construction of a ''mon-

renormalizable" field theory, we remark that Theorems 1 and 2 are still



valid in the non-renormalizable case and the well known impossibility of
obtaining an expansion, uniform in the cutoff, in terms of a firite number
of physical coupling constants is translated here in the impossibility of
satisfying the statement (o') (above, p. 23). Of course a possible way
out of this problem is to look for a solution of (48) with appropriate
bounds in the frequency. In this case one could give a meaning to a
non-renormalisable field theory withcut ever introducing the physical
coupling constants as parameters in which to perform a power series
expansion, Some results in this direction have been obtained by

G. Felder in the planar case of the @ﬁ—theory [4].

27



28

References

[1}

[2]

[3]

[4]

(5]

(6]

[71

(8]

[9]

G. Gallavotti, F. Nicold

Renormalization theory in four-dimensional scalar fields, I, II
Commun. Math. Phys. 100, 545 (1985)

Commun. Math. Phys. 101, 247 (1985)

G. Gallavotti

Renormalization theory and ultraviolet stability for scalar fields
via renormalization group methods

Rev. of Modern Physics 57, 471 (1985)

G. Felder, G. Gallavotti
Perturbation theory and non-renormalizable scalar fields
Commun, Math. Phys. 102, 549 (1986).

G. Felder

Construction of a non-trivial planar field theory with ultra-violet
stable fixed point

Commun., Math, Phys. 102, 139 (1985)

K. Osterwalder, R. Schrader

Axioms for Euclidean Green's function I, II
Commun. Math. Phys. 31, 83 (1973)

Commun. Math. Phys. 42, 281 (1975)

G. 't Hooft (Lectures at the International School of Subnuclear
Physics, Erice, Sicily, July 1977).

C. De Calan, V. Rivasseau
Local existence of the Borel transform in Euclidean @ﬁ
Commun. Math. Phys. 82, 69 (1981).

J. Magnen, F. Nicold, V. Rivasseau, R. Seneor
A Lipatov bound for @ﬁ euclidean field theory
Preprint Ecole Polytechnique n°® A694,11.85

J. Polchinski
Renormalization and effective Lagrangians
Nucl. Phys. B231, 269,


http://A694.ll

