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o. Introduction.

This paper establishes a C* analogue of Palais’ covering homotopy theorem.
Techniques from differential analysis, invariant theory, and commutative algebra are
used in the proof.

Let K be a compact Lie group, and let X be a smooth (=C®) K-manifold. We
denote by my x the canonical map from X to the orbit space X/K. We give X/K the
quotient topology and differentiable structure, i.e. if U< X/K is open, then G*(U)
is the set of real-valued functions on U whose pull-backs to ny % (U) are smooth. Thus
C*(U)~C(nx % (U))¥. IfY is another smooth K-manifold, we say that ¢ : X/K—Y/K
is smooth if (*C*(Y/K) < CG*(X/K). The notions of diffeomorphism, isotopy, etc.,
of orbit spaces have their usual categorical meaning.

Let xeX. The slice representation at x is the representation of the isotropy
group K, on the normal space at x to the orbit Kx. Two K-orbits are said to have
the same normal type if there are points in each with the same isotropy group and
isomorphic slice representations (up to trivial factors). The subsets of B=X/K of
given normal type are C* manifolds, and they form a locally finite stratification of B.
Above each stratum, X—B is a smooth fiber bundle, so we may view X—>B as a
collection of smooth fiber bundles. Many beautiful and deep results concerning regular
actions of the classical groups have been proved by classifying these types of bundle
collections over a fixed B ([7], [8], [12], [13], [14], [15], [16], [23], [36], [41], [42])-
These classification results have all hinged upon proving some form of homotopy lifting
theorem. For the category of continuous K-actions one has the celebrated covering
homotopy theorem of Palais [61]. In the case of ordinary fiber bundles Palais’ theorem
reduces to the statement that pull-backs by homotopic maps are isomorphic. There
is a natural smooth analogue of Palais’ theorem which lies behind the classification
results cited above, and this smooth Palais theorem is equivalent to the

Isotopy Lifting Conjecture (0.1). — Let F: X/Kx[o, 1] - X/K be a smooth isotopy
starting at the identity.  Then there is a smooth K-equivariant isotopy F : X X o, 1] — X starting
at the identity and inducing F.

The above conjecture is due to Bredon. In [7] he proved the conjecture for
¢ special G-manifolds. > Davis [12] showed that (0.1) holds for a large class of regular
actions of the classical groups, and Bierstone [2] showed that (o0.1) holds for smooth
actions all of whose isotropy groups have the same dimension. In this paper we show
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LIFTING SMOOTH HOMOTOPIES OF ORBIT SPACES 39

that (o.1) holds in general (corollary (2.4) below). The smooth analogue of Palais’
covering homotopy theorem is our theorem (2.3).

We now briefly describe the contents of the chapters of this paper. Each chapter
begins with a more detailed précis of its contents.

In chapter I we reduce (0.1) to a lifting problem for vector fields: Let X and K
be as above, and let Der(C®(X/K)) denote the real-linear derivations of C*(X/K).
We refer to elements of Der(C*(X/K)) as smooth vector fields on X /K. (See§ g for
Justification of this terminology.) An element of Der(C®(X/K)) is strata preserving
if it preserves the ideals of CG*(X/K) vanishing on the various strata of X/K. We denote
by X*(X/K) the collection of strata preserving smooth vector fields on X/K, and we
denote by X*(X) the smooth vector fields on X. We prove that the following result
implies (o0.1):

Smooth Lifting Theorem (0.2). — The canonical map
(mx, k) : X°(X)® > Der(CG*(X/K))
has image ¥*°(X/K).

Using the differentiable slice theorem we reduce to proving
(0.3) (T, 1) X2 (W)F =X (W/L)

for all representation spaces W of closed subgroups L of K. We prove that (0.3) is
equivalent to analogous statements involving polynomial, real analytic, or complex
analytic vector fields.

In chapters II, III, and IV we concentrate on the algebraic and complex analytic
analogues of (0.3). In chapter II we reduce (0.3) to a cohomology problem- which
we can solve provided the representation of L on W has finite principal isotropy groups
and no S® strata (conditions on slice representations). In chapter III we show how
to classify representations with infinite principal isotropy groups or S* strata. Using
this classification and some theorems of § 11 we are able to reduce (0.3) to the case of
representations of the simple compact Lie groups which have trivial principal isotropy
groups and S strata. In chapter IV we develop a method for handling these remaining
cases.

We found it necessary to develop several techniques for calculating rings of invariants
of representations, and in chapter IV we exhibit many cases where the rings of invariants
are regular. Further work along these lines can be found in [67], [68], and references
therein. Also see remarks (17.28) and (17.30) below.

During this work I have benefited from conversations with many mathematicians,
and I would especially like to thank E. Bierstone, D. Buchsbaum, D. Eisenbud,
M. Hochstér, D. Lieberman, D. Luna, J. Mather, and Th. Vust.
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I. — THE COVERING HOMOTOPY THEOREM

In § 1 we recall the basic results concerning orbit spaces of smooth transformation
groups. In § 2 we show how to reduce the isotopy lifting conjecture (0.1) and the
smooth Palais theorem (2.3) to the smooth lifting theorem (0.2). Much of § 1 and
§ 2 overlaps with [14]. In § 3 we reduce (0.2) to a polynomial analogue of (0.3).
In § 5 we study representations of reductive complex algebraic groups and complexi-
fications of representations of compact Lie groups, and in § 6 we show that polynomial,
real analytic, and complex analytic versions of (0.3) are equivalent. In § 4 we prove
that the kernel of the map (my ), of (0.2) has a closed complementary subspace in

X*(X)*® (CG™ topology). As we explain, this result is a step towards a strengthening
of (o0.1).

1. Orbit Spaces.

We fix notation and review some of the main theorems concerning orbit spaces.
Proofs of unreferenced claims can be found in [7]. We end the section by proving
an orbit space version of the inverse function theorem.

Z, R, C, and Q will denote, respectively, the integers, real numbers, complex
numbers, and quaternions. The non-negative integers (resp. reals) are denoted Z*
(resp. R*), and Z, will denote Z/nZ, neZ*.

All manifolds will be assumed to be second countable and are allowed to have
a boundary.

If G, K, ... are Lie groups or linear algebraic groups over C, then g, f, ... will
denote their Lie algebras and G° K’ ... will denote their identity components. If
L is a subgroup of a group G, then (L) denotes the conjugacy class of L. If L, and L,
are subgroups of G, we write (L,)<(L,) if L, is conjugate to a subgroup of L,. If
(L)<(Ly) and (Ly)#(Ly), we write (Ly)<(Ly).

Throughout this paper, K will denote a compact Lie group. A representation of K will
mean a finite dimensional real vector space W (the representation space) together with
a continuous homomorphism p trom K to the general linear group GL(W) of W. We
will denote the representation by p or by the pair (W, K). The direct sum of m copies
of p is denoted by mp or (mW, K). If o’=(W’, K), then p+p" or (W+W’, K) denotes
the direct sum of p and p’. The trivial real m-dimensional representation of K is
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LIFTING SMOOTH HOMOTOPIES OF ORBIT SPACES 41

denoted 6,,, and we will also use 6,, to denote the corresponding representation space R™,
A trivial representation of unspecified dimension is denoted 6.

We use the (standard) notation of [7] when referring to the classical groups.
We denote the basic representations of O(r), U(n), Sp(n), etc., by (R*, O(n)), (C*, U(n)),
(Q", Sp(n)), etc. We embed O(m) into O(n) via the natural action of the former group
on the first m co-ordinates of R*, m<n. We similarly consider U(m), SU(m), etc.,
as embedded in U(r), SU(n), etc.

Let o=(W, K) be a representation of K, and let X be a smooth K-manifold.
Following Bredon [8], we say that X is modelled on ¢ if each xeX has a K-invariant
neighborhood which is K-diffeomorphic to an open subset of W. We say that X is
stably modelled on p if for each component X’ of X there arer, seZ™ such that X’x6,
is modelled on p+6,. If K is the classical group O(n) (resp. U(n), resp. Sp(n)), then
X is called a regular K-manifold if X is stably modelled on (mR", O(z)) (resp. (mC",
U(n)), resp. (mQ® Sp(n))), meZ™*.

Let L be a closed subgroup of K, and let P be a smooth L-manifold. The twisted
product K x; P is the orbit space (K x P) /L where ¢(k, p)=(k¢"', ¢p); teL, keK, peP.
We denote the orbit of (%, p) by [& p]. The twisted product Kx,P is a smooth
K-manifold, where &'[k, p]=[F'k, p]; k, k€K, peP. Note that (Kx,P)/K is diffeo-
morphic to P/L. If X is a smooth K-manifold and xeX, then the normal bundle
to Kx is K-diffeomorphic to Kxg N, where N, =T (X)/T,(Kx) is the normal space
to Kx at «.

The following is a variant of a theorem of Koszul:

Differentiable Slice Theorem (x.x). — Let X be a smooth K-manifold.
(1) If x¢0X, then a K-invariant neighborhood of x is K-diffeomorphic to K Xg N,

z°

(2) If xe0X, then a K-invariant neighborkood of x is K-diffeomorphic to R* X (K x¢ N,),
where N,=T,(0X)/T,(Kx). m

Statement (1) is the usual differentiable slice theorem, and (2) follows from (1)
and the fact that 0X has a collar equivariantly diffeomorphic to R* x 8X, where K acts
trivially on R*.  We will refer to theorem (1.1) as the DST. If X and the K-action
are real analytic (e.g. X is a representation space of K), then the diffeomorphisms of
the DST can be chosen to be real analytic. Note that the DST implies that X/K is
locally diffeomorphic to (perhaps the product of R* and) orbit spaces of linear actions.

Let L be a subgroup of K, and let X be a smooth K-manifold. The union of
those orbits whose isotropy groups are in (L) is denoted X™), and X™ denotes XM'nXL,
Suppose that XM+0. We then call (L) an isotropy class of the K-actionon X. There
is a canonical embedding of X™/K into X/K, and the image (X/K), is called an
isotropy type stratum of X/K. We give (X/K), the smooth structure of the orbit
space X®/K.
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42 GERALD W. SCHWARZ

Proposition (x.2). — Let X be a smooth K-manifold.

(1) The isotropy type strata {(X[K)y,} are smooth manifolds, and the inclusions
(X/K) )= X/K  are smooth.

(2) The components of the isotropy type strata are a locally finite collection of subsets of X /K
whose boundaries (as manifolds) are a locally finite collection of subsets of X K.

(3) Let {c,} be the set of normal type strata of XK. Then the components of the o, are
the same as the components of the (X[K)y,, and {o,}={(X/K)y} if X is stably modelled
on a representation of K.

Proof. — Using the fact that 0X has a K-collar 92X X R", we may easily reduce
to the case X =0. Let xeX. By the DST, a K-invariant neighborhood U of Kx
is K-diffeomorphic to Kxg N,. Let W be a K,-complement to Nf* in N,. Then
XEINU~ K xg, (NF), and (X®INU)/K~NE is a C° manifold which embeds
smoothly in U/K~NFxW/K,. Thus (1) is proved. Part (2) is well-known: Since
U/K~N,/K,, one can reduce to the case of representations, and then one proceeds
by induction (see [62]).

We now prove (3). Let W be a representation space of K, and let weW. Then
there is an isomorphism of K, -representations:

N, =T,(W)/T,,(Kw) ~W/(¥/1,)-

It follows that isotropy type determines normal type for stably modelled actions, and
that isotropy type determines normal type locally. m

Corollary (x.3). — Let X be a smooth K-manifold. Then
(mx, 1) X°(X)* = X7 (X [K).

Proof. — Let AeX*(X)¥, let xeX, and let U and W be as in the proofof (1.2).
Let feC®(U/K)~C®(N,=NEx W)®* and suppose that f vanishes on Nx*x{o}.
Since the image of A(x) in N, lies in NX*, A(f)(x)=o. It follows that (mx ¢),A pre-
serves the ideals in G* (X /K) vanishing on the strata of X /K, i.e. (ng x),AeX*(X/K). m
The following result is due to Montgomery, Samelson, and Yang:

Theorem (x.4). — Let X be a connected smooth K-manifold. There is a unique isotropy
class (H) such that

(1) (X/K)y) is connected and open and dense in X[K.

(2) (H) is a minimum among all isotropy classes of X.

(3) The slice representations at points of X™) are trivial.

(4) dim(X/K)yg =dim X—dim K+dim H. =

We call (H) the principal isotropy class, H is called a principal isotropy
group, and orbits Kx with xeX® are called principal orbits. The covering
dimension dim X/K of X/K equals dim(X/K)gy; see ([7], Ch. III).
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LIFTING SMOOTH HOMOTOPIES OF ORBIT SPACES 43

We now require small digressions on stratifications and invariant theory. Let
S be a (for simplicity closed) semi-analytic subset of R? (see [48] or [55] for definitions).
A primary stratification of S is a locally finite collection {E,} of connected semi-
analytic submanifolds of R?, called strata, such that S = L@JE1 and such that, for each ¢,

closure(E;)—E; is a union of lower dimensional strata. ZX.ojasiewicz [48] gives an
algorithm for constructing such a stratification of S, and we call the resulting {E,} the
primary strata of S. The C® structure sheaf of S is the sheaf of germs of functions
on S which have local smooth extensions to R% Since S is closed, C*(S)=C*(R?)]s.
A remark of Mather’s ([55], p. 210) shows that the primary stratification of S only
depends on the C® structure of S.

Let W be a representation space of K. By a theorem of Hilbert (see [80], p. 274)
the algebra of K-invariant polynomials R[W]¥ is noetherian. Let p;, ...,p; be
homogeneous generators, and let p=(p,, ..., p,) : W—R% Then p is proper and
induces a homeomorphism of W/K with the closed subset S=p(W) of R? ([66]).
Since p is polynomial, S is semi-algebraic ([69]). If W, K, p, S, and d are as above,
we call p and the quintuple (W, K, p, S, d) orbit maps. If 4 is minimal, we say that
(W, K, p, S, d) and p are minimal orbit maps. We will confuse p: W—>R? with the
associated map from W to S.  We denote by p the induced map from W/K to S (or R?).

Theorem (x.5). — Let (W, K, p, S, d) be an orbit map. Then

(1) p maps the components of the mormal (= isotropy) type strata of WK in a one-to-one
manner onto the primary strata of S.

(2) p(WIK)y,) is semi-algebraic for each isotropy class (L).

(3) There is a continuous linear map ¢ : G*(W)¥ — C*(R?) (C* topologies, see [25])
such that p*o¢ is the identity. In particular,

(4) C»(W)*=p"CG*(R)

and p: W|K—S 1is a diffeomorphism. m

Part (1) is due to Bierstone [2], and most of the results we derive from it were
known to him. Part (2) is the following observation: If WX +@, then p(W™)=p(W)

is semi-algebraic since it is the difference IIJ(WI‘)—‘EU1 p(WY), where (L,), ..., (L,)
are the isotropy classes strictly larger than (L). Part (3) is due to Mather [56], and
(4) was first shown by the author [66] (see also [52]).

In [2], Bierstone observes that the primary stratification of S satisfies Whitney’s
conditions. Moreover, from his proof of (1.5.1) one can see that the primary stratifi-
cation of S only depends on its C! structure. The key point is that if WX={o0}, then
S contains no non-singular arcs through o (see (3.4) below).
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44 GERALD W. SCHWARZ

Corollary (x.6). — Let W, and W, be representation spaces of K, and let p: W,—~R?
and q: Wy—R*® be orbit maps. If §: W,/K — W,/K is a smooth map, then there is a smooth
map v making the following diagram commute:

W, K %> W,/K

p q
R " 5 R

Proof. — Let n=(%;, ..., n,) where v, is any smooth function on R? such that
prni=0¢q, i=1,...,e. |

Unless otherwise specified, we give orbit spaces their stratification by normal
orbit type, and we give images S of orbit maps the induced stratification. The canonicity
of the primary stratification yields

Corollary (x.7). — Let X be a smooth K-manifold. Then

(1) The partition of XK given by the components of the interiors and boundaries of
its strata (as manifolds) is determined by the C® structure of X/[K.

(2) Let {,,0<t<1, be a smooth isotopy of X|K starting at the identity. Then
each , is strata preserving. m

In the remaining part of this section we prove the orbit space analogue of the
inverse function theorem.

Let X be a smooth K-manifold. Let £eX/K, and let 4 (or #;(X/K)) denote
the elements in the ring of germs of smooth functions at & which vanish at £. As usual,
we define the (Zariski) cotangent space T;(X/K) of X/K at & to be ;| #;- M, and
the dual space T;(X/K) is the (Zariski) tangent space. The DST and (1.5) show
that T,(X/K) and T;(X/K) are always finite dimensional vector spaces. If Y is a
smooth K-manifold and ¢ :X/K—Y/K is smooth, then ¢ induces a linear map
(d)g : Te(X/K) = Ty (Y/K).

Lemma (x.8). — Let (W, K, p, S, d) be a minimal orbit map, and let 0 denote Ty (0).
Then

(dp)s : To(W/K) — Ty(R") ~ R
is an isomorphism.

Proof. — Since p* is surjective and p is proper, p*#,(R%)=.4;(W|K), hence (dp);
isinjective. If (dp);is not surjective, then there is a non-zero element (ay, .. ., a;)€Ty(RY)
which is perpendicular to Im dp;. In other words, there is a relation

d
(r.9) igla,-[)ier///o(W)K-./llO(W)K
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where the g; are not all zero. Without loss of generality, suppose a,+0. Taking
Taylor series in (1.9) and restricting to terms homogeneous of degree deg p,, we see
that p, is a polynomial in p,, ..., p,;, contradicting the minimality of . m

Lemma (x.10). — Let (W, K, p, S, d) be an orbit map. Let U, and U, be neighborhoods
of 0 in R, and suppose that § : U,— U, is a diffeomorphism such that $(SNU,) <8, ¢(0)=o.
If SNU, is connected, then $~(SNU,) < S.

Proof. — Let S’ =S denote the image of the principal orbits. Then (1.7%) shows
that ¢(S'nU,) =8’ and that ¢((S—S)NnU,;) =S—S'. Thus ¢:8'NU, > S'NU, is
an open embedding with image a closed subset of S'nU,. Now SNU, is connected,
and it follows from the DST and (1.4.1) that S'NU, must then also be connected.
Hence ¢(S'nU,)=8'nU,. Since S’ is dense in S and since ¢ is proper,

¢(SNU,)=SnT,.
Consequently, ¢7}(SNU,) <S. m

Inverse Function Theorem (x.11x). — Let X and Y be smooth K-manifolds. Suppose
¢: X/K—=>Y/K is a smooth strata preserving map, $(0X[/K)<oY/K, and (d}); is an
isomorphism at £e€ X[K. Then { is a diffeomorphism near E.

Proof. — Suppose £¢0X /K. Using the DST we may reduce to the case where
X =Y is a representation space W of a closed subgroup L of K, &={(§)=my 1(0).
Let (W, K, p, S, d) be a minimal orbit map. Then by (1.6), (1.8), and (1.10) there
is a germ of a C® map 7:R*>R?% 4(S) <SS, such that p~'omop is a local smooth
inverse for ¢ near & If £€dX/K, we may reduce to a case X=Y=WXxR*,
E=y()=my(0). By (1.5), we may identify W/KXR" with (WXR)/(Kx{+1}),
where {£1} acts by multiplication on R. Our previous argument then applies. m

2. Covering Smooth Homotopies.

We begin with some preliminaries on pull-backs (fiber products). Let X and Y
be smooth K-manifolds, and let ¢:X/K—Y/K be smooth. We define the pull-
back 'Y to be {(§,9)eX/KXY:{(E)=myx(»)}. We give {*Y the C® structure
induced from that on X/K xY. Then K acts smoothly on {*Y, where k(§, y)=(, ky);
keK, (§,9)ed"Y. The pull-back ¢'Y has the usual universal properties of fiber
products ([7], [14])-

Let £eX/K, and let o; denote the stratum of X/K containing £&. Then T (o)
is a subspace of T;(X/K), and we let A4;(X/K) denote T,(X/K)/T;(o;)—the normal
space to o; at &.  Suppose that ¢ : X/K—Y/K is smooth and strata preserving. Then
(dy); induces a linear map (3¢); : N (X/K) - AN (Y/K), and we say that ¢ is
normally transverse if (3)), is an isomorphism for all £eX/K.

Let xeX, let N, denote T,(X)/T,(Kx) as before, and let A,(X) denote N,/NXx,
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