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MULTIDIMENSIONAL NONHYPERBOLIC ATTRACTORS
Marcero VIANA*

ABSTRACT

We construct smooth transformations and diffeomorphisms exhibiting nonuniformly hyperbolic attractors
with multidimensional sensitiveness on initial conditions: typical orbits in the basin of attraction have several
expanding directions. These systems also illustrate a new robust mechanism of sensitive dynamics: despite the
nonuniform character of the expansion, the attractor persists in a full neighbourhood of the initial map.

1. INTRODUCTION

Let ¢: M - M be a smooth map on a manifold M, admitting some compact
invariant region U, that is, ¢(U) C int(U). Here we say that ¢ has expanding behaviour
on U if typical points x € U have tangent vectors v whose iterates grow exponentially
fast: log || De™(x) v || has positive limit (or lim inf) as n — + co. In general, we call
Lyapunov exponents of ¢ at x all values of this limit, for all nonzero tangent vectors v.

Clearly, Lyapunov exponents measure the asymptotic exponential rate at which
infinitesimally nearby points approach or move away from each other as time increases
to + oo. Hence, presence of positive exponents indicates sensitive dependence of trajec-
tories starting near x with respect to the corresponding initial point (* chaotic ’ dynamics).

A classical example are the uniformly hyperbolic (or Axiom A, see [Sm]) diffeo-
morphisms with nonperiodic attractors. In this case the number of positive Lyapunov
exponents is constant on the basin of attraction U, and the dynamics of the attractor
is (structurally) stable. In particular, any nearby map also has a nonperiodic attractor,
close to the initial one and with the same number of positive exponents.

The mathematical study of nonuniform expanding behaviour is much more incom-
plete, in fact it has been mostly restricted to systems with a unique positive Lyapunov
exponent. A first important result was due to [Ja], who showed that many quadratic
maps of the interval admit an absolutely continuous invariant probability measure .
Then such maps have positive Lyapunov exponent at all p-generic points (a positive
Lebesgue measure set). Other proofs of this result were given e.g. by [CE], [BCI].

* Partially supported by a J. S. Guggenheim Foundation Fellowship.
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In higher dimensions, [BC2] showed that many Hénon diffeomorphisms of the
plane have strange attractors containing dense orbits on which the diffeomorphism
has a positive Lyapunov exponent. See [BY], [MV], [Vi] for further developments.
In all these cases, expanding behaviour exhibits a rather subtle form of persistence:
“many ” means positive Lebesgue measure in parameter space. On the other hand,
[Yo] constructed open sets of nonuniform hyperbolicity in a space of linear cocycles.

The purpose of this paper is to introduce the study of certain dynamical systems
exhibiting nonuniform multidimensional expansion. We construct smooth maps, both
invertible and noninvertible, having nonuniformly hyperbolic attractors with a high
dimensional character: the map has several expanding directions at Lebesgue almost every point x
in the basin. More precisely, one may write T, M = E* ® E~ with

lim infllog [| Dg™(x) o || > ¢> 0> — ¢ > lim supllog || Do™(x) v~ ||
n>+w N n>+o N

for all v* € E¥\{ 0} (¢ independent of x or »*) and the number dim E* of expanding

directions (or of positive Lyapunov exponents) is larger than 1.

The basic strategy is to couple nonuniform models, namely quadratic or Hénon
maps, with convenient ¢ fast’ systems such as expanding maps or solenoid diffeo-
morphisms. The expanding behaviour observed in these multidimensional examples
originates from a different mechanism, of a statistical type, which makes them much
more robust than their low-dimensional counterparts: the expanding attractor persists in a
whole C3-neighbourhood of the initial map.

Although the main ingredients are quite general, we illustrate this strategy through
some concrete situations, in order to keep our presentation as transparent as possible.
Further extension of these methods is briefly discussed at the end of this Introduction.

1.1. Statement of results

First we consider the, simpler, noninvertible case. Let ¢,:S' X R —S' X R be
a C® map given by ¢,(0, x) = (g(0), a(0) — x*), where g:S' — S' is an expanding
map of the circle S' = R/Z, and a(0) = a, + ag(0). Here ¢(0) is some Morse function
and a, € (1, 2) is fixed such that x = 0 is a preperiodic point for the map k(x) = g, — x2.
For the sake of definiteness, we take ¢(8) = sin 270 and we also suppose g to be linear,
Z(0) = dbmod 1 for some d> 2. It is easy to check that, since a, < 2, there exists a
compact interval I, C (— 2, 2) such that ¢,(S' X I,) Cint(S' X I,) for any small «.

Theorem A. — Assume d to be large enough, d > 16 say. Then for every sufficiently small
«a>0 the map o, has two positive Lyapunov exponents at Lebesgue almost every point
(0, x) € S* X I,. Moreover, the same holds for every map ¢ sufficiently close to @, in C*(S' X R).

Here C3(S' x R) denotes the space of all C* maps from S' X R to itself: in the
second part of the theorem ¢ is not assumed to have a skew-product form. In our cons-
truction, the cylinder S* X R may be replaced by other surfaces, e.g., the torus S* x S
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Furthermore, examples of the same kind having any preassigned number of positive
Lyapunov exponents may be obtained replacing the factor map g by other hyperbolic
transformations, like expanding maps on the m-torus, m > 2. All our arguments extend
directly to these situations, cf. Section 2.5.
Now we describe a corresponding construction for diffeomorphisms. We take
®a,5: Tg X R? > T3 X R? given by ¢, ,(0, X) = (§(0), £, ,(0, X)), where
e T3 = S! x B?is the solid 3-torus, ® = (6, T), and g: T3 — T, is a solenoid embedding
£(0, T) = (d0 mod 1, G(6, T)), see [Sm];
® 7.5(0, X) = (a(0) — #* + by, — bx), with X = (x,) and 4(0) defined in the same
way as before.

Clearly, ¢, , is a diffcomorphism (onto its image) for every nonzero value of &.
In the same way as before, a,< 2 ensures the existence of some compact interval
I,C (— 2,2) such that ¢, ,(T; X If) Cint(Ty X If) for every small « and b.

Theorem B. — Assume d to be large enough. Then there exists an open set of (small positive)
values of (a, b) for whick @, , has two positive Lyapunov exponents at Lebesgue almost every point
(0, X) € Ty X I§. Moreover, the same holds for every ¢ close enough to o, , in C*(T; X R%).

As in the previous case, all the arguments can be easily extended to yield similar
examples in compact manifolds without boundary and/or with any given number of
positive Lyapunov exponents. For the proof of Theorem B we take & to be larger than
100/V/d, cf. Section 3. It is an interesting problem to decide whether such a lower bound
is indeed necessary, or just a requirement of our approach.

1.2. General comments

Let us briefly comment on main ideas in the proofs of the theorems we have stated,
as well as on relations between these and other results in the literature.

Classical examples of [Sh] and [Ma] show that certain topological features of
the dynamics, such as transitivity, may be persistent under perturbations even in the
absence of uniform hyperbolicity. Their systems are obtained by deformation of Anosov
diffeomorphisms and retain many uniform features of the initial map (continuous
invariant cone fields, invariant foliations), obstruction to Axiom A coming from the exis-
tence of saddle points with different stable indices. Recently, [BD] have given a new,
more general construction of such partially hyperbolic, persistently transitive systems.

The nonhyperbolicity of the maps in Theorems A and B results from a different
mechanism, which they inherit from the nonuniform models (quadratic maps, Hénon
diffeomorphisms) involved in their construction. Indeed, a main feature here is coexistence
of hyperbolic dynamics (uniform expansion, resp. invariant stable and unstable cone
fields) in large portions of phase space, together with highly nonhyperbolic behaviour
(infinite contraction, resp. breakdown of the cone fields due to interchange of expanding
and contracting directions) in certain folding (or critical) regions of phase space. The

9
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presence of these critical regions is a major drawback for expanding behaviour, so let
us sketch how it is dealt with in the proof of our theorems.

In the context of real quadratic maps, expanding behaviour relies on a delicate
control of the recurrence of the critical orbit, more precisely, on appropriate lower
bounds for the distance between the critical point and its n-th iterate, n > 1. This
translates into a sequence of conditions on the parameter, which must then be proven
to hold for a positive measure set of parameter values, [Ja]. A similar approach, in a
more sophisticated form, is also central in the study of Hénon maps with small jacobian.
Actually, a main guideline in [BC2] is to try and view such maps as a kind of perturbation
of 1-dimensional maps, and the accuracy of this point of view itself depends on bounding
the recurrence of the ‘ critical set .

It is not difficult to see that the nature of the critical regions renders such a strategy
of recurrence control hopeless for the present multidimensional systems. For instance,
in the setting of Theorem A, the critical region { det D¢ = 0} is a codimension-1 sub-
manifold and, hence, it is likely to intersect its iterates. Such intersections can not be
destroyed by small parameter variations, regardless of the number of parameters
involved, which means that critical points can not be prevented from hitting back the critical
region in finite time, with the corresponding accumulation of nonhyperbolic effects.

Instead, our arguments are based on a statistical (large deviations type) analysis
of these returns to the vicinity of the critical region. Roughly, we prove that for most
trajectories the total nonhyperbolicity associated with returns is not strong enough to
annihilate the hyperbolicity acquired at iterates far from the critical region. Also, these
arguments must have an essentially high-dimensional character in the case of Theorem B:
necessity to allow for arbitrarily close returns implies that we must deal with tangent
vectors of unbounded slope right from early iterates, and so the situation is far from
being ¢ nearly 1-dimensional .

This analysis relies on the fact that the driving maps g are strongly mixing. On
the other hand, other properties of expanding maps and solenoids are used in apparently
less important ways. In view of this, we expect an extension of these arguments to apply
when such hyperbolic maps are replaced in our construction by more general systems
with fast decay of correlations. A natural example we have in mind is the coupling
of nonuniformly hyperbolic maps of the interval, e.g. ¢(0, x) = (g(0), a(0) — x2), g a
unimodal (or multimodal) map as in [Ja] or [BCI].

Similar methods to the ones we use here should also prove useful for understanding
other classes of higher dimensional attractors, including the partially hyperbolic systems
in [Sh], [Ma], [BD], whose ergodic properties are mostly unknown.

Acknowledgements. I am thankful to J.-C. Yoccoz, L.-S. Young and, specially,
L. Carleson, for fruitful conversations. Most of this work was done during visits to the
University of Paris-Sud, the Mittag-Leffler Institute, the UCLA, and Princeton Uni-
versity, whose hospitality and support are gratefully acknowledged.
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2. PROOF OF THEOREM A

First we assume that ¢ : S' X R —S' X R has the form
(1) o(0, x) = (g(0),f(0, %)), with 9,f(0,%) =0 if and only if x =0
and we prove that the conclusion of the theorem holds as long as ¢ is C? and
(2) | ¢ — @q|lcz< « on S x I,.

Then, in Section 2.5, we explain how to remove assumption (1).
Our basic strategy goes as follows. We call X CS! x I, an admissible curve if
X = graph(X), for some X : S' — I satisfying
1. X is C? except, possibly, for being discontinuous on the left at 6 = ,;
2. | X'(0) | < « and | X"(0) | < « at every 6 € S™.

Here §, denotes the fixed point of g close to 6 = 0 and we assume that S! = R/Z
has the orientation induced by the usual order in R. Let X, = graph(X,) be any
admissible curve and denote Xj(ﬁ) = ¢’(0, X,(0)), for 7> 0 and 6 eS'. Clearly,
|| De™(X4(6)) || > const | (¢")'(8) | grows exponentially fast, whenever » is a non-
vertical (meaning, non-colinear to 9/dx) tangent vector. On the other hand, we prove
that there are positive constants ¢, C, and y such that for every sufficiently large n we have

(3) Dg"(X4(6))

0 s .
5; ] = 5I=Il‘ azf(Xa(e)) | 2 e,

except for a set E, of values of 6 with Lebesgue measure m(E,) < Ce~7V5, We take
E=,5; Uy>.E;, and then

m( U E,)< X Ce¥Veg conste™YV» for all n,
k=n k=n
implying m(E) = 0. Moreover, by construction, ¢ has two positive Lyapunov exponents
at X,(0) for every 6 € S'\E. Since the admissible curve X,C S* x I, is arbitrary, this
proves the theorem.

Now we come to a detailed exposition of the arguments leading to (3). Except
where otherwise stated, all constants to appear below are independent of «. Moreover,
our statements always assume « to be sufficientlys mall. For future reference, we remark
that these conditions on « never involve the value of d.

2.1. Admissible curves

We begin by introducing the Markov partitions &,, n > 1, of S! defined by
e & ={ [Ej_l,ﬁj) :1<j< d}, where 6,,0;, ey 0y =10, are the pre-images of B
under g (ordered according to the orientation of S');
o #, ., ={connected components of g~ }(w): w € £, }, for each n> 1.

The following simple fact is to be used several times below. Given X = graph(X)
and © C S' we set X | @ = graph(X | o).
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Lemma 2.1. — If X is an admissible curve and o € P, then ¢™(X | ©) is also an admissible
curve.

Proof. — The first property in the definition is obvious. As for the second one,
it suffices to observe that it is preserved at each iteration. Define Y :S' — I, by
Y(g(0)) = (6, X(0)), 0 € » € Z#,. Note that (2) implies (take « small)

lg'|>d—a>15; lg"|< a3
|0, fl<|2%| +a<4; |dfl<ale |+ a<8a;
[am¢f|<2+a<3; IaeefISdlq)"l-}—-dSSOOt; Iaezf|<°‘

Then a direct calculation gives

=)

and, analogously,

1
<1—5(8a+4a)<a

[Y" | =

l . ” ’ 2
(?) (Ogof + 206, fX' + 00 f(X' P+ 0, f X' =Y g") | <
and the lemma follows. O

Lemma 2.2. — Let X = graph(X) be an admissible curve and set X(0) = (8, X(6)),
Z = o(X) and Z(6) = ¢(X(0)) = (g(0), Z(6)). Then, given any interval 1 C I, we have

m({0 eS':Z(0) eS' x 1})<4_|;I_|+2~/l%|,

Proof. — Let o/, = {0 e€S':|sin2n0|< 1/3} and &%, = S'\#;. Note that each
of &7, and &/, has exactly two connected components. Suppose first that 6 € 2/;. Then
| cos 2n6 | > 11/12, which implies

9 o
4) [0 f(X(0) ] > «| ¢’ 6)|——ac>? and so | Z'(0) ]/(?—4@):—
It follows that
m{0eoty:Z(0)el})<2|I|/(¢/2) =4]|1]|/a

On the other hand, if 0 €7, then |9y f(X(0))|> | ¢”(8) | — > 10«, implying
| Z"(0) | > 4o. Hence,

m({0esd,:Z(0) eI} < 4V|1|/(4e) =2V|I1]|/a,

which completes the proof. O
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Corollary 2.8. — There is C, > 0 suck that, given X, = graph(X,) an admissible curve
and 1C 1 an interval with |1|< o we have

m({0eS':X,0) eS' x I}) < CIA/m Jor every j > 1
o

Proof. — Let w e, _, (resp. © = S' in case j = 1), X, = ¢’ (X, | ) and
Z, = o(X,). By the previous lemma, the measure of {0 eS':Z_ (0) eS' x I} is
bounded above by 4|I|/x 4+ 2V|I|/a< 6V|I|/a. Now, X;(0) = Z (g'~*(0)) for
every 0 € » and so m({0 € w: X,(0) €S' x I}) < 6C, V(| I |/x) m(ew) where C, is some
uniform bound for the metric distortion of iterates of g. O

2.2. Building expansion

Given (6,x) €S X I, and 7> 0 we let (6,,x;) = ¢’(6, ). We also introduce
positive constants 0 < n < 1/3 and 0 < k¥ < 1, whose value will be made precise below
(in terms of the map k(x) = ay — x2 alone).

Lemma 2.4. — There are 8, > 0 and o, > 1 satisfying
a) For each small o > 0 there is N = N(«) > 1 suck that 1173 | 8, (0, %) | = | x| a™ 1%
whenever | x| < 2 Va.
b) For each (6, x) € S* X I, with Va< | x| < 8, there is p(x) < N such that

1
Hf:)o ! I 0 f(ea, xi) I GP(Z)

Progf. — Throughout the proof we use C to denote any large constant depending
only on the quadratic map 4. Take /> 1 minimum such that ¢ = #(0) is a periodic
point of k, let 2> 1 be its period, and set ¢* = | (#)'(¢) |- Note that one must have
p > 1, by [Si]. We fix p, < p < p, with p; > o1~ ™% and then take §,> 0 small enough
so that

r < H]@f((p 7,9)) | < ¢¢ whenever |y —¢|< 3§,

(and « is sufficiently small). Given (6, x) € S* X I, we set d; = | %, ,; — ¢, for 1> 0.
We suppose 8, > 0 and « small so that | x| < §; implies dy < Cx* + Ca < §,. Now let
(6, x) and i > 1 be such that | x| < §, and d,, ..., d;_, < §,. Then 4;< (¢kd,_, + Cua)

and so, by induction,
() g< (L4 p5+ ... + 577) Ca + g5 dy < p5'(Coe + Ci®).

Suppose first | x | < 2 V«: then (5) becomes d; < ¢f Ca. We set N=N(@>1to be
the minimum integer such that ¢t¥ Ca > 8, and then define N = I 4 EN. The previous
argument 1mphes that 4, < 3, for every 0< i< N —1 and using

1—-1 N 1 k—1

H la f ej’xy)l = H ]a f(ea, :)l (jl;lolaxf(el+ki+i’xl+ki+i) l)



70 MARCELO VIANA
we get

N-1 1 ~ 1 ~ 1
,-l;[o |8, £(6,,x,)| > G | %] ¥ > G | x| ol — 2N 5 . | x| 1472 5 | x] =1+,

which proves the first part of the lemma. Suppose now that | x| > Va: then (5) gives
d;< o Cx®% We let §(x) > 1 be minimum such that of?® Ca?> §, and we define
p(x) = + kp (x). Then, in the same way as before,

p(z)—1 1 o 1 ey kp(x) 1 - l
.HO lazf(ej’ x;‘)l > a lxl pllcp(x) > _( ) > — P(zllz—nlz)kn(x) > — pmx)u’
j=

C\Woe, C X

where, for the last inequality, we use the fact that $(x) > 1 (uniformly) as long as
3; < 8. We conclude the proof by taking o, = 4. O

Lemma 2.5. — There are o, > 1, Cy > 0 such that 11523 0, f(9;, x;) | = G, V ack

Sor all (0,x) €S X I, with | %y |, ..., | %_1|> V. If, in addition, | x,| <8, then we
coen have TIE3 | 8, £(0;, %) | > Cy o},

Progf. — We fix 3, as above and keep the notation from the previous lemma. Since
k has negative schwarzian derivative, there are 6, > 1 and m > 1such that| (A")'(y) | > o
whenever |y |, ..., | A" () | = §,, see e.g. [MS, Theorem III.3.3]. Then, by conti-
nuity (suppose « small enough), a similar fact holds for 9, f:

m—1
(6) jI_I |0, f(z;,9;)| = o whenever (t,)eS' X I has | yy|, ..o, | 1] = 8-
=0
As a consequence, there is A > 0 such that
n—1
(7) T0 |8, f(;, )| > Acg for all n> 1 and (5,3) with |3, -, [ 20 1] > 3,
i=o0

Moreover, there is a constant 0 < k< 1 such that, reducing § > 0 and ¢,> 1 if
necessary, | (#)'(») | > ol whenever |y |, ..., | F#~*(») | > 8,> | K(y)| : this follows
from [No], together with (6) and a continuity argument. Then we restrict to /< m
and invoke continuity once more to conclude a similar statement for 9, f. Combining

this with (6) we get
n—1
(8) ’_I;Iol 0, f(v;,9;) | = oy whenever ||, s | Ino1 ] = 8> |00 |-

Now let (06,x) be as in the statement and let j; < ... <j, be the values of
j€{0, ...,k — 1} for which | x| <38,. Clearly, we may suppose s> 0 for otherwise
the lemma follows immediately from (7), (8). When | x, | < 3; we also set j,,, = k.
On the other hand, we write p; = p(x,), =1, ...,5 and then Lemma 2.4 gives

Jii+pi—i

1
(9) H | az.f(e:i) xa‘) | = ; Gfi’

i=1;
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for all z < s. Moreover, (9) holds also for i = s if j, + p, < %; note that this is necessarily
the case if | x, | < 8,, as our definition of p(x) implies j; 4+ p; < j;,, for all 7, see above.
On the other hand, by (8),

ji1—1 Jiy1—1
(10) I |0,f(8;,%)]>xot and H |8, f(8;, %;) | > xogint =% 7,
i=0 i=1d;+ p;

for all ¢ < s and, again, the second inequality remains valid for ¢ = 5 when | x, | < 3;.
At this point we take o, = min{ 64, 6; } and get

k 8
_Hol %S (9, %;) | > xot .Hl (o¥ og+ 1™ %7 %) > Kop
ij= 1=

whenever | x, | < 3;. This proves the second part of the lemma. As for the first one,
it follows from a similar calculation and the remark that in general (that is, even if (9),
(10) are not valid for i = s)

k—1 B
I I azf(ej, xj) l = (2 — oc) | 7 | Ac’é—fs—l > A'\/oco{;"j‘_l,
Jj=1is

as a consequence of (7). O

2.3. A technical lemma

We are now in a position to explicit our choice of n: having in mind the proof
of Lemma 2.6 below we take n = log o,/(4 log 32). On the other hand, we introduce
M = M(«) to be the maximum integer such that 32 « < 1; note that M < N, since
p< sup |k |< 4, recall also the proof of Lemma 2.4. Finally, for 7> 0 we set

Jr) = 3x eR:|x|< \/;e”':.
Lemma 2.6, — There are CG3> 0 and B> 0 such that, given any admissible curve
o 1 1
Y, = graph(Y,) and any r > (§ — 27)) log —,
o
m({0 eS': ¥y (0) €S X J(r — 2) }) < Cye .

Before proving this lemma let us state and prove the following auxiliary
result. We take X = graph(X) to be an admissible curve and for 1< < d we
set Z; = o(X | [0;,_1,8;)) = graph(Z,).

Lemma 2.7, — There are H,, H,C {1, ..., d} with $H,, $H, > [d/16] such that
| Z,,(0) — Z;,(0) | > «/100 for all 6 €S, j; € H,, and j, € H,.

Proof. — Let Z(6) = (g(8), Z(8)) = o(X(8)) and y; < ¥, be the two critical points
of Z, recall the proof of Lemma 2.2. We set [ = [d[16] and define %; by y; € [ﬁki_l,gki),
¢ = 1, 2. If neither of y,, x, belongs to [1/4, 3/4] then we take H, = {%, + 1, ...,k + [}
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[+1 1 .1
and Hy ={ky, — 1, ..., By — 1}. Obser\;e that 6k1+,< +d— " 5 —Q—narcsmg
and, analogously, 6k2 ,> 5 + 2— arcsmg Moreover, Z is monotone decreasing on

T
[e,cl,f)k2 1)- Hence, using also | Z' | &7, | > g2 We get

¥ 1
inf Z | [9,l 1,0 ) sup Z | [632 1,05,) = %—rarcsin—?;z «/100

for every j, e Hy, j, € Hy. Clearly, this proves the lemma in this case. On the other
hand, if y; > 1/4 (resp. xs < 3/4), we take H, ={k, — [, ..., by — 1}, Hy,={1,...,1}
(resp. Hy ={d — 1+ 1, ...,d},Hy={ky, + 1, ..., By + [}) and then similar estimates
yield the same conclusion as in the previous case. O

Proof of Lemma 2.6. — Let us begin by giving a brief sketch of the proof. By
Lemma 2.1, ¥y is the union of d¥ admissible curves. We fix a constant y, > 0 and
organize the set of these admissible curves into subsets, each of which containing d"*
elements, in such a way that curves belonging to a same subset are spread along the
x-direction: at most (d — [d/16])"" of them are within |J(r — 2) | ~ const e Va
from each other. We obtain this by combining the previous result with the expansion
given by Lemma 2.5. Then at most that many curves intersect each {6} X J(r — 2), hence
m({0:Yy(0) eJ(r — 2)}) < const((d — [d/16])/d)*1', from which the lemma follows.

Now we come to the details. Let Y,(G) = ¢%(0, Y,(0)) = (g°(6), Y,;(6)). We also
use C to represent any large positive constant depending only on k. Note first that
osc(Y,) < « and osc(Y;) < 4osc(Y;_,;) + 2«, where osc(Y;) =sup Y, —infY;. As a
consequence, osc(Y,) < 204’ < 2(327% 4%), osc(Yy) < 2¢° < Va. Clearly, we may
suppose that | Yy (1) | < Vv« at some 7 €S! (otherwise the conclusion of the lemma
is obvious) and then

(11) | Yyu(0) | < 2V (< 8,) for every 6 e S

Let us denote by O the set {#(0):7> 1} and set §;(0) = dist(Y,(8), ®). The same
argument as in (5) yields, for all 6 €S, 0<j< M —1,and 1< i< M —,

(12) 8;44(0) < C#'(a + | Y,(8) ")

We claim that | Y,(0) | > Vo for every 6 €S' and 0<j< M — 1. Indeed, if it were
not so then 3,(0) < G4’ o< C4" a < GV a for some 6 eS'. Up to assuming «
sufficiently small, this would contradict (11) (recall that @ is a finite set not containing
zero) and so our claim is justified. Note that this argument proves somewhat more:

(taking C > 1/dist(0, 0))

(13) M-91Y,0) > for all 6 €S! and 0<j< M — 1.

1
C
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Now we derive a uniform bound for the distortion of 9, f on iterates of ¥,. Note that
by (1), (2), we may write 9, f(0, x) = x{(0, x) with | ¢ + 2| < « at every point. Then
given 0<j< M — 1, (9, %), (7;,9;) €Y,, and 1 i< M — j, we have

azf‘i(ej’ x’) iti—1 x, it+i—1 q)(em’ xm)
14 | = 0 =] T o1
(14) azﬂ(Tis.yi) m=i | Im m=14 ‘-l)(Tm,_}’m)

Our previous estimates imply, recall (13),

< CadM < \/; and —
"l’(Tm’ .ym)

— 4m—M

o]

. - 1
Hence, (14) is bounded by (1 + \/;)2‘ < AMVeg (wc use M =~ log — and also assume
o
a small cnough). Altogether, this proves that, givenany0< j< M — land1<i< M —,
9, S (0;5 %;)
% S (755 ;)

We fix an arbitrary 5 € ¥ and let); = | 9, %~ 7(¢’($)) |. Lemma 2.5, together with (11),
gives A; > C, o¥ 7 for 0 < j< M — 1. On the other hand, the previous inequality gives

<2 for every (8,,%,), (v,,7,) €¥,.

. A N
M <] 8, f0;, %) | < 2—— for all (8;,x,) e¥,.

1
(15 =
) 2 N4 Ny

We fix K = 400¢® and consider ¢, < £, < ... < M given by #;, = 1 and

ti, =min{s:4<s< M and A, > 2K\ } (if it exists).

| 1 .
Moreover, given 7> (5 — 21;) log — we set & = k(r) = max { i1, > 2Ke™ /\/; l and
o
then we claim that k(r)> y,r for some constant y;> 0. Indeed, we have
A< 2Kh,, < 8K),  for all i and so A, > G,y 7' (8K)7*. Also, by definition,

Ay, S 2Ke” '/\/;. Putting these two inequalities together we get (recall also the
definition of » and M)

1 1
klog(8K) > r—l—Mlogoz—-l—logl—{—C? r— |z —4n|log- + C
2 o 2 o
1/2 — 4y
?r(l——'m)-l-cz nr,

which proves our claim.
10
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For each I = (I}, ..., L) {1, ...,d}™ we denote by w(l) the only element
© e satisfying ¢'~}(w) C [0, N,,.), i=1,...,M. Given 1<j<M we let
Y,.(l) = graph(Y;(})) = ¢'(¥, | o ) We call [ and m incompatible if

| Yo, 0) — Yy(m, 6) | > 42~ "V« for all 8 eS':

observe that this implies that ¥, (I) and ¥, (m) can not both intersect a same vertical
segment {0} X J(r —2). By Lemma 2.7 there are Hj,H;C{l,...,d} with
#H,, $H,' > [d/16] such that given any /; € H; and ;' e H;’

’ ’r o
| Yol byy ooy By 0) — Yo (83 Ly ooy by, 0) | > 10

for all 0 e g(w(ly, b,y ..., 4y) = glo(ly', by, ..., Ly)) and Ly, ..., L. Then, by (15),

o

IYM(I;’ 12’ L] lMae) - YM(lil’ 12’ R lM’ )l

N
2 100
>4~ "Va for 0eS!

(because 1< k(r)), that is (I, 0, ..., 4) and (', 1, ..., ly) are incompatible for
every ly, ...,ly. In fact, we claim that all pairs ([, 0, ..., Ly—1s Uiy -5 By,
(&'l s lyy_15 L5 -+ o5 by) are incompatible. Observe that,

A
Y, (il oo by 0) = Y (0 Ly vy by, 8) [ > o — > 40,

as a consequence of (15) and the definition of #,. On the other hand,
I (Gslos oo esbiy_1sligs o os b)) (0) = Yo, (U by o s Dy 15 by -+ o5 Bag) (0) ]
< osc(o(Yy 1l by ooy by 1)) < 8
for all 6 €S, and a similar fact holds for Y, (4’, ...). Therefore,

IYM(I;3I2)-' tz—lalzza~--9lllna0)—YM(l;,)lz,-' t2 1>l;;a°--, L;(,:e)l

l
—2- 1y (4% — 16) 0 > 46~ "Va

(because 2 < k(r)), proving our claim. Now we just repeat this argument for each of
the successive # : at the i-th step and for each fixed Iy = (4, ..., {;,_,), we find H;, H;’
with #H', #H;" > [d/16] such that, given any [/, eH; and [ eH;, all pairs
Ly Gy bns -+ oo b)s (Lis s x5 - - o5 by) are incompatible and, in fact, the same
is true for every pair (Ly, G, boyyy ooos bypyymns Uiys o0 s (s B Dypins <o o
L, ' ..., L) as long as i + 1< k(r). In this way we conclude that each

biv1— 12 Phi?
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segment{ 0 } X J(r — 2) intersects at most 4*~*"_ (d — [d/16])*" admissible curves ¥ (J).

1
Using also | (¢™)' | > (d — «)® > const d™ (becausc M < const log —), we conclude
[

(02 ) €5 J(r = 2) ) <« LI ¢ comee ()™

100
and the lemma follows by taking p = ys—llog (35) a

2.4. Large deviations

Now we use the previous lemmas to complete the proof of Theorem A. In all
that follows we let # > 1 be fixed, sufficiently large. We definem > 1 bym?2< n< (m + 1)2

and take also / = m — M, where M = M(«) is as above. Note that [~ m ~ V/n as
1 N

long as n > log —. Recall also that we are considering an arbitrary admissible curve X,.
o

Given 1< v<nand w,,, €2 _,, we set y = ¢"(X,| ®,,,). Then we say that v is
V41 v+l Y= @\ S| Oyyy Y

o a I -situation for 0 € w, ., if ¥y N (S* X J(0)) = @ but ¥ N (S* X J(m)) = 0;
o a II -situation for 0 € w,,, if vy N (8! X J(m)) + 0.

Note that, by Lemma 2 1, v is the graph of a function defined on g*(w,,,;) € %
and whose derivative is bounded above by «. Therefore, its diameter in the x-direction
is bounded by a(d — «)" ' < Vae~™. This means that whenever v is a II,-situation
for w,,,; then yC (S' X J(m — 1)). At this point we introduce B,(n) = {0 € S : some
1< v< nis a II -situation for 6} and then Corollary 2.3 gives

—1
(16) m(Bz(n)) < nCl /L‘M—H < const o~ 1/4 ne—ml2 < const e_\/;“.
o

From now on we consider only values of 6 € S'\ By(z) that is, having no II-situations
in [1,2]. Let 1< v, < ... <v,< n be the I -situations of 0. Note that our definition
of N (recall the proof of Lemma 2 4) implies v;,, > v; + N for every ¢; in particular

(s—1)N<n For each v=v, we fix r=r,€e{l,...,m} minimum such that
y N (S! X J(r)) = 0. Then, by Lemma 2.4,
vi+N—1

T |0, f(X,(0) | > e ¥,

for each 1< ¢<s On the other hand, Lemma 2.5 gives

w—1 viep—1
IT 19, f(X;0)]>Cyop~! and I [, f(X;(0))]> Gy oy ™%~¥,
1

vi+ N
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for every 1< :<s and also
IT| 0, f(X,(0) | > (2 — «) | %, | Ca Vs ™ > const a~" o ~.
Altogether, this yields the following lower bound for log IT7_, | 9, f(X,(6)) |:

S ([1 1 3 1
(n — (s — 1)N) log o, + ‘§1 ((§ —n) log; —r‘) —sconst—§log;.

. . 1 1 )
We consider G = {z > (§ — 27;) log;} (note that it depends on 0) and then

. ((1 1 1
2(("‘—"1)103“""6)2—Zfi+'ﬂ51°g—>_“Zf;'f"Yst
2 o ~ icea o iea

§=1

1
for some y, > 0 independent of « or n (becausc N ~ log —). Substituting above we get
o

d 5 3 1
logII| 2, f(X;(0)) | > 3ecn — Z r;, —sconst — —log~> 2mn — X 1,
1 iea 2 ua

i€q

1 1
where ¢ = 3 min { v,,logo,} and we use n>log— ~¥ N> 1. Now we introduce
. o

By(n) ={0eS': 2%, 57> cn} and set E, = By(n) U By(n). Then
log IT| 9, f(X,(6)) | > en for every 6 € S'\E,.
1

In view of (16), we are left to prove that m(B,(n)) < const e~YV™ for some y > 0.
We deduce this from Lemma 2.6 by means of a large deviations argument. First we
let 0< ¢g< m — 1 be fixed and denote

G,={ieG:vy=¢gmodm}.
We also take m, = max{j:mj + g<n} (notc that m,zmz\/;) and for each

0<j<myweletr,=r if mj+ qg=yv, some i G, and 7, = 0 otherwise. Observe
that G, and the 7; are, in fact, functions of 6. Then we introduce

Qq(PO: RIS ] qu) —-_~{6 ESI\B2(n):;§I = pi fOI‘ OSJQ mq}

1 1
where for each j either p; =0 or p; > (5 — 21)) log —; we also assume that the p, are
®

not simultaneously zero. Consider 0< j< m, and w,;,,4; € Ppjsqee:- Recall that
our construction is such that the value of r, is constant on w,;, ,,;. Now
Yo = o™ 4 Xy | ©pj4q4r) is an admissible curve and we have defined / in such
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a way that mj + ¢ + I =m(j + 1) 4+ ¢ — M. Therefore, we are in a position to apply
Lemma 2.6 to this curve and obtain in this way

~ 1 1
m({0€wyyori:tip =0} <G Cye % for all p> (§ - 2")) log —.
o

Here, as before, C, is a uniform upper bound for the metric distortion of the iterates
of g. Repeating this reasoning for each 0< j< m, we conclude that

m(Qq(Pos - - - Pm,)) < CF €™ %9,

where G, = C, C; and v = ${j:p; + 0}. As a consequence,

f MTicoidds % eI X CIy(s, R) e,
oR

(po....,p,,,q)

where the integral is taken over the union of all the sets Q,(py, . . -, Pm,) for all possible
(Pos « - +» pmq), and ¢(r, R) is the number of integer solutions of the equation

1 1
% + ... + x, = R satisfying x, > (— — 211) log — for all j. Now, for some absolute
2 o
constant K > 0,

(R + =)! (R + 7)B*F~ z T R\i\®
R < g SEgma =KLy (L H)) <4

For the last inequality we use the fact that R/t > const logl, which ensures that all
, P

three factors can be made arbitrarily close to 1 by taking « sufficiently small. For this
same reason we may also suppose C< ¢*%. It follows that

fezﬂzseow di< T e PR TRPEL,

R R

1 1
since t< R and R > (—2- — 27;) log - > 1 (because © > 1). Therefore,

m(%ﬂ: Zn?ﬁ

i€ Gy m

) < e—2cBn/mfe2ﬁZ;eGq tido g 3—205”/’”.

Now, clearly, 6 € B,(n) = Z,egq r > iﬂ’—: for some 0< ¢g<m — 1 and so

(17) m(Bl(n)) < me—2cﬁn/m< e—YW’ for Y= L‘ﬂ.

This concludes the proof of the theorem, under the simplifying assumption (1).
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2.5. Conclusion of the proof and extensions

Now, we prove the theorem in full generality: we take ¢ to be any C? map of the
form ¢(0, x) = (g(, x), f(0, x)) satisfying || ¢ — @, || < &, where > 0 is small with
respect to «, and we explain how the conclusion of theorem may be obtained for ¢ by
a variation of the previous argument.

The first step is to show that such a ¢ always admits an invariant foliation %°
by nearly vertical smooth curves. This is a direct consequence of the fact that the vertical
straight lines { 6 = const } constitute a normally expanding invariant foliation for ¢,, see
[HPS], but we sketch the main points in the proof, since results on persistence of normally
hyperbolic objects are somewhat less standard in this setting of non-invertible dynamics.

Let & be the space of continuous maps & : S' X I, - [— 1, 1], endowed with the sup-
norm, and define F: % - % by

6.0 Ee(2) — 0,8(2)
Rl = = 7@ (e (0)) F 20 8(®)”

Note that F is indeed well-defined

z=(0,x) e $* x I.

4+¢) +e
— (const o« + €) + (d — g)

| F&(z) | <

and, moreover, it is a contraction on & : | F§ — Fy | is bounded above by

|detDo || — 7| (dte)(d+e)+e)|E—n]
| (— % fE+ 95 8) (— aof"l‘i‘aeg)‘\ (d — const «)*
1
<§|E,—n|.

Let £° € & be the fixed point of . Then we take &° to be the integral foliation of the
vector field z — (£°(z), 1). Note that we defined F in such a way that, for every z € S* X I,
Do(2z) maps E°(z) = span{ (£°(z), 1) } to E°(¢(z)) and this implies that %#° is invariant.
It also follows from the methods of [HPS] that the leaves of &#° are as smooth as the
map g, i.e. they are C*-embedded intervals; moreover, they approach vertical segments,
uniformly in the C2 topology, as e — 0. Note that, in general, #° is not a smooth foliation
(its holonomy maps may not even be Lipschitz continuous).

Existence of such an invariant foliation replaces the skew-product assump-
tion of (1) in the general case of the theorem. More precisely, what we do
now is to show that almost every z= (0,x) €S' X I, has positive Lyapunov
exponent along the direction of E°(z). In order to do this we introduce A(z)
defined by De(z) (55(2), 1) = A(2) (E¥(e(2)), 1), i.e. A(z) = 8, f(2) E°(2) + 8, £(2). We
also need an analog of the second part of (1). Let the critical se¢t € of ¢ be defined by
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€ ={ze8" X I,: A(z) = 0}. We claim that ¥ = graph(y) for some C? map 7: S* — I,
and, moreover, 7 is C*-close to zero if € > 0 is small. Indeed, it is clear that z € € implies
det Dg(2) = 0 and the converse is also easy to deduce: if z is such that det De(z) = 0
then the image of Dg(z) is a one-dimensional subspace with slope | 9, f(2)/0, g(2) | < 1;
on the other hand, D¢(z) (£°(2), 1) is colinear to (E°(¢(2)), 1), a nearly vertical vector;
hence, it must be Dg(2) (£°(2), 1) = 0. Therefore, our claim follows directly from an
implicit function argument applied to det De(0, x) = 0. Now, this means that up to
a C? change of coordinates C3-close to the identity we may suppose v = 0 and, hence,
write A0, x) = x¢(0, x) with | ¢ 4+ 2| close to zero if ¢ and « are small. We define
admissible curves in just the same way as before but a few words are required concerning
the definition of the partitions £, in the present setting. Indeed, since &° is usually
not a smooth foliation, there is no natural smooth structure (let alone smooth expanding
action of the dynamics) on the space of its leaves, as happened in the previous case.
Instead, we let ©, denote the leaf of #° close to { 6 = 0} which is fixed under ¢ and
we define &, to be the set of all intervals [06,0) such that (6,0") is a
connected component of X;!((S! X I,)\®,). Note that this depends on the
admissible curve X, (in an unimportant way). On the other hand, it is easy to
check that (d + consta)™ "< | o | < (d — const «) ™" for every w € &,. At this point we
may use the same argument as before, with 9, (0, x) replaced by A(6, x), to show that
IT7_, A(¢’(x, 6)) grows exponentially almost surely. The proof of the theorem is complete.

Concluding this section, we mention two easy extensions of the arguments we
have presented. To start with, we note that the quadratic map k(x) = a, — x* may be
replaced by any unimodal or multimodal map with negative schwarzian derivative and
having all critical points nondegenerate (quadratic) and preperiodic. In particular, one
may take such a map defined on the circle, for instance k(x) = x + g, sin 2nx mod 1,
ay = 3/4. Then the same arguments as before yield a C®-open set of maps of the torus
T? = S' x S! exhibiting multidimensional expanding behaviour on the whole manifold
U=T.

Next, we explain how these arguments can be easily adapted to give a higher-
dimensional version of our construction. We consider ¢,:T™" X R —-T™ X R,
(6, x) — (£(0), f(6, x)), where Z is an expanding map on the m-torus T™ and
fa(0, %) = ay + ap(0) — &% a, as before. For simplicity, we take g to be linear and to
have a unique largest eigenvalue 2,. Then we suppose the function ¢ to vary in a Morse
fashion along the corresponding eigendirection w,. In this setting we take admissible
curve to mean a curve of the form { (O(¢) = 6, + fw,, X(#)) }JC T™ X R with | X',
| X" | small. Then, up to assuming A, sufficiently large (depending only on the Morse
function ¢), the same arguments as before prove that for small enough « the map ¢,
has m 4 1 positive Lyapunov exponents at ¢(©(t), X(#)), for almost every ¢. Moreover,
the same remains true for all small perturbations of ¢,, as long as every eigenvalue of g
is larger than 4 (this is to assure that the invariant foliation { 6 = const } is normally
expanding, recall argument above).
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3. PROOF OF THEOREM B

In proving Theorem B we follow a similar global strategy as for Theorem A, but
we have to deal with several additional difficulties arising, fundamentally, from the
higher-dimensional nature of the X-variable. We fully present the new ingredients
required to bypass such difficulties and refer the reader to the previous section for many
details which are common to both proofs. First we derive the conclusion of the theorem
for 9(0, X) = ¢, ,(0, X) = (§(0), £, ,(®, X). Extension to all maps in a neighbourhood
of ¢, , follows precisely the same lines as before, as we comment in Section 3.5.

For the sake of notational simplicity we write ¢ =g and f=£ ,. In all that
follows we let « and & be small, more precisely 0 < b < a < ¢ for some ¢y < 1. The
constant ¢, is determined by a number of conditions which we state along the way. We
point out that none of these conditions involves the value of d, cf. also remark preceding
Lemma 2.1. In addition, for fixed d we assume that b is large enough with respect to
1 / Vd, say b4/d > 100. Clearly, this last condition is compatible with the previous one,
provided d be large enough.

3.1. Admissible curves

Recall that ® = (6, T) e T; = S* X B* and X = (,y) € I2. Here we call X-vector
any tangent vector of T, X I? which is a linear combination of 9/éx and 9/dy. An
X-vector x 8/0ox + » 9/9y will also be denoted, simply, by (%, 5). By admissible curve we
now mean any subset £ C T, x I2 x S!which is the graph of some & : S! — B? x I2 x S,
Z(0) = (T(6), X(6), ¥'(6)), satisfying
1. T, X, ¥ are C? except, possibly, for being left-discontinuous at 30 = 0;

2. X< | X'|<a |¥V]|< bafd and | ¥ | < ba/d>

We think of Ty x IZ X S! as the bundle over T; X I} whose fibers are the unit
balls of X-vectors and we let @ denote the action induced by D¢ on this bundle,

2 f(0,X) ¥ )
|l o f(0,X) Y]]

In the same way as we did for Theorem A, we reduce the proof of Theorem B
to a main claim stated in terms of admissible curves. We let %, = graph(%;),
Z, = (Ty, X4, ¥y), be any admissible curve with ¥(0) = 9/dy. For every j > 0 we set
£(8) = (£(6), T,(8), X,(8), ¥,(8)) = ®7(6, Z,(0)) and also W,(6) = o5 f(%,(0)) ¥,(0).
Note that Wy(0) = ¥,(6) = 9/0x and W,(0) = || W,(0) || ¥;,.(0). Now, clearly,

| prreion 5

(Q) for convenient constants ¢, C, y > 0 and all large » we have || W,(0) || > ¢°*, except
on a set E_ of values of 6 with m(E,) < Ce~ V™,

> d" for every 6 €S* and n > 1. We claim that
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The proof of this statement occupies most of what follows. On the other hand,
the theorem is an easy consequence. Markov partitions &, for 6 ~» g(6) = d6 mod 1,
to be used in the sequel, are defined in just the same way as in Section 2.

Lemma 8.1, — If & is an admissible curve and € P, then ®™(Z | @) is also an admissible
curoe.

Proof. — Clearly, it is sufficient to consider the case n = 1. Observe that if
4 = graph(T, X, ¥) then ®(% | w) = graph(T,, X,, ¥,) where T,(d6) = G(6, T(6)),
X.,(d0) = (a(0) — x(0)® + by(0), — bx(0)) and ¥,(d0) is the unit vector obtained dividing

— 2x(0) b
( s 0)‘F(e)

by its norm. Property 1 is clear and so we proceed to check 2. Note first that

1
%(21‘:&-{—40: + ba, ba) <—23<a

= <
|1X(| ;

1
E(MP, — 2xx" 4+ by, — bx')

and a similar calculation gives | X' | < (48«/d®) < . On the other hand, we write
¥ = (cos ¢, sin ¢) and ¥, = (cos ¢,, sin §,) and then

b cos §(0)

8 ¥(90) = o cos 4(0) — 55m J0)
which leads to
, 1 b ¢’ — 2bx’ cos® ¢
(18) T @rcosy —bein g + (beos 4

Note that the denominator is bounded from below by || dx f~*||72> (6%/5)® and,
clearly, also by 4% cos® ¢. In this way we find

, 1 , , 1 ba 12\ b
(19) |¢*|<d—b2(25|¢|+Qb|x|)<2ﬁ(257+2b7)<7’

recall that 4*d > 50. On the other hand, taking derivatives in (18) and performing
the same kind of estimations as before, we get

1
|9 ] < T (const b2 | {'* | + const &% | x' | + const b2 | x' | | ¢’ |)

1
+ T (const | ¢’ | + const b | x' |) (const | #' | + const b= | ¢’ |),
where const always replaces some numerical constant. (For the deduction of this
inequality note also that (2x cos ¢ — & sin ¢)2 4 (b cos §)2 > const 43 |sin ¢ | | cos ¢ |.)
It follows that | §," | < (const 4* + const «) ba/d* < ba/d®. O

1
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3.2. Expansion and contracting directions

Given (0,X)eTy xI§ and j>0 we set (0,,X,) =¢’(0,X) and also
0; = (8;, T;), X; = (x,,,). In what follows >0, 8, > 0, N = N(«) > 1, and ¢, > 1
have the same meaning as in Section 2. Given an X-vector V = (%, 5) we define
slope V = j/#.

Lemma 3.2. — Thereis Cy > 0 and, given (0, X) € T, X Randk > 1 with |x,| <2V a,
|%;| = >Va for1<j< kand | %41 | < 8y, there exists S = S,(Z) an X-vector at Z = (0, X,)
satisfying
a) for any X-vector U at Z with | slope U | < ¢, and every 1< j< k, we have

|slope ox fH(Z) U|< ¢y and [ ox fH(Z)U || > Coof|| U|l;
in addition, || g f*(Z UH Coa T at~N|| U ||;
b) S=(51) with |5|<b and 05 fYZ)S = (0,7) with |7|< b*|Cs; moreover
| slope o5 fi(Z) S| > l/cofor al 1<j< k.

Proof. — For simplicity we set L’ = 0 f¥(Z), 1 < j< k. Observe first that, given
any point Y € t | x| > \/;} and any X-vector V = (#,5) at Y with |slope V| < ¢,
we have || & f(Y) V || > | — 2xi + & | > (1 — ) | — 2| || V|| and

b b b
< < —
2% — bslope V|  2Va —bey Vo
In view of this, and up to assuming ¢, small, the arguments in Lemma 2.4 give

(21) [|[LIU|| > const pi || U|| for 1<j<N and |[|LYU||z«"**"||U]|.

(20) | slope ox f(Y) V| =

S 600

An analog of Lemma 2.4 5) also follows from those arguments. Moreover, we take
m>1, 6o>1, x>0 as in Lemma 2.5 and then, by continuity (take ¢, small),
Ll ox fr"(Y) V[ = op || V| if ¢'(Y) e{[#]> 8} for 0<j<m —1
2. | fLY) V]| = xah || V|| if ¢/(Y)e{|x|>8} for 0<j<!—1 and
W)e{|x| <38}, withI<m.
Now the same reasoning as in Lemma 2.5 yields

(22) |IL*U|| > Cyok N~ *7||U|| and ||LIU||> Cyoi o~ +7||U||

for all N< j< k. Recall (Lemmas 2.4, 2.5) that «a~! ~ const gy > const o3~. This,
together with (20)-(22), completes the proof of a).

In order to prove b) we introduce §;, 7; defined by L(s;, 1) = (0, 7)), every
j> 1, and then we take § = §,, 7 = 7,. Note first that

(3 ) ()=6)
= Vves
—s o \1/7 "

b

b2
2_x; —_

fl=——|<
1 2x1

and |7, b?

b
s._
2

5 =
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A, B,
since x; & a,> 1. In general, we write L’ =( ! ’) and then §; = — B,/A,
1 J

and 7; =D; —B,; C;/A; =detL//A;. Note that A;,, = —2x, A, +5C, and
B,,,= 2x,+1BJ—|—bD and so §;,, — 5§ = —bdetL//(A;,,A,). On the other
hand, the estimates in part a) imply |A;|> (1 —¢) || L(1,0) || > const. In this
way we get |7;|< constb® and |§;,, —5;|< const4**! for every j> 1 and this
last inequality also gives |5, |< (§/2) + X,5, const $***1< b. Finally, if we had
| slope Li S, | < 1/¢, for some j < k, then the same calculation as in (20) would give
| slope LS, | < ¢, contradicting our definition of S,. O

Remark 1. — If we drop the assumptions on x,, %, (keeping only | x;|> Vo
for 1<y« k) then the same arguments yield the following slightly weaker conclu-
sions, which will be of use below. For any X-vector U with |slope U |< ¢, and any
1<j<k, we have |slopedy f/(Z)U|< ¢, and || 95 f'(Z) U|| > const Vas} || U||
(cf. Lemma 2.5). A vector Sk = (5, 1) 1is defined, satisfying |5, |< (b/\/;),
95 f5(Z) S, = (0,7) with |7, |< const*[V«, and |slope &x f4Z)S|> 1/c, for
1 < j< k. Moreover, if | #; | > V'« for all j > 1 then the corresponding sequence (55, 1)
converges to some X-vector S, = (5,, 1) such that | 5, | < ¢, | slope 85 f(Z) Sy, | = 1/c,,
and || 2¢ f1(Z) S, || < const 8¥[Va for all j> 1

We also need to consider pairs of points (0%, X®) e T, x IZ, i = 1,2, and the
corresponding objects @F = (69, T®), X = (¥ y¥), and Z% = (OP, X¥). Let
[Z™, Z®] be the straight line segment connecting Z®, Z®. Given any Z e [Z™, Z?],
we define ©; = (0,, T;) and X, = (x;,,) by (0;,X,) = ¢'"}(Z), every j> 1

Lemma 3.8. — There exists Cg> 0 such that the following holds. Let 6 = 62 and

k>1 be such that |x;|2 Va for ay 1<j<k and any Z e[ZV,Z®]. Let
E=min{| 2P|, | x®|}. Then

b8
GE'\/O_L
‘ x(l) x(2) l + CG b “ X(ll) . X(12) “.

b
a) | 5,(ZM) —5,(Z?) | » - S A — x| —

b

b) |52 — (2% |< g

Proof. — We keep the notation of the previous lemma. First, we observe

b b I £V 4@ l
_ (1) (2) < y my __ ¢ Z(2) —_ 1 1 < (1) (2) .
l x x I l‘fl(z ) 51( ) l I 2x(11) x(lz) | < o8 2€2 | x xl l
Recall that §;,, —§, = — ¥ *1/(A,,, A,). Using | A, | > £ and | A, | > const V« for

allj (see Remark 1), |5, — 5,| < const (B*/EV«) + 355 const(6¥ +1/x) < const (b%E Va).
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This proves a). Now, let D denote derivative with respect to the X;-variable. A simple
induction argument shows that || Dx;||, |A;|< 4 and || DA,;||< 4¥. Hence,

|| D a+1 —5,) || < const b +1 42 +2 48

and so || D(5, — 5)) || < const X5, 5% +1 4¥+2 4=%2 < const b.

Then b) follows from our first estimate and the mean value theorem (note that the §;
are independent of T,, and 0, is constant on [Z?, Z®]). O

3.3. Estimating expansion losses

Recall that %, = graph(T,, X,, ¥,) is an arbitrary admissible curve with
Y, = 9/9y. Let n be any large integer and M = M(«), J(r), be as in Section 2. Let
0,(0) = (¢(6), T,(0)), X,(6) = (x,(6),7,(6)), and ¥,(6) = (cos §,(0), sin §,(6)). Given
I<v<n and o,_y€%_y we say that v is a return for (every) O ew,_, if
x,(0,_y) N (— Va, \/—) + 0. Note that this implies x,(w,_y)C (—— 2V, 2 \/;),
since 0sc(%, | ©,_y) < < V0, recall (11). For completeness we set £ ={S!'} for all
1< 0; observe also that v<< M can only occur for, at most, one return.

Our goal at this point is to introduce a function A,(0), defined on 6 € w,_y,
bounding the amount of expansion lost by o5 f at (0,(6), X,(0)). In what follows «;(6)
denotes the element of the partition & containing 0. First we take 2 =£%,(0) > 1
minimum such that p = v + & 4 1 satisfies x,(w,_x(0)) N (-—- Ve, \/;) # @ (in other
words, . is the next return of 0). Then we let 5,(6) = (5,(0), 1) = S5,(0,,,(0), X,,,(0)),
given by Lemma 3.2 (use Remark 1 if 2 = o), and we decompose

= |[ Wo—y || (B(1,0) + 2,(s,, 1))
a'nd Wv—l = ” Wv-—l ” (COS "‘Pv’ Sin q"v)’

Now we define

(23) M) = 0 = = 28(0) + b g () + b (0)
(note that W,[| Wi_, || = 8¢ £(0,, X,) ¥, = (— 25, cos §, -+ bsin 4, — b cos ).

A main property of these A,(-) is to be statcd in Lemma 3.7, which is an analog of
Lemma 2.6 in this context. First we need a few auxiliary results.

For 1< ¢<k,(0) we define A, (0) = — 2x,(0) + b tg §,(0) + bs, ,(6), with
5, ¢(0) = 5,(0,,,(0), X,,,(8)) as in Lemmas 3 2, 3.3. We denote by A;, B;, C;,
D, the entries of 95 f7(0,,,(0), X,,,(0)). Finally, as in Lemma 2.2, we let
&y ={0:]sin2n0 | < 1/3} and o, = S\ .
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Lemma 3.4. — Let 6 € ,_y be such that | btg ,(0)|< 10 Va. Then for every
1< g< ko),

b2q

) | A 40)]> % T_A_X—_ldvﬂ_l if @770 e and
¢—1
bZG
b) IA q(e I/ ‘1—0' m——-—l qrvte-n z'fd"“‘lﬁ € ,.

Proof. — We detail the proof of a): statement 4) is proved along precisely the
same lines and we omit the corresponding calculations. Note first that our assumption
on ¢,(0) implies (recall also Lemma 3.1)

4 1
l(—2xv+btg¢v>'|<(gd—“+b(l OO“)b“

Vg v — 1
7 d)d\25oca'

Moreover, 25a d*~'< («/10) 59 41 =2 @*+9471 < («/10) (6%/| A, A,_,|) &*+ ¢! for every
g> 1, since b*d> 1000 and | A;| < 4. Therefore, it suffices to prove that

0 o o &I+9-1 wh d a1
— v - Vt+a—
[ s, “()I/SIAA T whenever 0 €.
Recall, from the proof of Lemma 3.2, that s,, = 5/(2%,,,) = — b/A, and also
Soie1— % = — 0¥ (A;, A;) for all j. Hence,
’, b A],. ’ ’ 62j+1 A;'+1 A;
So1 = :;;1 Kl and s, =s;+ A, A, (K:x + K—j
and so, by induction, s , is equal to
p + qzl b2:1+1 (A;-H _f_\_:f) bzq 1 A;
EUOSIALLA AL A AAq 1 Aq

+ X 2
’=1A A3+1Ai+AiAl—1

a— lA' ( p2it+1 p2i—1 )
(convention A, = 1). In order to estimate the right-hand side we introduce E; = A /A;_,
and note that E; = — 2%, and E; = — 2x,,; — b*/E,_,. It follows, by 1nduct10n that

(i) Va< |E;|< 4 for all j> 1; moreover, no two consecutive values of | E,| can
be less than 1 (because no two consecutive | x; | are less than 3/5).
() |E;|< 25¢d**?~! for j> 1 (note that |x,,,|< 120d"*? "1 cf. Lemma 3.1).

Now, suppose | sin(2r d**?71 0) | < 1/3. Then (compare the proof of Lemma 2.2)
| % o] =1a(@Fe10)d" 9™ — 2%, o 1% g1 — B> (32/2) d*F97! and so
|Eq| > Bad"* 7! — (b°[a) 250 d** 2% > (5a/2) d** 271, As a consequence,
A:z _:Ez E >“dv+a 1(?__2_5'121471 q)>_dv+al

E,

e )
E, 8 Vai-1 2

i=1

(24)

A

q
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On the other hand,

bZi—-l A; b2q—1 A'
AN, A,./AqA A,

Zi-1|EJE, |
/2) dv+q 1

deJ q
\20(42) :

b2(9 o H |E¢Ec+ll

q—1 q

In order to check this, use | E;, | < 4 and (i), (ii) above if s <j, and

q—1 a—1

gJEi Ea‘+1| |E;/E;| = |E5+1| i=l;I+1|EiEz’+1| |E;|
< 4_2(a—:i)—1.25adv+s——l
otherwise. 1n a similar fashion,

b2:i+l A’_ b2a—1 fi&_q_,z
A, A A [AA_ A

i+1 q

db2 i—a
()

q—1 4,2 q—j b2¢—l o«
1 — 5 > T gvte—t
( 27 (bzd) ) A A 2

q—1

Using 5*d > 1 000 once more, we get

b2a—1 A'
A A, A,

(25) Isiol2

¢—1 q

and our argument is complete. O

Remark 2. — The same type of estimates (cf. (25), (24), and (ii) above) also gives
the following upper bound which will be useful below:

et Al
A A, A,

- ¢—1 q

qu 1

<100 Ve —— gv+e-t
[AA,_,|

(26) |5, .1<2

< const Vb1 g +e—1,

Lemma 3.5. — Let 1< v< n and o,_y € P,_y be as above and let o, be any element
of P, contained in o, _y.

a) If | btg §u(7) | > 10 Vo for some © € w, then | A,(0) | > 2V« for every 0 € o,
b) (0 < w,: AB) €J() ) < b (”gﬁ)' m(w) for euery v5 0.

Progf. — Suppose first that the assumption of a) is satisfied. Since | w,| =d™
and (by Lemma 3.1) | §; | < (ba/d) d*, we must have | b tg ¢,(0) | > 8 V' for all 6 € w,
and then a) follows immediately: | A(0) | > — 4 Vo + 84V« — 52> 2Va. Now we
prove b). Note that, in view of a), it is no restriction to assume |btg¢,|< 10V

and we do so in what follows. We start with a few simple remarks concerning the A,
E, introduced above. Let 1< j< ¢. It follows from the proof of Lemma 3.4, namely
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from (ii), that |E;®6,) — E;(0,) | < 25« d’~? whenever 0,, 0, belong to a same
O,y 1 € %, .- Hence, under this assumption we have
| Aq(6y) | | E;(6y) |

“ EYCR IR

q
< I (14 25Vad=9) < V2.
i=1

We also observe that
k—1 b2j +2

>
i=e AL, A

2b2a +2 < 21)2 bzq

(28) [A,,— A= < < —_—
‘ ]Aq+1Aql \/; |Aqu—1l

since (recall (i) above)
2 b* 1
__ " __(< 5) for all ;.

b2i+2 sz
A5+1A1/A5Aj—1 |E; 4 E; Vo

We define k = k(r) to be the maximum integer satisfying Ve~ "< 16(6/4)%. In
what follows we assume x > 1, as the bound in &) is trivial when k = 0. Observe
also that we defined %, in such a way that %,(0) =% implies k,(t) =% for every
TE€W, 4 1-u(0), in particular for every tew, ,_,(0). For I<k<x—1 we let
&, be the family of all intervals o, ,_; € %, ,_,, with o, ,_, C o, satisfying

(29)

e k,(0) =& for (every) 6 € w,,;_, and A/(r) € J(r) for some T € w, ;.

Then we also let #,_ be the set of all w,,,_, €% 1, ©,,,_,C @, such that

e k,(0) > « for (every) 0 e w, ., and Aj(r) € J(r) for some T € &, ;-

We claim that

1) Given 1< ¢< x, each o,,,_; €%, ,_, contains at most (1006'*d)*~¢ elements
of #,.. In particular (taking ¢ = 1) # %, < (1006"* d)*—1.

We prove this statement by induction on x — ¢. Note that the case ¢ = « is trivial.
Let ¢ < x and assume that 1) holds for ¢ + 1 (i.e. for all w,,,€ %, ,). Given o, ,
an arbitrary element of &, ,_,, we count the intervals o, , € %, with o, ,C &, .,
and containing some element of &#,. Let w,,, be any such interval: then there exists

Tew,,, with | A7) | < Vo~ and hence, in view of (28), (29) and the fact that

g+ 1<k,
2b2q+2 6b2q+2

IAV, (T)IS'\/ZE_'—}- <
‘ | Agi1 AfD) |~ [Ags: A ]

6b2 b2q
< —max|——|,
Vo | A A, |
where the maximum is taken on w,,,_,. In other words, w,,, must intersect

z 1o 8,0) | < ( bzq )g
={0ew,, . ;:]|A, < —= max [———| !.
Femt ! '\/-& IAGAG"Il
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Now, using Lemma 3.4, the same arguments as in Lemma 2.2, Corollary 2.3, give

(120%//a) max (64| A A, ) \"
m(g) <6 ((“/10) min(b2q/| Aq 1\‘1_1 I) d2(v+a—l)) ¢

Therefore, recall (27), m(Z) < (2401»2/( V) d=v-e+t1< 95544 —v=2+1, On the
other hand, Lemma 3.4 implies that (A, .| ©,,,_;) is at most 3-to-1 and so £ has
no more than 3 connected components. Hencc, there are at most 956Y4* d 4 6 < 1006 d
intervals ®,,, as above. This, together with the induction hypothesis, implies that
1) holds for w,,,_, and so the proof of our claim is complete. Now we observe that
the same argument also proves

2) Given 1< ¢<k<x, each o,,,_, €%, ,_, contains at most (10064 d)¥~? ele-
ments of &,. In particular, #%, < (1006"*d)*~1,

Moreover, using Lemma 3.4 (with ¢ = k), along with the calculations of Lemma 2.2
and Corollary 2.3, we get (the minimum is over o, ,_,)

1/2
({8 e wyrpy: A0) €J()]) < 6( 2 Var” ) :

(/10) min(b%/| A, A, _ 1|) PECET R

Now, Ve "< 16(5/4%) < 4(6™/| A, A, _, |) < 4 (83[V«)* " (62| A, A,_,|), recall
(29). It follows that the Lebesgue measure of {0 € w,,,_,: A/(0) € J(r) } is bounded

above by 6((80/x) (8%/V«) )" d—v-at1< (605Y4)x~% g—v=k+1  Altogether, this
gives

m({0ew,:A,0) €J(r)}) < X (10054 d)k—1(60pV4)<~* d—V—k+1
k=1
< 3(100674)%—1 d—> < 5~ 14(1005"4)% m(c,).

Finally, up to assuming ¢, small enough, the maximality condition in the definition
of k implies (1006"4)* < (8/4)"5 < (Vae™"[62)¥0, O

3.4. A technical lemma

Let 4 = graph(Z) be an admissible curve and Z(0) = (& 7(0)). We write
Z=(gU,2Z,%), Z=(zw) and = = (cos o, sin 6). For 1< i< d denote

%, = o(Z|[0,_,,0,)) = graph(Z)),

with 2 = (U,,Z,%), Z,= (3,w), and I, = (cosg;,sing;). Observe that
2(0) = z(g(0)) for 8 e [B;_,,0,), and similarly for w, w;, and o, ;. Given j> 1 we
let A;, B,;, G,;, D;, be the entries of dx f’ and (recall Lemmas 3.2, 3.3), we write

~

§; = — B,/A, and 7, = det o¢ f]A,.
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Lemma 3.6, — Let | 2(0)| > v/« for all 0 €S, Then there are Hy, HyC {1, ..., d}
with $H,, $H, > [d/100], suck that
a) | 2, (8) — 2,(0) | > /250 for all 6 €S, i, e H; and i, € H,,
b) | cotg 6,(0) — 5,(9, U( ), Zi(8)) | = 8*Va for all 6eS' and ieH, UH,, for any
k> 1 such that ¢"(% e{lxl \/;c}forall1<J<kandallf)eS1

Proof. — Let [ = [d[100] and define H, =20 +1,...,20 + l} fors =0,1,2.
Observe that [6;_,, )C [0, 1/20] C & for all 1<ig 5l (recall that §; = i/d). More-
over, as in (4), | 2'(0) | 2 «/2 for all 6 € 4. Hence, given any ¢, eH,, i, € H, with
7+ s, we have infy | 2z, — 2, | > («/2) (I/d) > «/250, which gives us a). Now we claim
that given any such ¢,, 7,, at least one of them satisfies ). Note that the lemma is a direct
consequence: one obtains sets H;, H, as in the statement just by choosing appropriate
elements from ﬁo, f,, ﬁz. We prove the claim by contradiction. Suppose there is
v e8! such that |cotgg;(t) — s5(7) | < &* Vo for both i= i, t =1, (we write
5i(t) = 5;(7, Uy(7), Z(x))). Since |5|< b/\/; (recall Remark 1), it follows
| cotg o,(7) | < (b/\/— ) + (2V«) < 1 for i=1iy,i, (if ¢, is small). Using (19),

o, =00 (g|[0_;,0;))"% and the mean value theorem, we get

2 ba ba
() — (7)€ =550 — 51< ——,
| cotg o; (t) — cotg o, (7) | T 50 yi 5l 5000

recall that b 4/d > 100. It follows that
| 5,(7) — 5,,(v) | < 26® V' + (bat/2 000) < (bar/1 500),

for small enough ¢,. But Lemma 3.3 a) gives (note that our assumptions imply § > %)

b b

| 5:(9) = $,(7) | > g1 2, () — 2,(<) | — const —

b
% — const ba®t > ] O:)O ,

if ¢, is small. We have reached a contradiction, thus proving our claim. O
Now we are in a position to prove our last lemma. Given %, = graph(%,) an
admissible curve and j > 0, we write %, = ®/(%]) and

G,(0) = (6, F(6)) = (¢'(6), S,(8), Y,(6), T,(9)),
with Y; = (§;, ;) and T'; = (cos y;, sin y;). We suppose that | Ey(r) | < vV« for some

v eSh Then |£y,(0) | < 2\/— for every 6 e S': this is because osc(§;) < 2«4’ for all

J= 0, in particular osc(§y) < Vo, cf. (11). To the curve %, we associate

Ay(0) = — 28y (6) 4 b tg y(0) + bsy(0) with 5y (8) = 5(g*1(0), Sy 41(0), Yar4:(0)), as
in (23).

12
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Lemma 3.7. — There are C,> 0 and B> 0 such that, given any admissible curve

)
o

@o = graph(%,) as above and any r > (—;— — “q) log !
m({0 eS': Ay(0) eJ(r —2)}) < C, e %",

Proof. — The argument has two parts, which can be sketched as follows. The
first step is parallel to the proof of Lemma 2.6. For each I = (I, ..., 4,) in{1, ..., d}™
we let #(I) = graph(%,(l)) = ®/(%, | »(l)) and also introduce the objects S,(l, 6),
Y5, 0) = (5,5, 0), (5, 0), T,(,0) = (cos v,(,8), sinv,(}, 8)), sy(,0), and Ay(, 0)

1 1 - — . I
corresponding to it. We fix r > (—2— — 27]) log — and say that [ and m are incompatible if
o

(30) | Ex(D, 8) — Ey(m, 0) | > 42~ "V« for every 0 e S

Using Lemma 3.6 a) we prove that each [ is incompatible with all but, at most,
d™((d — [d/100])/d)*™* elements m €{ 1, ...,d }®. Then, in a second step, we prove
that the incompatible pairs /, m obtained in this way also satisfy

(31) | Ay, 8) — Ay(m, 8) | > 22~"V« for every 0 €S,

thus ensuring that Ay(/, ) and A(m, 6) can not both belong in J(r — 2). This is done
by checking that the two last terms in Ay, have a negligible effect, which relies on the
property in Lemma 3.6 5). The lemma follows directly from the combination of these
conclusions.

First we note that | £,(6) | > v/ for all 6 €S! and 0<j< M — 1. Indeed, let
3;(0) = dist(§;(0), 0) + | m;(0) |, recall that OCR is the post-critical orbit of
h(x) = a, — . In the same way as in (12), &;,,(0) < C4(« + |E,;(0) |*) for
0<j< M —1land 1< i< M —j (throughout, C denotes any positive constant depending
only on %). Then, by the same argument as in (13), one gets | £,(0) |* > const 4~ > Va.

Let 5 €%, be fixed and write 5, = ®(5,) = (§,,S,, ¥,, T,), with ¥, = (2,., ;)
and ', = (cos¥,, sin¥,). Define also A, = [1%' | — 2€;|. Then the same continuity
argument as in Lemmas 2.5 and 3.2, gives A; > constoy 7 for all 0<j< M — 1.
We let K = 1000¢® and define £, < < ...< M by ¢ =1 and

tip,=min{s:4<s<M—5 and A, > 2K\, } (if it exists).
Then we set £ = k(r) = max ;i:lti > 2Ke™ /\/; t In precisely the same way as in

the proof of Lemma 2.6, we deduce that k(r) > vy, r where v, = 7n/log 8K.

We already remarked that |£,(0) | > Vo for all BeS! and 0<j< M — 1.
Hence, we are in a position to apply Lemma 3.6 to obtain Hj, H;"C {1, ..., d} with
#H,, #H.’ > [d/100], such that

77 12 o
] gl(ln 0) - El(ll ) 9) | = ﬁ for all 6 € Sl,
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for all i, = (li,b, ..., 0y) and L' = ', L, ..., L) with [ eH], I eH], and
arbitrary [, ..., &;. Since osc(n;) = b osc(&,) < ba, we also have

| na(Z, 8) — my(Z, 0) | < b < ﬁ-%o for all 6.

By induction (using the same kind of calculations as in (20)),
|05 0) = (&5 0) | < V| §,(E, 0) — £,3',0) |
for every j > 1 and 0 in the corresponding domain. Combining this with

osc(€; ) 204’
| E I 1/04_2 M

(take ¢, small for the last inequality), we find
(32) | & 41(5,0) — 544, 6) |
> | — 28] (1 — V) | 5,5, 0) — &5, 0) | — | n;(F, 8) — (", 0) |
> | — 28| (1 —2v4) | &, 0 — &', 0) |-
Hence, using log (1 — 2 V/«)" ~ const Ve log « > — log 2 (if ¢, is small),
| &y 8) — Eu(D', 0) [ > 2 (1 — 2 V)1 | £4(7;, 8) — E,(, 0) |

l o
N> 4P
7‘1250> ="V

< Ca2ItM < CadM < Va

N

(because k(r) > 1), which means that any such [, I are incompatible. Moreover,

A oA
— > 4% «,

18,00 — G 01> 5 2 o

N —

by the definition of #,. Also, given any m; = (I, 4, ..., 0, 4, 4,, ..., },) and
m' = (s by oo ly_y5 by o5 1), We have

| B4y (5, 0) — &, (mi, ) | < osc(Eyy (L, by -5 byy—n)) < B

II

and analogously for [;’, m]’. Therefore, m,, m," are incompatible:

- _ 1
| B, 0) — En(, 0) | > 50, (46° — 16) ¢ > 462~ V/a

(if &(r) > 2). Now, proceeding as in the proof of Lemma 2.6, we conclude that each
le{l,...,d} is compatible with not more than d¥((d — [d/100])/d)"" elements,
me{l,...,d™ as claimed above.
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Starting the second part of the proof, we note that it is sufficient to consider the
case ¢ < 4ab°. Indeed, otherwise the lemma is an immediate consequence of
Lemma 3.5 5) (take B < 1/20). Let I, m be a pair of incompatible sequences as cons-
tructed above. More precisely, for some 1< i< k(r) we have [, =m, for j< ¢ and
l,, e H;, m, € H" For notational simplicity, we shall write ¢ =¢ and let (, 0),

7L 0), AL 0), C0), be the values of Su—¢> Tm—¢s Ay—ys Cy_,, respectively,
at the point (0, S,(/, 0), Y,(/,0)) € Ty x I2. We write

Ty(, 8) = (cos v,(Z, 0), sin v,(1, 0)) = A(1, 0) + %(5(Z 0), 1)

and then Ty(7, 6) = (cos yy(£ 0), sin vae(7, 0)) = k(&7 ), & 0)) + ,(0, % (7; 6)) which
yields

U;
LO) +b-
() .

(]

(33) b tg yu(l,0) = b (l, 6).

PZI., X
?llaz

Note that

(@) | (%A, @, 0) | < const 52~ by Lemma 3.4;
(i) | kfo,| = | cotg v,(; ) —5(, 0) | > 62V a, by Lemma 3.6 b).

Hence, the last term in (33) is bounded by

const 52M~0+1/(p2 /) < const B[V a < ="V«

(using M — ¢>5 and ¢"< 4ab™? and assuming ¢, small enough). Clearly, the same
arguments and estimates hold also for m. In order to control the first term in (33) we
introduce ,(l, 0) = slope dx f7~4(9, S,(}, 0), Y,(, 0)) (1,0), and let u;(m, 6) be the
analogous object for 7. Note that u, = 0, uy = G;/A,, and |u;|< ¢, for all i< j< M
(by Lemma 3.2 a) and Remark 1). Note also that u;, , = b/(2§; — bu;) for all j.

Hence, using | &; | > Vo > by > | bu, |,
| 44100, 8) — u;,,(m, 6) |
< VB &G 0) —E@m, 0) | + Vb | u,((, 0) — u,(m, 0) .
By recurrence, | uy(l,0) — uy(l,0) | < o, (Vb)"| &y, 0) — Ey_,(m, 0) |. More-

over (recall (32)), | &y—,(50) — &y_,(m,0) | < (2/A,) | Eu(l, 0) — Ex(m, 0) | and 2/a, is
uniformly bounded from above. This gives
ok
= (,6) —

4

(m, 0) | < Zf_, const (VB)" | Ey(l, 8) — Ex(m, 0) |

P l el

-,

1 - _
< 8 | Ex(l, 0) — Ey(m, 6) |.
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Altogether, we conclude that
- _ 1 - — -
(34) |6 tg 1l 8) — b tg v, 6) | < 5 | Bl 6) — g, 0] + 27 Vo

Now we estimate |bsy(l, 0) — bsy(m, 0)|. First we recall that by definition
su(l, 8) = 5,(g(6), Sy +1(Z; 0), Yoy 1(5 0)) where k = k(l,0) is the number of iterates
before the next return. Clearly, up to taking ¢, small enough, we may suppose k(J, 8) > 4
for all 6 € S'. Then the proof of Lemma 3.2 gives

| bsw(@ 8) — 554(8(8)s Sacs1(Z, 8), Yary1(5 0)) | < comst 4° < &2~ " Va

(we use ef < 4ab~? once more). Of course, the same holds for m. On the other hand,
Lemma 3.3 ) gives (here we have & > 1)

| 854(8(6), Syt 41( 8), Yar1(8 0)) — 854(g(0), a4 1(77, 0), Yor 1 1(77, 0)) |

b* - _ - _
< 5 1By 0) — Byy o (m, 0) | 4 const 5 [ Yoy 1 (4, 6) — Y1 (m, 8) |

1 - _
< g l gm(la e) - ‘EM(ma 6) "

using the inequalities

| Eaa(l, 8) — Eagys (1, 0) | < | Yoryo(F 6) — Yo s(m, 0)
< const | Ey(l, 0) — Ey(m, 0) |.

We conclude that

- _ 1 _ _
(35) | bsy (1, 0) — bsy(m, 0)| < 3 | y(5; 8) — Ey(, 6) | + 22" Va.
Altogether, (30), (34), (35) imply (31) and so our argument is complete. O

3.5. Conclusion of the proof

Finally, we derive Theorem B from the previous lemmas. In the rest of the paper
.@"o = graph(T,, X,, ¥,) is any admissible curve with ¥, = 9/dy and the notations
are as introduced at the beginning of Section 3. We take [, m ~ Vi, I =m— M, as
before. For any return 1< v< z (recall the definition above) and 6 € w,_, we define
r=r(v,0)>0 to be the smallest integer such that A, (w,,,(0)) NnJ(r) = 0. Recall
that w;(0) denotes the element of £ containing 6. Then we say that v is a 0-situation,
resp. a I -situation, resp. a II -situation, for 0 if r = 0, resp. 1 < r < m, resp. r > m. Clearly,
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Lemma 3.5 a) asserts that | 5 tg ¢, | > 10 v« can only occur in a O-situation. On the
other hand, if v is a II -situation then A (w,,,(0)) C J(m — 1), because

(i) osc(x, | @,4,(8)) < 2 d ™' < Vo™
() osc(b tg by | @,14(8)) < (1 + (1000/6%)) (bo/d) d=" < Vo™ ™;
(iti) osc(bs, | @4 4(0)) < Vbt < Vae™

Indeed, (i) and (ii) are direct consequences of the definition of admissible curve and
Lemma 3.1, and (iii) can be justified as follows. If k,(t) < //2 (< m) for some 7 € w, ,(0)
then, by definition, %, is constant on w,,(0) and then (26) gives

osc(bs, | @, ,;(8)) < const Vb d*~1=1< const Va d~"2~1< Vubl.

If k(z) > 12 for all 7 ew,, (0), we take ¢ = [//2] and, using also
| s, — 8, ¢ | < const 5+,
we get osc(bs,| ®,,,;(0)) < const Vab? d21= 4 const 62 +2< Vb, Claim (i) is

proved. Now we let By(n) ={0 € S':some 1 < v< n is a II -situation for 6} and then
Lemma 3.5 5) gives

m(By(n)) < nb~ 2 (Vae~™+1)"° < const ¢~ V20

for all z sufficiently large (with respect to « and 5).

From now on we may restrict ourselves to those values of 6 € S* having no II,-situa-
tions in [1,n]. Let 1< v;< ... < v,< n be the returns of 6 and denote 7, = r(v;, 0).
We write W,(0) = || W,_,(0)|| (A,(1, 0) + »,(s,(6), 1)), for each v =v;. Then Lemma 3.2
and the definition of A, in (23) give

“ Wv+i(6) ” 2 (1 - 00) ” Wv—l(e) ” ‘ hv‘ “ axf(zv+1(6)) (la 0) H
> (1 — ) || Wy_1(6) || | cos 4(8) | | A,(6) ] comst o,

for all 0<j<v,,,—v, where Z, ,(8) = ¢"*(0, Ty(0), X,(0)). Moreover, taking
J=Viy1— Vv, — 1 and writing p =v;,,

| Wama®) 1] = [l Wuea(B) || | cos 4, (8) |
> (1 = o) || Wy_(0) || | cos ,(8) | | A,(8) | comst a™**7 o} =*~ ¥,

0
By recurrence (recall that W, = 5—),
X

8
|| W,(0) ]| > o~ "N o¥=" I (const | A,(0) |« *7)
i=1
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and so log || W,(0) || is bounded from below by
m—(s—1)N)lo —|—§sl ! 1 ! 7, t 31 !

From here on the argument is completely analogous to the one in Section 2, with
Lemma 3.7 replacing Lemma 2.6. We get log || W,(0)[| > 2 — 2, .4 7;, where

1 1
¢>0 and G = ) it > (5 — 21;) log —;, and we prove that the Lebesgue measure
[«4

of By(n) ={0€S':2,.;7>¢m} is bounded by conste®™V* (if v, <M then
Lemma 3.7 can not be used at time v; but this is irrelevant for the conclusion; recall
that v, > M for all > 1). Then E, = B,(n) U By(n) satisfies the claim (C) stated at
the beginning of Section 3. This completes the proof of the theorem in the
case ¢ = Pe, b

Moreover, it is not difficult to see that all these arguments remain valid for
arbitrary diffeomorphisms in a sufficiently small neighbourhood of ¢, , (depending
on o and b), if one uses the same approach as for Theorem A. Indeed, since
&, ={ 0 = const } is a normally hyperbolic invariant foliation for ¢, ,, we have that
any nearby diffeomorphism ¢ also admits such a foliation % (9). Moreover, the leaves
of & (@) converge to those of &, as ¢ approaches ¢, ,. Hence, we may reproduce the
previous calculations for ¢, just taking X-vector to mean any vector tangent to a leaf
of #(¢) and making straightforward adjustments in the notation. As our argument
is based on analysing pieces of orbits whose length is bounded independently of z (this
remark is particularly clear e.g. in the context of Lemma 3.2), all our estimates remain

valid, by continuity, if ¢ is close enough to ¢, ,. Therefore, the proof of Theorem B
is complete.
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