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On the functional equation f(A)+f(wA)f(u)'1,\)=1, w5=1
by Yasutaka Slibuya

1. Stokes multlgliers of subdominant solutlons: In a study of asymptotic

solutions of the differentlal equation

(1.1) y" - P(x)y = 0, P(x) = xm+a1xm'1+...+am_1x+am ( aje(f, )y

P.F.Hsieh and Y.S3ibuya [2 ] (cf. also, Y.Sibuya [6 J) constructed a
solution qm(x,a) of (1.1) such that

(1) qm is entire in (x,a) ;

/
(11) 6%11 and its derivative % wlth respect to x admit asymptotlc

representations:

r

m -3
(1.2) qm = X [1 + O(x )j)exp -Em(x,a)] ’
and

/

(1.3) % = x%m*-rm [_—1 + O(X-%)‘]GXP -Em(x,aﬂ,

respectively, uniformly on each compact set in the a-space as x —» @

in the sector

(1.4) arg x |< 2T - § (§>0 ),
m+2

where

2 _H(m+2) 2 3 (m+2-2h)
(1.5) Em(x,a) = 55 % + 151%;(m+2) T bh(a)x

-%m if m 1s odd,
(1 06) I‘m =

-im - b%(m+2)(a) if m 1is even ,

m Jé’ 6o
(1.7) (1 + 2 ,ajx-j ) = 1 4+ GZ:\bh(a)x'h .
3 =1 =1

The solution {ym is subdominant in the sector

o

<

arg x
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since %—-}O ags x ~—~>0 in (1.8).

Set
.
W = exp(12W(m+2)) ,
(1:9) 4 c(a)= (@¥ay, Wy veey Whay) , ke A,
k%!k(x’a) ‘2%( CISkx9 Gk(a)) .

Then, %,k are solutions of (1.1), and admit asymptotic representations

2k o
as x—> o in arg X - == <%;§ -9 (S}O),\respectively. In

| T i
particular, % x 2Te subdominant in |arg x S < 5:7 3 resp..

Every pair {qm " %,kﬂ} is a set of two llnearly independent solution

of (1.1), where %mq-g .-:%,o « If we set

(1.10) %’k(ma) = 0 (8) Y gy (Xs2) + 'a;(a)%’kw(x,a) ’

then

(1) the quantities Ck(a) and fézc(a) are entire in a 3

(11)  ogla) = o (¢%(a)) ,  Tp(a) =T (¢"(a)) ;

(111)
» - if m is odd ,
(1011) Go(a) = ( )
- a
_w‘ 2bé(m+2) if m 1s even .
Set
12) () = |22
. a = .
(1 % ﬁi(a) 0
Then
(1.13) (%,k ’ %,kﬂ ) = (%,kn’%,k-ﬁ) Sla)
and

(1014) Sm+1(a)Sm(a) cee S1(a)So(a) = 12 ’
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where I, 1s the 2x2 identity matrix. The identity (1.14) 1s due to the
fact that the monodromy group of (1.1) 1s trivial,
Remark 1.1: If we define u

1’ L ] um by

Ml

(1.15) (x-n-s)m + a}(x-&-s) + eee + am-1(x+s) + a

m

m M1
= s + u1S + oee +um-1s+um ’

then

Co(a) if m is odd ,
(1.16) c (u) =

exp 2Em(x,a) Go(a) 1f m 1s even
(cf. Y.Sibuya[é ; Theorem 21.92, p.84j ).

2. Examples: The main interest is in the study of (1.14). In this section

we shall consider the cases m = 0,1,2,3 and 4,
(1) m = O: In this case differential equation (1.1) is

(2.1) y" -y =0

@0 = e " @ =.exp[17‘] = =1 ,
(2.2) %o = e % , %1 = e .

Matrices (1.12) are

and

|
(0]
-

Co 1 c, 1

(243) So(a) = ’ S1(a) = ’
1 0 1 0
and identity (1.14) is
(2.4) S1 SO = I2 .
This 1lmplies that
-1 O
3, = S = 1 -
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and hence Co = 0 and Cy = O. This result simply means that

=X X X -
(e ye )=(e ,e ) 0 1 .
1 0

(2) m = 1: In this case differential equation (1.1) 1s
(2.5) " - (x+A)y = O

and matrices (1.12) are

c, (&) 1
(2.6) §(A) = k y W :lexp[127173] .
Since _ 1
5,05, 8, A) = | [e,e, ) -] 0, ) =0, N5 W) —w

~@; ()75 (0)-0) —wWC; (A)
e
ldentity (1.14) implies that =

(2.7) C,(A) = 6, (A) = () = = ° .

Thus we could find the Stokes multipliers of Airy functions from (1.14)

(cf. WeWasowl 971 ).

(3) m = 2 : In this case we conslder the differential equation

(2.8) y' - (2 +X)y=0 .
Then, matrices (1.12) are

((-1)%A) |
(2.9) Sk(osk) = SO(O, ('I)kk) = g ’

G- ) o

where Y(A)=(-1)exp(-4M).( Note also that S (a) = 5,(6 (a)) (ef. (1.12)
and property (1i) of Ck(a) and fé;(a)), and that () = exp(i31f) = 1 ). Hence

identity (1.14) becomes

(2.10)  8,(0,=A)84(0, A)8,(0,=A)8,(0,A) = Ip .
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This means that , 1f we set A = so(o,-x)so(o,‘x ), then A = A~'. since

Q(-A) P(A)+ (-1)exp(-3TA1) Q(-A )

i ?

(-1) ®)ezp(3mr) (-1)exp(37AL)

we must have Q(-A)®(A) + (-L)exp(-3TAL) = = (-1)exp(3TAL), 1l.e.

21
11 - = 21 A) =
(2411) P-XIQA) = 21e0s(3TA) = s
In fact,
A .
(2.12) Q) = 27 (et exp(=3M(A-1)4 ) .

1
a1+ X)) \
To derive (2.12) from (2.11), we need some additional informations on ?
(cf. Y.sibuya [ 6 ] ).

(4) m =3 : In thls case we conslder the dlifferential equation
(2.13) y" - (x3 +8X + b)y =0 .
Then, (@ = exp(12T/5),and matrices (1.12) are

c( (Jgka, (D_Bkb) 1
(2.14) 5.(0,8,b) = ,

- W 0
where C(a,b) = OO(O,a,b). Identity (1.14) implies that

-1 |
84838281 = SO = 0o -0 .

1 olc(a,n)

opaLt
Since

-~

SeurSe = 00 62 s, m—3(k+1)b)c(m-Ek.a,aS-}kb)_wtc(w-e(kﬂ)a’m-B(kn

-U)C(u.)-gka, (53kb) -a

we must have
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.

[c(wPa, 52b)c(w ) 0b) - [c(@e, 05 0)0(w2a,0fb) — @) =wo(w2a,0%s)c(w a, & b

[0(wa, §20)0(6) 8,0 b) —t]) Clwa, &' b) —we@e, 52) = - ',

1

- - 2 - -
[c(@a, 5" v)c((i%,070) ~@) o(f e, Wb)-wc(ew2a, D)

1
€

L--z.)c(m"a,a;b)c(ma,m“b) ¢ w2 =ao(a,n) .

It 1s not difficult to verify that these four realtions are equivalent to
(2.15)  Cl@ 8, 0b)0(Wa, ® ') =0 = ~ 20(a,b) .

If we set F(a,b) =@°C(a,b), (2.15) becomes

(2.16) P(a,b) + F(J'a,0b)P(Wa, w 'b) = 1

In particular, if we set f(X) = F(A, O) or F(O,A ), (2.16) becomes
(2417) £ON) + F@A) P ) = 1 .

(5) m = 4: We conslder only the differential equation

(2.18) y" - (x4 +A)y =0

In this case, @) = exp(127/6),and identity (1.14) 1is

(2.19) s s s 20 s@ s s = 1,
where
) 1
(2020) s(A) -'—'[? } ’ Q(l) = CO(O,O,O,K) .
-0 0

setting HO) =§(W*0SQA), we write (2.19) as

(2.21) B ) H(W2VEQ) = I
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Now, observe that

PW2N)BA) -0  §(w°A)
H(X) =
- W) -

H(a2AEQ)
-|[a820) ~Q @B Pn) —g-wpw®  [8P(WE) —u] RWPL) —wsR)

-6[3w2 90 -] @2 + wPg) ~WPW2NGER) +p2

and

e 0] —0 ~P(w2N)

WP ) Qw2 Rwr) ~w
Thus, we conclude that (2.21) 1s equivalent to

(2.22)  §ABWANFWN) ~0[80) + D) +GWPN] = o
If we set

(2.23) A = §PAN) -0,

then

(2.24)  ACAWVAGR) = 02[AN + Al2a) +AP)]  + 20

(cf. A.Voros['?,g]). Note that

(Y, Y- (¢ %%, ) s

3., £(\) + f(cd))ﬂ&)"k) = 1, W =exp(127/5): In this section, we shall state

some known facts concerning equation (2.17).
(I) There exists a non~trivial entire solution f(A) of (2.17) such that
(3.1) f£(A) = -[1 + 0(1)] exp[K(H&) A ] as A—> ® 1in the sector

(3.2) -55*-1r+8 < arg X S om- -S‘ivr-s ($>0) ,

where
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+60
= J.[(t3+1)%- %]dt > 0
0
.5 2 5
(3.3) f(A) = = {(1+o(1))exp[K(1+al-‘))»6]-\-(14-0(1 ))exp[K(H&)‘))\,%} }

as A =% © in the sector

(3.4) arg X + FUW -2W[L§  (8>0);
and
(3.5) £(0) = g + 52

Remark 3.1: O = w+(_o"1 and ?za@ +aS'2 are two zeros of X°+ X - 1 ,

(H)
(II) Y.Silbuya and R.Cameron[5] constructed a solution of the form:

EN) ‘1(A) }
[ §00 + 620 -118° §().)+a) 12)-1)
where § and 7] are arbitrary functions such that g(wl :-.mg(),) and

(3.6) f(l)::O({1+(1+o(2)

’((a)l) = w""l(x). Similarly, we can construct another solution of the form:
BTN —ok® _ }

[wen) + w'q)-1] [F'EM)+ ©TA) 1)

where g and 7[ are arbitrary functions such that %(a)).):: wgg(;\) and

NWA) = @A) Note that 1f we choose £ and 7 so that §(0)=0 and

1‘((0):0, then (3.6) and (3.7) respectively yield

(3.7) £(X)= 9{1+(1+§2)

(3.8)  2(0) =«[1-(1+2)p?]= §
and

(3.9) £(0) :P[‘l-(h}- ?QMQ]: o

(III) Utilizing the ldentity

A allC ¢ C a) A ¢c c
—
B 4

-—

Acl
B D

b d

B b D b

D d

we can derive
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(3.10) | wa(wr) a(wA) walX) a(w"'l)
ao@2)  vn)] {3'vd) v

war)  a(A) | |aPa@ir) a(w A)
Sowr) b)) | 6@ (&)

@Wan)  a@)] |@awl) al))
JbA)  b(@) o) b@a)

i

Therefore, if
Wal@A)  a(l)

Gob(WA) b

then

w
£ = W a{w)) a(A)

S bW bR

is a solution of (2.17) and £(0) ::? . More generally, if j)5 =1, S’,{ 1,

and

QalwA)  al)

|

(o) b

then 2
9 a(wA) a(X)
f(x) =

§@r) bR

is a solution of (2.17) and £f(0) = 9+‘§>_1 .
As far as entlre solutions of (2.17) are concerned, the converse of

the results glven above is also true, owing to the following result obtalned

by W.Messing and Y,Sibuya[l]-j :
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Let H(A) be an n-by-n matrix whose entries are entlre inA, and let @

be a complex number such that a)r = 1 for a positlive integer, but a)p £ 1

for any positive integer p less than r . If H satisfles the condition

(3.11) H(@™ ™ DOH(@ ) L HWDEAD) = T,

where In is the n-by-n ldentity matrix, then there exist two n-by-n matrices

E(A) and C such that

-1
(1) the entrles of E(A) and E(A) are entire in A

(11) ¢ 1

a constant matrix satisfying the condition ¢F = I, s

(111)  HQ) = BwX) "¢ EA) .

Remark 3,2:
(a) This result is a generalization of Theorem 90 of Hilbert (och.RaKolchinﬁs;

Tnap.V, §12] )3

(b) we belleve that we can prove a similar result in several varlables;
(c) L2 we set B-'dE/d?\.z -A(A), then
(3.12) dH/dA = WAMWAHWA) —- HA)AA) H(O) = C .

Y+ Remarks on entire solutions: Let us conslder a relation

(4e1) f(A) + f(cA)f(e"A) =h ,

where f£(A) 1is entlre in)\ ; ¢ and h are couplex numbers; and ¢ £ O.

(1) If f does not have any zero, then f does not take h 3 and hence

f must be a constant identically due to a theorem of Picard, if h £ 0 ,

- 2
(11) 1f  £(A,) = O, then f(cA ) =h snd £(c 'Ao) ~h ; hence h° =h .

'his means that hes{ or O .
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(111) £OU+f(cA)f(e~™A) = 0 implies f£(cA)+f(c?A)f(A)=0, and hence

f(ecA) - f(oz)\)f(cX)f(c',\) = 0, Therefore, if f(A) 1s not identically
zero, we must have f(ce)t)f(cq)\) = 1 1identically. This, in tumm,
implies that ¢ = exp(127/6) and f(\) = - exp[)\é(f) + )?&(16)] ,
where @(u) and dr(u) are entire in u . Note that two zeros of X + X°
are O and -1 . The equation f(X) + £(cA)f(c™\) = O does not have
non-trivial entire solution satisfying f£(0) = 0 .

(1v) The following question 1is still unanswered: "Does exlst a non-trivial

entire function f(A) such that f(\) + f(w})f(w",\) =1, £(0) = (,.)+a)"1 ’

vhere () = exp(12W/5) 2 "

5. Rlemann-Birkhoff problem: There are many non-trivial entire solutlons

of (2.17).In faot if a(A)and b(A) are entire functions such that a(WA)=wa(A)
and b@A) = w 'b(A), then £()) = F(a()),b(A)) satisfies (2.17), where F
is the function in (2.16). In order to understand the general nature of
this solution, it would be helpful to quote the followlng result concerning
the Riemann-Blrkhoff problem:

Let () = exp(127/(m+2)) for an odd integer m , and let

Ty 1
P, = . Tk e C .
A 0

m
If Pm+1Pum-1°°'P1Po = I, , then there exists a = (a1, cees B ) e

such that Ck(a) = I’k ( k = Oy 14000, m+l ){cf. Y.Sibuya[S]) .

Furthermore, we can choose a, = O. There 1s a similar result for an

even integer m (cf, Y.Sibuya[6 ] ). After some normalization belng

made, I,Bakken[i ]showed that the correspondence between a and ¥
is locally bi-holomorphic. Probably, most of the mysterles surrounding
the equation f(\) + F(w)\)f( 03-1/\) = 1 are hidden in the function F{a.b).
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