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THE TOPOLOGY
OF INTEGRABLE DIFFERENTIAL FORMS NEAR
A SINGULARITY

by CEsar CAMACHO, Arcipes LINS NETO

INTRODUCTION (%)

Here we consider integrable differential 1-forms » defined in an open subset U
of R” or C":

o= 2 ax)dy, wrdo=o.

i=1
The equation
o =ay(x)dx; + ... + a,(x)dx,=o0

can be considered either as a total differential equation in the unknowns x,, ...
or as a plane field =, of codimension one, outside the set of singularities:

no

Sing(w) ={peU|g(p) =o0 forall i=1,...,n}

The solutions of this equation are the integral manifolds of = and by Frobenius’ theorem
define a codimension one foliation. This foliation plus Sing(w) will be called the singular
foliation of @. A natural problem to consider is the search for a significant class of
integrable 1-forms o for which the induced singular foliation is susceptible of a topological
description. Next, one would wish to characterize among these forms those which are
stable in the sense that all nearby integrable 1-forms induce foliations which are equivalent
up to homeomorphism, the reason for this being to augment the set of integrable 1-forms
whose induced singular foliation can be understood. Dimension two is special since
the above equation becomes in this case an ordinary differential equation. The answer
to this problem is then well-known: the first jet of @ at a singularity being hyperbolic
characterizes the topology of the singular foliation associated to any 1-form close to w.

(1) Most of the results in this paper were announced by M. René Thom at the meeting of the Académie des
Sciences on March 3, 1980.
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Starting in dimension three, however, the problem has a different nature, and, as we
will see, the first jet of @ at a singularity does not give enough information about many
integrable 1-forms.

A natural way of defining integrable 1-forms with singularity p e G" is to write
o = gdf where fis a holomorphic function with a critical point $ and g is holomorphic
with g(p) 0. We say that g~! is an integrating factor of w. The family of 1-forms
defined in this way is quite general; in fact, it was shown by B. Malgrange [7], that
the germ at peC" of a holomorphic integrable 1-form ©, o(p)=o0, admits an
integrating factor provided that the set of singularities of & has codimension > g. It
is easy to see in this case that e is stable in the space of holomorphic 1-forms if and only
if p is a nondegenerate critical point for f and so its topology is characterized by the
1-jet of w at p. More general criteria for finding integrating factors have been studied
by J. F. Mattei and R. Moussu [8], [10].

A different family of integrable 1-forms is the one induced by Lie group actions.
For instance, the integrable 1-forms in R3 given by

W= )\lxzxsdxl + )\2x1x3dx2 + )\3x1xzdx3, ;\‘4: )\] if i=f=j

have as leaves the orbits of a linear action of the group R2 These 1-forms and their
perturbations were thoroughly studied in [6]. They have a remarkable property: the
first jet at 0 € R3, j'(w),, vanishes, and this is a stable property under C2-perturbations
of & which are null at o eR3.

That many integrable 1-forms arise from Lie group actions is a consequence of
Theorems 1 and 2 of Chapter II, where we concentrate on dimension three.

Consider the power series development of a holomorphic 1-form o with a singularity
at 0eC3:

o=+ o1t gt ..., k2T,

where the coefficients of «;, j>£, are homogeneous polynomials of degree j. Then:
Suppose o€ C3 is an algebraically isolated zero of de, and k> 3. Then there s
a holomorphic change of coordinates f and holomorphic vector fields X and Y such that

! I, I(x) =x, and

[ro =, =1igiy(dx, Ndxgndxs) and [X,Y]=Y. In fact X = P
do, = ty(dxy A dxg A dxg).

In other words, © embeds in an action of the group of affine transformations of
the complex line. When % = 2 one obtains that o, embeds in an action of the group C2.
These homogeneous 1-forms «,, 22> g, are also stable in the following sense:

For any integrable 1-form v sufficiently C*-close to e, near o € C3, there exists a point p(x)
near o € C3, such that the (k — 1)-jet of m at p(m) vanishes, i.e. v starts with order k.  Moreover,
p(m) is continuous and p(e) =o.

This is Theorem 5 for dimension three; it gives an idea of how thin the space of
differential 1-forms can become after the integrability condition is imposed. The

6
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corresponding versions of the above theorems in the G® case in R? are also valid. As
a consequence of this we show in Theorem 6 that:

For any k> 39 there exist homogenecous integrable 1-forms o, of degree k in R3 which
are C¥-structurally stable.

By this we mean that all integrable 1-forms close to w, in the C**-topology are
equivalent up to homeomorphism. However, oy is not stable in the C*~!-topology.
In fact, for any €>o0 there are 1-forms f.w, which are ¢ — C¥~*-close to «,, where
fis a C® function vanishing in a small neighborhood of o eR3.

On the other hand, integrable 1-forms in the complex domain with a singularity
at 0e€C" are in general unstable for #>3. One can see this for the 1-forms

o=2Nz...5...5dy, NERNIfifj,

i=1

where 2; means that z; is omitted in the product. Then:

The equivalence class of {A\, ..., N\,}CC under the action of Gl(2,R) is the only
topological invariant of the real codimension two foliation with singularities defined by . This
is Theorem 7.

The homogeneous forms considered up to this point constitute examples of regular
forms, a notion which will be introduced now and which, as it turns out, endows a form
with stability properties. We write H} to denote the set of homogeneous p-forms of
degree £ on C" and for © eHj let

Ty: Hj—>H},; , and 8°: C"—>H;_,

be TP(x) = aAdo + oAde and S°(a) = L,w, the Lie derivative of « along a. Then
we say that « e Hj is regular if: a) o is integrable, 5) Ker(Ty) ={o} for j<k—2
and ¢) Ker(Ty_,) =Im S® Although this concept has a technical character, the
mappings involved in its definition appear naturally in the integrability condition. For
instance, if & = 0wy + @, + ... + o, is a polynomial integrable 1-form, Tg* (e,_,) =0
is the term of degree 2k —2 of the equation @A daw =o0. On the other hand, one
can identify many integrable 1-forms which are regular. For instance, when 7 =3
and e H} is such that do has an algebraically isolated zero at oeC3, then o is
regular. (Lemmas 2 and 3 of Chapter II.) Also the 1-form in C”

n
0=2N2...%..2dy, N+ for itj,
i=1

is regular (Proposition 4), although de has no isolated zeros for n> 3.

Chapter III is devoted to the study of homogeneous regular forms and is prepa-
ratory to the stability theorem proved in Chapter IV, which goes as follows:

Let Z,(R") be the set of regular homogeneous 1-forms of degree 2. Define

R (RY) = {o € B,(R") | dim Im(S®) = £}.
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Let I'(U), r>2k, be the space of integrable 1-forms of class C" endowed with the
uniform C’-topology and let o eI'(U). A singularity peU of o is called regular
of order k> 1 if the k—1 jet of w at p vanishes, i.e. j*7'(w),=0, and j*(w), is a
regular homogeneous 1-form.

Let M,(w) be the set of regular singularities of » in U and

Mi() = {p € My(0) | /*(0), € Z{(R")}.

Then Theorem 5 asserts:

M.(w) CU is an embedded submanifold of codimension ¢ and is stable in the following
sense: for any relatively compact subset P CM:(w), there exists a neighborhood N of w, such
that if neN then Mi(n) has a relatively compact subset P diffeomorphic and close to P.
A similar version holds for C".

We start Chapter I with a recollection of the de Rham division theorem as it
will be used frequently throughout this paper.



I. — PRELIMINARIES. THE DE RHAM DIVISION THEOREM

Throughout this paper we use the letter K to denote R or C.

Let A%(n) be the set of germs at zero of differential p-forms of class C* (A = ),
analytic or holomorphic (A = H) in a neighborhood of zero in R" or G". Then A}(z)
is a module with coefficients in AS(n).

Definition. — We say that o € Al(n) has the division property (in A,(n)) if for any
1<p<n—1 and aeAj(n) such that wAa=o0 there is BeAZ~*(n) such that
a=owAf.

It is clear that @ has the division property if and only if the following sequence,
where o'(¢) =wAa, is exact for 1<p<n—1

A2~V (n) =25 AZ(n) 2> AZ*1(n).

Definition. — An r-tuple (ay, ...,a,) of elements of A%(n) is called regular if
(1) a, is not a zero divisor in A3(n) and (2) for any 1<i<r—1 the class of a;,
in the quotient A%(n)/[ay, ..., 4] is not a zero divisor. Here [ay, ..., 4] denotes the

ideal generated in A(n) by ay, ..., 4.
One says that a germ o = X a;dx;€ Ai(n) defines a regular sequence if after
i=1

reindexing the g;, (a;, ..., 4

) 1s regular.

Theorem (de Rham [4]). — If e Al(n) defines a regular sequence then « has the
division property.

Definition. — Let o = X a;dx;e Aj(n), a(0)=o0 for 1<i<n. We say that
i=1

zero is an algebraically isolated zero of w if the vector space AS(n)/[ay, ..., a,] has finite
dimension.
A proof of the following theorem and its corollary can be found in [10] or [11].

Theorem. — Let o € A}(n), w(0) =o0, with an algebraically isolated zero at 0. Then
o has the division property.

Corollary (Parametric division). — Let o, = -21 a;(%, y)dx;, where (x,y)eK'x K"
and a; is analytic, 1<i<mn. Suppose that oeK"X K™ is an algebraically isolated zero
of g Ifa,isapform 1< p<n—1 in K" depending analytically on the parameter y e K™

9
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and o A @, =0 then there exists an analytic (p— 1)-form B,, depending analytically on the
parameter y, such that «, = w,AB,, for any y in a neighborhood of o.
Another fact which will be used is the following:

Proposition. — Let o e Aj(n), a(0)=o0 for 1<i<n. Let & be the complexi-
fication of o. Then o€ K" is an algebraically isolated zero of  if and only if 0€ CG" is a
topologically isolated zero of .

The proof can be found also in [10] pg. 181.
We proceed to show a dual version of the de Rham division theorem.

d b/}
Definition. — Let X = le"a_ , X(0) =o0, be the germ at zero of a C®, analytic
i- x"

or holomorphic vector field in K* We say that X has an algebraically isolated zero at
oeK" if the vector space A% (n)/[Xy, ..., X,] (or Ax(n)/[X,, ..., X,]) has finite
dimension.

Definition. — The vector field X has the division property if for any 1< p<n—1
and a« e A%(n) such that igx(a) =0 there is P eAZ*'(n) such that «=ix(B).

By ix we denote the interior product ix(a)(vy, ..., 0_4) =a(X, 7, ..., 7_y),
where « €Aj(n) and vy, ...,7,_, are vector fields.

Theorem. — Let X be a C* or holomorphic vector field in R" or C* with an algebraically
tsolated zero at o. Then X has the division property.
Proof. — Let #*:AZ(n) > A}"?(n) be the Hodge star operator. If

= > a. .dx. A...Adx; e AR (n
1<H< . <fpgn 10 i € A4()

then *n = > seno)a;, .dx; A...Adx
U] 1_<_51<...<i,,_95n( gn ) Teeaty D In-p

where (i, ..., %, f1, -+, jo—p) 18 @ permutation ¢ of (1,...,7) and sgno=1 if ¢
is even, sgno = —1 if ¢ is odd. Then the following diagram commutes

M) — s AZ(n) —2 AZH(n)

APH(n) Es ARP(m) > ALP(n)

where 1<p<n—1, *0=iy(d;A...ndx) and o'(a)=wAra It follows that
o has an isolated zero at 0. By the de Rham theorem the first horizontal sequence
is exact. This implies that the second sequence is exact. W

10



II. — INTEGRABLE 1-FORMS IN DIMENSION THREE

Here we consider integrable 1-forms o in K3, For such forms we can write
d&) = Yl dxz A dxa + Yz dx3 A dxl + Y3 de A dxz
3
0
or do = iy(dx A dxyA dxy)  where Y =23, e
=1 Xs

The vector field Y is called the rofation of » and will be denoted by rot . We say that
0 € K3 is an algebraically isolated zero of de if it is an algebraically isolated zero for rot .
When this happens we say that o is simple at 0 € K3. Tt is easy to verify that this condition
is independent of the coordinate system.

From the integrability condition wA dw =0 one obtains
iy(w)do — o A iy(do) = o.

Thus iy(w)do =0

and if o is simple at 0 € K® we have iy(w) =0, i.e. rot w is tangent to the leaves of w.

1. Integrable 1-forms and Lie group actions.

An integrable 1-form is called homogeneous when all its coefficients are homo-
geneous polynomials of the same degree.

Theorem 1. — Any integrable 1-form o, homogeneous of degree k, k>3, and simple
at 0e€ K3 can be written
o, =1xiy(Q), Q=dx,AdxyAdxg
I
where Y =rot(ew,) and X(x,, %5, %3) = P (%15 %g, Xg).
Proof. — One has iyw,=o0. Then by the de Rham theorem ;= iya =1ixi;Q
where X is linear, X(x) =A.x. Moreover,
iy Q = doo, = dlixiy Q) = Ly (iy Q) — ix d(iy Q) = Ly (iy )
or iYQ = i[X,Y]Q + iyLXg.

d d
Now, LyQ=—(4'Q] =-(dete®)| .Q=tr(A).Q.
dt 1=0 dt t=0

11
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Therefore iy Q =iy yQ 4 tr(A).y Q and so
[X,Y]=AY, Ar=1—1tr(A) and X(p)=A.p.
Since [I,Y]=(#—2)Y where I(x)=wx, one has

A
I:X—k_-———21’Y:| = 0.

The following lemma shows that X = % A ; I. Since A=1—tr(A)=1— 7 3 one
—_ — 2
I

k—]—xI' n

obtains X =

Remark. — When & = 2 the same proof shows that w,=1i57y(Q) where X and Y
are commutative vector fields. 1Infact,if =2, X and Y are linear and [X, Y] =Y.
So XY—YX =1Y and tr(X—YXY"!)=3gA Thus rA=o.

Lemma 1. — Let Y be a homogeneous vector field of degree k— 12> 2 in K" such that
o € K" is an algebraically isolated zero for Y. Let B be a linear vector field such that [B, Y] = o.
Then B =o.

Proof. — Assuming B and Y complex, let » be an eigenvector of B with eigenvalue y.
Since
DY(v).B(») —BY(») = o for any »
we have uDY () .0 = BY (v).
By the homogeneity of Y, DY (v).o =(¢—1)Y(v). So
BY(v) = w(k—1)Y(2).

Since o € C" is an isolated zero of Y, Y(v) is an eigenvector of B with eigenvalue p(k — 1).
Similarly Y#(v) is an eigenvector of B with eigenvalue p(k#—1)%. Since k—1>2
this implies that p=o0. So all eigenvalues of B vanish. Therefore B‘*'=o0 for
some 0<¢/<n—1. We proceed to show that ¢=o. :
If on the contrary ¢/>o0, there exists z2eG" such that B’z + 0. Since
Y(e'B2) = ¢BY(2), we have

4 I3
Y(z+th+ e +:,—'B’z) =(I +tB+... +;—'B’)Y(z)
or dividing by #*—1*

{—1

L RV IR SV DL I Y
Y(t‘(z+"'+(t’—-1)!B z)—{—z!Bz)—tkl_,(I—l—...—I—HB)Y(z).

Taking limits as t—>oo, we obtain Y(B‘z) =0 which is absurd. Then ¢f=o0. m

Remark. — The existence of homogeneous integrable 1-forms o, simple at o € K3,
can be shown as follows. For any 22> g find a volume preserving vector field Y,

12
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i.e. LyQ = o, such thatY is homogeneous of degree % and has 0 € K? as an algebraically
isolated zero. Then the form « =4;1yQ satisfies

Using L;Q = 3Q, obtain
do> = 1y v Q + i3y Q = 4, 1y

Therefore rot(w) = (k4 1)Y.

2. Finite Determinacy.

Here we consider integrable 1-forms in K2 which can be written as o = o, + R,
where lim || *R(x) =0, and «,=j*(w),. Clearly o, is integrable. We say that
0 € K3 is a simple singularity of order k of & when o € K? is an algebraically isolated zero
for de,.

Theorem 2. — Let  be an integrable 1-form of class C' defined in an open set U C K3
(r=o0 or analytic if K=R and r = holomorphic if K = C). Suppose that oeK3 is
a simple singularity or order k>3 of ©, where j*(w)g= w,. Then there exists a C’ local

diffeomorphism f such that f(o) =o0 and f*(0)= 0w, ().

Remark. — The theorem is also true for 2=2 in the following case. Let
0y =j%(0w), and Y =rot w,. In this case Y is a linear vector field in K3 and «, can
be written as w, =ixiy(Q), where X is linear. If we assume that there is a linear
combination aX + bY satisfying non resonance conditions in the C® case or Siegel’s
conditions in the analytic case (cf. [13] and [12]), then Theorem g is true for w.

Proof of Theorem 2. — Let 3~(=rot(w). Since i3(w)=o0 there is, by the de
Rham division theorem, a 2-form % such that o =13(n). But —n=1%(Q), where
Q = dx; A dxy A dxg. Therefore o =izi3(Q) and similarly o, =ixiy(Q) where by

Theorem 1 X(x)= % j_ ] and Y =rot w,. Let f be a local difftomorphism
f(o) = o, such that ji( f),=identity and f ‘()N() =X. Now f*(w)=1ixi3(Q) where
— ~ — R—2—
Y = det(Df).f*(Y) =rot(f*w). This implies as in Theorem 1 that [X, Y] = fm f Y

or [I,Y]=(k—2)Y, where I(x) =x. ThereforeY is homogeneous of degree k& — 1.
Moreover 7*~4(Y),=j*"1(Y)o=Y, because j!( f),=identity. Therefore f*w = w,. W

(*) A particular version of this theorem was obtained independently by Cerveau and Moussu.

13
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3. Polynomial Integrable Forms.
Here we study integrable 1-forms whose coefficients are polynomials of degree
k> 3. Such a form is written
o=+ 0+ ...+ w,
where o, is homogeneous of degree j.
The main result of this section is that under the hypothesis that 0 e K3 is an

algebraically isolated zero of de, then  is, modulo a translation, a homogeneous form
of degree Z.

Lemma 2. — Let o,_, be a homogencous form of degree k — 1 and o, as above. Then

(1) op_Ado,+ onde,_; =0

if and only if «,_,=L,(e,) for some acK3. Here L(e,) is the Lie derivative of o, in
the direction of the constant vector field a.

Proof. — By Theorem 1 we have o, =1x:y(Q) where dw,=1y(Q). Then
ix(doy,) = w,. From (1) we obtain

(2) ix (o _1)dey, — w1 A o — oy A ig(dey, ;) =o.
Using the interior product iy in (2) we get

— iy(wg_q) oy + tyix(doy,_;) o = 0.

Then iy(wk__ 1 ix dwk_ 1) = 0.
This means that o, ,—ixde,_;=1iya for some «eA%K3). Now, a«=—1i,(Q),
therefore

where v is constant.

We obtain:
Iy Oy = iy dy(dey) = —1,( )
and d(ix & _q) = — di,(e3).
Then o1 — ix(doy_ 1) — d(ix 1) = i,(doy) + d(i,0%),
i.e. ©,_1—Lxo,_;=L,o,.
But X=—'T, so Lyw, =—"_, and
k+1 kR+1

o,_1=Le,, a=(k41)0.
Conversely, since ;A do,=0 we have

L,o, A doy, + oA d(L,0,) = o.
Therefore if w,_,=L,», we obtain (1). m

14
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Lemma 3. — Let oy, be as above and let w; be a homogencous form of degree j, 0 <j<k—2
such that

(3) ;A dey, + @A dmj =o0.
Then o;=o.
Progf. — As in Lemma 2 we have iy(w; —ixdw;) =0 and then
o; —ix(dew;) =iya, aeA%(R3).

However, since Y is homogeneous of degree £ — 1 and w;, ix(dw;) are of degree j<k—1,
we have

Consequently, ix(w;) =0 and dixw; =o0. Therefore w;=Lyw;. Since X = k—:—hl 1,
J+1

Lemma 4. — Let o, be a homogeneous differential form of degree k in K" and f,(x) = x + b.
Then

(4) So (o) = o + Ly(e) + S _o+ ... + @

where ©; is homogencous of degree j.
Proof. — Let o =‘21 P,(x)dx; where each P;(x) is homogeneous of degree 2. Then

P,(x + b) = P,(x) + DPy(x).b + —EDzP,-(x) BE L+ %D"P,-(x) B,

n n k
fileo) = SP(x+b)de =3 X ~DIP(x).bidy,
i=1 i=1j=07!

k n n
— 3 3 LDiP(x).bldy,— o, + X DPy(x).bdx, + R, _,
,--oc-ljl i=1

= o, + Ly, + Ry,

where R,_, is a polynomial form of degree 2 —2. m

Theorem 3. — Let o be a polynomial integrable form of degree k in K3. Write o as a
sum of homogeneous forms o;:

=00+ o;+ ... +w_;+ o,

and assume that o, is simple at o e K3,
Then there is a e K3 such that o =f;(oy), f,(x) =x+a.

Proof. — Since oA dw =o0, we have

oAdeo,=0 and @ Ade,_;+ o_;Adeg=o0.

15
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By (1), w;_;=L,(ey). From (4) we obtain
k—2
Jr(0) = jgofb*‘-‘)j + o1 +Ry_p+ o+ Lyo, + R,

Taking b= —a, we get
filo)=0,+o,_ s+ ...+
where o; has degree j. By the integrability of «
@p_gAdoy, + o Adoy,_ 5= 0.
Then by (3), w,_as=o0.
Similarly ©,_3=...=w,=0. Then f’,(0)=ou;. B
Remark. — Observe that the main properties about , that we have used in the
proof of Theorem 3 are:
(5) o, is integrable.

(6) If « is a homogeneous 1-form of degree j<k—1 such that
ardo,+ o,Ade=0 then a=o0 if j<k—2 and o=L,(w,) for
some aeK3 if j=k—1.

In § 1, Chapter III, we shall see examples of homogeneous 1-forms in K* 7> 3,
which satisfy conditions (5), (6). This motivates the following definition.

Definition. — Let o, be a homogeneous 1-form of degree 2 in K*. We say that
o, 1s regular if it satisfies conditions (5) and (6) above.
With the same proof of Theorem 3, we have:

Theorem 3'. — Let & =w¢+ ...+ o, be a polynomial integrable 1-form in K",
where «; is homogeneous of degree j and «, is regular.  Then there is a € K" such that o = f;(w),

fi(x)=x+a.

16



III. — REGULAR INTEGRABLE FORMS

The notion of regularity plays a fundamental role in the study of stability properties
of integrable forms. In this chapter we derive its main properties.

1. Regular Homogeneous 1-forms.

Let E be a vector space over the field K (K=R or C) and let » be a p-form
on E. We say that v is homogeneous of degree % if there exists a linear coordinate system
on E in which 7 is expressed as a homogeneous p-form of degree %, i.e. all coefficients
of the expression of 7 in this coordinate system are homogeneous polynomials of degree Z.
Of course, if v is homogeneous of degree % in some linear coordinate system, then the
same is true for all linear coordinate systems on E. We denote by H(E), or simply HZ,
the set of all homogeneous p-forms of degree 2 on E.

The condition of regularity, given before can be expressed as follows. Let « € Hj.
Consider the linear operators Ty :Hj - Hj,;, , and S°:K"—>H;_, defined by
TP(a) =ardo + wArde and S°(a) =L,(w). Then o is regular if and only if o is
integrable and satisfies the following conditions
(7) Ker(TP) ={0} ifo<j<k—a2.

(8) Ker(Tp_,) = Im(S®).
Observe that the integrability condition, wA dw = o0, implies that
L (o)A do + ord(L,(w)) =0, aeK"

i.e. Im(S®) CKer(Tg_,) for every integrable « eH}.
We use the following notations:

Z,(E) =&, = {0 e H}| » is regular}
ZL(E) = X = {w € #,| dim(Im(S®)) =¢}.

Now we can state the results.

Proposition 1. — R:(E) is open in the set of integrable homogeneous 1-forms of degree k
Jor any kB> 1.

Definition. — Let € HL(E). Wesay that o can be written with m < n variables if there
m
is a linear coordinate system x = (%, ..., %,) in E, such that o =c21 Di(xys oy X,)d5;

17



18 CESAR CAMACHO, ALCIDES LINS NETO

in this coordinate system, that is, & does not depend on x,, .4, ..., %,. The rank of ®
(rank(w)) is the minimum number of variables in which « can be written.

Proposition 2. — Let o € #.. Then rank(w)="~.

Proposition 3. — Let e Hy(K™) be integrable and dw 0. Let ¢> 2. Then
w € Z(K™) if and only if there exists an ¢-dimensional subspace E C K™ such that the restriction
o/E € Z(E).

Corollary. — Let o € Z(K™ with do £0. If f:K*—> K™ is linear and surjective
then f*(w) € Z5(K™).

Before proving the results we give some examples.

Example 1. — Let o =df where f:K"—>K is homogeneous of degree % + 1.
Then e, if and only if 2 =1 and f is a non-degenerated quadratic form in K"
This is true because if 2> 2 then any form «,=df admits perturbations of lower
order (see Theorem g').

Example 2. — Let » be an integrable homogeneous 1-form of degree 2> 3 in K3
such that o€ K3 is an algebraically isolated zero of dw. Let f:K"—>K3 be defined
by f(xy, ..., %) = (%;, X, %3) and '=f"(w). Then, by Proposition 3, *e Z(K").

Example 3. — Homogeneous 1-forms defined by linear K"~ actions on K"
Let o be the homogeneous 1-form of degree n — 1 defined by

(9) m=za,-x1....7?,-...xndx‘.

i=1

Where ¢, C and the symbol ¥; means omission of x; in the product. Every
form of type (9) is integrable and in fact they are induced by G"~! linear actions on C",
in the following sense.

Let X, ..., X,_; be linear commutative vector fields in C". Assume

Xi(#1y « o5 %) = (052, o ., af%,), oc;:eC, 1<i<n, 1<j<n—1.

Define © =ix ,. ,x,_ (), where Q=dx;A...Adx,. Then it is easy to see that
o has an expression like in (9), where ¢; =+ det(A;) and A, is the (r —1) X (r — 1)
minor obtained from (aj):§;§:_1 by deleting the i-th column. This case corresponds
to the canonical form for an open and dense set of linear C"~*! actions on C". In the
case of linear R"~* actions on R" we can in the same way induce an integrable 1-form o

and the canonical form is
K ¢

(10) o = f(x, u, v) [s§1 ‘157.' + 1§1 (“? + Z’?)_l [(“juj =+ ijj)duj
+ (— B4 + “jvj)dvj]]

18



THE TOPOLOGY OF INTEGRABLE DIFFERENTIAL FORMS NEAR A SINGULARITY 19

for an open and dense set of actions, where x=(x,..., %), u= (4, ..., ),
0=(0,---,9), k+2ol=n and flx,u,0)=2x,... x50 +2}) ...+ ).

If we complexify (10) then it can be reduced to the form (g9) which is easier in
handling algebraic computations. So we assume in the real case that  is complexified
and is like in (9).

Observe that (g) or (10) can be considered as 1-forms in K", where m>n. We
have the following.

n
Proposition 4. — Let o = X a;x;...%;...x,dx; be a 1-form in C™, where m>n>> 2.
i=1

If g;+a+o0 for i+j, 0<i, j<m, thn weZ%, ,(C").

(x.x) Proof of Proposition 1. — Let o € Z(E) and consider as before the operators
TP(e) = ande + oArdae, «eH} and S$°(a) =L,(w), aeK" By definition we have
that
@) Ker(Tp) ={o} ifo<j<k—2 and
(8) Ker(Tp_,) =Im(S®), dim(Im(S®))="¢.

We want to prove that (7) and (8) are true for all y e Hj, integrable, sufficiently
near o.

First of all observe that the maps n—T] and %~S" are continuous. Since
the set of one to one linear operators of Hj into H},; , is open in the set of all linear
operators we get that if v is sufficiently near  then Ker(I}) = {0} for 0<;<k—2,
so that (7) is true for =.

Let us consider (8). Since n+Tj_, and 7 S" are continuous, for 7 sufficiently
near o, we get

(8 a) dim Ker(T7_,) < dim Ker(Ty_;) =¢ and
(8 ) dim Im(S") > dim Im(S8®) =¢.
Now, if 7 is integrable, then Im(S") CKer(T}7_,), so that
¢ = dim Ker(T?_,) > dim Ker(T?_,) > dim Im(S") > dim Im(S¢) =¢.

Hence Im(S") = Ker(T7_,) and dimIm(S") =/ m

(x.2) Proof of Proposition 2. — By example 1 we can suppose that do = o.

Let weZ (K" and aeKer(S®)—{o}. We proceed to prove that in this
case o can be written with n— 1 variables. By a linear change of variables we can
op;

n

fore p;=p(x1, ..o %_1), 1<i<n. We have to prove that p,=o0. We write
n—1

2= %1y evrs ¥u_1), P =2%, po=p and a= X p(2)dx;, so that o =a+ p(2)dy.
i=1

=0, there-

suppose that a=38/dx,. If o= X p(x)dx;, L,(w)=o0 implies that
i=1

19
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Since « does not depend on y we get pdu=dpaoa and aAda=o0. From this get
pdo =dpar o. We need a lemma.

Lemma &. — Let p be a homogeneous polynomial of degree j, o <j<k. If weZ,(K",
do £0 and pdo =dprw then p=o.

Proof. — If j=o0 we get pdw =o0 and since do 0 then p=o0. If 0<;<k
then the equation pdw =dpA o implies that dprdew =0 or dprdew + wAad(dp) =0
and since © is regular we get dp=o0 if 0<j<k—1 and dp=1L(w), veK" if
J=4kF. Inthe case 0<j<k—1 we get p=o0 because p is homogeneous. Let us
consider the case j=~k. In this case L, (w)=dp implies that L, (dw)=o0 and
pdo> = dp A @ implies

Ly(p)de = Ly(pdo) = Ly(dp A ©)
= d(Ly($)) A & + dp A L,(0) = d(Ly(p)) A @

Since L,(p) has degree 2 — 1 it follows that L,(p) =o.
Now let X(x) =é.lxia/ 0x;. Then dpAa o = pde implies that
kpe — qdp = ix(dp A ©) = ix(pdo) = pix(dw)
where ¢ =ix(®») is a homogeneous polynomial of degree % + 1. We have
ix(do) = Ly(w) — d(ix(0)) = (¢ + 1)0 —dg

because o is homogeneous of degree 2. Therefore

po = pdg — qdp.
Applying L, to both members of the equation we get
pdp = pdr — rdp

where r=1L,/g) is a homogeneous polynomial of degree k. Applying iy to both
members of the equation we have kp?= piy(dr) — rix(dp) = p(kr) — r(kp) = o. Hence
p=o. This finishes the proof of the lemma. m

n—1
By Lemma 5 we get o =a= 2 (%1, - - -, %,_1)d%;.
=1
Now ¢ = dim Im(S®) = codim Ker(S®), so that applying Lemma 5 inductively it is
¢
possible to find a linear coordinate system (xy, . . ., &,) such that & = X o'(x,, . . ., x,)dx;.
i=1

On the other hand, suppose we could write o with m<¢ variables. In this case
it is easy to see that codim Ker(S®)<m</¢, which is a contradiction. Hence
rank(w) =/. m

(x.8) Proof of Proposition 3. — Suppose first that o € Z,(K"). In this case, by
¢

Proposition 2, w can be written with ¢ variables, o = X p,(x,, ..., x,)dx;. Take
=1
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E={(%,..,%,0,...,0)| %, ..., % €K}. So «/E has the same expression as & and
it is not difficult to verify that «/E e %Z(E).

Suppose now that there exists an ¢-dimensional plane E CK" such that
o/E e #(E). We can suppose E={(x0)[reK’}. Let E,={(r,0)|xeK'*} and
n;= /E;. The idea is to prove that u; e.%,',(Ej), by induction on j=o,...,n—{.

For j= o the assertion is clear. Suppose the assertion true for j>o and let
us prove that it is true for j + 1. First of all we prove that »;, , can be written with
¢ +4j variables. If xekE; , we write x=(z,9) where zeE; and yeK. In this
coordinate system u;,; can be written as

Mp1= %+ 01+ ...+ 4 p(2,9)dy

where p is a homogeneous polynomial of degree £ and «; is a homogeneous 1-form of
degree ¢ which does not depend on » and dy.

Then n;,,/E;= oy = n;€ .%f‘(EJ) , by induction. Set a=29/dy = (0, 1) and let
&:E —~E; ; be defined by g(2)=z+1t. Then g(n, 1) =0+ ...+ tFag=0p.

Since o is regular, by Theorem 3’ there exists veE; such that A(B) = o,
where h(z) =z+4v. We define f:E; ,—E;., by f(2) =(2+4+,9). Thenitis
not difficult to see that f*(v,,,) = & + ¢(2, )dy, where ¢ is homogeneous of degree k.
We write ¢(2,%) = ¢,(2) +3¢—1(2) + ... +*qg, where g¢; is homogeneous of degree i,
0<i<k. Now the integrability condition applied to f*(v;,,) implies that

gidoy, =dg;n oy, 0<i<Ek.

Suppose first that da, &= 0. In this case, by Lemma 5, we get ¢;=0, 0<i<kZ,
and then f*(%;,,) = .
If da, = o then, by Example 1, =1 and «, =dg where g is a non-degenerate
quadratic form. In this case ® =dg+ A= Xa,x,dx,, where A/E;=o and the
7,8

matrix (q,,) has rank>¢+j;>¢>2. If Ao we have in fact rank(as,)> 3.
The idea is to show that in this case dA =0 so that dw =o0 which contradicts the
hypothesis. In fact, suppose that we had dA # o. In this case dwy,+ 0 and it can
be shown that the matrix (a,) has rank at most 2 (see [5] or [9]). This proves that
du, % 0 in any case.

By the above argument we can suppose that %;,,= &, does not depend on y
or dy. Let BeH,(E;,,) be such that

(%) B Aduy, + o, AdB=o.
We write

B=Bm+IBp_r+ ... +I"Bo+ q(z,0)dy

where ¢ has degree m and B; € Hj(E;,). Then it is not difficult to see that () implies
that B;Ady, + qAdB;=0 for 0<i<m. Since o e (E) we get p;=o0 for

21



22 CESAR CAMACHO, ALCIDES LINS NETO

0<i<k—2 and B,_;=L,(v) (if m=£k—1). Consequently, for m<k—1 we
have B =¢q(z2,5)dy and for m=%k —1 we have B = L (o) + ¢(2,)dy. We write
9(%.9) = qu(2) +qm—1(2) + - - - +" 90
where ¢; is homogeneous of degree . Now, equation (%) implies that
¢idy, + oy ndg; =0, 0<i<m.
Since m<k—1 we get by Lemma 5 that ¢;=o0 so that B=L/(«,) if m=%k—1
and B=o0 if m<k—1. This ends the proof. m
(x.4) Proof of Proposition 4. — Let o = X a;%,...%;...x,dx; where a;+ 4 * o,
i=1
1<1i, j<mn, be considered as a 1-form in G, m>n. By Proposition g it is sufficient
to consider the case m=n.

Let « be a homogeneous 1-form of degree j such that

(%) aAdo + o Ade=o.
We want to prove that a =0 if 0<j<n—3 and a=L(w) if j=n—2.

n
We can write a=621||2.b?x"dx,~, where o6=(0y,...,0,), 2°=x1...2 and
= Gl=12

l6|=0,+ ...+ 0, Let us write « in another way:
n
a=22 X o;C7x° “dx,
i=1]ol=j+1
where Cf =o0if 6;=0, 6;C =87 % if 6,>0and 6 —¢= (64, ...,6;,— I, ...,0,).
Differentiating « we get

de=2% X 0,0,Cx° % %dx, A dx,
k<l lol=4+1

where Cf, = C7 —C;. In the same way we can write

n ‘ix
O =Xy ... X 2 a—
=1 X
dx, A dx,
and do=x...% 2 gg——"
E<? X, %y

where gy, =a,—q,. Now equation (x) implies that
o=ardo +oAde=12xy...% 2 5 ,x° 5% %dx, A dx, A dx,

i<k<t
lol=3j+1

where €, = fis + firi + S Sie=0.Cay + 0,0,4,Cfy. Then ey =o0, 14,k (< n.

Now suppose that 0<j<zn—g. In this case for any ¢ with |o|=j+1
there exist £+ ¢ in {1, ..., n} such that ¢,=g¢,=0, because o;+...4+¢,<n—2.
Therefore we get for such o

—_—p% o} - L]
0 = ¢y = ;G a4y = 6;C{(a, — @).
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Since @,—a,+ 0, we have CJ=o0, i=1,...,n which implies that « =o.
If j=n—2 and ¢ is such that o,=0,=0, k+/¢, we get in the same way
Cf =o. Therefore if G+ o, ¢ must be of the form ¢=(1,...,1)—¢, for some ¢

and in this case we have
0 = ey, = Cf gy + CJay + a,Cf,.

Therefore ¢,Cf = q,C7, 1 <1, #<n, which means that the vector C°= (C{, ...,CS) isa
scalar multiple of the vector a= (a,, ..., q,), say G°=2xa, wherec=(1,...,1) —e¢,.
Therefore we can write

i=1 J=1

o= éa,-(i A,-—:;j(xl...:’c‘,-...x,,))dx,-:L,,(m)

n
where o =i§1)\j—5;j, as can be verified directly. m

2. Reduction of variables for analytic integrable 1-forms.

Let @ be an integrable 1-form defined in an open set UCK". Given an open
set VCU, we say that o can be written with £ <n variables in V if there is a diffeo-
morphism f:V — f(V) CK" such that f(p)=p and

¢
S (w) =‘§1‘°¢(xn oy Xp)dx;.

The rank of o at p is the minimum number of variables in which o can be written in a
neighborhood of p. We use the notation rank,(w) for the rank of v at p.

Geometrically the fact that rank,(w) =m<n, means that the foliation defined
by o is locally equivalent at p to the product of a codimension one singular foliation
in K™ by K*—",

Examples

1) If »is a regular homogeneous 1-form of degree %, then ranky(w) = dim Im(S¢),
where S¢(a) =L,(®), aeK" (cf. Prop. 2).

2) If @ is an integrable 1-form such that w,=o0 and dw,+ o, then rank,(w) =2
(cf. [5], [9]).

3) Let © €eI'(U) (r>4) and suppose that there exist p € U and a 3-dimensional
plane F CK" such that p € F and p is a hyperbolic singularity of the vector field rot(w/F).
Then rank,(w)=3. The proof can be found in [6].

It is an open question to know whether a 1-form o eI'(U) with J*~!(w),=0
and J¥(w),€ R! can be reduced to ¢ variables near p. Along this direction we have
the following result.
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Theorem 4. — Let o be an analytic integrable 1-form defined in an open set U CK".
Suppose that there exist p e U and a 3-dimensional plane F CK" such that peF and p is
an algebraically isolated singularity of the vector field rot(w/F). Then rank,(w)=3.

Proof. — The idea is to prove that if w can be written with ¢ variables,
4<¢{<m, then it can be written with ¢ —1 variables. More specifically, if

¢
fHo) = -21 %y, ..., ¥)dx; for a diffeomorphism f:V — f(V)CK" f(o)=o,

then we shall construct a diffeomorphism g:V’' — g(V’), g(o) =0, of the form
gx1s oo %) = (81(F1s -+ oy %)y Xp gy -+ -5 %,) where g,: V,CK/— K’ and such that

{—1
(fo8)'(0) =g (f"(@) = T &lm, - -, 5 1)dx.

So we can suppose that £ =n and all the steps of the induction procedure will
be similar to this case. We can suppose also that p =0 and F ={(x,0) e K"| x e K3}.

In order to prove that o can be written with » — 1 variables we shall construct
an analytic vector field X in a neighborhood W of o, such that X is transversal to the
plane F={(x,0)|xeK" '} and ix(dw)=o.

Suppose for a moment that we have constructed such a vector field. Let VCK"
be a neighborhood of 0eK" and f:V — f[V)CW be a difftomorphism such that
f'(X)=20|ox,=¢,. If n=f"(w), then we have ¢, (dn)=o0 and the integrability
condition mAdn=o implies that i, (y) =0 and so

L., () =1,(dn) 4 d(i,,(n)) = 0.
Therefore the coefficients of % do not depend on x,, so that n = X n,(xy, ..., %,_,)dx;.
i=1
Using that ¢, (1) =0 we get n,=0. Hence w can be written with n — 1 variables.

3
Now we construct the vector field X. Suppose X = X A;9/dx;+ 9/ox,. The
condition iy(de) =0 is equivalent to =

(*) Ay + Aoy + By s; + @ = 0, 1<j<n
Wherc d(.t) — 2 (.0'-]- dx,- A dxj, (.t),.-j = — mji'
1'<i<ji<n

Now observe that the three conditions
— Ay + Agwg = 0y,
(**) Ay — Agwgg = @y,
— A0y + Agey = ag,
are equivalent to the conditions (*).
In fact, to obtain (*¥) it is sufficient to make j=1,2,3 in (*). On the other

hand, if the conditions (**) are true, it is sufficient to apply the relation do Adw =0
to obtain (*) for j>4. For more details see [6].
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Now we write the conditions (**) in another way. Let Y be the vector field
Wgg 0] 0%; + gy 0] 0%y + 150/ 0x3 and o be the 2-form

— Ay dxg A dxg — Agdxg A dxy — Agdxy A dxy.

3
Then (**) is equivalent to { =1iy(ax) where { = X «,,dx;. Therefore to obtain A,,
i=1

A, and A it is sufficient to prove that there exists a 2-form « such that { =¢y(«). Since
1y(0) = g3 04, + w5y 0y, + 0y w3, =0 (because dw A dw = 0) the proof of the theorem
is reduced to the parametric version of the de Rham division theorem, which can be
applied in this case because o € K" is an algebraically isolated zero of Y (x, 0) = rot(w/F).
This finishes the proof. m
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IV. — STABILITY OF INTEGRABLE FORMS

1. Stability of regular points.

Let ® be an integrable 1-form of class C" defined in an open subset UCK"
(C" = holomorphic if K= C), where r>%. Then we can consider the %-jet of w
at peU, j*w),, as a polynomial 1-form so that

JHo),=wy+ o+ ...+

where @; is a homogeneous 1-form of degree j. If j*'(w),=o0 then it is not difficult
to see that o, =j*(w), is a homogeneous 1-form of degree k.

Definition. — Let w eI"(U), r>1. A singularity p of o is called regular of order
k>1 if 7' (w),=o0 and j*(w), is a regular homogeneous 1-form.
Write M, (») to denote the set of regular singularities of order # of v and
Mj(0) ={p € My(0) | *(), € ZL(K")}.

Denote by C°(M, N) the set of all C* maps from the manifold M to N, endowed with
the CP-uniform topology.

Theorem 5. — Let w eX'(U), r>2k. Then Mi(w) is an embedded codimension ¢
submanifold of class C*—*** (holomorphic if K = Q). Moreover, if we fix a relatively compact
open subset P CM.(w), then there exist neighborhoods N CI'(U) of @ and V, PCVCU,
such that for any neN there exists an embedding h,:P—U of class C"7*** such that
hy(P) = Mi(n) " V. The map n>h,eC~*+Y(P, U) can be chosen so that it is continuous.

(x.x) Proof of Theorem 5. — Let J¢ be the space of 1-forms in K" whose coef-
ficients are polynomials of degree </. A form xe]’ can be written as a sum
¥ =Xxy+ %+ ... +x, where x; is a homogeneous form of degree ;. Given x and y
in J% define

Fu60)= X (xrndy+ynds), m< 2k
s

Notice that if o is an integrable form and x =j;*(w), then F,(x, x)=o0 for,

1<m< 2k

Define also
F(x:}’) = (Fl(x:.y)3 ey F%(xa.y))
and G(x,p) = (Fi(%,9), .. ., Fy_a(%,9))-
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Let =:J%®—>J*~! be the projection defined as
T(Xo+ ... FXg) =%+ ... +x,_4
and consider the algebraic variety
Vo = {x €J* | F(x, x) = 0}
and its projection Vi, '=mn(V,,) =V. ThetangentspacetoV,, at x €V, isby definition
T,(Vy) = {# €J* | F(4, x) = o}.
Lemma 6. — Let © eI'(U), peMy(o) and j%(0),=2"=w, + o1+ ... + oy,
where w; is homogeneous of degree j, k< j<2k. Then
m(Tp(Var)) = Im(S)) = {n(#) | G(%, 2°) = o}.

By S, we denote the operator S,(a) =L,(cy), aeK"

Proof. — Let #=14x,+ ...+ %y,. Then
Fm(x.,xo)= E (.’E‘,/\dﬁ)j‘,‘(&)j/\dx.;) m=I, e sey Qk-
Nise
For m<k we have F,(4 1) =o.
For m=k, F,.(%, 2°) = %o A doy,.
Then F,(#, %) = o0 implies by assumption that %,=o0. Since
F, . 1(%, 2%) = %, A doy, + oA diy
again F, (%, 2") =0 implies # =o0. So by induction we obtain
.?50=.721=J€'2= P =.93k__2=0.
Finally
Fop_1(# &%) = &y A doy, + o A diy_y
then if Fy,_,(#, x°) =0 we have %,_,=L,0,, aeK" This implies that
(Lo, | 6 € K"} = n(T(Vy) = {n(4) | G(h, #) = 0}. m
Lemma 7. — Let peMi(ow) and j(0),=x=o%+ ... +opeVy. L
F=mn(Tus(Vy)). Then dimF =/ and if ECJ*™" is a codimension ¢ subspace such that
Jo ' =E®F then there is p>o0 such that if |x—x°|<u, x€Vy, and w(x)eE then
n(x) = o.
Proof. — Let x€V,, be written as x ="+ Ax". Then
F(x° 4 A% 2° + Ax®) = 2F (A%, 1°) + F(Ax%, Ax%) = o
and 2G (A%, 2°) + G(Ax, Ax®) = o.
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We define
H(z,z) =2G(z+71") + G(z2+2, 2+ 7)

where zeE and Z=ux,+ ...+ x,,. Clearly H(z,Z7) =0 when Ax"=2z+4 2z
Then we have from the definition of G that H(o,z) =0 and 9,H(o, 0).z = 2G(%, 1°).
Since =(x’) =o0 then G(%, 1°) =0 implies F(%,4°) =0 and so zeF. Conse-
quently 9;H(o, 0) is one to one and so H is locally one to one as a function of zeE. This
means that if [z],[2'|<p and |2]|<p with z2=%+4+ ... + 5,4, 2 =2+ ... +x_,
Z=x,+ ...+ xy and H(z,2)=H(2',z) then z=2". In particular if [z]<y,
|z|<w and H(z,z) =0=H(o,z) then z=o0. Therefore if Ax"=z+2z ie. if
x=z+4+7z2+2"eVy, |[z]|,|z|<p and =(x)€E, then z=mx(x)=o.

Lemma 8. — Let e I'(U) and p e Mi(w). Let j*(w) : U — JF=1 be the (k — 1)-jet
section of .  Then there is a neighborhood V of p such that M:(w) NV = (7*~1(w))~*(0) NV.
Moreover M:(w) NV is an embedded CT—*** submanifold of codimension ¢ of V (holomorphic
if K=0q).

Proof. — Define h:U —J** by h(g) =j*(w),. Then
h(p) = o+ . .. + g, = 2" Vy,.

Consider the map g: U —J¥~! given by g == ok, where =:]J?* —J*~! is the natural
projection. Then g(p)=o0 and Dg(p).v=n(Di(p).v)=L,(e,), veK" Since

*1=E®F, F=mn(T,(Vy))=1Im(S,), it is clear that g intersects E transversely
at o eJ¥~% Thereforeif WC J¥~! is a small neighborhood of 0 € J¥*~! and V = g~ (W)
then g Y(E)NnV=gYENW) is a C"**! codimension ¢ submanifold of U. By
Lemma 7 we know that if W is small enough, then j*~!(w),e n(Vy) NE N'W if and only
if 7#'(w),=o0. This implies that g~'(E) nV = (7#}())~1(0) "V =g (o) NV, so
that (j*"!(w))~*(0) NV is a codimension ¢ submanifold of V. Since %{(K") is open
in the set of homogeneous integrable 1-forms, then

(* (@) 7o) NV = Mi(w) NV

if V is small enough. This ends the proof. m

Now Theorem 5 follows from the transversality theory.
For 7eI’(U), define g,: U—~J*' by g,(p) =7""(n),-

Lemma 9. — Let w eI'(U) and pye Mi(w). Then there exist neighborhoods V of p,
and N of @ in I'(U), such that for any neN, g-'(0) "V =Mi(n) NV is a codimension ¢
submanifold of U. Moreover if Q is an {-dimensional submanifold transversal to M:(w) at p,,
then Mi(m) "V N Q. contains exactly one point h(x) e Mi(n) "NV N Q. The point h(n)
is characterized by the property h(x) € Mi(n/Q NV).

Progf. — The first part of the lemma follows easily form the transversality theory
and Lemma 7. Let ECJ*~! be such that E@F =J*~' F=1Im(Dg,(p,)). Then
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g, intersects E transversely at p,, so there exist neighborhoods V of p, and N of o such
that if neN then g [V intersects E transversely. Using Lemma 7 it is not difficult
to see that g, (E) NV =Mi(n) nV.

Now observe that if «, =j%(w),, then /T, (Q)=;*(®/Q),. But w,cZ (K"
so that, by Proposition 8, /T, (Q) e@,‘;(Tpn(Q)). Therefore p, € Mi(0/Q). Let us
denote ©/Q =@. Then Lemma g is reduced to the following:

Lemma 10. — Let 3 €1’ (Q) where dim(Q) =2¢. Suppose that pye ML(&). Then
there exist neighborhoods V' of po and N of & such that if v e N then v has a unique singularity
2(n) e MYQ) nV.  Moreover the map el (Q) — p(xn) eV is continuous.

Proof. — We can assume p,=oeK" For neI(Q) let g,:Q—>J"' be
defined by g,(p) =5*"'(n),- Then F =Im(Dg,(0)) has dimension ¢. If ECJ*
is such that J*~'=E®F, then g; intersects E transversely in a unique point. There-
fore there exist neighborhoods ¥V of 0 and N of & such that if 7 e N then &n /V intersects E
transversely in a unique point p() = g, '(E) nV. m

End of the proof of Theorem 5. — Let P be a relatively compact subset of Mi(w)
and consider a tubular neighborhood =:W —P. We can suppose that the fibers
Q,=n"'(p), peP, are C.

Given peP, let V, and N, be as in Lemma g. Since P is compact, we take
p1s - -5 P such that .l_Jl V,, OP. Let V:Wr\(.l_Jl V,) and N= .I:Il Np;' Take
the restriction %= =/V and the fibers sz%“l(p), peP. Now, if neN then,
by construction, for any peP, there exists a unique point ¢ =hk(n,p) € Q,, such

that j*~'(1/Q,),=o. Define h,(p)=Ah(n,p). By Lemma 9, /*"*(usp=0
therefore #,(P) = Mi(#) NV. Now, Lemma 10 implies that =k, € G ~*+(P, U)
is continuous and Theorem 5 is proved. m

2. Structural Stability.

Here we consider a class of integrable forms in R3 which are locally structurally
stable.

Theorem 6. — Let o be a C' integrable 1-form defined in an open set U CR3, where
r>ok. Let peU be a simple singularity of order k>3 of w. Suppose that o, =j* (),
is such that «,|S? defines a structurally stable singular foliation on S% where S2 is the unit sphere
in R3. Then the germ of o at p is Cl-structurally stable.

We observe that the case k=2 was already studied in [6].

Proof. — First of all we note that by Theorem 5 there exist neighborhoods W of p
and N of © in the C" topology such that for any 7 eN, 7 has a unique singularity of
order k, p(n) eW. If N is small enough then for any neN, j*(n),, = is such
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that o eR? is an algebraically isolated singularity of rot(y,) and so p(x) is a simple
singularity of . We can suppose that p(n) =o0. So it is enough to prove that if
o=, +R and n=n,+R, where lim|¥|7*R(x)=lim|*|*R(x) =0, then o
and 7 are locally equivalent at o e R3, provided that e is close to .

By the hypothesis, thereis p > o small such that if S? denotes the sphere of radius p
centered at o eR3, then «/S} and 7/S? are topologically equivalent. This follows
from the fact that «,/S? is structurally stable. Let k:S?—>S? be an equivalence
between ©/S? and 4/S2. Now the idea is to extend 2 to B={xeR?|[x|<p} using
vector fields tangent to the leaves of w and 7.

3
By Theorem 1 we know that «,(I) = n,(I) =0 where I(x) = X x;8/dx;. Using
i=1
this it is possible to construct vector fields X and X in B such that o eR? is a sink for
both of them and (X) = 3(X) =o0. Let X, and X, be the flows of X and X respecti-
vely. Given x€B, let ¢ <o besuchthat X,(x) eS2. We define h(x) = X_,(h(X,(x)))-

It is not difficult to see that % is an equivalence between « and w. This finishes the
proof. m

Remark. — Tt is not difficult to see that for any %2> g there exist 1-forms «, as
in Theorem 6. In fact, for 2 =g the set of structurally stable homogeneous 1-forms
is dense in the space of homogeneous simple forms of degree 3 [14].
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V. — REGULAR HOLOMORPHIC FORMS

1. Homogeneous 1-forms.

In contrast with the real case, integrable forms in the complex domain are in
general not structurally stable in C", n> 3. For one of the families of regular forms
given in this paper this remark follows from the more general theorem:

Theorem 7. — Consider the integrable form o in C", n> g
0=2N2 ... 5. 2,d%
i=1

such that
NéR)y for i+
Then the equivalence class of

A={A,2, ..., 7}CC

under the action of Gl(2, R) is the sole topological invariant of the real codimension two foliation
with singularities defined by o on G* (1).

Proof. — The leaves of w are the same as the orbits of the C"~!-action ¢ generated
by the commuting vector fields

. 0 4. 0 .
Z(2) =N zla—ZI—)\j zja—zj J=2,...,Mn

In fact, one has (\2p...A) '@ =1z, Az (dzA...Ads). Let§ be the C* *-action
lid ~

induced in the same way by the form & = 2 N2,...7%,...2,d2; and suppose there
i=1

is an isomorphism u e Gl(2, R) such that u(); =7,- for ¢=1,...,n This induces
an isomorphism #: (R¥)"~!— (R)""! by #= (4 ...,u) (n—1 times). Putting

C'= QEi where E; ={zeC"|z = o for j+ i} we obtain that @ preserves the isotropy
groups, i.e.. #(G)=0C,, i=1,...,n where
G, ={geC" | p(gp) =peE;—{o}},

G;={geC"*|§(g,p) =pcE,—{o}}.

(1) This theorem was obtained independently by B. Klares in the context of C"~1- linear actions on C".
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This allows us to define a conjugacy between ¢ and § on each E;:
ko cp(g’ ﬁ) =$(ﬁ(g), h@(ﬁ)), pek;.

From this and the linearity of ¢ and ¢ it follows easily that kA= (k;, ..., k) is a
conjugacy between ¢ and 9, i.e.

ho(g, p) = (@(2), h(p)) peC

Conversely, suppose there is a local homeomorphism, #%: (C", o) — (C", 0) around

n

0eC", which is a topological equivalence between = X Nz,...7%...24dz and
i=1 :

o' =2XNz...%...25d; Let F;={2eC"|z=0} and F;={zeC|z=1z=0}.

i=1
Then Sing(w) = Sing(w') = .l<J_F,-j and we can assume without loss of generality that
1<)

h(F;) =F;. Let F,=F,—UF;. Then F is a leaf of both & and o' homeo-

IF
morphic to R*"™*x T"~'. So its holonomy is a linear action of Z"~! in the transverse
section ¥, ={(1,...,1,%, ...,1)| 2,6 C}. By hypothesis the holonomy of F; is not
trivial. On the other hand, the holonomy of a leaf of w or «’ contained in C*— U F,
is trivial. So A(F;) = F,, for some %, and since h(F;) =F;; for i4j, then A(F,)=F
and k(F)=F;. The holonomy of F; is generated along the curves y,;:S'— F,
10 =(1,...,1,0,1,..., 1,...,1) and since A(F;)=F, then

U J

h([v5]) = [vy]  for all e

For simplicity we assume that A(p;) =p, where p,=(1,...,1,0,1,...,1), 0 in
the i-th place. Then % induces by projection along the leaves of w’, a germ of a
homeomorphism 4 : (%;, 0) - (Z;, 0) conjugating the holonomies of » and w’. If
JipJi + Z;—>Z; are the generators of the holonomies of w and «’ relative to y;; we must
have j;(zi) = exp(— 2mN/N) . %, fi (%) = exp(—2miN/N).2; and ko f =f ok for
all j+i. By the first part of the theorem we can take A, =X =1 and N=N=1.
We show now tha.ﬁt/ A=y ..oy A, =27,. We write N =ux+1; and N =2z + ;.
The holonomy of F, is generated by:
for o1 fy(z) =& .2, fi(z) =Y. 6.z, j>3;

for ot fi(z) =€z, f(z)=Y%.e.2, j>3.
We need the following lemma.
Lemma 11. — Let h:C—GC, h(1)=1, be a homeomorphism such that for any
(my, my) €Z? and z2€C
h(uy g 2) = ™ p™h(2)
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where w;+ 0% p; for j=1,2. Then

log |u,| _ log |us]
log |uy| log |w]

provided that |p,| # 1.

Proof. — First observe that G = {u"uy* | m,, my € Z} is a subgroup of the multi-
plicative group G —{o}. Therefore either G is discrete or 1 is an accumulation point
of G. In the first case it is not difficult to see that there exists (m, n) e Z2— {0} such

m_.'n

that plps=1=p™w", so that

m _ log || log |ws]

n log|u,| log|w|’

In the second case there exists a sequence (my,n,) € Z2— {0} such that
lim (|m,] 4 |m|) = o0 and  lim pup=1.
Then B(x) = Jim A = lim i =1,
This implies
lim (m, log [u,| + m,log [u,|) = lim (m,log |u;| + m log |us]) =0

1 ’
and lim ™ log || _ log |us

k>o  m log|w| log|pi|

Since hyofy=f ohy, taking k=2, p=e" k=j>3, u—cxp(—2mik), we
obtain by the lemma that:

log(¢™)  log(e™)

log(e™)  log(e™) °

So y;=y; for all j>3.
We use the same argument for Flz. The holonomy of F » 1s given by

for w gl(z2) = 3_2".22’ gj(zz) = 8_21&]..8_2"%.-22, j_>_ 3

27z

—2r ’ =%z ,—2miy; .
<29, gj(zz)_‘e l.e ]-22: J._>_3

for o' gi(z,) =e

2n

Since hyog,=g;ohy, taking k=2, pyy=¢ ", and k=j>3, p,=exp(—a2mh),

we obtain
log(e~*™4)  log(e™*™)
log(e™?)  log(e™ %) '

So x=ux for j>3 and this means A=/ for all j>3. m
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2. Topological determination in three dimensions.

Proposition 5. — Let & be a holomorphic integrable form with a singularity at o € C3 such
that in a neighborhood of 0e€C® o is written as

W = 7\1z2z3 dzl + 7\22'12'3(12'2 + )\3 lezdzs —l— R(Z)

where ll_I)I% |2z|7?R(2) =0 and N¢RN for i%j. Then o is topologically equivalent to

wy =J%(w), near oeC3.

Progf. — The proof consists in finding an equivalence between rot v and rot w,
sending leaves of ® to leaves of w,. The vector field rot & is in the Siegel domain,
i.e. the convex hull of the eigenvalues of ji(rot w), contains oe C. Modulo a holo-
morphic change of coordinates (see [3]) we can assume that the coordinate 2-planes
{z € C?¥| z;= o0} are all invariant by rot . The integral complex curves of rot w passing
through points z with 2z # o for all 7, are closed subsets of G3 at a positive distance
from o0e€C3 The intersection of these integrals with each C;={zeC3||z|=1}
gives a real 1-foliation with a closed integral v;={z2€C3||z| =1 and z;=o for j+ i}
which is hyperbolic of saddle type for all 2. From this it is clear that the integral of
rot » passing through a point zeB={z||%|<1} leaves as intersection with JB a
closed curve provided o< |z|<1 for 1<i<3.

Let S=C,nC,; and S;=S N{z]|2;=0}. It follows from [3] that any homeo-
morphism £:S —S with %/S) =identity can be extended to a topological equivalence
between rot & and rot w,. In our case the foliation induced by /S is completely
characterized by the holonomy of S, i.e. by a Z2-action ¢z on C whose linear part is
the Z2-action p,; generated by the diffeomorphisms

A A
fi(zs) = exp (2m 5\3) 23, Sa(23) = exp (2m )\—2) 3.
3

3

So it is enough that % be a conjugacy between ¢; and p;. Since such an % clearly exists
the proof is finished. m
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