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QUANTUM ERGODICITY OF EIGENFUNCTIONS ON PSL^Z^H2

WENZHI LUO and PETER SARNAK1

To Wolfgang Schmidt on the Occasion
of His 60th Birthday

1. Introduction

Schnirelman [SH], Colin de Verdiere [CD] and Zeiditch [Zl] have proven the
quantum analogue of the geodesic flow on a compact Riemannian manifold Y being
ergodic. Let A denote the Laplacian on Y and 9 .̂ an orthonormal basis ofl^-eigenfunctions
of A. The corresponding eigenvalues are denoted by X^.. One forms the probability
measures d[Lj(z) :== | (p/^)!2 dV{z), dV being the volume element (actually they consider
a microlocalization of these measures to S^(Y), the unit cotangent bundle). If the geo-
desic flow on S^(Y) is ergodic they show the existence of a full density subsequence \y
(i.e. one satisfying S^. ̂  1 ̂  2 .̂̂  1) for which (JL^(A)—^ Vol(A)/Vol(Y) for all
nice sets A (e.g. geodesic balls). Zeiditch [Z2] has extended this result to noncompact
surfaces such as the modular surface X == PSL2(Z)\H2. He shows that if h e C^(X),

the space of smooth functions on X with compact supports, and h[x) dV(x) == 0, then
Jx

W SK^I^i—^ — ^ / ' "logX

Here A <^ B means | A | < CB where C depends only on T. Selberg [SE] has shown
that in this case, S^.^ 1 /^ X/12 and from this one can easily deduce the quantum
ergodicity using (1).

Recent works of Hejhal-Rackner [H-R] and Rudnick-Sarnak [R-S] suggest that
at least for this X much more is true. Namely, that there are no exceptional subsequences,
that is .̂ -> dV as j -> oo. This phenomenon might be called Quantum Unique Ergo-
dicity. Hejhal-Rackner confirm this numerically while Rudnick-Sarnak show that certain
natural candidates for such singular limits (that is, measures concentrated on closed
geodesies) do not occur.

1. The research of the first author was supported by NSF Grant DMS 9304580, while he was a member at
the Institute for Advanced Study during 1993-1994. The second author was partially supported by NSF Grant
DMS 9102082.
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This paper is concerned with this individual equidistribution conjecture for X.
While we fall short of proving it we obtain a number of results in that direction. Firstly
we prove the conjecture for the continuous part of the spectrum of X—that is we show
that the Eisenstein series become individually equidistributed. Secondly for the discrete
spectrum (cusp forms) we show that if exceptional subsequences occur they must be
very sparse. We also introduce the discrepancy—a well-known measure of equidistri-
bution for sequences—to quantify the measure of equidistribution of the p./s. This enables
us to show that except for a sparse set offs the pi/s become equidistributed at a certain
rate. For more background on this problem see the Lectures [SA]. Along the way we
establish a conjecture of Iwaniec concerning the average size of Rankin-Selberg L-func-
tions on their critical lines. The latter may be used to obtain new bounds for the remainder
term in the Prime Geodesic Theorem (see below). We turn to a precise description of
our results.

The spectrum of A on L2(X) consists of three types, see Hejhal [H2J:

(A) <po(;2:) = VS/TT, the constant function;
(B) 9i(^), opa^)? • • • ? an orthonormal basis of cusp forms, A<^. + X, 9, = 0;

(G) E ^ , . + ^ j , ^ 0, the unitary Eisenstein series which furnish the continuous

spectrum, AE + (- + /2] E = 0.

We will assume that the basis 9^, is chosen to be simultaneously eigenfunctions
of the Hecke algebra. This choice is possible and in fact determines the 9 .'s up to a
scalar and hence determines (JL, uniquely. It is quite likely that there is only one o.n.b.
of <p/s anyway, since the numerical evidence points to the spectrum being simple

[H3, ST]. We define ^ = E ( z , l + it} 2 dV(z). Note that ^(X) - oo, so that there

is no canonical normalization of ^. Our first result is that [JL( become individually
equidistributed.

Theorem 1.1. — Let A, B be compact Jordan measurable subsets of X, then

lim ^W ^ ^(A)
< — ^ ( B ) Vol(B)'

The renormalizadon is actually needed since we in fact show that as t -> oo,

(2) ^(A^^VoHA)^.
7T

Jakobson [J] has recently extended Theorem 1.1 to the microlocalizadons % of (JL(
to S^(X).



QUANTUM ERGODICITY OF EIGENFUNCTIONS ON PSLa(Z)\H2 209

To describe our main result concerning .̂ we introduce some norms on functions
on X. For H e (^(X) let |[ H [|̂  be defined by:

avi + V2 H

(3) [ I H [L , == max sup f —————' / 1 1 I Ifc, v r ^ /Q^^v^ /Q,,,\v<>vi+va^ ^ev W 1 (W 2

where F is the usual fundamental domain for X in H. For H an integrable function
— I fon X we denote by H the mean value H(-2') dV{z).

Vol(X) Jx

Theorem 1.2. — For s > 0 and H e G^X),

2: H(.) d^{z) H < H j [2 ^( l /2)+eIks7^ ?

^ implied constant depending on e 07 .̂

The upper bound here is essentially the square root of that in (1) and in fact is
sharp (i.e. it cannot be replaced by any exponent less than 1/2). Theorem 1.2 asserts

f H(^) 4^
Jx

that on average -2') d[jLj{z) — H is of size \y 1/4. We expect that this is true indi-

vidually (see [SA]). As a corollary to Theorem 1.2 we can address a question of Zei-
ditch [Z], as to the size of an exceptional subsequence. He showed in general that such
a subsequence must be of zero density. The following asserts that an exceptional subse-
quence must be very thin.

Corollary 1.3. — Let j\ be a subsequence of j 's corresponding to a subset S C N and for
which ̂  ->v=t= 3rfV/7r. Then for any a> 1/2, | S n [1, N]| === O^N^.

We also establish Theorem 1.2 for H an individual Eisenstein series, that is

S
Xy^X

(4) < E ( . , ^ + ^ ^ > 2 < 3 ( | ^ | + l ) 6 X ( l / 2 ) + e .

By Cauchy's inequality and in view of the integral representation

47t8 r(j)
E(^)|<p,(^rfV(^),L(a,®u,,.r) = rw,) r(./2 + a,) r(./2 - a,) ̂

the last implies the following "mean Lindelof" conjecture of Iwaniec [II]:

L(M ;® ^^2+^
S).,•$). < ( | f | ^-l)4^6,(5)

cosh(Tt^)

where L(M,.®K,,J) is the Rankin-Selberg L-function (see § 2 and § 3 below) and
.̂ = (1/4) 4- t^. We apply (5) to counting prime geodesies on X. Let

^)=|{P|N(P)^}|,
27
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where P runs over the primitive conjugacy classes of F = PSLa(Z) and N(P) is the
corresponding norm [HI]; n^{x') counts the number of prime geodesies on X of length
at most log x.

Theorem 1.4.

n^x) = \i(x) + O^7710^6), for s > 0.

Here as usual, li(^) = dtj\og t. For a general discrete cofinite F C PSL^R)
J2

the best-known bound for the remainder term is O^/log x) [RAN, SE], while for
F == PSL^Z), Iwaniec in the paper quoted above established the bound O^35748^6).

In § 6 we will give an outline of a proof of Theorem 1.4. It is based on (5) and
Iwaniec's method in [II]. It should be pointed out that the expected remainder term
here is Og^1^4'6). In the analogy with the Riemann zeta function and primes, the
analogue of the Riemann Hypothesis for Selberg zeta function is true. Even so the
abundance of eigenvalues puts the O^172^5) bound completely out of reach. Indeed
the O^374) bound is reasonably straightforward but anything beyond that involves
capturing cancellation in the sums over the eigenvalues.

To quantify equidistribution of the (JL/S it seems best to avoid issues of subsequences
(as has been traditional in this problem) and to investigate directly the discrepancy.
Various notions of discrepancy have been introduced in connection wich equidistribution
of sequences [K-N]. The spherical cap discrepancy D((J(.) is defined by

(6) D(pL) = sup
BCX

,(B) - ̂ "W
7T

where the supremum is over all injective geodesic balls in X. It is clear that if D((JI,.) -> 0
then .̂ become equidistributed and the size ofD(^.) gives the rate. The choice of balls
in this geometry seems natural enough. A somewhat bold conjecture that emerges from
Theorem 1.2 (see also [SA] and the question of Golin de Verdiere [CD]) is that for
s>0, D(pi,) <^^')^(w+e. As pointed out in [SA] this equidistribution rate if true
would be optimal.

Theorem 1.5.

S |D(^,)|2 ^\(20/21)+s.
Ay^ X

The main achievement in Theorem 1.5 is that the exponent of X is less than 1.
We have made no effort to reduce it further which is certainly possible by these methods.
On the other hand the optimal exponent 1/2 seems out of reach by these methods.
From Theorem 1.5 it follows that with exception of a very sparse set, the (JL^S become
equidistributed at a rate which is a negative power of \y.
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We end the introduction with some comments about the proofs. As pointed
out in [SA] these questions of equidistribution are in part related to obtaining
non-trivial bounds for Ranking-Selberg L-functions on their critical lines. Concer-
ning Theorem 1 an involved but pleasing computation which exploits each factor of

E \ 3 2 "̂  ! E \ 5 2 ~*~ 7 ^^^^y' leads to two features: (1) The entire problem in
this case reduces to estimating L-functions. (2) The Rankin-Selberg L-functions in
question conveniently factor into Euler products of degree at most two. We can therefore
appeal to known estimates on the Riemann zeta function and L-functions of cusp forms
(Meurman [MEU]) to prove the Theorem. For the case of cusp forms, viz Theorem 2
we no longer have any direct relation to L-functions. Our method is to first establish
Theorem 2 for certain families of h's called incomplete Poincar^ series. This allows us to
exploit that 9, is a Hecke eigenform and to represent | 9^(2') |2 with expressions involving
the Fourier coefficients in quadratic polynomials. Eventually this allows us to use the
Fourier coefficient—Kloosterman sum connection, that is the Petersson—Kuznetsov
trace formula [KU], to convert the problem to estimating exponential sums. To do
so effectively Weil's bound on Kloosterman sums is used as a key arithmetical ingredient.
Also crucial in our analysis are the recent bounds oflwaniec [12] and Hoffstein-Lockhart
[HN-L] for Fourier coefficients of cusp forms in the j aspect. Theorem 1.5 is derived
from Theorem 1.2 using only Fourier analysis and geometry. The key point here is
the structure of the spectral development of the characteristic function of a geodesic ball.

All of the above results may be proven for congruence subgroups of PSLJZ)
(save for the possibility of small eigenvalues \j < 1/4 intervening in Theorem 1.5).
However inasmuch as we use heavily Poincar^ and Eisenstein series (and related Fourier
coefficients) we do not know how to establish these results for compact arithmetic
surfaces.

2. Eisenstein Series

This section is devoted to the proof of Theorem 1.1. The Eisenstein series E(^, s)
for X are defined by

(7) E(.,.)= S yW- S — — y -veroc\r 2 (c ,d)=i | cz + d |28

where 9?(J) > 1, z = x + zy, F = PSL^Z) and

^ = { z t - > z + n , n e Z } .

The Fourier development ofE(^, j) is well known [SA2]:
gyl/2 00

w EM =y + <pMy-8 + — s ^-l/2o,_J;z) K,_^(2TOjo cos(2^),^\^) n~~l
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where ^) = TT- s'2 F(./2) ^(.), 9^ = i(——^
^(72) = S ̂

d|r»

and K is the Bessel function.
In order to prove the equidistribution of (JL( we consider its inner products with

various functions spanning L^X). We begin with inner products with Maass cusp
forms 9^. Set

(9) J,(f) = f 9, d^ = f y,(^) E ( z 1 + it\ E fz,1 - it\ dxd^.
Jx Jx \ ' \ I ^

To investigate this we first consider

(10) !,(.) = f y,(.) E i z , 1 + it\ E(z, s) ̂ .
Jx \ / -'

Note that all of the above integrals converge rapidly since 9, is a cusp form. Now for
9t(j1) > 1 we can "unfold" the integral in (10) using the definition (7) to get

(ii) W = f f y,-(^) E Ll + it) f dx±.Jo Jo \ i -y
Since E(-2', s} == E(— z\ s) it follows that I^(^) == 0 if q .̂ is an odd cusp form (the cusp
forms are of two types 9,(— z ) = s?,^)? e = 1, — 1) so we may assume that 93 is
even. In this case it has a Fourier development

(12) (p,^) -V72 S P,(l) W K, (2^) cos(2^).
w == 1 -

Here (1/4) + ^ == \. and the coefficients \.(n) satisfy the multiplicative relations which
are a consequence of (p^) being a Hecke eigenform. (We will ignore the normalization
p^.(l) since in the discussion of this section^' is fixed.) These amount to

(is) L(V,,.):= s ^=^(l-x,c^-8+^-2r l.
n== 1 71 p

So

I,W = f f (VJ^,^) K.,/2 )̂ cos(2^))
Jo Jo

( i , , /i \ i . 9yi/2 co \ dxdv
^ + 9 o + ^ ^2-^ + ————. S ^< CT_^(^) K^(2^) cos(2^) y -^\/ y ^^i + w) n = i / j^

= ̂ rh^ [ ^^^^^ ̂ ^^^nit G-mw K^27^^)^ ̂

",,^(.£/-•(")'^)^w^^
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which on evaluation of the integral ([G-R]) yields

(14)
^_ ̂ y)^ ('-̂ -fl) r f-t^) r (̂
1 + 2it) ——————————^——————————————S(l + 2it)

where R(,) = S w nit a-^
-._, ^3tt-1

Now R(s) may be expressed in terms of the L-function L(<p,,^) in (13):

(15) R^) ^ L(y,, ^ - it) L(y,, ^ + ^)
v / ^ / 0 _ \ " ^ •m

To prove (15) first we factor R(^) (we write X(n) for X,(») in short),

RM = n R,(.)
»

where

(16) R^ = ̂ /(^r' ̂ {p3)?-38

Now
3 1 /,- 2 i t ( j+ l )'-'•w-y—^^.

so
] __ A-2t(»+l)/,*«-—L___.-,.^-^W^-T^-^

ii _p-2u {^np')?-^-^ -/>-2it 2; x(/,o/>-^+«'>)
1 / 1 __ ^-2«

i - y-2" v -x(/>)/>-"-*t'+/,-2(.-i» i -np)p-^+u^p-
i -p-^

(1 -X(/>)/>-<8-*" +^-2(»-.o) (i _up)p-,s+it) ̂ p-^+wy

This proves (15). Using this in combination with (14), (11) and (9) we get

(17) J^)=I,f1-^J^)=I, \^-it\

=27t

f i+^rrf1-^ ^r^^
^ 4 + 2 ^ ^^4 I-T 4+^

r +Y r -?-^ +^-.

^(1 + 2^) |2 r,+.
^^S Lk^
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One can check using the functional equation for L((p^.,^) that the RHS
of (17) is real as it has to be in view of (9). An interesting point here is that
J^t) EE 0 if L(9,, 1/2) == 0.

We are now ready to investigate the behavior of Jj(t) as t -> oo. Using Stirling's
formula (| r(o + it) \ ̂  ^ - " l ^ l / 2 | f |"-(i/2))^ we see that the F factors in (17) will yield
a factor ̂  c \ t \~112' as t -> oo (here ty is fixed). This together with the arithmetic estimates:

(A) (log^)-1 < W +it)\ <log^,

(B) L ^ . ^ + ^ l ^ ^ i ^ r ^ ^ ^ o ,
yields

Proposition 2.1.

I J . W I ^sM-^6^ tor all £ > 0 .

The estimate (A) above is well-known in the theory of the Riemann zeta
function ([T]). Actually later we will need an improvement of (A) due to Weyl. Indeed
this method of Weyl of estimating exponential sums is used crucially by Meurman [MEU]

in his proof of the estimate (B) above. The standard convexity bound for L (9, . + in

is L ( c p , , - + ^ ) <,^ | ^ [( l /2)+e. Clearly this would not suffice to show J,(^) -> 0

as t -> oo. However any improvement (in the exponent) of the standard bound would
suffice for our purpose. This completes the analysis of the inner products of (JL( with
cusp forms. We turn now to inner products of (JL( with incomplete Eisenstein series.

Let h[y) e C°°(R4') be a rapidly decreasing function at 0 and oo, that is, for any
positive integer N, h[y) = 0^) when 0<jy^ 1, and h[y) = CVjT^ when y > 1.
Let H(^) be its Mellin transform

/*oo »

(18) H(.)= h^y-^.
JQ —

Clearly H(^) is entire in s and is of Schwartz class in t for each vertical line a + it. The
inversion formula gives

(19) ^^-f WV^
v a — ioo

for any u e R. For such an h we form the convergent series

(20) W = S h[yW} = — [ HM E(^, s) ds;
rer»\r 2w J^_^
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F^ belongs to C°°(X) and is rapidly decreasing in the cusp (i.e. asj/->oo). Hence we
may form

I f f /
-o^ HMVA

2nl Jo J^)-2 V

Now

J

»d+.')

W d^(z) = 1
x Jx

1
27t

1

27CT

2

== 1, so that the

p

i

first term above contributes (as t -> oo)

'̂ )

II
JxJ9?

Jo Js

^(l +2^|2^

E(4+,<)

H(t) E(z,
( s ) = = 2

H(^)yA
K(s) == 2

0 00
zv V

2

^)

1!

^

^
j2

^
i

0

y

/ I

^

$•

i

^ ^ + y ^ +

CT

^

E (^ J + ̂

E(^+^)

-^Wl2!^

)
2

(^

2^^
y

dxdy
y

,^y/2-«

2^)1^^
"'"'/ 1 1 y2

/•OO ,

l ^y(21) 2 A(j/) — +a rapidly decreasing function of t depending on h.
Jo ^

The second term which we denote by l^(t) is

1 ^-^^Wl^•̂  H ( . ) S ' -V^)-—̂iW +2it) |2 J^ n=i n

The series can be evaluated as was first done by Ramanujan [RA]

^ 1<^-2«(")12 W ^{s - 2it) ^(s + 2it)S
»-i n° m

|K„(2^)|2y^A.

The j'-integral is evaluated in terms of r-functions as before. We obtain (note that t is
fixed while s is the variable for the integral)

Ut)=-m\^\+2it)\2
n-s H(,) W ̂ (s - 2it) ̂ (s + 2it) r\sf2) F ^ - it\ F (- + ̂

W FM
ds

v 9l(»)—2

^-W^W2] ^ds'sa•Y•1 ' v 1 / ' t/<ffr.<i^== 9.91(8) == 2
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Now shift the integral to 91 {s) = 1/2,

4ni 24?ri 2 r
I2(^^|^+2^|-Res3=lB(^+^|^(l+2^J , B(^+0(r-).I2(" -..WTW^-1^ ̂ Igo r̂.,,,....,.

The 0-term comes from the contribution of poles at s = 1 ± 2^. To justify shifting the
contour we use Stirling formula to estimate the F-factors and the fact that H((T + it) is
rapidly decreasing in t. In fact using this and WeyFs bound

(22) t:(j+^) ^t(m)+^

we find that

2 r
(23) —————————————— f i f e ) (h <^ y^/3^8 /-1/2 — /-(l/6)+ev / w | ^ l +2^)[2 ^ W ^ < ^ ^ ^ -t

' v ' / 1 ^ (R(8)=1/2

This corresponds to the bound in Proposition 2.1. The residue term is
more complicated. Write B(^) as ^(s) G(s) where G{s) is holomorphic at s == 1. Then

/ C i f \
Res,^iB(j) = G(l) 2y + — (1) , where y is Euler's constant. Now a simple cal-

, . . \ u- / r

culation gives

G^)^24^!)
TT

G' H' ' € . ' rand -Q (1) = ̂  (1) + C + - (1 - 2^) + - (1 + 2it)

r'/i \ r '/i \
+ r [ 2 + l t ) + ^ ( 2 - ^ t ) )

C being independent of t. According to the Weyl-Hadamard-de la Vallee Poussin
bound [T]

(24) ^ (1 + „) ^ _10^v / y \ ' -*'/ -< i i^ log log ^

and Stirling's approximation

r ' /i \
^ ^ + z d = l o g ^ + 0 ( l ) ,

we have

(25) Res,., B(.) = 48 H(l) log ^ + 0 (logi-)
7T l̂og log ̂
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as t -> oo. Note that

H(i)=r^)*fF,(,)^.
Jo -' Jx J

This leads to

Proposition 2.2. — Let F e G°°(X) ^ of the form F^ ̂  ̂  (20). TA^

fF^^^-^ffF^^log.Jx 7T \Jx y i
as t —> oo.

With Proposition 2.1 and 2.2 we are ready to establish the following Proposition
which by standard approximation arguments implies Theorem 1.1:

Proposition 2.3. — Let F e Coo(X) {i.e. F is a continuous function of compact support
in X); then

hww^lf^^^t
•/x 7r \Jx y

as t -> oo.

Proo/'. — It is easy to see that the functions of the form F^ as above together with
the cusp forms 9, are dense in Co(X) (the space of continuous functions vanishing in
the cusp). Let F e Goo(X) and s > 0; then we can find G = G^ + Gg with G^ a finite
sum of cusp forms and Gg in the space of incomplete Eisenstein series with corresponding
h e Go°°o(R+), such that |[ G - F ||^ < c. If H = G - F then H is rapidly decreasing
in the cusp and so we can find an h^ ^ 0 which is rapidly decreasing and for which

Hi(^)= S Ai(j^))> |H(.)|,•yeroo\r

f
and Hi(^) dV{z) < 5s.

Jx

Hence by positivity of ̂  we have

lim ——< -^ co log / H{z)d^(z)
lx

240
^ ——£.

7T

From this the Proposition follows easily.
To end this section we remark that while | < F, ^ > [ is expected to be of size ^-1/2

for F in the space of cusp forms (and smooth), the above shows for F an incomplete
Eisenstein series and of mean zero, that < F, ^ >/log t -> 0, but this convergence is
very slow.

28
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3. Incomplete Eisenstein Series and Poincare Series

In this section we will establish Theorem 1.2 in a very special but important
case, i.e., H(^) is either an incomplete Eisenstein series or an incomplete Poincare series.
For these functions, we have the advantage of being able to "unfold" the integral

H{z) d^j(z) and then appeal to automorphic L-function theory and the Petersson-

Kuznetsov formula. In the next section we will see that Theorem 1.2 holds in general
by an approximation argument.

Proposition 3.1. — Let h{x) be a smooth function on (0, oo), supported in (^, oo), XQ > 0,
such that for some U ̂  1,

I^WI^ C^x-\ i,k^ 0.
Let

P.,o(^) - S A(j/(y.)).•reroo\r

Then for any s > 0, T ̂  1, we have

S I < P,,o, I «,(^ I2 > - PM. I2 < G,,, C^ T^6,
tj ̂  T

where ^-voi^i)^/^^^^-

Proof. — By unfolding the integral and using (12) we have, with p/n) = p/1) X,.(re),

f l^))^ S A(J>(y.)))^V(.)=S|p,W|2^K?,(r)A(———^r.
Jr\H Teroo\r t+o J^ ; \2-!v\k\] r

Set h^x) = h{x-1), and
f»00 000

(26) G(s) = h^x)xs-ldx=\ h^x-'^dx.
Jo Jo

Then G(J) is entire and by Mellin inversion

(27) h ^ x ) = l \ G(s)x-sds, a>0.
^Jw

It is clear from the definition of G{s), by partial integration, that

(28) G(s) < ——————cl^______
' / u '001^-1) ... (s - /+1) |
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for / ^ 0, s (j= Z, and 1 > (T = 9?(.?) ^ (?o > 0. By Mellin transform and a well-known
formula (see (35)), it follows that

f^'W
^•L^—m-m1^-

where <y> 1. Then we have

(29) f \uWe^z-)d\{z]
'T\H /j.\

_ 1 f G(.) L(«, ® u,, s) (s + 2^,\ ^ ( s - 2it,\ r2 (2) ,
- snii ——^—r [-T-] r hr-j -^wds>

00 00

where L(M, ® M,, ^) = S | p,(») |2 »-' = | p,(l) |2 S X2^) Tz-8.
n = 1 n = l

We move the line of integration to 91 {s) == 1/2 and pass the simple pole of the inte-

grand at . = 1 with residue P^ = ̂  l f P, ,(^) rfV(^), in view of

___ /»oo ,

Res.^i L(^®a,, ^) = 12TC-2 cosh(7tf,.) and P^o = 3n-1 h(y) -^ = 37c-1 G(l), which
Jo -'

follows from the unfolding method. In order to finish the proof, we need to understand
the behavior ofL(^.®^., s) uniformly inj and s, which is of independent interest.

Let L^^u^s) stand for the second symmetric power L-function [SHI] attached
to the Maass-Hecke form Uy{z), and

R,(.)=S(2.) ^\^n)n-\
n=l

the Rankin-Selberg convolution L-function. We have

R,(.) = W L ,̂, .), 1; \^n) n-8 = W S X,(^) n-\
n=1 n=l

Hence

L^,,^) = W S X,^2) n-8 = S ^.(TZ) 7z-8,
n =1 w= l

^) = S \.(^2),
? 2 f c = w

for 9l(^) > 1. It is well known from the work ofShimura [SHI] that L^^,, s) is entire and

TC-3/2S r © r (̂  + ̂ )r (I- ̂ )Lw{u)>s)



220 WENZHI LUO AND PETER SARNAK

is invariant under the change of variable s -> 1 — s. Define

e,(.) = n-^ r ̂  + ̂  r ̂  - ̂

and let w = (1/2) + ^o. Consider the integral {x > 0)

(30) 2^-f ^^^+^^+l)x-lds,
" ( a )

where ^ is a positive integer, and CT == (1/2) + 1/log^.. Clearly (30) equals

î (-).
where F(f) = 1 [ F(j + Z) f-9 ds = f ^-s i;1-1 ̂ .

2TO J<o) ^ J<

Moving the line of integration in (30) to — <r, we pass the simple pole of the integrand
at j = 0 with residue F(l) L12^,, w), and get

^{l)V2\u„w)+i-! — . — . - x "F(l) L^u,, w) + 1- f L*2 ,̂, s + w) T{s +l)^ds.
2m J(-o) s

Now the integral equals
2m J(-o)

- 1
'2m

r Xs
L ( 2 ) ( M , , - ^ + w ) ^ ( - ^ + ^ - < f c

«'(o) •y

r _ r s-^-w\
^ L^,,.+.)6-(i^_t2^^(-.+^^.
^^ 6,(— s + w) i— s + w\ s

*'«" [ 2 ]
Moreover

6A±^ = ̂ +"- l(^+w-w)-3/2(l + 0(|. + w^8) ^1)

^l^\\l+0(\s+wr8)^

"3^ ' w^ ^ ,2(8 +W)-

) ( ^ I ,-.\ 3
J^"

= ̂ ito ̂ 2"() (̂ )s (i + o(i s + w r8) t j1 ) .
In [13] it is shown that S,,̂  ̂ (n) < ^ N, hence L'2^^,, ^ + w) = R,(J + w)/!:(.? + w) < ̂ ,
where 8 is an arbitrarily small positive number. We conclude that the above integral
equals

(3i) - .-o t^^ °M F [w, ̂  + o(i w r^ ̂  ̂


