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. Introduction

To a non—-negative integer matrix A over a finite symbol space I

is associated the topological Markov chain (XA ,SA). Here XA is the

shift space
X, = {(@.,k.).. € CxN)YZ: 1 <k, <A(a.,0..), i€Z)
A 1717167 — i = TN T

and S is the shift en X, ,

A A
. = . . £ ). €
S, (6D 5ez) = Giuien Giez € %
The topological entropy of (XA ,SA) equals the logarithm of the maximal
real eigenvalue RA of A . We consider onlvy irreducible A and put then
on XA the unique SA—invariant probability measure Mg of maximal
entropy. A

Given two topological Markov chains (X, , S

A A) and (Xt ’SK) we

S

gonsider codes ¢ from (X to (X< ’SK)' These are Borel mappings

A’ A)

¢ whose domain of definition Dw is an SA*invariant Borel subset of XA

of full Hg -measure, and that take values in XK such that
A
wSAx=SK<\ox, xEXA.

The entropy governs the existence of codes between topological Markov
chains that have desirable properties to a considerable extent, as was
recently demonstrated by Adler and Marcus [1]. For irreducible topological
Markov chains (XA,SA) and (X_’SZ) of equal entropy and equal period
they constructed an a.e. one-to-one finitary code ¢ from (XA,SA) to
(XK’SK) with bounded anticipation and finite expected coding time.

That ¢ 1is finitary with bounded anticipation and finite expected coding
time means that one has an I € N such that there is for all x € D@ a
(maximal) i(x) < O such that the zero-th coordinate of ¢x 1is deter-

mined by (Xj)i(x)<j<I , and such that

[1i6G) dug ) > = = .

A
XA
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A subclass of the a.e. finite-to-one finitary codes with bounded anti-
cipation and finite expected coding time are the continuous onto codes
between irreducible topological Markov chains »f equal entropy [3]. The
search for invariants of topological Markov chains under continuous one-
to-one codes leads to the notion of shift-equivalence [i0]. Two matrices
A and A , are called shift equivalent if for some L € W there are non-
negative integer matrices Q and R such that

AQ = QA , AR = RA , RQ = A" , Qr = A" .

Williams showed that topologically conjugate topological Markov chains
(XA,SA) and (X',Sg) come from shift-equivalent matrices A and A
and he conjectured the converse to hold [10]. A complete invariant of
shift-equivalence is known, namely the (past) dimension group (KO,K;)(SA)
of the topological Markov chain together with the automorphism that the
chain induces on its (past) dimension group. (Ko’K;)(SA) equals

)

. I
11m> (Zz", Z+)

and the alluded to induced automorphism is the one induced by A on this
inductive limit [7]. Also for the existence of continuous ontc codes

necessary conditions are known [4,6,8,9].

Call a finitary code ¢ with bounded anticipation resolvent, if
all points x to which a ¢x can be assigned by continuity, except those
in a uSA—nullset of the remote past, are uniquely determined by ¢x to-
gether with any of their initial segments (x.). . ,1 € Z . The left
resolvent continuous onto codes as considered in [1] are examples of
such codes. Qur result is that between two irreducible and aperiodic
topological Markov chains, whose dimension groups are totally ordered,
a.e. finite-to-one resolvent finitary codes with bounded anticipation
and finite expected coding time exist if and only if the entropy of the
chains are equal and their dimension groups are isomorphic, which, because
of the presence of the total order, is here the same as shift equivalence.
We shall also see that in the totally ordered situation shift equivalence is

a necessary and sufficient condition for the existence of a joint left



resolving continuous extension.

In section 2 we are concerned with the necessity of the condition.
Finitary codes with the required properties are then constructed in

section 4 after some preparations in section 3.
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2. Necessary Conditions

We continue to consider an irreducible and aperiodic transition
matrix A over a finite symbol space I. We introduce more notation,
where we view A as a O-1 matrix, as we shall do in the sequel with

all transition matrices without loss of generality. We denote

. - (i,k], _ .. . )
A li,k] = {(aj)iijf_k € 3 : A(aj,ajH) =1, i<j<k}, i,ke€zZ, i<k

For cylinder sets we use notation like

z(a) = {(xj-)jEZZ €X,: a = (Xj)iijik}’ a€Alik], keN

We also use notation for the spaces of half-infinite A-admissible sequences,

e.g.
(—oo,i]

XA("w,l] = {(xj)jii €% : A(xj,x.

J+l)=l,j<i}, iez.

The projection of XA(-m,k] onto XA(—w,i], i < k will be denoted by P -

FS will denote the group of uniformly finite dimensional homeo-

A
morphisms of (XA,SA) [7]. That is, FS is the group of all homeomorphisms
A

U of XA with the property that there is an I € N such that

Ux); = x; , li| > 1, x € X, .

We denote

W, (x) = U {y €EX,ty. = x., ] :_i}, x € X, .
S i€z ATy A

On the WSA(x) we use an inductive limit topology that turns them into
zero—dimensional o-compacta. CSA(X) will denote the Boolean ring of
compact open subsets of WSA(x), dﬁd FSA(x) will denote the group of
uniformly finite dimensional homeomorphisms of WSA(x), that is,

FSA(x) is the group of all homeomorphisms U of WSA(x) with the property
that there is an I € Z such that
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(Uy)i=yi, i>1I, y €W (x) .
A
x,x' € XA are said to be negatively asymptotic if x' € WS (x) , and
A
negatively separated if they are not negatively asymptotic. Use analog

terminology also for half-infinite sequences.

By T we denote the F_. (x)-invariant Borel measure on W_. (x).
SA!X SA SA
Let us at this point also recall the explicit expressions for u and

Sa

Tg X" For this let a be a right eigenvector of A and let b be a
A’

left eigenvector of A for AA and set

-k -1
Hs (Z(ai) (1 aaba) %y

L L) = A € Afo,k], keN ,
A 0<i<k A WEr A

ba ’(ai)0<i<k
o k —

and for an (a.)

i ijp € XA(‘“,R] that is negatively asymptotic to x, have

Finally let q € N be such that all entries in A% are positive.

Let now A be another irreducible and aperiodic transition matrix.
We use similar notation for the objects associated to A, where we always
let a bar appear.

We consider a finitary code ¢ from (XA,SA) to (XK’SK)' We let
@ be given by its zero-coordinate mapping ®g whose domain of definition

D < X, as well as the sets
%0

D(@) = {x €ED_ : o(x) = al,
%

Q1
m
[nel]

we assume to be open. We want Dw to be a set of full Mg ~—measure. The
0 A
domain of definition Dw of ¢ 1is given by

the code ¢ itself being related to its zero-coordinate mapping ®y by

o(x) = (wO(Six))iEZE € XK (x € Dw)



We impose on ¢ the condition that it be finite-to-one. Then

as follows from the theorem of Abramov and Rohlin [1] on the entropy of
homomorphic 1images and the uniqueness of the measure of maximal entropy.
We also want ¢ to have bounded anticipation. In fact, since this does

not entail any loss of generality, we shall always assume tacitly

that ¢ 1is non—-anticipating. Then every cune of the open sets D(&), @« €3¢ ,
can be written as a union of cylinder sets ~f the form Z(a), a € AA {i,0],
and we define

- . ) \ = e ey o
t(x) = max {1 < 0: Z((xj)ijjip; o D{a) . ¥ ¢ Dla), o« €L .

The condition of finite expected coding tine, rhat we require ¢ also

to satisfy, is now expressed by

N [ e dug 1) > - =

XA A

NQ)

We denote by the set of all x € Dq such that ¢ when restricted

to Dw n WSA(X) becomes cne-to-one. Last not least we impose on ¢ the

.. . . (1 .
condition that it be resolvent, that is we want that B( ) 1s a set of

full measure.

Let N be the positive integer where

uSK[{; € o ): lo (X} = N1} =

N

We denote by C the ser of points % in m(D@) such that

1o LX)} = N

\ . il B .
and such that any two elements in ¢ {x} are negatively separated.

1 . i
C( ) 1s a set of full Hg_Tmeasure. We dencte further
“A

(2)

B = {x €D : W, G« D

A


http://rb.it
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(2.1) Lemma. Hg (B(Z)) = |

A

Proof. We claim that

B(Z) = N Uub

veF
SA

©

To see this let

x€ N UD , yEW, (x)
veF, @ A
A
If now vy ¢ Dcp , then by irreducibility and aperiodicity of A one could

construct a y' ¢ D@ that would differ from x in finitely many

coordinates, contradicting the choice of x . Q.e.d.
Denote
Ek) (x) = k + £(S%%), x€D, kEZ,
and
B={x€D: lim t(k) (x) = =}
® K>
(2.2) Lemma. P, (B) =1
—_— S
A
Proof. From (1) we have
lim l—t(Skx) =0 f. u, - a.a. x€0D Q.e.d
k » . S X=X @ . T sU.

k- A

That B is a set of full u_ -measure can be assured by imposing

Sa

instead at (1) other conditions on ¢ , e.g. by requiring that

inf t()(x) > - =, f. Hg — @.a. X € Dw .
i€Z A

For

(;{j)j<i € XX(-m)ila iez ’
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we denote

o 1 (x) }

; J‘:i) = p,{x €D p, () = (x)

317341

(2.3) Lemma. Let x € XK . Then for every i € Z there is a k € N
such that

_l -—
p. © {(xJ.) .

—] -
p;® {x} ;i

j§}+k}

Proof. We prove first that the set

)

P

—] -—
;@ ((xj)

i

is finite. For this let

(u,)

i2ivq © Xyliva,=)

be such that for some £ € N the expressions

t (k) ((uj)j:i+q) . k > i+L
are meaningful. By irreducibility and aperiodicity of A construct for

every

-1 -
03¢ €0 @ (Gp)yq)

a ; € XA such that

Vi o= Y., j<i

5. o= u i > i

and set y = w(;). One sees that everyone of these ; can differ from
x only in the coordinates §j’ i<j<i+f . Since ¢ 1is finite-to-one
we can conclude that

)

_] -
P; © ((xj)

j<i

is a finite set.
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Consider then the decreasing family of sets

-1, -
pl ® ((XJ)Jil"'k) ’ k €N,

and let

)

(). € N pyo ! (G

j7isi KEN j:§+k

The lemma is proved, once we have shown that there is an x € Dw such that

Ll

p;x = (x.) , X =

371

and the continuity of ¢ on WS (x) together with a selection argument
A
furnishes such an x . Q.e.d.

Denote for x € w(Dw) by J(x) the set of i € Z such that there
isa k€N with

1= -1
Pie @ U =pyy 0 (()54)

and denote

= {x € o) J(x) =z}

(2.4) Lemma. ug_(¢®) = 1
A

Proof. By lemma (2.4)

Jx) + ¢, xech
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We set then
g={x€cV: inf J® > -}

Then

C(z) = C(]) - E .
Set further

B, = {x € E: inf J() = i}, iez.
Then

B = i Lreez ,

and we conclude that

E.) = ’ i
uSK(i) 0, 1 €7Z. Q.e.d

Denote

UeF
53

C

" (2.5) Lemma. Let x € 0(3), x € w—l{E}. Then ¢ maps D NW.(x) onto W. (x).
® Sy Sz
Proof. Let ]
oz = ™1 <.
That .
© W, (x) = W._(x)
SA SA

will be established once we have shown that for all y € WS_(;)
A

o' Gy nug ™y g, 1<n<N.
A

Assume to the contrary that we have a §-€ WS_(E) and an n, 1 <n <N,

such that A
_l -
(2) o'y nug ™y =4
A
Let i€ Z -be such that
(3) y. =X, , j<i.
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There is a k € W such that
-1._ -1 ..)
Pick @ ()= Pio ((0)544)
Hence by (2) and (3), then

o lgre U Wy x™)
1<m<N,m#n A

By lemma (2.3) there is an % € N such that also every element of

=1
o (0 )
is negatively asymptotic to one of the x(m), l <m<N , m#*n . By

irreducibility and aperiodicity of A construct an x' € X- such that

A

- - .
X, = X 1 <k

i i’ ’

, -
X, = k <1<%

i yl ’ - ’

' > : ol
X. = X. 1> 2 +

i i? 4

Then

olzre U w ™),
1<m<N,m#¥n A

(N

and we -have a contradiction.

Q.e.d.

however by the choice of x also x' €C

(2.8) Lemma. Let x € w(B(l)) n C(3), x € B(]) n w—]{;} . Then the mapping

®: W, (x) > W, (x)
SA SA

is a homeomorphism.
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Proof. It remains to show that this mapping is open. For this consider

a cylinder set

where

Let

(2)

Since x € C we have for some k € N that

(4) ((yJ)J<1 ) « z((x, )J<1 o)

Assume now that
) (v (x) -z ((u, )_]<1)) @_lz((ij)jiioﬂ) +¢, LENW,

To prove openness it is by lemma (2.5) enough to derive a contradiction to

this assumption. By a selection argument we have from (4) that there is a

-1.,-
(6) yEWA&)-ﬂmﬁﬁJ)ﬂw{ﬂ.

Since x € B(l) , the mapping

®: Wy (x) > W (%)

A A

is one-to-one. Therefore (6) contradicts the choice of y . Q.e.d.

Denote for 50 €z

Y@g) = {(x;);,, € Xgl0.) x5 = ap}

and denote by v(ao) the measure on Y(&O) that is given by

“(ao) Z((011.)0<1<k) =" ba—l by (a )

€ Az[0,k], k€N,
0k

O<1<k
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Define then

1 (0 = v&E_ (¥ € Y )

= = (1
(<00 (yi)izp) €ct’,
-1 - _
1Y ((xi“k)i<0’ (yl)i>o) c B}) ’ k€N
and set
¢c®an fxex:y® =)
kEN
(2.7) Lemma. Let X € w(Dw) n C(A), x € w—]{E}.
. . -1
Then TSA,x is a multiple of o TSK,x .

(4)

Proof. The definition of C was designed to ensure that the set

W (X)) no(Bnw, )
5 Sa

has full 'i-measure. Here the set B N W, (x) 1is invariant under

e Sa
the action of FSA(X), and the images under ¢ of any two points
of BN WSA(x) , that are in the same FSA-orbit will be in the same
FSK(i)-orbit. By transporting the measure rsz(ﬁ) via w—l to
BN WSA(x) we obtain therefore an FSA(x)—invariant Borel measure
on WSA(x) that is finite on compact sets, and hence is a multiple
of Tg , due to the fact that a Borel measure with this property is

A**
unique up to a factor. This uniqueness follows here e.g. from the uni-

queness of the trace of AF-algebra that is associated to FS (x) [5]. Q.e.d.
A

(2.8) Theorem. Let A and A be irreducible and aperiodic non-negative

integer matrices, AA = XK . Let the characteristic polynomial of A be

irreducible up to a power and let there exist a continuous left-resolving

code of (XA’SA) onto (XK’SK)' Then A and A are shift equivalent.
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Proof. AA = AK implies that a continuous code of (XA’SA) onto

(XE’SK) is finite to one [3]. The hypothesis on A 1is equivalent

to the total order of the dimension group of SA . Hence this dimension

group is isomorphic to the range of = on C_, (x) for any x € X,.
X SA A
It follows further that the dimension group at SK is also totally

ordered [6,9]. Apply lemmas (2.6) and (2.7) together with theorem (4.2)

S

of [7]. Q.e.d.
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3. Dimension and Synchronisation

We recall how the (future) dimension function GS of the system
A
(XA,SA) arises [7]. Let x € XA . The group FSA(x) acts on CSA(x) .
The dimension function of (XA,SA) is the quotient map of CS (x) onto
A

the orbit space of this action. Its range carries an algebraic structure,

where we have for vy,y' € §. (C. (x)),
S SA

A
y+y'=és,(CUC'), CeEY, C'EY,CNC'=¢4g.
A
In this way GS (CS (x)) becomes the positive cone of the future dimension
A A

) ol
group (KO,KO)(SA ) of (XA’SA)'

Denote for x' € XA by R(x',x) the set of homeomorphisms

R: W, (x) > W
SA sA

x")

with the property that there is an I € Z such that

(Ry)i =Y; i>I,yE€ Wg (%)
A
To define the automorphism ¢S that SA induces on its future dimension
A
group, take an R € R(SAx,x) and set
6.y = & (Rs,C), ceyes, (C, )
SA SA,x A SA SA

These constructions do not depend on the choice of x € XA . Any R € R(x,x)
induces an isomorphism of the triples (KO,K;, ¢)(SZ1) obtained when
employing x and x'

We consider now the situation where one is given irreducible and
aperiodic O-1 transition matrices A and K over finite symboi spaces
£ and E., and where one knows that for some p € IN the systems
(XA,SA) and (XK’SK) are topologically isomorphic. We choose then a

’

suitably normalized topological conjugacy
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. x - L P
U: X, > Xz, S;U=US.’ ,

and together with its inverse we describe this conjugacy by mappings,

¥ ,Y¥, 0<gq<p, where for some L € N

q’ q
\yq: AA[I,L] > I
Fq: AK[],L] +> I
and
Ux = ) (mod p) (&3 i<j<inn)iez » x € X, ,
vz - X € X-
X A .

Y5 mod p ) (&3 i-1<5<i? ez >

Let K,NE€ N, N> K + 3L. Denote for 0 < q <p by Sq[K,N] the

set of pairs
(a,a) € AA[K+L,N] x AK[I,K+2L]

such that

a; = wi+q(modp) ((aj)i:j<i+L) ’

i wi+q(mod[0 ((aj)i-L<j:i)’ K+L<i<K+2 .
In the sequel o stand for mappings that imitate the action of

the shift, where o carries an
((a,2),a) €5 [K,N] x 1, Aag,o) =1,

into the (b,g) €S [k,N], where

q+1 (mod p)



- &4 -

b. = a, s K+ 2L <i<N,

i i+1
bN =a ,
b, =a.,, » 1 <i <K+2L.

The notation o~! is to be interpreted similarly. _

By a synchronization map (relative to the family (Wq,W )

¢Jo<q<p ) Ve

mean a one—to-one and onto map

p: S, [K,N] » s [K,N]

1 0

with the property that p assigns to an (a,a) € Sl[K,N] a (b,g)(ESO[K,N]
such that

o
[
(o]
o
]
[+

(3.1) Lemma. Leét A and A be irreducible and aperiodic with identical

Jordan form away from zero. Let for some p,L € N, where p is such that
no ratio of any two eigenvalues is a p-th root of unity,

wq : AA (1,L] > ¢

'quAK[l,L]+f, 0<q<p,
be mappings that describe a topological conjugacy U between (XA,S;))
and (X=,S¥

A
N > K + 3L a synchronization map

). Then there exists for sufficiently large K € N, and

p Sl[K,N] + s [K,N]

0

relative to the family (¥ ,¥ :
© M € y (q q)0§q<p

Proof. Set

One has

% 5P = 57

The Jordan form of g &)1 acting on KO(SA)<2>¢ is given by the Jordan
A .
form of A away from zero. The hypothesis of the lemma, together with (7),
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implies therefore that

(8) @-S' = ¢S_

Choose now an x € XK and for every o € I choose a c(a)EEXK(—w,]] that is

negatively asymptotic to x and where

e - 3

From (8) one has with an R € R(;, S Siq ;)
5o @557 2™ = 6_@e ), et
A A

From this it follows that there is a K € N such that we can find for

every a € T an Ra € R(x, S SK--l x) such that

(Ra Y)l = Yi ’ 1 >K, vy € WSK(X)

such that also with C[K] denoting the Boolean subring of CS_(;) with

atoms the cylinder sets Z((ui)iix) . A
R= C[K] = C[K],
and such that
R- § Silz(c(;)).= 2@y, Fex
Let then N > K+ 3L . We can define a mapping
ot Sl[K,N] > SO[K,N]
with the required properties,setting for (a,a) € S]
a ), K+2L <i < K + 3L,

) ((aj)

i = Yiel(modp i<j<jeL



by

The

as p was obtained from Ra S SA

assigning

z((c(“)

inverse of p
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to (a,a) the (b,b) € SO[K,N] such that b

- _ - =1 (&3 -
» b)) < RS S 57 Z(e ’(ai)1§;<K+3L)’ @

=-1

can be obtained from S— S Réﬂ in the same way

_] A

= a and
= ;l
Q.e.d.



4, A coding theorem

(4.1) Proposition. Let A and A be shift equivalent irreducible and

aperiodic non-negative integer matrices. Then there exists a joint left-
resolving continuous extension of (XA’SA) and (XK’SK)’ and there
exists a uniformly finite-to-one resolving finitary code from (XA,SA)

to (XK’SK) with bounded anticipation and finite expected coding time.

Proof. For the proof we use for some p € W, where no ratio of any
two eigenvalues is a p—th root of unity, a topological conjugacy of
(XA’SK) and (X-,Sg) with 1ag L, and for some K,N € N a resulting

synchronization mapping

p: S, [K,N+1] > 5, [K,N+1]
as constructed in section 3. Here we can have N a multiple of p and

we can also have a block c¢ € AA[I,N] such that

(cl)l:ﬂjp + (CN-n+l)lf}:p’ l<n<N

where at least two symbols of I are admitted as predecessors of ¢y -

We proceed to construct a topological Markov chain with symbol
space I and transition matrix A that will serve as joint left-
resolving continuous extension of (XA,SA) and (XZ’SK)' Here I is

the set of all

®,s) €A L1, 68-1] x {s € 0,1*": | 5. >0
1<j<in
that satisfy the following conditions:
With the notation
M(s) = Z sj , (
1<j<4N
Jl(s) = min {j : sy = 1},
jm(s) = min {j > jm-l : Sj =1}, 1 < m < M(s),



it is required that

jj(s) < 2N, N
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<j(s) =3 _,(s) < 2w,

If for some j, 1 < j < 4N
(bj-l+n)1:ij = ¢
then
s, = 1
]
If jl(s) > N then
(bjl(s)-l+n)l:p§N -

If for some m,

1 <m < M(s),

N < jm(s) - jm—l (S)y

then

(b )

Jm(S)—1+n

=
1<n<N

C,

I <m < M(s)

and if jM(s) < 3N then there is a j, 4N < j < jM(s) + 2N ,

such that

(bj-1+n)ljpr

=Cc .

Now set for (b,s), (b',s') € L

A (b,s), (b',s") =1

if

b5 = bj—l s
and

s; = Sip 0
and where

s, =1

1 <j<6N-1

1 <j < 4N
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if either

)

(b4N+n ¢

1<n<N
or

Sane1 = 1 Cynegin) 1<ncn te, 0<t<nN.

We have in this way constructed an irreducible and aperiodic

topological Markov chain (X~,SKQ. This construction 1s such that

the mapping that carries a sequence

(b(l), S(1))iEZ EXK

into the sequence

(1)
beni)iez € %4

is a left-resolving homomorphism.

We define a homomorphism
v EXK9 SK) > (XK9 SK)
by first assigning to a sequence

1) _) -
6™ s ) s € X5

the sequence

2, S(i))iez € (SO[K,N+1] u sl[K,NH])Z
where

(1) (1) ,

a B (bSN—2+j)K+Lij_<_N+l » 1EZ,
and where '

o o(@@®™,20y, 500y, i
9 (a(l).g(l)) = ‘

po (TN 2Ty 5l L i

;os®a,
1<j<N

7 sPeo,icez,
1<j<N
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and setting

1) @ = (1)
¢(b »S )iEZ = (al )iez

To see that ¢ 1is actually a homomorphism we observe that it is left-

resolving. For this let I € Z . We reverse (9) to get

0—1((a(i),5(i)),;fi-]))’ i z sgi) -1,

a0y (47D,207D) . 1<j<N
O—I(p—](a(l)’;(l)) ’gfl-l))’ T sgl) -0,
| 1N

Then note that

sJ.(I”):sJ.(RL, 1 <3 <N, 1<2<3N.
Thus the
(sj(1+2))]ijiN , 1 <2 <3N,
can be read off from s(I). Also at least one of the
s}l), 2N < j < 4N,

equals one. It follows that one can use (10) to compute a(I+l),£(I+])

b(I+l) _from the afl), i<I+3N.

and therefore also
To present now a finitary coding ¢ from (XA,SA) to (XK’SK)

with the stated properties, define first a suitable finitary code n

from (XA’SA) to (X~’SK) and then set ¢ = ¢yn . The domain of

definition Dn at the zero-coordinate mapping "o of n is

o)
D = U Si Z(c) ,
5 €N
and
= €D
no(x) (b(x); S(X))’ X no ’
where
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and where sj(x) is given by the indicator function of

. s |
(X, - U s z@) n (v s zc), 1<,
1<m<2N LEN

Q.e.d.

(4.2) Theorem. Let A and A be irreducible and aperiodic non—negative
integer matrices with the same maximal real eigenvalue A . Let the
characteristic polynomials of A and A be equal, up to powers, to

the minimum polynomial of X . Then the following are equivalent:

1. There exists an a.e. finite-to-one resolving finitary code with
bounded anticipation and finite expected coding time from

(XA, SA) to (Xga SK)

2. There exists a joint left-resolving continuous extension of

(XA,SA) and (XK’SK) .
3. A and A are shift equivalent.

+ +

b (RLKV)(S,) = (KK (5P
Proof. The condition on the characteristic polynomials of A and A
means that the (future) dimension groups of (XA,SA) and (XK’SK) are
totally ordered. If the (future) dimension group of (XA,SA) is totally

ordered then it is isomorphic to the range of measure Tg 4, on
A’

CS (x), x € X, . We apply this remark to A and A and infer, that the

A
ex?stence of a code from (XA,SA) to (XK’SK) with the stated proper-
ties as well as the existence of a joint left-resolving continuous ex-
tension of (XA,SA) and (X-’SK)’ implies by lemmas (2.6) and (2.7),
that up to a factor these ranges for (XA,SA) and (X_’SK) are identical.
It follows then from theorem (4.2) of [7] that A and A are shift-

equivalent. To go in the other direction use proposition (4.1). Q.e.d.

My thanks go to Brian Marcus for a valuable critical remark.
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