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GROUPS OF SIMPLE ALGEBRAS
by Moss E. SWEEDLER ()

This paper is dedicated to George Rinehart.
I often feel he is still next door.

Foreword

This paper may be read from three different points of view. The first point of
view is that we are presenting a generalization of the relative Brauer Group and associated
theory.

The second point of view is that we are studying and constructing simple algebras.
The third point of view is homological. The introduction is divided into three parts.
One for each point of view.

Introduction
Relative Brauer Group

Here is the realization of the relative Brauer Group generalized in this paper.

% is a field and A is a finite degree field extension of .. One can consider A as
being contained in End,A since A acts on itself by translation. Suppose U and V are
k algebras each of which contains a copy of A. Write V~U if there is an algebra
isomorphism VU which is the identity on the copy of A. Let (V) denote the “ ~
equivalence class of V.

Form U®,V with respect to A acting on the left of both U and V (so that
au®v=u®ay). Let UX,V denote the k-subspace of U®,V consisting of

{Z24,05,eU®, V| Zu5a®y=2Zu®ua, acA}.

UX,V has an algebra structure with unit 1®1 and with product determined by
(X 4,®7)(Zu; ®v)) = Tu;u; @7,
i Jj %)

Let & denote the set of ““ ~ > equivalence classes of algebras U where Ux End,A
as an A-bimodule. For (U), (V)eé& one has (Ux,V>e& and *“ x,” defines a

(*) Supported in part by NSF GP 23102.
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8o MOSS E. SWEEDLER

commutative associative product on & with unit (End,A>. For (U)ed, U is a
central simple k-algebra if and only if (U is invertible in the monoid &. The group
of units in & is naturally isomorphic to Br(A/k), the subgroup of the Brauer group of &
consisting of classes split by A.

Let U™ denote the opposite algebra to U. Another realization of U®x,U
is the following:

Form U®,U with the “slip by ” indicated by ua®u' =u®au’.

Take the supspace
{Zu,®u;eU®, U | Zay®u =2 u®u;a, acA}.

The product is determined by (Z%®#)(X%®v)=Xyu,®u ;.
i i i

Suppose A is its own centralizer in U, as is the case if {U)>e&. Then A is naturally
a right U®”Xx,U-module. In terms of the second realization of U”x,U, for
2u®ueUPx, U and aecA one can form

Zuau; (product in U).

The element is in the centralizer of A, i.e. A itself, and so the right module structure
is defined.
For (U)e& the following three statements are equivalent:

(i) A is a faithful right U X, U-module;

(i) <U) is invertible in &;

(iii) U is a central simple %-algebra.
For invertible (U)ed& the right U®Xx,U-module structure provides an algebra
isomorphism U® X, Uz (End,A)® which is the identity on A; in other words

(%) (U?><U »=<(End,A)®>.

It is true that ((End,A)®>=(End,A) and so (%) gives the classical result that the
equivalence class of an algebra and the equivalence class of its opposite algebra are
inverse. However notice that (%) is a natural equivalence, but the equivalence
{(End,A)®»=(End,A) is not natural. This latter equivalence depends upon A
being Frobenius over 2. Therefore when we start  generalizing > and A is no longer
Frobenius over %2 the equivalence < (End,A)®> =< End,A> no longer holds.

Since A is finite dimensional over & there is a natural isomorphism End, A~ A®, A",
where A’=Hom,(A, k). Since A’ is the dual to a finite dimensional k-algebra it is
a k-coalgebra. Thus End,A=A®,A" is naturally an A-coalgebra. The coalgebra
diagonalization A : End;A— (End,A)®, (End,A) has image in (End,A) x,(End,A)
and provides the natural equivalence End;A~ (End,A)X,(End,A) or

{End,A ) (End,A>=<End,A>.
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GROUPS OF SIMPLE ALGEBRAS 81

In the above End A is the model for the identity class { End,A) in &. In the
generalization developed herein we deal with a commutative k-algebra A over a com-
mutative ring .. The generalization of End,A is a ¢ X,-bialgebra > E where {(E) is
the model of the identity class in & {E > which is the generalization of & above.

Homology Theory

Suppose A is a ring and M and N are A-bimodules. The ¢ product ” Mx,N
is defined as the additive subgroup of M®,N consisting of

{Zm@neM®,N|Zam,®@n,=2m®@n.a, acA}.

Here the tensor product M®,N is with respect to M, and ,N. Some properties of
the functor Mx AN are derived, properties which are needed in studying Mx,N
when M and N are rings. Suppose M and N are rings and 7 : A—>M, j: A—->N are
ring maps. These maps give M and N A-bimodule structures, permitting the formation
of MXAN. However, now MXAN has a ring structure with unit 1®1 and with
product
(Em®n,) (zjlmj'®n]') =X m m®nn;
1 %

for Sm®n, Xm ®neMx,NCM®,N. With this ring structure M x,N is naturally
g J

isomorphic to Endyg,5(M®,N) where N is the opposite ring to N.

If M is an A-bimodule or ring over A then the symbol “ M ** is not defined when
A is not commutative. It needs the rest, the “ X,N”. When A is commutative and
M is an A-bimodule, then M is defined as the opposite :&-bimodule, where afib = bma.
If A is commutative and ¢ : A—>M a ring map, then M is the opposite ring to M. and

7 A->M, aH;'.(;z-)/. We identify M with M. We define Mx,N as
(8) x,N
when A is commutative.

In this case M X,N may be thought of as being contained in ,M®, N, the
tensor product with respect to ,M and ,N. (See the definition of UX,V in the
beginning of the previous section, Relative Brauer Group.) If M and N are simply
A-bimodules, then M Xx,N is an A-bimodule, where

a(Em®n;) b= (am)® ()

for a,beA, Zm@neMx,Nc M@, N. If M and N are rings over A with respect
to maps i, j as before then M X,N is a ring over A with respect to
A->Mx,N, abi(a)®1=10)(a),

3

acA. Thus, when A is commutative, * X, gives a product on the category of
A-bimodules and a product on the category of rings over A.

81
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82 MOSS E. SWEEDLER

Even when A is commutative the ¢ X, ” product of rings over A is defined more
generally than the tensor product. If ¢: A—M and j:A—N do not have images
in the centers of the respective rings then M®,N is not a well defined ring. Never-
theless M X,N is a well defined ring. If 7 and j have central images then MXx,N
is naturally isomorphic to M®, N as a ring.

Two rings over A are considered equivalent if they are isomorphic by an isomorphism
preserving the maps from A to each of them. When A is commutative “ X,  induces
a product on equivalence classes of rings over A. The product is commutative. Certain
equivalence classes are idempotent and hence are candidates for playing the role of
identity element in a group. For a given A there may be several groups built around
different identity elements. Each of these groups is essentially the H? in a cohomology
theory. The cohomology theory is determined by the identity element or a representative
of it.

Among the main difficulties that arise with the ¢ X, ” product is lack of associ-
ativity. Suppose M, N and P are A-bimodules. There are natural maps from
Mx,(Nx,P) and (Mx,N)x,P to a third A-bimodule, Y. When the maps to Y

are injective and have the same image they induce a natural isomorphism

(Mx,N)x,P~¥Mx,(Nx,P).

This isomorphism is automatically an isomorphism of rings over A if M, N and P happen
to be rings over A. A fair amount of technical detail is developed to establish when
M x,(Nx,P) is naturally isomorphic to (MXx,N)x,P as above. For example the
natural isomorphism holds if both M and P are the directed union of subbimodules
which are projective as left A-modules. Other conditions are presented.

The notion of X,-bialgebra is introduced. These are rings over A which are
like Hopf algebras but with respect to the product ¢ X, ”’, rather than tensor product.
X,-bialgebras or rather their equivalence classes are good candidates for being the
identity of a group as mentioned two paragraphs above. X ,-bialgebras also determine
a cohomology theory which is akin to the Hopf algebra cohomology of [1].

However, in particular cases, it is shown that the X,-bialgebra cohomology is
naturally isomorphic to some other cohomology. For example if A is a commutative
R-algebra and is a finite projective R-module, then EndgA is a Xx,-bialgebra and the
X s-bialgebra cohomology is isomorphic to Amitsur cohomology. Another important
example is rings of differential operators.

Let M =Ker(AQA Tt A). We say A has almost finite projective differentials if there
is a collection of ideals of A®A which is cofinal with {I"}*_, and where for each
ideal I in the collection (A®A)/I is a finite projective left A-module. When A has
almost finite projective differentials, then D,, the ring of differential operators on A, is
a X,-bialgebra. A is said to have finite projective differentials when (A®A)/IM" is a
finite projective A-module for each n. In this case, when the ground ring contains Q,
the X ,-bialgebra cohomology is naturally isomorphic to the algebraic De Rham cohom-
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GROUPS OF SIMPLE ALGEBRAS 83

ology of A from degree two onward. This leads to an interpretation of H2 p,..(A)
as classifying a certain Brauer-type group.
Some examples of rings with almost finite projective differentials. Suppose A is

an algebra which is a finite projective module over the ground ring. A is called purely

inseparable over the ground ring if Ker(A®A ot A) consists of nilpotent elements.

In this case A has almost finite projective differentials although A is not necessarily
differentially smooth [8, (16.10.1)]. Suppose A is a localization of a finitely generated
algebra over a field. If A is regular then A has finite projective differentials. The
tensor product of two algebras with almost finite projective differentials again has
almost finite projective differentials.

Our investigations lead us to consider the following type of cohomology theory.
Say A is a commutative algebra and {L,} is a collection of ideals in A®A. Let
e A®RA ->A®AR®A, a®ba®1®b. Assume that {L,} has the following properties:

1) Given L, and Ly there is L, with L, cL,nLg.

2) Given L, and L; there is L, with ¢(L,)cA®L,+4 L;®A.

In the n-fold tensor product A®...®A form the collection of ideals of the form
L,®A®...®A+AQGL, ®A®...®A+...+A®...®AGL

Op_1®

/\
Let A®...®A be the completion of the n-fold tensor product with respect to the
family of ideals. (In degree o, A=A.) The second condition, e(L,) CA®L, + L;®A,
insures that the Amitsur complex maps

n n+41
6 A®... A > A®...®A

4®...Qa,1>a®...04010q,_ ,8...0q,
T S —— T
are continuous and induce maps ¢, : A®...®A - A®...®A, raising degree by one.
The ¢; are algebra maps. There are two natural cohomologies to consider at this point:
with respect to the functor ““ underlying additive group > and with respect to the functor
“ multiplicative group of invertible elements ”’. (In some cases there is an exponential
map relating the two. This happens in the theory about De Rham cohomology.)
Suppose that {L,} has the additional property:
3) (A®A)/L, is a finite projective le¢ft A-module for each L, and there is an L,
contained in Ker(A®A LiLY A). In this case {L,} gives rise to a X,-bialgebra which
lies in End A. End A is naturally an A®A-module where

((¢®8) .f)(c) = af(be)
a, b, ceA, feEnd A. The X,-bialgebra C arising from {L,} is
{feEnd A|L,.f=o0 for some L,}.
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84 MOSS E. SWEEDLER

The X,-bialgebra cohomology is isomorphic to the cohomology of the complex
A . . . .
{A®...®A, {¢}} with respect to the functor ¢ multiplicative group of invertible

—
elements ”. The cohomology of the complex {A®...®A, {¢}} with respect to the
functor ¢ underlying additive group > is naturally isomorphic to Ext;(A, A) when A is
projective over the ground ring.

Simple Algebras

Let twist: A®A — A®A, a®b b®a. {L,} may have the property:

4) Given L, there is L, with twist(L,) CL,.

Suppose {L,} satisfies properties 1), 2), 3) and 4) and G is the associated
X ,-bialgebra. We identify A with A’CEnd A where A’ is A acting on itself by left

translation. Since some L,CKer(A®A mu A) it follows that A‘cC.

Theorem. — The following statements are equivalent:

1. C is a simple ring.

2. A s a simple C-module.

3. For each ideal 1CA there is an L, where AQI4+I®A+L,.

4. Suppose U and V are rings over A where UXV=C as A-bimodules and U x, V=G
as a ring over A. Then U and V are simple rings.

This is one of the main simplicity theorems. It is used to establish the simplicity
of G as well as the simplicity of the rings in the equivalence classes which form the
Brauer-type group determined by C. One of the main applications is to establish
simplicity of rings of differential operators. In a moment we state our main theorem
concerning simplicity of rings of differential operators.

Definition. — An element osacA has the strong intersection property if for each
commutative algebra B the elements xeB®]J, are such that 14« is invertible in B®A.
Here J,={y€A|ya=o0}. The algebra A has the strong intersection property if each
o+acA has the strong intersection property.

A has the strong intersection property for example if J, consists of nilpotent
elements for each osacA. In the section on homology some examples of algebras
with almost finite projective differentials were given. These examples also have the
strong intersection property. Hence the following theorem applies:

Theorem. — Suppose A has the strong intersection property and almost finite projective
differentials.  Furthermore suppose that for each ideal o+ICA both I and AL are flat over
the ground ring and (A[I)®A is a Noetherian ring. Then the ring of differential operators
on A is a simple ring.
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GROUPS OF SIMPLE ALGEBRAS 85
The center of the ring of differential operators is characterized by:

Theorem. — Suppose the ground ring is a field with algebraic closure S. If S®A®A
is Noetherian, then the center of the ring of differential operators on A is (Sep A)’; i.e. Sep A
acting on A as left translation operators. (Sep A is the subalgebra of A consisting of elements
satisfying non-zero separable polynomials over the ground ring.) Moreover Sep A is
finite dimensional.

In the beginning of the section on Homology the product M x AN is described.
This product without much other theory is used to give a criterion for simplicity of
a ring. Here we are no longer assuming that A is commutative. Let 7:A—M be
a map of rings and let L denote the centralizer of i(A) in M. Then L is a right Mx, M-
module where
L (Em@m)=Xmim;,

tel, Zm,-@m;elvl X, McM®, M.

Theorem. — Suppose L is a faithful right M x, M-module, M is flat as a left A-module
and 01X, M for non-zero two-sided ideals 1CM. Then M is a simple ring if L is a simple
M x, M-module.

This is result (3.7). All the other results on simplicity eventually come down
to this theorem

o. Conventions

Throughout we are working over a commutative ring R with identity.

We use unadorned ®, Hom and End to denote ®;, Homgy and Endg. All
algebras are R-algebras. They have unit and subalgebras have the same unit. All
modules are unitary. Our typical algebra A is assumed to be commutative in all
sections except o, 1 and 3.

For an algebra A let A denote the “ opposite > algebra where

(ara) —

A - A

is an algebra anti-isomorphism.

If M is a left A-module, also consider M as a right A-module by setting ma = am,
acA, meM. Similarly, right A-modules are made into left A-modules.

If M is simultaneously a right and left A-module and satisfies (am)b=a(mb)
a,beA, meM and the right and left R-module actions on M are the same then M is
called an A-bimodule. In this case M is also an A-bimodule ¢ switching both sides .
A bimodule map is one which is both a left and right module map. An A-bimodule M
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86 MOSS E. SWEEDLER

can be viewed as a left A® A-module where (a®b).m=amb, a, bcA, meM. This
gives an equivalence between the category of A-bimodules and the category of left
A®A-modules.

If we write M®,N this indicates the tensor product with respect to the right
A-module structure of M and left A-module structure of N even if M or N are A-bimodules.

If we write Hom,(M, N) this indicates the ‘“ hom ” with respect to the left
A-module structure of M and left A-module structure of N even if M and N are
A-bimodules. Thus if M and N are A-bimodules the set of bimodule maps from M
to N is the same as Hom, 4;(M, N).

Let M be an R-module. Giving an A-module structure of M is the same as giving
a representation p : A—End M where p is an algebra homomorphism if M is a left
A-module, and p is an algebra anti-homomorphism if M is a right A-module. (Of
course p is determined by a.m=p(a)(m), acA, meM.) When discussing several
A-module structures on M it will sometimes be convenient to use the associated represen-
tations. For example if M has two A-module structures with representations p; and
p, we say that the A-module structures (or actions) commute if for all a, beA

p1(2)p2(b) = p5(b)py(a) e End M.

Suppose M has several A-module structures with representations {g;};c;. The
R-module equalizer of the A-module structures denotes

{meM| pi(a) (m) = g;(a) (m), 1, j€l, acA}.

This is only an R-submodule of M in general. However, if M has an A-module
structure “**’ which commutes with all the A-module structures used in forming the
R-module equalizer, then the R-module equalizer is a sub *-A-module of M.

The R-module coequalizer of the A-module structures (with representations {g;}; <)
denotes M/N where N is the R-submodule of N generated by

{pi(a)(m) —p;(a)(m)eM |1, jel, acA, meM}.

This is only an R-quotient module of M in general. However, if M has an A-module
structure “*” which commutes with all the A-module structures used in forming the
R-module coequalizer, then the R-module coequalizer is a quotient *-A-module of M.

We only deal with R-module equalizers and R-module coequalizers to define the
symbols “fx ” and ¢ x”.

Many R-modules have several A-module structures indicated by ¢ position .
For example if M and N are A-bimodules then ,M®, N, has/ and r A-module structures.
A more complicated example: Suppose F is an z variable additive functor from the
category of R-modules to the category of R-modules and M,, ..., M, are A-bimodules.
The A-module structure ,M; induces an A-module structure on F(M,, ..., M,)
indicated by the symbol F(M,, ..., M;_;, M;, M;,,, ..., M,) where x is an indeter-
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GROUPS OF SIMPLE ALGEBRAS 87

minate. Similarly the A-module structure M,;, induces an A-module structure on
F(My, ..., M,) indicated by the symbol F(M,, ..., M;_;, M, M, ,, ..., M,).

Now say that M is an R-module which has several A-module structures indicated
by positions. Following Mac Lane we denote the R-module equalizer of those A-module
structures by the symbol

f * (M with x placed in the appropriate positions).

The R-module coequalizer of those A-module structures is denoted by the symbol

f (M with x placed in the appropriate positions).

For example, if M and N are A-bimodules then
M@,N=[ M,®,N
Hom, (M, N) = [*Hom(,M, ,N)
{meM |am = ma, aeA}:fszz.
The x is merely a place holder and may be replaced by other letters, especially
in iterated integrals. For example, if M, N and P are A-bimodules then

M®AN®AP=L I MI®INy®yP=LLM ®,N,®, P.

T YTy
One of the main concerns of this paper is studying
y y
['[ M®N,=["M&,N,.
As another example the set of A-bimodule maps from M to N may be described as
J.yfIHom(zMy, N, =ff” Hom(,M,, ,N,).
When A is commutative we shall have to consider
[ Me.No.P
which is the triple tensor product over A of M, N and P with respect to A acting on
the left. In general _
| MeNe.P+ M®AN®AP=L [ M,@.N,®,P.
One of the reasons for introducing the f R ”
tensor products of bimodules.

Suppose A is a commutative algebra and M is an A-bimodule. Let M denote
the A-bimodule where

notation is to easily distinguish different

(m ) o~

M M

is an R-module isomorphism and a%b:% a, be A, meM.
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88 MOSS E. SWEEDLER

If A is an algebra then an algebra over A is a pair (U, ¢) where U is an algebra and
i : A—>U is an algebra map. Notice that this does not make U into an A-algebra. For U
to be an A-algebra, A would have to be commutative and Im : would have to be in
the center of U.

If 7 is injective we may then identify A with its image in U so that 7 is the inclusion
map. If (U,:) and (U’, ¢') are algebras over A, then f:U—U" is a map of algebras
over A if fis an algebra map and fi=i'. If fis bijective it is called an isomorphism
of algebras over A. In this case £~ is also an isomorphism of algebras over A and (U, i)
and (U, ) are called isomorphic algebras over A.

If (U, ) is an algebra over A, the canonical A-bimodule structure on U is given
by aub=i(a)ui(h), a,beA, ucU. A map of algebras over A is an A-bimodule map.

If (U,7) is an algebra over A, then a subalgebra VCU is called a subalgebra
over Aif Im¢CV. In this case (V, ¢ with its range restricted to V) is an algebra over A.
Usually it will be written (V, 7).

Let /:A—End A be the injective algebra homomorphism determined by
d(b)=ab, a,becA. For acA the element o’ is sometimes called a as a left translation
operator. 'The pair (End A, ¢) is an algebra over A and defines the canonical A-bimodule
structure of End A. Thus (afd)(c)=af(bc), a, b, ceA, feEnd A.

(;r—»ﬁ

If (U, ) is an algebra over A then i denotes the map A orde) U, making (U, ¢)
an algebra over A. If A is commutative and (U, 7) is an algebra over A, let U denote

(ue) o
the opposite algebra to U considered as an algebra over A. Thus U — U is an algebra

(@ +ia)) o~

anti-isomorphism and 7:AZZE T is an algebra map giving (ﬁ,
algebra over A.

If M is a module with a family of submodules {M,} then M is the directed union
of {M,} if each finite subset of M is contained in an M,.

The term ¢ finite projective module ” is used interchangeably with the term
‘ finitely generated projective module .

~
1

) the structure of

1. MX,N as a module

M and N are bimodules for the algebra A.

Definition (x.x). — MXAN denotes the R-submodule fﬂpacM(>9ANac of M®,N.

Since A may not be commutative M * is not defined, it needs the rest of the
symbol “ x,N ”. The natural equivalences M®, A=M=A®, M induce

M A=[" M, =K x, M.
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GROUPS OF SIMPLE ALGEBRAS 89

If f: M—-M’, g: N—N’ are maps of A-bimodules then f®g: M®,N - M'®, N’
satisfies (f@g)([".M®,N,)c[",M'®,N;.

Definition (1.2). — fxg:Mx,N—M'x,N" is the R-module map induced by

Sf®g.
The following properties hold:
1. If f and g are A-bimodule isomorphisms then f X g is an R-module isomor-
phism with inverse f'xg™ N . B
(x.3) 2. If fis injective and N is flat as a left A-module then fxI: Mx,N—- M’'x,N

is injective. N N 5
3. If Mis flat as a right A-module and g is injective then Ixg: MXx,N - Mx, N’
is injective.
Suppose X is a right A-module and C is a left A-submodule of End A. There
is the map
(x.4) A: X®,C - Hom(A, X)
A(x®c¢)(a)=xc(a), =xeX, ¢eC, a€cA.

Proposition (1.5):

1. If X is a flat right A-module and is the directed union of finitely presented submodules
then A : X®,C — Hom(A, X) s injective. .

2. If X is the directed union of submodules {X,} and each X ®,C — Hom(A, X))
is injective then A : X®,C — Hom(A, X) is injective.

3. If X®,C 3 Hom(A, X) is injective then Y©®,C > Hom(A,Y) is injective if Y
is an A-submodule of X which is an A-direct summand.

4. If X is a projective right A-module then A : X®, C — Hom(A, X) is injective.

Proof:

1. Let F—~A be a surjective R-module map where F is a free R-module. This
induces injections

Hom(A, X) & Hom(F,X) and Hom(A, A) % Hom(F, A).

If Hom(F, ,A) has the left x A-module structure, then y is an A-module map. The
diagram

X®,C 122 X©,Hom(A, A) 2% X®,Hom(F, A)

Hom(A, X)

Hom(F, X)

89
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90 MOSS E. SWEEDLER

commutes, where o is the injection C—Hom(A, A) and p is determined by

p(x®9)(f)=xg(f), x€X, feF, geHom(F, A). By flatness of X the top row consists
of injections. Thus it suffices to prove that p is injective.
If Y is a submodule of X the diagram

Y®, Hom(F, A) —*> Hom(F, Y)

\
X®,Hom(F, A) %> Hom(F, X)

commutes, where the vertical arrows are induced by Y—X. By left exactness of Hom
the right vertical arrow is injective. By the directed union hypothesis each element of
X®,Hom(F, A) is in the image of the left vertical arrow for some finitely presented
submodule Y of X. Thus it suffices to prove that p is injective when X is finitely
presented.

Let 0o>K—-L—-X-—+0 be an exact sequence of A-modules where K is finitely
generated and L is free and finitely generated. The diagram

K®,Hom(F, A) —> L®,Hom(F,A) —> X®,Hom(F,A) —> o

o 0 o

\
o —> Hom(F,K) —— Hom(F,L) —— Hom(F, X) — o

commutes. The top row is exact by right exactness of “® . The bottom row is exact
because F is a free R-module. The left p is surjective because K is a finitely generated
A-module and F is a free R-module. The center p is bijective because L is a finitely
generated free A-module. Thus by the 5-lemma the right p is injective and Part 1 is
proved.

2. The diagram

X,®,C - Hom(A, X,)

v
X®,C -2 Hom(A, X)

commutes, where the vertical arrows are induced by X,—X. By left exactness of Hom
the right vertical arrow is injective. By the directed union hypothesis each element of
X®,C is in the image of the left vertical arrow for some «. This proves part 2.
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3. The diagram
Y®,C — X®,C

|

\ \
Hom(A,Y) — Hom(A, X)

commutes. By the direct summand hypothesis the top horizontal arrow is injective.
Also by hypothesis the right vertical arrow is injective. This proves the left vertical
arrow is injective and Part 3.

4. A free A-module is the directed union of finitely generated free submodules.
Hence, Part 4 follows from Part 1 and 3. Q.E.D.

Proposition (1.6). — Let M be an A;bz'module and G a sub-A-bimodule of End A.
1. There is an R-module map ~0 : M x,C—M determined by
?m@@% BN ?m‘-c@-(l), %mi®ciej‘sz®ACI=f/IxAC.
2. ~0 is injective if A : M®,C— Hom(A, M) is injective.
Proof. — A([*,M®,C,)cHom,(A, M) which as usual is identified with M.
The diagram

~ < A M @aCx
Mx,c=["Me,C, Al ey Hom, (A, M)=M

v v
M®,C — > 5 Hom(A, M)

commutes, where the vertical arrows are natural inclusions. The top horizontal map

from Mx,C to M is ~0. Q.E.D.

2. Mx,N for Commutative A

Throughout this section A is a commutative algebra. Thusif M is an A-bimodule M
is defined as the “ opposite ”’ A-bimodule.

For A-bimodules M and N the R-module L M,@,M, has the set {x,, z}
of A-module structures. fy f M,® N, isan x, yand z A-submodule of f M,® N, and
z z

the y and z A-module structures on f ! L M,® N, are the same.

y Tz yz
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Definition (2.1). — MX,N is the R-module f ! f M,®, N, . As an A-bimodule
the left A-module structure is the x A-module structure and the right A-module
structure is the y A-module structure.

Since A is commutative, if M is an A-bimodule, M is defined. Thus, if N is another
A-bimodule, the symbol M X,N has meaning in terms of (1.1) and (2.1). The two
definitions are related by the commutative diagram

y (1.1) ~ (2.1) ry ~
' Mo, N, =8x,N=[" [ §,0.N,
(2.2) n n
Mo,N _ men-ion [ fie,N

I v
Notice that M x,N is also naturally identified with f f M,®.N,, with the
—~——
left A-module structure on M X,N being the y A-module structure, and the right
e —
A-module structure on M X,N being the ¥ A-module structure. In a later section
~ ~ o
we shall deal with M Xx,N. By (1.1) Mx,N is fyyM®ANy. Mx,N may also
——

be identified with [*,M,®, N

,» where the right A-module structure on Mx,N is

the # A-module structure and the left A-module structure on M x,N is the y A-module
structure. Thus the natural inclusion
e —

Mx,N < ,M,®,N,

is a right A-module map if the right A-module structure on M, ®,N is the x A-module
structure. The natural inclusion is a left A-module map if the left A-module structure
on M®, N, is either the y or z A-module structure.

If f:M—->M' and g:N-—>N’ are maps of A-bimodules, then

feg: [ MON| MoN
carries MXx,N to M’'x,N'".
Definition (2.3). — fxg: MXxX,N—-M'x,N" is the R-module map induced
by f®g.
fxg is an A-bimodule map. If £ is the A-bimodule map defined by M Ml) M

then f~>< g makes sense in terms of (1.2) or (2.3). That the two definitions agree
follows from (2.2). Thus (1.3) gives the following properties for fXg:
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1. If fand g are A-bimodule isomorphisms then fXg is an A-bimodule isomor-
phism with inverse f~'x g%

2. If fis injective and N is flat as a left A-module then fxI:Mx,N—-> M’'x,N
is injective.

3. If M is flat as a left A-module and g is injective then Ixg: MXx,N - Mx, N’
is injective.

(z-4)

Proposition (2.5). — M, N and P are A-bimodules.

(m®n w»n@m)
B

1. The natural isomorphism L MO N L NO M  induces an A-bimodule
wsomorphism M X, N — N X, M which is denoted ** twist .
2. There is an R-module map (M x,N)x,P ify L MON ® P induced by the

y“x 'y Ty
composite (M, N)x,P <> [ (Mx,N)®P iy [ Me.Ne.P.
3. The map « is injective when P is flat as a left A-module. If in addition A is of finite
presentation as an A® A-module then o is bijective.
4. The map o ts bijective when P is projective as a left A-module.
5. The map o is bijective if M X, N s flat as a left A-module and P is the directed union
of projective left sub-A-modules.

Proof. — Parts 1 and 2 are left to the reader. (The t maps in part 2 are the natural
inclusions.)

It is clear in part g that « is injective if P is flat as a left A-module.

Let L be an A-bimodule. There are identifications

SJ =Hom, ,(A, L), t’ef corresponds to (at> af ={a),
) *(,L,®, P) =Hom, ,,(A, L®,P) where L®,P is an A®A-module by
{ (a®b).({®x)=alb®x for a,beA, feL, xeP.
The map ( f xILI) ®,P—-L®,P has image in f ’ (.L.,®,P) and induces a map
(FzLx) ®,P> f * (,L,®,P). In terms of the identifications (x)
z: Hom, g, (A, L)®, P — Hom, ¢, (A, L®,P)
is given by (2(f®x))(a)=f(a)®x, feHom,gz,(A, L), xeP, acA.

If U and V are rings and there are modules yX, Yy, yZ then there is a natural map
Homy(X, Y)®;Z > Homy(X, Y® Z)

[3, Prop. 10, p. 38]. This is our z map in the case U=A®A, V=A, X=A, Y=L,

Z=P. By [3, Prop. 10, p. 38] z is a bijection if X is a finitely presented U-module

and Z is a flat left V-module. It is easily checked that z is bijective if X is a finitely

generated left U-module and Z is a projective left V-module. Thus the map z is bijective
under the hypothesis of parts g or 4.
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IfLis flat as a right A-module and P is the directed union of left sub A-modules { P, }
then L®,P=L® A(in; P,)= lim (L®,P,) and the right hand limit is a directed union.

If for each vy the map (fIILx) ®,P, — fz (:L,®,P,) is an isomorphism then
(") 2= ([ L) @4 (lim P,) < tim (([*.L.) @, P,)
~lim [*(,L,®, P,)=lim Hom,¢,(A, L®,P,)
==Hom, ¢ ,(A, lim L&, P,)=Hom, g, (A, L®,lim P,)

= Hom, ¢,(A, L®, P)=["(,L,®, P)

where the doubled equality (= =) follows from the facts that the direct limit is mono-
morphic, i.e. a directed union, and A is a finitely generated A® A-module.

Thus the map (FELI) ®,P—>L®,P maps (fxxLx) ®,P isomorphically
to fz (,L,®,P) when

(i) P is flat as a left A-module and A is a finitely presented A® A-module,,
(% (i1) P is projective as a left A-module,

(iii) L is a flat right A-module and P is the directed union of left sub-
modules {P,} where for each v, (.'.zxLx)®APY—>L®APY maps ('[IWLM)@APY
isomorphically to f ‘ (:L;®, P.).

Thus if the hypothesis of parts g or 4 or 5 hold, then, by (¥), the :®I map in part 2
maps | ,(Mx,N)®,P isomorphically to f ‘[ M,®N,®P. Thus :®I maps

Yy Ny T

(M x,N) x,P isomorphically to
[ MeN,.op=[[ MoNe,P,. Q.E.D.
Similarly to « in (2.5, 2) there is a map
vty

o 1 Mx,(Nx,P) »f”fz M,®.N,® P

And (2.5, parts 3, 4, 5) with suitable modifications gives conditions for «’ to be injective
and bijective.

Definition (2.6). — An ordered triple (M, N, P) of A-bimodules is said to associate
if the maps « and «" are injective and have the same image.
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(M x,N)x,P Mx,(Nx,P)
['] M,®.N,5.p,

In this case the induced isomorphism (MX,N)Xx,PxMx,(Nx,P) is called the
association isomorphism.

The association isomorphism is an A-bimodule isomorphism. Sometimes (M, N, P)
associate because o and «” are isomorphisms. For example by (2.5), (M, N, P) associate
‘when M and P are projective left A-modules or when M and P are flat left A-modules
and A is of finite presentation as on A®A-module.

Definition (2.%7). — An A-bimodule M is an associative bimodule if (M, M, M)
associates.

By symmetry M is an associative bimodule if
a: (MxyM)x,M — ['[ MMM,

is an isomorphism.

Let M be an A-bimodule and C a sub A-bimodule of End A.

~_ (T >m)

Definition (2.8). — 6 is the composite M x, Cx MXAC—> M — M, where ~0
is defined in (1.6).

For Zm®ceM><ACCf M®,C, O(Zm,®c) 2¢(1)m;. The map 6 is an

A-bimodule map. Conditions for 6 to be my:ctwe are prov1ded by (1.6) and (1.5).
Suppose M and M’ are A-bimodules and N and N’ are left A-modules. ¢ denotes
the map

(2.9) [ (M, M), 0 No N % [ Me,No M e,N
determined by (Xm,®@m)®@n@n’ > X (m,®@n)® (m®n') for Zm@®meMx,M', neN,
n'eN’.

If N and N’ are also A-bimodules then the composite

(Mx,M)@, (N3, N') = [ (M3, M),@,NON' 5 [ MO, NOM'®,N’
has image in (M®,N)x,(M'®,N’) CL MO,NOM'®,N'. Let £ denote the
induced map
(2.10) Mx,M")®,(Nx,N) = (M® N) x,(M'®,N").
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£ is an A-bimodule map. The various module structures preserved by ¢ and & will be
mentioned as needed.
We conclude the section with final results on A-bimodules:

Proposition (2.11). — Let M, N, P be A-bimodules where M s the directed union of
subbimodules { M.} and P is the directed union of subbimodules {Py}. Moreover assume each M,
and Py is projective as a left A-module. Assume N is flat as a left A-module. Then (M, N, P)
associates as A-bimodules. Moreover the o and o« maps are isomorphisms.

Proof. — For each y and (B there is a commutative diagram

M, X, (N X, Pg) (M, x,N) x, Py
L X (Ixt) fyfxxM J®1Ny®xP/ (exI)xe
Mx,(Nx,P) F (M x,N) x,P

\j . M®N®l/

y Ny Tty

where F is induced by

fy J‘x M, ®N,® Py —> J; M, ®Ne P, 2 101Q:

f M® N® P.

Since M and P are the directed union of projective left A-modules they are flat. Therefore
all the vertical maps in the diagram are injections. Moreover the range modules of
the vertical maps are the directed union of the images of the vertical maps as y and §
vary. By (2.5, 4) the upper « is an isomorphism and similarly the upper «' is an
isomorphism. Hence the lower « and «’ are isomorphisms. Q.E.D.

Since End A is an A-bimodule it is an A® A-module where (a®b) f=afb, a, beA,
feEnd A. Consider ,A®A as a left A-module by the x A-module structure. Let
{L,} be a set of left sub A-modules of A®A with the properties:

(i) For each L,, (A®A)/L, is a finite projective (left) A-module.
(i) Given L, and L, there is L, with L,DL CL,.

Let C,={feEnd A|x.f=o0, xeL,}. Let C:l&JGa. By property (ii) above

it easily follows that given C, and Gy there is C, with G,CC,2C;. Hence C is the
directed union of {C,}.

Theorem (2.12). — a) G, s naturally isomorphic to Hom,((A®A)/L,, A). The
isomorphism is given as follows: for feG,CEnd A and 2e(A®A)[L, let 2a®bcAOA
lie in the coset of z. Then if ¥ is the element of Hom,((A®A)/L,, A) corresponding to f

F(z)=Xaf(b,).
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b) Each C, is a finite projective A-module and C is flat as a left A-module.

c) If M s any right A-module then M®,C iHom(A, M) s injective. l.e. « all
A-maps are injective for G ».

d) If L, is an ideal then G is a sub-A—bimodule of End A. If all (L,)’s are ideals
of AQA then C is a sub-A-bimodule of End A. | (This result does not use the finite projec-
tivity of (A®A)/L,.)

e) If C is a sub-A-bimodule of End A énd M is any A-bimodule, then M x,C M
is tnjective. l.e. « all O-maps are injective for G ».

£) If each L is an ideal in A®A, then C is associative as an A-bimodule, in fact the «
and o' maps are isomorphisms.

Proof. — a) There is a natural identification Hom,(A®A, A)=Hom(A, A)=End A.
Under the identification C, corresponds to the image of

Hom,((A®A)/L,, A) <> Hom,(A®A, A).
This is the duality given in a).
b) Since (A®A)/L, is finite projective so is its A-dual C,. And C the directed

union of (C))’s is flat.
¢) For each G, there is the commutative diagram

M®,C -——j-\->]E(-Iom(A, M)

Me®,C,

Since C is the directed union of the (C,)’s it suffices to prove that each

M®,C, - Hom(A, M)

is injective.

M®,C,2M®,Hom,((A®A)/L,, A)
~Hom,((A®A)/L,, M®,A)

=Hom,((A®A)/L,, M) - Hom,(A®A, M)=Hom(A, M).

The first isomorphism follows from the identification of C, with the A-module
dual of (A®A)/L,. The second isomorphism results from the fact that (A®A)/L,
is a finite projective left A-module. It is left to the reader to show that the resulting
injection M®C, -~ Hom(A, M) coincides with A.

d) is an easy calculation and is left to the reader.

¢) follows from (1.6).

f) follows from parts ) and d) and (2.11). Q.E.D.
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3. Ux AV as an Algebra, Simplicity

Suppose U and V are algebras over the algebra A. U®,V has the left U®;V-
module structure determined by

(u®0) (W' Qv )=(uu")®(v'v), w,u'eU, v, eV.

Proposition (3.x). — 1. There is an R-module isomorphism
N : Ux,V - Endye,7(U®,V)
determined by N(Zu,®7,) (u®2)=Suu;®vp, Zu,®ueUx,VcU®,V, ueU, veV.

2. Ux AV has an R-algebra structure determined by
(Zu;,®0) (Bw,;®x) = Zwu,®v,x;, Zu,Qu, Ew]@xjeﬁ X, V.
i i i3 i i

]2
3. N is an algebra isomorphism.

4. Let U< A AV be the maps making U and V into algebras over A and let Z be the
center of A. Then Ux AV is an algebra over Z with respect to the map Z->Ux A
2 1(2)®1 =10j(2).

Proof. — U®,V is a left U®; V-module, the structure defined by letting A =R
in the paragraph above (3.1). As a U®zV-module, U®,V is free with basis {1®1}.
For each left U®; V-module M identify Homyg 5(U®;V, M) with M by f«f(1®1),
SfeHomyg 5(U®;V, M). Thus U®,V and Homyg 3(U®;V,U®,V) are identi-
fied. The natural map U®zV - U®,V is a surjective U®yV-module map and
induces the injection Endyg, 7(U®,V) - Homyg 3(U®zV,U®,V)=U®,V. The
image of this injection in U®,V is FxU®AVI=I~J><AV. This proves Part 1.

Parts 2, g and 4 are left to the reader. Q.E.D.

The canonical R-algebra structure on Ux,V is that given in the propo:ition.

Example (3.2). — Suppose R is a field and A is a field extension where
[A : R]=n<c. In the Brauer group over R let x and y be elements split by A. LetU
be a central simple R-algebra of dimension n* which contains A and is a representative
of x. Similarly V for y. By (3.1) and [10, bottom p. 486, top p. 487] it follows that
U x AV is a central simple R-algebra of dimension n* which contains A and represents
x~ 1y,

Previous theory applies to Ux,V as follows:

1. If f: U—->U’ and g: V-V’ are maps of algebras over A then
f~><g : ﬁxAV - I~J’><AV’

(3-3) is an algebra map.

2. If E is a subalgebra over A of End A then ~0 : Ux,E—->U (defined in (1.6))
is an algebra anti-homomorphism.
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Throughout the rest of this section A is an algebra and (U, ¢) an algebra over A.

Let L denote the centralizer of {(A) in U, (L= f ’ U,) and let & denote the center of U.

x

Proposition (3.4). — £ : Ux,U — End,L determined by
E(Zu®y) (O)=Zuty, Su®ueUx,UcU®,U, (eL

is an R-algebra anti-homomorphism. If Z is the center of A then i(Z)CL and End,L is an
algebra over Z. E is an anti-homomorphism of algebras over Z.

Proof. — For feL the map f,:U®,U—-U is determined by f,(«®v)=ufv,
u, veU. Since f,is an A-bimodule map it carries U x TJU= J sz®AUz to fszz=L.
For yeUx,U, ¥(»)(¢)=f,(y)eL. The rest is left to the reader. Q.E.D.

¢ gives L a right U x,U-module structure.

Definition (3.5). — The pair, (U, ¢) is called Jake if  is injective, 1.e. L is a faithful
right Ux A U-module.

Lemma (3.6). — Assume (U, ¢) is Jake and M s a sub-A-bimodule of U.

1. If U is flat as a left A-module and o+Mx, U, then o+MU nL.
2. If U is flat as a right A-module and o+Ux,M, then 0+UMAnL.
3. If 1 is a 2-sided ideal in U, then InL s a ﬁXAU-submodule of L.

Proof. — Let « denote the inclusion M—U. By (1.3), TxI: KJ/IXAU» I~J><AU
is injective. Since o+Mx,U there is o+Xm®ueIm(TxI), {m}cM, {z}CU.

Since (U, ¢) is Jake there is feL with o+ 2Xmu,cL. This proves Part 1. Part 2 is
proved similarly. '
If Zu,-@viefj X,U then 2uIy,CI for a 2-sided ideal I. This proves Part 3.

Q.E.D.

Theorem (3.7). — Suppose U is Jake, flat as a left (right) A-module and 0+1x AU
(~ X,X). for non-zero 2-sided ideals 1CU. Then U is a simple algebra if L is a simple
U x, U-module.
Progf. — If I is a non-zero 2-sided ideal in U then, o+InL by Part1, 2) of (3.6).
By part g3 of (3.6) InL isa Ux AU submodule of L. If Lis a simple U x, U-module
then L=InL, which implies that 1€l and I=U. Thus U is a simple algebra.
Q.E.D.
(End A, ¢) is an algebra over A. Let 7:A—End A be the injective algebra
anti-homomorphism determined by a’(b)=ba, a, beA. The element 4" is called “ a as
a right translation operator ”. The centralizer of A’ in End A is A". Suppose U is
a subalgebra of End A and A’CUDA’. Thus (U,¢) is an algebra over A and A" is
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the centralizer of A’ in U. Furthermore, if 2={acA|u(a)=au(1),ucU} then % lies
in the center of A, so #’=x" for xek. Furthermore k‘=FE" is the center of U.

Lemma (3.8). — The diagram

Ux,U —*> End,A’=End A

|

U — End A

commutes, where the two maps to End A are the natural inclusions and the equality End,; A" = End, A
is induced by r.
Proof. — Let Zui®v,-eﬁ x,UcU®,U. For acA

~B(Z4,02)(a) = Zu(5,(1)a) = Zuan (1) =(Zua's) (1) =(E(Zu@2) (@) (1).  QED.

Thus ~0 being injective is equivalent to { being injective. Hence (1.5) and
(1.6) provide conditions for U to be Jake. The lemma also shows that the image of {
is in U.

In the next lemma, we still assume that U is a subalgebra of End A and ACUDA".

Lemma (3.9). — If U s a simple algebra, then A is a simple U-module.
Proof. — Assume that U is a simple algebra. Then for o4acA, U=Ud'U and
so the identity I of End A can be written I=2Xua"s;, {#}u{y}CU. Thus for beA,

b=(Zua" ) (b) = 2wy (v,(b)a) =(Z u4;(%;(6)%)) (a). This proves that A=U(a). Q.E.D.

When A is commutative A=A’ and the condition on U is simply that U is a
subalgebra over A of End A.

Lemma (3.10). — Assume that A s a field (and still an R-algebra), M is an A-bimodule
and C a left A-submodule of End A.

1. If {¢;}C€C s a finite A-linearly independent set of s elements, then there exists
{a;}u{b;}CA satisfying Xa;c,(by) =38, with i, k=1, ...,s.
2. If C is a sub-A-bimodule of End A (so that ~0 :Mx,CG—~>M is defined), then
— ~
me~0((AmA)x,C) if me~0(Mx,C).
Proof. — 1. Let N=2A¢; the span of {¢}, a finite dimensional vector space

over A. For aeA let y,eHom,(N, A) be determined by v,(n)=n(a), neN. If
o+neN thereis aeA with o#n(a)=v,(n). Thus Im y spans Hom, (N, A) and, given
the basis {¢;} for N, there is {a;}u{b;}CA where {Zainb;j}l <i<s 1 a dual basis in
Hom, (N, A). Thus {g;}u{b;} is the desired set. !
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2. Suppose m=~0(Xm,®c), Zm,.@)c,.elvl x,GcM®, C, assuming that {¢}c,C
is an x A-linearly independent set. Let {a;}u{b;}CA be as in Part 1.

= J;k my[e(by) a5

= In,1 .
Thus {m;}CAmA. Since A is a field the inclusion AmACM induces an inclusion
e ~ ——
(AmA)x,GcMx,C. Then Xm®ce(AmA)x,C. Q.E.D.

The following corollary is immediate:

Corollary (3.xx). — Let A be a field, M an A-bimodule and C a sub-A-bimodule of End A.
The map ~9 : I\N/IXAC—>M is surjective if and only if ~0 : NXAC»N is surjective for all
sub-A-bimodules NCM. In this case 0+Nx,C for a non-zero sub-A-bimodule N.

Theorem (3.12). — Let A be a field and E a subalgebra over A of End A. If
~0: Ex AE—E s surjective, then E ts a simple algebra. The center of E is
{d’eE|acA and e¢(a)=ae(1), ecE}.

Proof. — By (1.5) and (1.6), ~0 is injective so that by (3.8) E is Jake. Since
A is a field E is a flat left A-module. Since A‘CE, A is a simple E-module. The
remaining hypothesis of (3.7) is satisfied by (3.11). Q.E.D.

4. UX,V for commutative A

Throughout this section A is a commutative algebra. Thus if (U, ) is an algebra

over A so is the opposite algebra @, 7) -
If U and V are algebras over A then Ux,V=UX,V is an algebra. In terms

of the realization Ux,VC L LU ®,V the product is given by
(Zy,®0)(Lw;®x) = Lu,w,®vx, Zu®y, Zw;OxeUx,V.
K J () ? J

If (U,:) and (V,j) are algebras over A there is an algebra map B :A—-UXx,V
determined by

a-18j(a)=i(@)®1eUx, Ve[ US,V.
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Definition (4.x). — (UX,V, B) is the canonical structure on U x,V as an algebra
over A.

1. If U or V is flat as a left A-module and both 7 and j are injective, then so is .
2. If f:U—-U" and g: V-V’ are maps of algebras over A, then

fxg: Ux,V->U"%x,V'
is a map of algebras over A.

3. The A-bimodule structure on U X,V defined in (2.1) is the same as the
A-bimodule structure on U X,V as an algebra over A. The above algebra

over A structure on U X,V agrees with the algebra over Z=A structure

(4-2) on I~J><AV in (3.1, 4).

4. The isomorphism twist : Ux,V—>V x,U, defined in (2.5), part 1, is an
isomorphism of algebras over A.

5. If U, V and W are algebras over A, where (U, V, W) associates in the sense
of (2.6), then the association isomorphism (UXx,V)x,Wx=Ux,(Vx,W)
is an isomorphism of algebras over A.

6. If E is a subalgebra over A of End A and U is an algebra over A, then
0:Ux,E—U is a map of algebras over A, where 0 is defined in (2.8).

With the exception of number 5 these results are easily verified. Number 5 is
proved in the following manner. fyfx ,®.V,® W, has an algebra structure where
(%u,-@vi@wi)(?ujf@vj’@w;):izjuiu;(@uiv]f@wiw}. In fact, with this algebra structure

J.yfzzUy(@xVy@IWy is isomorphic to Endﬁ®‘7®wL,U®zV®IW and the details are
similar to the proof of (3.1). It is easily verified that the maps « and o’ in (2.6)
are maps of algebras over A for (U, V, W). This gives number 5 above.

We may put a product structure on isomorphism classes of algebras over A by
means of “ x, 7.

Remarks (4.3). — If (U, 1) is an algebra over A then (U} denotes the class of
algebras over A which are isomorphic to U as algebras over A. From (4.2),if Uand V
are algebras over A, then the product <U) (V) is well-defined as (Ux,V). This
is the canonical product on isomorphism classes of algebras over A. By (4.2) the product
is commutative, and if U, V and W are algebras over A, where (U, V, W) associates,

then (CUMNVI)I(WH=(UM(VXXW>).

Example (4.4). — Suppose that R is a field and A is an overfield of R. Let %
be an intermediate field, AD£AD R, where [A :%]<c. Both (End,A,¢) and (End,A,7)

are algebras over A. As k-algebras End, A= End, A, by the transpose map for example.
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Thus by Skolem-Ncether <EndkA>=<Em>. Let n=[A :k]. End,A is the unique
n’>-dimensional (over k) representative containing A of the identity class of the Brauer
group of K. By (3.2) it follows that (End,A>{End,A>=<End;A>. Thus (End,A>
is idempotent with respect to the product on isomorphism classes. Suppose &’ is another
field intermediate between A and R and <{End,A)>=<End,A>. Then there is an
algebra isomorphism f:End,A — End,, A which is the identity on A (actually Af).
Since f must carry &, the center of End, A, to #’, the center of End,, A, and 2CADZ/, it
follows that k=#%'. Thus if R+ we have that (End,A>3+(End,A)> are both
idempotent classes.

Since the only idempotent in a group is the identity, the example demonstrates
one problem in using ¢ X, > to put a group structure on isomorphism classes of algebras
over A. Lack of associativity is a second problem and a third problem is that the
equivalence classes of algebras over A don’t form a set.

For an A-bimodule M, define & by

(4.5) &y={isomorphism classes (U) of algebras over A
where UM as an A-bimodule.}

If M and N are A-bimodules and eedy, fedy then efedy,,x.

Definition (4.6). — An A-bimodule M is idempotent as a bimodule if MM X, M
as A-bimodules. An algebra (U, ) over A is idempotent as an algebra over A if UxU x,U
is an algebra over A, i.e. (U>=<U>(U>.

Remark. — Suppose M is idempotent as an A-bimodule and M is the directed
union of projective left sub-A-modules. Then M is flat as a left A-module, being the
direct limit of flat left A-modules. Thus MXx,M=xM is flat as a left A-module. By
(2.5), part 5 and the lines following (2.7) it follows that M is associative as an A-bimodule.

If M is an idempotent A-bimodule, then, for ¢, feéy, the product efedy. Thus
&y has a commutative product. If M is also an associative bimodule, then the
commutative product in &y is associative by (4.2), part 5.

Lemma (4.7). — Let S be a set with associative product. For each idempotent ecS let
S(e)={seS|se=s=es}. Then S(e) is the unique maximal “ submonoid > of S with identity ¢
and the group of invertible elements in S(e) is the unique maximal * subgroup > of S with identity e.

Proof. — Left to reader.

Definition (4.8). — If (U, 7) is an algebra over A which is idempotent as an algebra
over A (4.6), and associative as an A-bimodule (2.7), let &<U) denote the monoid
of equivalence classes Ceéy where G(U>=C. Let ¥9¢(U) denote the group of
invertible elements in &< U >.
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It will be shown that for certain U the group ¥<U ) is (isomorphic to) a relative
Brauer group. We shall also consider such matters as:

a) If V is an algebra over A with (V)>e%(U), is V a simple algebra?

b) Is (V> equal to (V>? (Recall that V is the opposite algebra to U still
considered as an algebra over A.)

¢) How are &y, £<U) and ¥<U) classified by cohomology?

Proposition (4.9). — Suppose E is a subalgebra over A of End A where E X AE—&E
is an isomorphism of algebras over A (so that E is idempotent as an algebra over A) and assume
E is associative as an A-bimodule.  Then, if U is an algebra over A with U~E as an A-bimodule,
ie. KU>e&y, it follows that

Ux,E5>U

is an isomorphism of algebras over A, i.e. {UYeSE). Thus ECE>=&y.
Proof. — If M is any A-bimodule Mx,E->M is defined (2.8) and depends

upon the bimodule structure of M. Since by hypothesis EXAELE is bijective it
follows that for any A-bimodule M which is bimodule isomorphic to E the map

MXAEiM is bijective. In case M happens to be an algebra over A the map 0 is
also a map of algebras over A. Q.E.D.

5. X,~Coalgebras and Bialgebras

Throughout this section A is a commutative algebra.

Definition (5.1). — Let G be an associative A-bimodule (2.7). Let A:C—-Cx,C
be an A-bimodule map and let # : C—End A be an A-bimodule map. Then (C, A, .#)
is a X ,-coalgebra if the following diagrams commute:

A

C Cx,C

IxA

v
Cx,(Cx,0)
7

AxI

Cx,C — (Cx,0)x,C

where the isomorphism is the association isomorphism (2.6)
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A
c -2 Cx,C

C <> Cx,End A

¢ -2 Cx,C
I xI

I End AXx,C

twist

C <> CGx,EndA

Definition (5.2). — For a right A-module C and an R-module map f: C—A, let
f' : C—End A be defined by [f!(c)(a)=f(ca) ceC, acA. Let €:End A—A, fiof(1).

It is easily verified that f* is a right A-module map, € is a left A-module map,
e(fY=f and if g:C—End A is a right A-module map then (eg)'=g. Moreover,
if C happens to be an A-bimodule and f : C—A aleft A-module map then f*: C—End A
is an A-bimodule map. If g:C—End A is an A-bimodule map then eg:C—A
is a left A-module map.

We may use ( )! and e to show the following diagram commutes

End Ax,End A — > End A

twist o
End A x,End A
It suffices to show that €0 =e0(twist) since then
6 = (€0)' = (eb(twist))' = O(twist).
Viewing End A X,End A CL Lnd A® End A for an element
z= Eiei®e,-’eEnd Ax,End A

it is easily verified that

€0(z) =2 ¢/(1)e;(1) = Ze;(1)ef(1) = €O (twist) (2).
Proposition (5.3). — Let C be an A-bimodule, A : C—CXx,C an A-bimodule map,
J :C—End A an A-bimodule map and let c=eSf so that F=¢'.
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a) The diagram
¢ 5 cx,C
Il lIXJ
¢ << Cx,End A

commutes if and only if the diagram

c -2 fx,(:@zc

Il I®e
v

C— [ .C®A

commules. v is the natural inclusion Cx,C > L L0®,C.
b) The diagram

c -4 cx,C
Fx1
End Ax,C
twist
’

¢ < Cx,EndA
commutes if and only if the diagram

c -4 Lp@zc

C — [ .A8C

commutes.
Proof. — Left to the reader.

Corollary (5.4). — a) If (C, A, #) is a X,coalgebra then (G, A, e=ef) gives C
the structure of an A-coalgebra [17, Definition p. 4, where * vector space ’ should be read
as “ module ’].

b) Conversely, if C is an associative A-bimodule, :C—A a left A-module map and
106
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A :C—>Cx,G an A-bimodule map, where (C, 1A, ) gives G the structure of an A-coalgebra,
then (G, A, £=¢') is a X,-coalgebra.

Progf. — Left to the reader.

If (G, A, #) is a X,-coalgebra then the underlying coalgebra structure on C refers to
the A-coalgebra (G, 1A, e =€5).

Proposition (5.5). — Suppose C is an A-bimodule, = :C—A a left A-module map
and A : G—>Cx,C an A-bimodule map where (G, LA, €) gives C the structure of an A-coalgebra.
If A is an isomorphism then C is associative as an A-bimodule and by (5.4), b), (C, A, F=¢')
is a X ,-coalgebra.

Proof. — 1t is easily verified that the following two diagrams commute:

G C
(Ax DA (Ix A)A
(Cx,C)x,C Cx,(Cx,C)
a tA@IpA (IQLARA a
['[ cecec, ['[ ce.c0.0,
Y Y
[..cece.c [.ceco.c

where « is defined in (2.5), 2) and «’ is defined just above (2.6). By coassociativity
of coalgebras (1A®I)tA=(I®.A)tA. By the counit condition of coalgebras it is easily
shown that (tA®I)tA is injective. Thus the two diagrams may be pushed together
as a commutative diagram:

C
AxT)A 1 (I'xA)A
(Cx,C)x,C Cx,(Cx,0)
['] c@.00.0, ['[. ce.c0.0,
Y
f: C®.C0e.C

If A is an A-bimodule isomorphism then so are (AXI)A and (IxXA)A. When
(IXA)A and (AXI)A are isomorphisms the above diagram shows that « and «' are
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both injective and have the same image. In other words C is associative as an
A-bimodule. Q.E.D.

Suppose (G, A, #) is a X,-coalgebra. The map A is called the diagonalization
of C and # is called the co-unit of C. (G, A, .#) is cocommutative if (twist)A=A
where twist is defined in (2.5), part 1. This is the same as (G, (A, €) being a cocommuta-
tive coalgebra [17, Def. p. 63].

Definition (5.6). — Let B be an algebra over A. The triple (B, A, f) is a
X -bialgebra if (B, A, #) is a X,-coalgebra (where the bimodule structure on B is
determined by B being an algebra over A), and the maps A : B>Bx,B, .# : B—~End A
are maps of algebras over A.

A Xx,-bialgebra is cocommutative if the underlying Xx,-coalgebra structure is.

Definition (5.7). — If B is a X,-bialgebra the natural B-module structure on A is that
given by #. Thus b.a=7(b)(a), beB, acA.

If B is an algebra over A and # : B—End A an A-bimodule map and ¢=€/,
then £ is a map of algebras over A if and only if e(bc)=¢(be(c)), e(1)=1 for 1, b, ceB.
In this case the B-module structure on A with representation £ is given by b.a=c¢(ba)
for beB, acA.

By definition a X ,-bialgebra is associative as an A-bimodule. If Bis a X,-bialgebra
and A : B—>BX,B is an isomorphism, then B is idempotent as an algebra over A (4.6).
In this case £¢(B) and ¥(B) are defined. In a later section we give a cohomology
theory arising from B where the H? is naturally isomorphic to ¥¢{B).

Proposition (5.8). — Suppose CCEnd A s a sub-A-bimodule and (G, A, 1) gives G

a X,-coalgebra structure, where v : G—End A is the natural inclusion.

(twist)

a) The composites G 5 Cx,C ScamiCS5C X,C — Cx,C 5 C are the identity.

b) If A is surjective or © is injective, then both are isomorphisms and A =0~

c) Suppose that D is a X,-coalgebra except that coassociativity of A :D—-Dx,D s
not assumed. If deD and Ad=2Xd®d/eDx,D CL LD®D then, for a, beA,

i) X(A(d)(a))d =da=2(I(d])(a))d;

i

ii) X(SI(d)(a)) (S () (8))=(F(d)(ab)).

i

Proof. — a) follows from the second and third commutative diagrams in (5.1).

b) follows from a).
¢) Let d and 24;®d] be as in part ¢). Since A is an A-bimodule map,

A(da)=2d;®d/a. Applying 6(Ix.#) to both sides (and using the second diagram
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in (5.1) and the fact that # is a right A-module map) gives da=2(5(d;)(a))d;.
Similarly applying 0(twist)(.# xI) to both sides of A(da)=2da®d; gives

da=X{S(d)(a)d; .

1

For (ii) J(d)(ab)= S (da) (b)=f(‘§(f(di) ())d;) (b) =X (F(d;)(a))(F(d)(5))-
Q.E.D.

Proposition (5.9). — Suppose (G, A, F) is a X,-coalgebra where S is injective and A
is surjective. Then C is cocommutative. In fact twist: CX,C—Cx,C 1is the identity map.

Proof. — In the diagram below region I commutes by the co-unit condition
for x,-coalgebras. Regions II and III are directly verified to commute. Region IV
commutes by the remarks between (5.2) and (5.3).

G G

® "\
T Cx,End A @ {
5

Y X.
Cx,C—5 End A x,End A——>End A

twist @ twist @ 0

r I xS

Cx,C—>End Ax,End A

—l—

Thus the composites 0(F X F)A and 6(SF X F)(twist)A both equal £. Since S is
injective and A surjective it follows that 6(# X ) is injective. Since A is surjective
it follows that 0(F X F)=0(F x #)(twist). This with the injectivity of 0(.# X .#) shows
that twist is the identity. Q.E.D.

Suppose M is a left A-module and D is a left sub-A-module of End A. Let A’
denote the map A’ :L M®.D — Hom(A, M) where A'(m®d)(a)=d(a)m, meM,
deD, aeA. It is easily shown that A’ :L M® D — Hom(A, M) is injective if and
only if A : Me AD — Hom(A, IVI) is injective. Thus all A’-maps for D are injective
if and only if all A-maps are injective for D.

If D is actually a sub-A-bimodule of End A and A’ :L M®,D - Hom(A, M)

is injective then M X AD—9>M is injective. This follows from (1.6).
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Proposition (5.10). — Let CGCEnd A be a sub-A-bimodule, where (C, A1) is a
X s-coalgebra.

a) If A :L LC®,C — Hom(A, C) s injective, then 6 : Cx,C—C 1is injective.

b) If Cx AC—9->C is injective, then G is cocommutative. In fact twist: CGx,C—Cx,C
is the identity map.

c) If G is actually a subalgebra over A of End A and C X ACL G is injective, then (C, A1)
makes C into a X ,-bialgebra.

Proof. — a) follows from the remark just before (5.10).

b) By (5.8), b) A must be surjective. Hence, (5.9) gives part ).

¢) By (5.8), b) A=6"'. The map CXACLC is a map (isomorphism) of
algebras over A. Hence, A is also. Clearly +:C—End A is a map of algebras
over A. Q.E.D.

In the next section we study when 6 (actually 6') can be used to induce a
X ,-coalgebra structure on a sub-A-bimodule of End A.

6. x,-Coalgebras

In a later example we show that End A is a Xx,-bialgebra when A is a finite
projective R-module. To present this and other examples we must first develop some
X 4-coalgebra theory.

Definition (6.1). — For a X,-coalgebra (C, A, #) let E; (or E) denote Im .#
a sub-A-bimodule of End A.

For DCEnd A a sub-R-module let €:D—->A denote the R-module map

(6.2) determined by e€(d)=d(1). This € is really the € in (5.2) restricted to D.

Suppose C and D are Xx,-coalgebras and f: G—D is an A-bimodule map. fis
called a map of X,-coalgebras if (fXf)A;=Apf and S, f=SF;. Itis easily shown
that f is a X,-coalgebra map if and only if f is a coalgebra map of the underlying
coalgebras.

If C and D are X, -bialgebras then f:C—D is a map of X,-bialgebras if f is
a X,-coalgebra map and a map of algebras over A.

Proposition (6.3). — Let C be a X ,-coalgebra and assume that 0 : E X, E—E s injective
(0 s defined in (2.8)). Then 6 is an A-bimodule isomorphism. Moreover if : E—~End A
is the natural inclusion, then (E, 071 1) gives E the structure of a X ,-coalgebra and F,: C—-»E
is a X ,-coalgebra map.
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Progf. — From the second Xx,-coalgebra diagram 6(Ix.#)=1I and so
0(I X SF)A=7.
Since # : CG—E is surjective it follows that 6 :EX,E—E is surjective and hence
an A-bimodule isomorphism. Applying 6" to both sides of 6(f X #)A=.7 yields
(S XSI)A=0"17,

It is left to the reader to show that (E, 077, €) gives E the structure of an A-coalgebra
and £ is a coalgebra map. Then by (5.5) E is associative as an A-bimodule and
(E, 6%, 1) is a X ,-coalgebra. Since .# is a coalgebra map it is a map of X,-coalgebras.

Q.E.D.

Lemma (6.4). — Let G and D be sub-A-bimodules of End A.

1. The diagram

(twist)

CXAD — DXAC

C —> EndA < D

commutes, where the (u)’s are the natural inclusions. In particular Im 6CCnD.
2. Suppose D X AD-&D is an isomorphism and
[.([, <sD®,D)@.D > Hom(a, [ ,D6,D)
is injective. Then 0~ is coassociative. Le. (I®WO™ )OO '=(0"'®I) 0"
3. Suppose [ DO.D > Hom(A, D) is injective and u=3Zd®d/e[ D®.D.
Then ueDXx,D if and only if 2d(a)d;(bc)=2d;(ab)d/(c), a, b, ceA.
Proof. — Let z=22¢®dieCx,D CL C®,D. Then 8(z)=2d(1)c;eEnd A
and 0(twist)(2)=2¢(1)deEnd A. For acA
Zdj(1)c(a) = Z (d(1)) (e (1))
=2 (did’(1)) (a(1)) = Zdy(a)(1)-

This proves Part 1.
By injectivity of A’ in Part 2 it suffices to show that for deD, acA

(%) A'(1©0~1)074(d))(a) = A'(H~*®T)i0 ) (a)€ | ,D®,D.

Clearly 66~'=1I and by Part 1 6(twist)0~'=1I. Thus we may use the formulae in
(5.8), c) to evaluate (). The reader may verify that the left hand side is Xd4,®d/a
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and the right hand side is 107"(da) where Xd,®d/ =10""(a). Since 6~'is an A-bimodule
map both sides are equal. '
By injectivity of A’ in part g it follows that #eDx,D if and only if
N (2dbh®d)=N(Zd®d/b), beA.

This exactly reduces to the condition given in part 3. Q.E.D.

Theorem (6.5). — Suppose DCEnd A s a sub-A-bimodule where D><AD—0>D is
an isomorphism and A’ : L( ) ,D ®yD)®xD — Hom (A, fy ,D ®yD) is injective. Then
D s associative as an A-bimodule and (D, 07, 1) gives D the structure of cocommutative X ,-coalgebra.

If A:D—->Dx,D is an A-bimodule map where (D, A, 1) gives D the structure of
X y-coalgebra, then A=0""1. If in addition D is a subalgebra over A of End A then (D, 671, 1)
is a X ,-bialgebra.

Proof. — By (6.4), 2) 07! is coassociative. Clearly 66~'=1I and by (6.4), 1)
0(twist)0~'=I. Thus the formulae in (5.8), ¢) hold and it easily follows that (D, 07, €)
is an A-coalgebra. By (5.5) D is associative as an A-bimodule and (D, 67!, 1=¢)
is a X,-coalgebra. Cocommutativity follows from (5.10), ) and (5.10), ¢) shows
that D is a X,-bialgebra when it is a subalgebra over A of End A.

By (5.8), b) it follows that A=0"" if (D, A, 1) gives D the structure of x,-coalgebra.

Q.E.D.
Consider End A as an A®A-module where (a®b).f=d’fb’, a, beA, feEnd A.

Let {L,} be a collection of ideals in A®A with the properties:
(i) (LA®A)/L, is a finite projective x A-module for each a.
(ii) Given L, and Lg there is an L, with L CL,nL;.
Let C,—{feEnd A|z.f=o0, zeL,}, and let C=UC,. Some results about C

can be found in (2. 12) such as each G, is an A-bimodule and projective as a left A-module.
Let ¢: A®A -~ ARAR®A, a®b - a®1®5.

Theorem (6.6). — a) If e(L,)CL,®A+A®L, then C,CyCC,. If for each L,
and Ly there is L, with e(L,) CL,®A 4 A®Ly and there is an L, contained in the kernel of
the map A®A o8 A, thenGisa subalgebra over A of End A. (This result does not require
the condition that (A®A)/L, be a finite projective A-module for the (L,)’s.)

b) Let N be an A-bimodule and hence an A® A-module. Suppose there is an L, with
- N=o0. Then the maps NXACa—°>N and NXACiN are isomorphisms.

c) The map CX ACiC is an isomorphism, C is associative as an A-bimodule, in fact
o and o' are isomorphisms, and (C, 071, 1) makes C into a X ,-coalgebra which is cocommutative.

d) If C is a subalgebra over A of End A, then (C, 077, 1) makes C into a X ,-bialgebra.

Proof. — a) Let comp: C,®,C;— End A, ¢,®c,—~>¢c,. Consider C,®,C, as
an A®A®A-module where (4;®a,8a,).(¢c;®c,) =a,¢,®a,5¢,a, =a,¢,a,®cya,. It is easily

L
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shown that for zeL,®A+A®L;CA®ARA, z.(¢®g)=0, ¢,eC,, ¢,eCy. Itis also
easily shown that for yeA®A
- (comp(¢,®c,)) = comp(e(y) . (6,®¢,))-
Thus if yeL, and e¢(y)eL,®A 4 A®Ly it follows that y.(C,Cg)=o0. This gives the
assertion about G,Cz;CC,.
If for each L, and L there is an L, with ¢(L,) CL,®A4-A®L, it follows that

C is closed under product. If there is L,C Ker(A®Am—m§ A) then A=A’cC_ and
C is a subalgebra over A of End A.
b) Assume L,.N=o.

Nx,C.=["[ .N,®,C
2% Y

oy
2 f v f N,®Hom, ((,LA®A,) [L,, A)
= [ Hom, ((A®A,) [L,, N,)
< Hom, ,((A®A)[L,, N)
4
= Hom(A®A)/La((A®A) /Ly, N)
=N
The first equality follows from the definition of X,. The second equality follows
q Yy A q Yy

from the identification of G, with the dual of (A®A)/L, in (2.12),a). The isomorphism
is the natural isomorphism which exists because (A®A)/L, is a finite projective left

A-module. The third equality follows from the definition of ¢ Jw ”., Since L,.N=o

it follows that N is naturally an (A®A) /L ,-module and the fourth equality is immediate.
Equality number five is the usual identification. It is left to the reader to verify that
the resulting isomorphism N x,C,~N is given by 0.

Consider the commutative diagram:

N x,C—>N

Nx,C

By (2.12), ¢) the bottom 0 is injective. The top 6 we have just shown to be an iso-
morphism. Hence the bottom 6 is surjective. This proves Part 4), ¢) and d). By
(2.12), f) the o and o’ maps for C are isomorphisms. By (2.12), ¢) all A-maps for C
are injective and hence all A’-maps are injective. Hence by (6. 5) we will have proved ¢)

0\ . . .
and d) once we have shown Cx,C—GC is an isomorphism.

By (2.12), ¢) CXAC—0>C is injective. For each CzCC it follows from the
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definition of Cg that L,;.Cg=o0. Thus by part 4) the top 6 in the diagram below is
an isomorphism.

Cex,C —> Cq

l l
Cx,C —— C

Since C is the union of the (Gg)’s letting 8 vary shows that the bottom 0 is surjective.
Q.E.D.

7. A a field and A#H

Throughout the first part of this section A is assumed to be a field and an algebra
over the subfield R.

Suppose E is a left sub-A-module of End A. By (1.5), 4) all A-maps for E are
injective. IfE is a sub-A-bimodule of End A then by (1.6) all 8-maps for E are injective.
By (2.5), 4) all triples of A-bimodules associate and thus each A-bimodule is associative.

Suppose ECEnd A is a sub-A-bimodule and (E, A,:) gives E the structure of
X, -coalgebra. By (5.8),6) 6 :EX,E—E isan isomorphism and A=6"'. By (5.9)
E is cocommutative and (twist) : EX,E - EX,E is the identity map. By (5.10), ¢)
(E, A, ) makes E into a X,-bialgebra if E is a subalgebra over A of End A.

Suppose E is a sub-A-bimodule of End A and 6 : Ex,E—E is surjective and
hence bijective. By (6.5) (E, 67, 1) gives E the structure of cocommutative X ,-coalgebra.

Suppose BCEnd A where (B,A,:) is a X,-bialgebra and 0:Bx AB—>§ is
surjective. In a later section we prove that for (U>e%(B), U is a simple algebra
with A as a maximal commutative subring. Moreover U has the same center as B
(viewed as a subring of A).

*
* ok
A is still assumed to be a field and an algebra over the subfield R.

Let B denote the image of 6 :End AX,End A — End A. Since 6 is a map of
algebras over A, B is a subalgebra over A of End A.

Theorem (7.1). — 0 :Bx,B—>B is bijective and (B, 07, 1) is the unique maximal
X s-coalgebra in End A with co-unit .

Progf. — Since B is a sub-A-bimodule of End A it follows that AbACB for beB.
Thus by (3.10), part 2, the map 6 :BXx,End A — B is surjective. By (6.4), part 1,
0 : End Ax,B - End A has the same image Bas 0 : Bx,End A —~B. Thus by (3.10),

part 2, the map 0 :Bx,B — B is surjective. By the opening remarks of this section
0 is bijective and (B, 6%, 1) is a x,-coalgebra.
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If GCEnd A and (C, A’,1) is a X,-coalgebra then Cx,C SCis bijective with
inverse A’. In particular GCIm(Cx,End A > C)cIm(End Ax,End A > End A)—B.
Q.ED.

By the opening remarks B is actually a cocommutative X,-bialgebra.
Lemma (77.2). — Let M be an A-bimodule and B as in (7.1).

1. The inclusion M Xx,B 2% Mx +End A is an isomorphism of A-bimodules.
2. 6 : Mx,B—>M and 6 : Mx,End A —M have the same image, namely { me M |,AmA
has finite x A-dimension}.

3. If N=Im(Mx,End A S M) then N s a sub-A-bimodule of M and
Nx,End A 5 Mx,End A

is an A-bimodule isomorphism. Moreover 6 : N X,End A — N is an A-bimodule isomorphism.
4. The map NXx,B 25 Mx AEnd A is an A-bimodule isomorphism. Moreover
6: Nx,B—>N
is an A-bimodule isomorphism.
Proof. — Ixu, vXI and uX: areinjective A-bimodule mapsby (2.3) and (2.4), 1).

Since A’ : L M® End A —Hom(A, M) isinjective by (1.6), 6: MX,End A ->M
is injective. Suppose m=0(Xm®f;) where Xm®feMx,End ACL M® End A.
Then m=2Xf,(1)m; and for aeA, ma=ZXf(1)ma=2Xfa'(1)m=2f,(a)m. Thus

-AmA has finite x A-dimension. Conversely suppose meM and ,AmA has finite
x A-dimension. Choose a finite ¥ A basis {m;} of ,AmA. Then there exists {g;}CEnd A
where ma=2g/(a)m;, acA. Consider the two elements

Xma®g, Xm ®g,.aefx M® End A

for fixed acA. The map A': L M® . End A -~ Hom(A, M) is injective; so to prove

the two elements equal, it suffices to apply A’ and evaluate at beA. This gives
2 g (b)ma=(mb)a=m(ba) =2 g(ab)m;. Thus

Ym®geMx,End A and 0(Zm®g)=2g(1)m=m1=m.

This proves that Im(Mx,End A S M):{meMlemA has finite x A-dimension }.
Since 0 is an A-bimodule map N is a sub-A-bimodule of M. The diagram
commutes

N x,End A—>5> M x,End A
N
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Both 6 maps are injective and by choice of N the right hand 0 is bijective. By (3.10),
part 2 the left hand 6 is bijective. Hence, the top map is bijective and part g is proved.

Let {n,} be an x A basis for ,N. By the property of N=1Im 6, for each n, there
exists a set {f, 3}sCEnd A where {f, s}, is a finite set; i.e. for fixed «, f, ;=0 for
all but a finite number of (B)’s and

nga=2fala)ng, acA.
B

Suppose zeM x,End AL M® End A. By part 3, z can be regarded as lying
in J.x N®.End A. So z can be expressed: z=2Xn,®f, where {f,}CEnd A and

fo=o0 for all but a finite number of («)’s. For acA
Zna®faa=2naa®fa

= azﬂfa’ B(a) nﬁ®fa
= Eanﬂ@fa.ﬁ(a)fa‘

Since the tensor product is over a field and the {z,} is linearly independent it follows
that faa=2Xf, s(a)f, which is a finite sum since almost all f,=o. Thus ,Af;A has
finite x A-dimension. By the part of part 2 which has been proved it follows that
fBeIm(EndAXAEndA—iEnd A)=B. This proves part 1. The remaining part of
part 2 follows from part 1. Part 4 follows from parts 1 and 3. Q.E.D.

Part g characterizes B as {feEnd A|,AfA has finite x A-dimension}.
~ —
Let D={fcEnd A|AfA, has finite y A-dimension}. By (7.2), part2 DCEnd A

— ) e . . .

is the image of (End A)x,B — End A. Since 0 is a map of algebras over A it follows

that D is a subalgebra over A of End A. By (7 2) part 4 the map 0 :Dx,B—D is
an equivalence of algebras over A. Let 3: D->Dx AB denote the inverse to 6. Let
A :B—Bx,B denote the diagonalization of B (which makes B into a Xx,-coalgebra).

Let E denote the sum of all A-bimodules X CEnd A which satisfy

(i) XcBnD.

(i) AXcXx,XCBx,B.

(i) XecXx,XcDx,B.

E again has properties (i), (ii), (iii), and is maximal with respect to these properties.
Since B and D are algebras over A, A and § are maps of algebras over A and A’ satisfies
properties (i)-(iii), E must be a subalgebra over A of End A. By property (ii), (E, A|E, ¢)
is a X,-coalgebra. By the opening remarks E is a X,-bialgebra. By property (iii),

~ 0 ~ . . . . . .
Ex,E — E is surjective, hence bijective. This proves that

Theorem (7.3). — E is the unique maximal X,-bialgebra (with Fy=1) wn End A
which satisfies: Ex LB S s surjective (or bijective).
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As a consequence of this theorem it will follow that E is a simple algebra. The
result on simplicity appears in a later section.

Example (7.4). — Suppose g:A—A is an R-algebra homomorphism. Then
gd’ =g(a)g and ,AgA has x A-dimension 1. Thus geB. Ifgisan automorphism then
ag=gg~'(a)’ and geD. Actually AgA satisfies properties (i)-(iii), since

A(g)=g®ge[ BOB and 57 =g®¢ 'eD®,B.

Thus ED Aut(A/R). It can be shown that a sequence of higher derivations [11, p. 195]
must lie in E.

Example (7.5). — Suppose o#feD; i.e. AfA, has finite y A-dimension. Then
there exists a finite y A basis {4/ f} for AfA, and {f;}CEnd A where af —Za’ ! ff(a)’.

Then A=AImf=Af(A)= Zaf(f(A) )CZaf(A) If Imf is a subfield of A this

shows that A is a finite degree extension of Imf. Let g:A—A be an R-algebra
homomorphism where A is not a finite extension of the subfield Im g. By (7.4), geB.
By what we have just shown g¢D. Thus g¢E and in general E(*:B.

Example (7.6). — Suppose feEnd A where f(1)=1 and 1=codim Ker f;
i.e. dimg(A/Kerf)=1. Suppose feB and {fd'} is a finite x A basis for ,AfA. There
exists {f; }CEnd A where fb'= f (b)fal. Since df is an isomorphism of End A,

Ker( fa!) has codimension 1 and ﬂ Ker( fa!) has finite codimension in A. If dimzA
is not finite then o=+ N Ker( faf) and there exists o+celKer(faf). fe Y= E file™ ) fdt.
1 1

Applying both sides to ¢ yields a contradiction. Hence A must be a ﬁnlte extension
of R. This shows that if [A :R]=oco then BCEndA.

It will follow from our study of End A when A is a finite projective R-module
that if A is a finite degree field extension of R then B=E =End A.

¥ %
We no longer assume that A and R are fields. A is merely a commutative
R-algebra.
Example A # H.
Familiarity with standard coalgebra, bialgebra and Hopf algebra theory is assumed
in this example. Suppose H is a cocommutative bialgebra over R and A is an H-module
algebra [17, § 7.2, p. 153]. The smash (semi-direct) product A% H is A®H as

an R-module and left A-module. Define A :A#H —>L A#H)®(,A#H) by
a#h (Eh])(a#h(l))@)(l # higy).
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For beA
U‘E)(a#hu)) b®(x #h(z))=(%(d(h(1)-b) # o) ® (1 # hig)

= (%: (@ # k) ® ((hig)- ) # hyg) = (hz) (@ # b)) ® (1 # h) b.
Thus ImACA#H)X,(A#H) and we consider A as a map from A#H to
(A#H)x,(A#H). A is an A-bimodule map; in fact A is a map of algebras over A.

A is naturally an A # H-module where (a##%).b=a(k.b). Let .# be the associated
representation. £ is a map of algebras over A. If e=e€ef then =£:A#H-—A,
a#h—>a(h.1).

It is easily verified that (A# H, A, ¢) is a coalgebra over A. Hence by (5.4), 8)
(A#H, A, ) is a X,-coalgebra (and so a X,-bialgebra) if A#H is associative as
an A-bimodule. By (2.5), 4) A#H is associative as an A-bimodule if A#H is a
projective left A-module. As a left A-module A#HXA®H. Thusif His a projective
R-module A#H is a X,-bialgebra.

Even if H is not projective as an R-module A#H may be associative as an
A-bimodule. For example by (5.5) if A is an isomorphism then A#H is associative
as in A-bimodule.

We shall be interested in when A is an isomorphism for other reasons. Among
them is that A# H is idempotent as an algebra over A (4.6) when A is an isomorphism.

The question of when A:A#H — (A#H)X,(A#H) is an isomorphism is
partially answered by (5.8). If 4 :A#H-—>End A is injective we may identify
A#H with Im # and let this be G in (5.8). Then by (5.8) A is an isomorphism if
(A#H)x,(A#H) SA #H is injective. By (1.5) and (1.6) it follows that 6 is injective
if A#H is projective as a left A-module. As we pointed out before A# H is projec-
tive as a left A-module if H is a projective R-module.

8. Differentials and differential operators and End A

Throughout this section A is a commutative algebra. For left A-modules M and
N, feHom(M, N) and acA let [a,f]eHom(M, N) where [a,f](m)=af(m)—f(am).

Hom(M, N) has a left A-module structure arising from N and a right A-module
structure arising from M. This makes Hom(M, N) into an A-bimodule and A®A-
module. Then for feHom(M, N), [a,f]=(a®1—1®a).f, acA.

mult

Let M denote the kernel of A®A —> A. IMisan~and y Asubmodule of ,A®A,,
and is spanned by elements of the form {¢®1—1®a},., as an x or y A module.

As in [9, § 2, p. 210] the differential operators from M to N are defined induc-
tively by:
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Diffy{(M, N)=o

Diff)(M, N)={ feHom(M, N) | [4, f]=o0, acA}= Hom, (M, N)

Diff{(M, N)={ feHom(M, N) | [a, f1eDiff; (M, N), acA},
and
Diff,(M, N)= anDiﬁ}‘(M, N).

Difff(M, N)={ feHom(M, N) [IM"+!. f=0} and Difff}(M, N) is a sub-A-bimodule
of Hom(M, N) for all n. Elements of Difff(M, N) are the n™ order differential operators
from M to N. A differential operator from M to N is an element of Diff,(M, N).

Incase A=M we write D}(N) and D,(N) in place of Diff}(A, N) and Diff, (A, N).
In case both M=A=N we write D} and D, in place of D}(A) and D,(A).

For a left A-module M the elements in D}(M) which vanish on 1 are exactly
the derivations from A to M. This and other results can be found in [9, § 2, pp. 210-220].
In particular it is shown that DjD7cD;*™. Also, A’=D{ since D}=Hom,(A, A).
Thus D, is a subalgebra over A of End A.

Definition (8.1). — An algebra of differential operators of A is a subalgebra over A
of D,; i.e. a subalgebra of D, which contains A’. The full algebra of differential
operators of A is D,.

Lemma (8.2). — If o+M 1is a sub-A-bimodule of D, then MOA’=T1 for o+I
an ideal in A. Hence D, is an essential extension of A’ as an A® A-module.

Proof. — MNA’=T for anideal ICA and the problem is to show that o+ Mn A’
if oM. Say o+meM. If meA’ done. Otherwise thereis 1<teZ where M. m+o0
and M. m=o0. Choose yeI' where y.m+0. Then o+y.meM and M.(y.m)=o0
so that y.meA’ Q.E.D.

By [9, p. 215, (2.2.6)] for a left A-module M there is a left A-module J,(M) and
J.eDiff}(M, J,(M)) with the following universal property: If N is a left A-module
and feDiff}(M, N), then there is a unique J(f)eHom,(J,(M), N) where f=J(f)j,.

In other words there is a natural equivalence (adjointness relation)

Difff (M, N) <> Hom, (], (M), N)
(8.3) i
In > &

The explicit construction of J, (M) appears in [9, p. 214, between (2.2.4) and (2.2.5)].
The construction of J,(A) is restated here.

A®A, has an A-bimodule structure, the x A structure being the left and the
» A structure being the right. 9M"*!is a sub-A-bimodule; hence, (A®A)/IM"** is an
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A-bimodule. Let J,(A) denote (A®A)/IM"*! which is an A-bimodule and an algebra.
Let j, : A—]J,(A) be the composite

A (a>1®a)

A®A —> (A®A)/MM"+1=],(A).

With respect to the left A-module structure of J,(A), j,eDi(J.(A)) and the
pair (J,(A),s,) has the universal property described in (8.3).
The algebra map ARAZY A induces an algebra map J,(A)—>A with
kernel M/IM"+L.  This ideal in J,(A) is denoted J}(A). The composite
A B0 A®A —> (A®A)/DE=],(A)
is a left A-module map, an algebra map and a splitting for J,(A)—~A. Thus A—]J,(A)

is given by at>a.1, acA, 1 the unit of J,(A), and the image is denoted A.1. By the
splitting property,

(8.4) J,(A)=A.1®J}(A), a direct sum of left A-modules.
Let jt:A—]J}(A) be the composite
A > LA =A10JH(A) T JHA).

Then for aeA, j(a)=j,(a)—a.j,(1). (JF(A),J,;}) has the same universal property
for n'* order differential operators from A which vanish at 1 as (J,(A),J,) has for all
differential operators from A. Since a derivation from A (to M) is the same as a first
order differential operator which vanishes at 1 it follows that (J; (A),j;") is the Kaehler
module of A (and the universal derivation).

Definition (8.5). — A has finite projective differentials if for each neZ there is meZ
with m>n and J,(A) is a finitely generated projective left A-module. A has almost
finite projective differentials if there is a collection {L,} of ideals of A®A which is cofinal
with {9} and where (A®A)/L, is a finite projective left A-module for each L,.

If A has finite projective differentials, then considering
{M+1CA®A|J,(A) is a finite projective left A-module}

shows that A has almost finite projective differentials.

By (8.4) it follows that J,(A) is finitely generated and projective as a left A-module
if and only if J;F(A) is finitely generated and projective as a left A-module. Thus J,(A)
is finitely generated and projective as a left A-module if and only if the Kaehler module
is. The next example shows that A having finite projective differentials does no¢t imply
that the Kaehler module of A is projective and hence A is not necessarily differentially
smooth in the sense of Grothendieck [8, p. 51, (16.10)].

Example (8.6). — Let A be an R-algebra which is finitely generated and projective
as an R-module. Furthermore assume that A is purely inseparable over R in the sense
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of (13.14). By (13.16) there is NeZ where ] (A)=A®A for m>N. This is a
finitely generated projective left A-module since A is a finite projective R-module. Thus
A has finite projective differentials. Consider the specific case A=R[X]/(X?®> and
let R be a field of characteristic different from 2. A is purely inseparable over R so A
has finite projective differentials. Let X denote the coset (image) of X in A. In A®A,
9N has an R-basis consisting of {1®X—X®1, X®X}. Since (10X -X®1)2=—2X®X
and the characteristic is not 2, X®XeM2 Thus M/P? has R-dimension 1 and is
“too small ” to be a free A-module. Since A is local, I/M*=]J;"(A) is not a projective
A-module.

Suppose A has almost finite projective differentials and let {L,} be as in (8.5).
Then {L,} satisfy (i) and (ii) above (6.6). The intersection property follows from
the fact that {L,} is cofinal with {0¥}. The cofinal property also shows that
G:gCa=DA. The ¢ map in (6.6), a) carries 1®2—a®1 to

I®104—aQ1®1=(1®10a—1®a®1)+(1®a®1—a®@1®1)c AQIM + MEA.
Thus ¢(IMM) CA®M 4 MAA. Since e is an algebra homomorphism
e(M) CAOM + MOA) CAM + M A

where r+s5<i41. Thus part a) of (6.6) shows that D, is a subalgebra over A of
End A. Theorem (6.6) restated for differential operators becomes:

Theorem (8.7). — Suppose A has almost finite projective differentials:

a) D,x ADA—6> D, is an isomorphism, the o and o' maps for D, are isomorphisms so
that D, is associative as an A-bimodule and (D,, 071, 1) makes D, into a X,-bialgebra which
s cocommutative.

b) D, is flat as a left A-module and idempotent as an algebra over A.

c) If M is any right A-module and N any left A-module then M®, D, 3 Hom(A, M)
and f IN®IDA1\+ Hom(A, N) are injective.

Progf. — Part ¢) follows from (2.12), ¢); (2.12), ) gives flatness of D,.
Part a) follows from (6.6).
The isomorphism 6 shows that D, is idempotent as an algebra over A. Q.E.D.

In later sections we study &<D,> and ¥(D, ) showing that they are often equal
and giving a cohomological interpretation. We also present some answers to the question
of when does A have finite projective differentials.

*
* 3k
Suppose A is a finite projective R-module. Let {o} be the single element set

of ideals in A®A. This set has the desired properties stated above (6.6) and the «“ G
which arises is End A. Thus by (6.6) we have
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Theorem (8.8). — Suppose A is a finite projective R-module.

a) End AXx AEndA—g End A is an isomorphism, the o and o' maps for End A are
isomorphisms so that End A is associative as an A-bimodule and (End A, 6=, 1) makes End A
into a X ,-bialgebra which is cocommutative.

b) If M is any right A-module and N any left A-module, then M®, End A A Hom(A, M)
and J; N® . End A s Hom(A, N) are injective.

Proof. — Part b) follows from (2.12). Part a) follows from (6.6). Q.E.D.

Since End A is a X, -bialgebra it is associative as an A-bimodule. Since End A
is idempotent as an algebra over A the monoid &<{End A) and the group ¥¢(End A)
are defined (4.8).

In a later section we prove that ¥(End A is isomorphic to the second Amitsur
cohomology group of A over R with respect to the functor ¢ units .

9. The &% map

Motivation

X 4-coalgebras and X ,-bialgebras have been defined. The next object of interest
is derived from the notion of Xx,-Hopf algebra.

Suppose B is a cocommutative X,-bialgebra. An X,-antipode would be an anti-
isomorphism S : B—>B of algebras over A where S*=1 and S has some additional

properties. If ~S is the composite B SBXB then ~Sisan isomorphism of algebras
over A. Using ~S one can form the composite &%

~ —
A ~8)xI ~

~8 ~ N( ——
B—)B—)BXAB——>B><AB

which would be an isomorphism of algebras over A and have some additional properties.

The map S is not recoverable from the composite . For our purposes the map &
is all that is needed. Furthermore, for the X,-bialgebra End A when R is a field and
A is a finite dimensional commutative R-algebra there is no X,-antipode S when A is
not a Frobenius R-algebra. But there is always a suitable & map. (This result will
appear in a later section.)

The Ess

Lemma (9.1). — Suppose U, V, W and X are A-bimodules.
a) Consider the composite
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_—______\___/
e
(Ux, V)X, (WX, X) & (Ux,V)®, (Wx,X)
S (U, W) x, (VE, X)
< [, (Ue,W)®(Ve,X)

where the first natural inclusion is defined above (2.3), & is defined in (2.10) and the final natural
inclusion follows by definition (2.1). The image of the composite is in

fr.’.yf{ (WU'®AWy) ® (ylvr®AXy)-

Let # denote the induced map
———___.\—_—_/

— B rrfy
(U, V)X, (W, X) S [ '], (U8, W,) @, V, 8, X,).

b) Consider the composite

P e g

(T W), (F5,X) o [ ([T, W)@,V x,X)
=5 [, (0w, (T, X),
L

25 [ (U0,W)®(,Ve,X)

where the first inclusion results from the definition (2.1) and the (1)’s in ®u are each the inclusion
above (2.3). The image of the composite is in frfyf[ (U, W)®(,,V, 8, X)). Let €
denote the induced map

T oo T~ % rpy
(O, W), (Fx,X) = [, (U0, W,)® 1V, 8, X,).
Proof. — The proof is straightforward and left to the reader.

Definition (9.2). — Suppose (B, A, #) is a X,-bialgebra, an Ess is a map of algebras
over A

& : B—>Bx,B
which makes the following diagrams commute:
———” —

Bx,B — 7 . (Bx,B)x,(Bx,B)

AT l@

B J.rfy _f/ (y/Br ®A By) ® (ler ®A By)
yl =
zv ixa -
Bx,B —— (Bx,B)x,(Bx,B)
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& <
B —— Bx,B
,~w
I Ix&
\
o —

B—B < Bx,EndA

To make use of the Ess we must study algebras over A, (U, ) where ¢ is injective
and Im: =f$ :Ug- In this case if we identified A with Im ¢ we would have that A is

a maximal commutative subalgebra of U.

Lemma (9.3). — Suppose (U, 1) and (V,j) are algebras over A.

a) Ifj is injective, F Vo.=1Imj and there is an A-bimodule isomorphism o : U—>V, then

1. There is a unique invertible element beA where oi—=jb’.

2. © s injective and r JI,=Ime.

3. U and V have the same center in the sense that if Z is the center of V, then ZCImj and
y~Y(Z) is the center of U. Moreover j='(Z)={acA|av=va, veV}.

b) If A L Ux AV is injective then both ¢ and j are injective.
c) If A LY Ux,V is injective and Im(A LY Ux,V) =fz JU XAV, then there is a map

9 M frfyf{ (y{UT®AUy) ®(y[VT®AVy) — End A

where for Zq:wq®xq®yq®zqefrfyjl (zU,®,U,)®(,V,®,V,) and acA
h(@(%wq@)xq@yq@zq)(a)):%(wqaxq)®(yqzq)
=2 (w,x,) ® (y,a2,)eU X, V.
q
d) Suppose A 5 U, A LV ad AL UX AV are injective,
Imi=["U, Imj=["V, ad ImA>Ux,V)=["Ux,V,.

Use i to identify A with L in (3.4) so that ¢ : U X, U — End A is an antihomomorphism of

algebras over A. Thus ¢~ :Ux,U—>EndA is a map of algebras over A. Simalarly
—-—-—-——\___./

— ———

¢~ :Vx,V—>End A and ™ : (Ux,V)x,(Ux,V) > End A are homomorphisms of algebras
over A.  The following diagram commutes:
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/-\__/

———

(UX,V)x, (Ux,V)

2 g

f 'f yf ¢ (U, U,)® (VB V) —Q*End A

'3 6

(T %, U) %, (Vx, V) =255 End A x,End A

e) Suppose A 5 U, A LV are injective and Im i=f$ Uz Im j:fx .V, and
v : U=V s a map of algebras over A. Then the following diagram commutes:
—_— T —
Ux, U—" T,V
g~ g~
End A

Proof. — a) Let v=c(1)eV. Since o is an A-bimodule map ves.rc V,=Imj
and »=j(b) for some beA. Then oi=jb’ and b is the unique element of A with
this property. Let u:c‘l(l)erzUx. Then bu=bo"(1)=0c"(b.1)=0"'(v)=1.
Since uefc U, also u2efx U, and o(d?) efx .V,=Imj. Thus

bo(u®)=oc(bu®)=c(u)=1.
This implies that ceA is the inverse to b where ¢ is determined by j(¢)=o(x?). This

proves Part 1.
Injectivity of ¢ follows from oi=jb’ with b invertible in A. This also implies

that o¢(Im¢)=Imj= f mew. Since ¢ is an A-bimodule isomorphism it follows that
f I,Umzlm . This proves Part 2.

Certainly the center of V centralizes Imj. Thus ZCJ.xxVaD:Im J. For aeA,
j(@)eZ if and only if av=va for all veV. By Part 2 the center of U is characterized
similarly. Then the fact that U~V as A-bimodules gives Part 3.

b) The composite A LY Ux,V L>L LU®V is given by ab> i(a)®1 =1Qj(a). If
this map is injective so are ¢ and j.

¢) The map

mult @mult

L (U®,U)®(,Ve,V) f[ U,V
carries f”L ,,U®,U,)®(,V®,V,) to
fyfl (ley®y,Vy) szf, (,U,®,V,)=Ux,V.
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As a submodule of Ux,V, J- ! L U, ®,V,) is fx JUX,V,. By hypothesis
[7Ux,V,=Im(A L Ux,V) and AL Ux,V is injective. (The map A5 Ux,V

T Xj

is given by A AX,A — Ux,V.)
This implies the existence of a unique map d making the diagram commute:

mult ® mult
[,(Ue,U)e(Ve,V) "5 [, uev

t

Ux,V

b

d
['],(U®,U,)®(,Ve,V,) ——>A

From qu®xq®yq®zqefrfyf( ,,U,®,U,)®(,V,®,V,) and aecA it follows that
q
the element ¢ defined as (=X w,a®x,®y Oz =Xw, ®x,0y,a®z, lies in
q q
['], (U, U)0(Ve,V,).
Thus d(t)eA and this element is 2(2w,®x,©y,®2) (a).
q

d) Verification of the commutativity of the upper triangle and lower rectangle
in the diagram is straightforward and left to the reader.

—
¢) As between (2.2) and (2.3) we identify ﬁxAU with fyyUGDAUy and

\~7>:V with fny® s V,. With this identification 37;:{ corresponds to the map
induced by y®y. For z:%ua@)u;ejy ,LU®, U, and aeA, the element {™(z) (a)
is the unique element 4 in A such that #(6) = Xu,i(a) u,eIm i:fxxUICU. ¢~ for %’Z;f
works similarly. Thus (CN(%) (2)) (a) i: the unique element ¢ in A with

J(e) =2y (u)j(a) y ().

We have
J(B) = i(b) =y (Luyi(a) ug) = Ly (uy) vila) y(ug)
= 2y () (a) v(u)
which proves that b=c. Q.E.D.
The significance of the Ess is captured in part ¢) of the following proposition:
Proposition (9.4). — Suppose (B, A, £, F) is a X,-bialgebra with Ess where

A:B->Bx,B ad &:B->Bx,B
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are isomorphisms. Furthermore suppose that A—B is injective and Im(A—B)= f :Bj.
Let (U, 1) and (V,j) be algebras over A which are A-bimodule isomorphic to B. Then
a) i:A=>U, ji A=V, ALUXYV arinjective, and Tm i=[",U,, Tm j=["V,,

Im(A - Ux,V)=["Ux,V,.

b) The diagram commutes

y 5 o=
B—>Bx,B

N

End A
c) Suppose A is a faithful B-module (5.7), i.e. I is injective, then there is an A-bimodule
/_\__/
——— ~ ~
asomorphism (U X, V) X, (UX, V)~ (UX,U) X, (VX,V) making the diagram commute:
-_—

(Ux, V)%, (Ux, V)2 (U x,U) x,(Vx,V)
g~ g~ x g~

End A < End Ax,End A

Proof. — a) By (9.3), a) 1 :A—U and j:A—V are injective and the images
are ferz and fIsz respectively. Since by hypothesis B~BXx,B as an algebra

over A and Bx,BxUx,V as an A-bimodule it follows from (9.3), a) that A S 5 X,V
has the desired properties.

b) The second diagram in (9.2) may be added to the upper left of the commutative
diagram:

~/-N-—/
Bx,B
Trs "
F xS
X 57 5
B=B <«— Bx,End A
P e
P S
End A x,End A
S
)
/-—//
End A=End A
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to give the commutative diagram
P . o~ /\/
L N FXE LA
B—>Bx,B—>-End Ax,End A

s [

—
———

End A=End A

By (3.8) the §:End Ax,End A > End A may be replaced by £~ and then
by (9.3), ¢) the right side triangle commutes in the commutative diagram:

B—2 >fx,B Py g A><AEnd A

Nk~

End A

The remaining left side triangle is exactly what we wish to show.
¢) Consider the first commutative diagram in (9.2). By the present hypotheses

———

A and & are isomorphisms. Thus ¥ X & and AXA are also isomorphisms. Hence,
% and # have the same image and if we prove that € is injective then so is %.

Consider the composite map from # to End A

DE(FL <L) A
By (9.3), d) the composite is the same as the composite
B(L~X L) (X P) A=0((L~F) X (C~ ) A
which by (9.4), &) equals
0(FxI)A

By the co-unit condition for X,-coalgebras 6(#xX.)A=.. Since A is assumed to
be a faithful B-module .# is injective and hence % is injective.

Since # and % are determined by A-bimodule structure alone the preceding
paragraph shows that if L, M, N, P are A-bimodules which are A-bimodule isomorphic
to B then the maps

—_—
—— B rr
(L, M) X, (Nx,P) = [ [* [, (L, ®,N,)®(,M,®,P,)

Fanad % r
(L, N) x5 (Mx,B) = [ [* [, (L, ®,N,)®(,,M,®,P,)

are injective and have the same image. They induce the isomorphism in the diagram
of part ¢) where U=L=N and V=M=P. The diagram commutes by (9.3), d).
Q.E.D.
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10. Simplicity of algebras in ¥(B)

The purpose of this section is to prove that if (B, A, £, &) is a cocommutative
X -bialgebra with Ess where .# is injective and A and & are isomorphisms, then for U

an algebra over A with (U>e%(B), the map U x AU 5 End A is injective and has
image #(B). This will induce an isomorphism U x,UxB of algebras over A. As
a consequence such algebras U must be simple algebras when B is simple and satisfies
some module theoretic properties.

Lemma (x0.1). — Suppose (C, A, F) is a X,-coalgebra and E=Im #CEnd A.

a) If f:CG—End A is an A-bimodule map then Im fCE.

In fact there is an A-bimodule map f°: C—C with Sf°=f. If # is injective then of
course f° is uniquely determined by f.

b) Suppose C is cocommutative, A is an isomorphism and g, h : CG—GC are A-bimodule
maps. Then gh=hg : C—CG. Moreover gh=hg is the same as the composite

c -5 cx,c 2% ox,c25 .

c) Suppose C is cocommutative, A is an isomorphism and M, N, R, S are A-bimodules
isomorphic to C. Let o :M—>R and v :N—->S be A-bimodule maps. Then

oXy: Mx,N—->Rx,S
is an tsomorphism if and only if both o and vy are isomorphisms.
Proof. — a) Let f° be the composite
¢ -2 cx,c 2L Gx,End, 2> C.

Since all the maps in the composite are A-bimodule maps so is f°. Then £f° is the
same as the top row in the diagram:

C—2> Cx,C—2L% End Ax,End A— > End A

twist 2 twist 3

==

1 Cx,C-*3% End Ax,End A

1 IxJs 4

Y
Cx,End A .

0

0O
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In the diagram triangle 1 commutes by the co-unit condition for X,-algebras.
Rectangle 2 obviously commutes. Triangle 3 commutes by the remarks between (5. 2)
and (5.3). It is a straightforward computation to show that region 4 commutes.
Therefore the outer diagram commutes and since the top row is the same as Jf° we
have proved part a).

b) In (2.5) the A-bimodule isomorphism twist : Cx,C— Cx,C is defined.
Since A is cocommutative (twist)A=A. Since A is an isomorphism it follows that
twist is the identity map from Cx,C to Cx,C. This gives the third equality in:

(A= (gxXB)A=A"(gxT)(Ixh)A =
A~ (g x I)(twist) (A x I) (twist)A =
A=Y (gxI)(AxT)A=A"1(ghx I)A.

(%)

Similarly
S A=Y (gxH)A=A"Y(Ixk)(gx1)A =
(%) { A= (twist) (A X I) (twist) (g X T)A =

A=A xI)(gx1)A=A"1(hg x T)A.

The map Cx,C laid CxAEndA—e»C is easily checked to be A~! using the co-unit
condition for C. If ¢ :C—C is an A-bimodule map then

S A (txD)A=0(IxF) (¢ xI)A
(%* %) =0(¢/x F)A=L0(IX F)A
| —mata—e

Putting together (%), (¥) and (,*,) gives part ).

¢) The “if” follows from (2.4), 1). To prove the “only if”, M, N, R and S
may all be replaced by G since they are assumed to be A-bimodule isomorphic to C.
Thus we may assume that o,y : G—C are A-bimodule maps with sxy: Gx,C - Cx,C
an isomorphism. Then the composite of isomorphisms A~!(sXy)A is an isomorphism
and by part 4) it follows that oy=+vyc is an isomorphism. This implies that both o
and y are isomorphisms. Q.E.D.

It follows from part @) that if M is an A-bimodule which is isomorphic to C and
f:M—End A is an A-bimodule map then there is an A-bimodule map f°: M—C
with Sf°=f. And of course f° is uniquely determined by fif .# is injective. We apply
this to the following situation:

Theorem (10.2). — Let (B, A, F, &) be a X,-bialgebra with Ess where I is injective
and & is an isomorphism.

i
a) Suppose U is an algebra over A which is A-bimodule isomorphic to B. Then Ux WU
is A-bimodule isomorphic to B. If ™ : Ux,U—End A is as defined in (9.3), d) then

——

€~) : Ux,U>B is a map of algebras over A where F(L~)°=¢".
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b) Suppose A is an isomorphism and U and V are algebras over A which are A-bimodule
——

isomorphic to B and where Ux, V=B as an algebra over A. Then (Z~)° : Ux,U—>B is
an isomorphism of algebras over A.

e

Proof. — a) Since U is A-bimodule isomorphic to B, Ux AU is A-bimodule

——
isomorphic to Bx,B which is A-bimodule isomorphic to B since & is an isomorphism.
Thus by the lines just above (10.2) there is a unique A-bimodule map ({~)° making
the diagram commute.

AU

Ux .
\
l(C~)' End A
/

B

Since # and {~ are maps of algebras over A and £ is injective it follows that ({™)° is
a map of algebras over A.

b) Since A is an isomorphism and £ is injective B is cocommutative by (6.9).
e ——

As observed in part a), Ux,U~B as an A-bimodule. Similarly Vx AVZB as an

——
A-bimodule. Thus by (10.1), ¢) it follows that (£{~)° : Ux,U—B is an isomorphism
if the map

(E~)ex(g~)e

(U x,U)x,(Vx,V) —25% Bx,B

is an isomorphism. Since A is an isomorphism it suffices to prove that

e

(T x,U0) %, (Vx,V) E R Bx,B =B
is an isomorphism. Since . is injective it suffices to proves that the map
< S (e x (g A s
(%) (Ux,U)x,(Vx,V) —— Bx,B — B — End A

is injective with image Im .#. As mentioned between (}¥) and (4*,) in the proof
of (10.1) A*=06(Ix.#). From this it is easily shown that SA~'=6(Fx.#). Thus
the composite (*) above becomes

— | ——

(U %, U) %, (Vx, V) S0 o B 2% EndAx,End A —> End A
— (U x,U)x, (Vx,v) LEED prd Ax,End A —2> End A.

Since J({~)°=¢~ by part a), what we must prove is that
————

< & T e xg~ 0
(UXx,U) %, (VXx,V) —— End AX,End A — End A

is injective and has image Im .Z.
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By (9.4), ¢) it suffices to prove that

— T —
— ——

(T x,V) %, (Ux,V) —> End A

is injective and has image Im .#. By hypothesis Ux,VZB as an algebra over A so
that it suffices to prove that

< 7 g~
Bx,B — End A
is injective and has image Im .#. This follows from (9.4), 5). Q.E.D.

We conclude the section by studying the consequences of (10.2), b). Notice
that the composite

o~ ~ ™~ &~y
UXAU —_—> UXAU e B

is an anti-homomorphism of algebras over A. And if we denote this composite by &
then the diagram:

N/

End A

commutes.
If £ is an isomorphism then { is injective if # is injective. In other words U is
Jake (3.5). Moreover A is a simple U x, U-module if and only if A is a simple B-module.

Theorem (10.3). — Let (B, A, £, F) be a X,-bialgebra with Ess where F is injective
and A and & are isomorphisms. Furthermore assume that B is flat as a left (right) A-module
and 0:§=1\~/I><AB (0Bx,M) for any A-bimodule MCB. The following statements are
equivalent:

a) A is a simple B-module;
b) B is a simple algebra;
c) if U is any algebra over A with {U>eG(B), then U s a simple algebra.

Proof. — By (10.2), b) and the lines just above this theorem A is a simple U X, U-
module if and only if A is a simple B-module. Since UXB as an A-bimodule it follows
from (g.7) that @) implies ¢).
| Since we may choose U=DB in ¢) it follows that ¢) implies 4). By (3.9) 4)
implies a). ‘ Q.E.D.

Notice that (9.3), a) shows that the centers of the algebras in (B are all the same.
When the map & just above (10.3) is an anti-isomorphism of algebras over A it
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follows that U x,U~B as an algebra over A. When % is an isomorphism it follows that

——
L ——

Bx,B=Bx,B=B as algebras over A. And in fact from the second commutative
diagram in (9.2) it follows that

Bx,B 25 Bx,EndA %> B

is an isomorphism of algebras over A.

Proposition (10.4). — Suppose B is a subalgebra over A of End A and B is idempotent
and associative as an algebra over A.  Suppose (B, B, B) associates as A-bimodules and B x 1B 538

is an isomorphism of algebras over A. Let U be an algebra over A where U x AUz B as an
algebra over A.

1. If (UYe%(B), then UxBx,U~' as algebras over A.

2. If B=B a5 an algebra over A and U=B as A-bimodules, then both <U> and <U>
lie in 9<B> and (U>=(U>.

3. Suppose (B, A, v, &) is a X,-bialgebra with Ess where & and A are isomorphisms
and B=B as algebras over A. Then (WS =(W>! Jor <We%(B).

Progf. — U~ in part 1 denotes an algebra over A where U~!'x,U~B as algebras
over A and U~'~B as A-bimodule. By (4.9) U~!'x,B~U~' as algebras over A
automatically holds. Applying “ x,U~'” to both sides of Ux,UxEB yields

(Ux,U ) x,UzBx,U*

as algebras over A. By the associativity isomorphism (2.6) the left hand side is isomorphic
to ﬁxA(U‘leU);’ﬁ X,B as algebras over A. The map ﬁxABiﬁ is a map of
algebras over A. Bijectivity of 6 depends on the A-bimodule structure of U and not

on the algebra structure. Thus the assumption that B x AB—e>§ is bijective implies that
6 : Ux,B—U is an equivalence of algebras over A. This proves part 1.

The assumption BB as algebras over A implies that U~B as A-bimodules.
Hence by (4.9) <UXB>=<U) and (ﬁ)(B)z(ﬁ). By assumption

O uy=Br=(B>.

This proves part 2. Part g follows from part 2 and (10.2), 4). Q.E.D.

Notice that part g gives the usual Brauer Group relation between opposite algebras
and inverse classes. See (12.4), b).

133



134 MOSS E. SWEEDLER

11. Existence of the Ess

Some results are developed which can be used to ascertain when a X,-bialgebra
has an Ess.

Lemma (xx.1). — Suppose C is a X ,-coalgebra and D is an A-coalgebra. Then CG®,D
has an A-coalgebra structure with diagonal

Ce,D =22 [ (Gx,C),®,De,D

~ [ .€®,D®,C®,D

where ¢ is defined in (2.9). The co-unit of C®,D s given by
C®,D 2% End A®,A=End A —*» A.
If G and D are cocommutative then so is C®,D. If D is actually a X,-coalgebra then
the diagonal map on G®,D actually has image in (CG®,D) X, (C®,D).

Progf. — Left to the reader.

Note. — The coalgebra structure on C®,D actually uses the fact that G is a
X,-coalgebra. The coalgebra structure on C®,D is not the usual tensor product
coalgebra structure as defined in [17, page 49].

Proposition (xx.2). — Let (B, A, 1) be a X ,-bialgebra. We consider B as an A-coalgebra

—

asin (or just after) (5.4), and consider B®, B as an A-coalgebra by (11.1). Let & :B ~B X, B
be a map of algebras over A. Then & is an Ess for B if and only of 1 :B—B®,B is a map

——
of A-coalgebras, where v is the inclusion B x,B 5> B® 1B defined above (2.3).

Proof. — In the diagram below the outer diamond, ¢, is the second diagram
in (9.2). The left triangle, (, expresses the fact that 1 preserves the co-units. It is
left to the reader to show that the right triangle, D, commutes. Thus preserving co-units
is equivalent to the second diagram in (9.2) commuting.

ﬁxAB
< lL I><.,¢r
B®AB
N
B e(f@e.f) B XAEnd A
A
h T ¥
B=B
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In the diagram below the outer rectangle, (7, is the first diagram in (9.2). The
inner diamond, ¢, expresses the fact that 1 preserves diagonalizations. It is left to
the reader to show that the side regions I, II, III, IV commute. Thus & preserving
diagonalization is equivalent to the first diagram in (9.2) commuting. (The maps %
and % are defined in (9.1).)

Bx,B — > (Bx,B) X, (Bx,B)
I \
sl m [ BeB I ¢
. X@Ly’
Y
B J,(B®,B)®(B®,B)==["[*[ (,B,®,B,)®(,B,®,B,)
A
' m  B®,B v #
Bx,B 2x2 > (Bx,B) X, (BX,B)
Q.ED.

Lemma (xx.3). — Let D and D’ be sub-A-bimodules of End A where
A: D®,D’ - Hom(A, D)
is injective (1.4). Consider Dx,D’'CD®,D’ as above (2.3).

——

a) For x=Xd,®deD®,D’,  liesin Dx,D’ if and only if
2 bd;(ad{ (¢)) =X d;(ad (bc))
Sor all a, b, ceA.

< T §F R

b) Dx,D’ > D=D is injective.

Proof. — Part b) follows from (1.6), 2). The proof of part a) is similar to the
proof of (6.4), 3) and is left to the reader. Q.E.D.

As observed previously, when D is a subalgebra over A of End A then
——

§: Dx,D->D=D
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is a map of algebras over A. Hence if 8 is an isomorphism, then § ! is an isomorphism
of algebras over A. This raises the question of when §~! is an Ess.

If DCEnd A is a subalgebra over A and (D, A, 1) is a X,-bialgebra with &
as Ess then §%#=I. This follows from the second diagram in the definition of Ess (g.2).
If9 is injective it follows from § =1 that § is an isomorphism and & is uniquely determined
as 01

Proposition (xx.5). — Suppose G is a sub-A-bimodule of End A where (C, A, 1) is a

—

X y-coalgebra and G : C x AC — C=C is an A-bimodule wsomorphism. Then the composite

¢ = &x,c - C®,C

—

is a coalgebra map if and only if Cx,C is a subcoalgebra of C®,C. If G is actually a

—
X ,-bialgebra, then 8= is an Ess if and only if Cx,C is a subcoalgebra of C®,C.

Remark. — Generally speaking there are difficulties in dealing with subcoalgebras
—

when working over rings. However the map C®,C 195 @ satisfies (I®e)|C x,C=8.

—

Since § is assumed to be an isomorphism it follows that C® 1C=Ker(I® e)@C X, G
as a direct sum of left A-modules. This gives injectivity of the map

[ Cx,C)®,(Cx,C) & [ (,C®,C)®(,C®,C).

—

If this map is taken for an identification then Cx,C is considered a subcoalgebra
e

of G®,C if under the diagonalization of G®,C the submodule C X AC is carried

—”

~ N/I*-/ ~/
to X X . 1S 1nduces the subcoalgebra diagonalization on X .
L(€x,0)®,(Cx,C). This induces the subcoalgebra diagonalizati Cx,C

——

The co-unit of Cx,C is the restriction of the co-unit of G®,C.
Progf. — Suppose C is a X ,-bialgebra. As observed above §~! is a map of algebras
over A. By (11.2) §~'is an Ess if and only if §~! a map of A-coalgebras.

Now assume that C is merely a x,-coalgebra. Clearly if ! is a coalgebra map
—— P —

then Im #~*=Cx,C is a subcoalgebra of C®,C. Conversely suppose Cx,C isa
subcoalgebra of C®,C. It is easily checked that C®,C L Cisa coalgebra map.

fc—v ~ ~ ~ ""’w
This map restricted to Cx,C is. Then§ is a coalgebra map andsois §~* : C—C x,C.
Hence W~ is a coalgebra map. Q.E.D.

Suppose C is merely a sub-A-bimodule of End A. Let
Q: [ ,0®,C0,00,C—>HomAGABA®A, A)
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be determined by
Q(6,®¢,®¢5®¢,) (2;®a,Qa;,®a,)
=(c1(a162(as))) (cs(asea(a))), for {g}icC, {g}iCA.

Lemma (xx.6). — Suppose C is a sub-A-bimodule of End A.

——

1. If 5:C—»C X, G is an A-bimodule map with Os=1, then, for ceC with

—

s(c)=26i®c£eGXACCC®AC and  a, beA,
() Sac(a)f =a

(i) Xg(bei(a) = ac(b).

2. Suppose (C, A, 1) is a X,-coalgebra and § : Cx,C — C=C is an isomorphism.
If Q is injective then ®~': G - C®,C is a coalgebra map.
3. Suppose C is a subalgebra over A of End A and (G, A, 1) makes G into a X ,-bialgebra.

——— ~
If Q is injective and § : Cx,C — C=C is an isomorphism then 6~ is an Ess for C.

Proof. — 1. With the notation of part 1

Scclla ’:Eacic‘f 1)’=a§s 6‘)=(l€.
7 1 i

The first equality follows from the fact that X¢®ce J yyC®ACy. The last equality

follows from the assumption Os=1I. This proves 1), (i). 1), (i) follows immediately
from 1), (i).
2. Suppose ¢eC and g“l(c)=§}c,-®c,.'ea x,C0cC®,C. Then

c=0(Z¢®c)=2ge(;) and so  e(c)=Ze(ge(c))-

This shows that 1§ ~! preserves co-units. Thus it remains to verify commutativity of

the diagram

c — ., geC

A PA®A)

¥
[ Ce.c 55 [ (06,0)®(,C8,C)

where the right hand vertical map is the coalgebra structure on C®,C, see (11.1).
By injectivity of Q it suffices to show that for ¢ceG

Q@B )A () = Qo(ARA) B~ (c).
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This is done by applying each side to ¢;®4,®a,80,c A®ADAR®A. The result in each
case is a,a,¢(a;a;). The calculation uses part 1 and (5.8), ¢) and is left to the reader.

3. Since 0 is a map of algebras over A so is 6= Then by part 2 and (11.2) it
follows that §~*! is an Ess for C. Q.E.D.

The map Q admits many different factorings. Here is one:
Let f; be the A-map

[..cece.coc=[(] .Co,C0,0)0,C

= Hom(A, [ ,C®,C,C).
Let f, be the A’-map
[, .C®,C®,C — Hom(A, C®,C).
Let f; be the A-map
C®,C 5 Hom(A, C).
Let f, be the inclusion
C - Hom(A, A).

Note A is defined in (1.4) and A’ is defined in (6.2).
Then Q admits the factorization

[ .C®,Ce,c0,C & Hom(A, [ C6,C0.0)

=L Hom(A, Hom(A, €0, Q)

Hom(I, Hom(L, f,))
R e

Hom(A, Hom(A, Hom(A, C)))

Hom(I, Hom(I, Hom(I, f,)))

Hom(A, Hom(A, Hom(A, Hom(A, A))))
¥ Hom(A®A®A®A,A)

where the last isomorphism is the appropriate adjointness, resulting from the relation
Hom(X®Y, Z)=Hom(X, Hom(Y, Z)).

By left exactness of Hom it follows that Q is injective if £, f;, f; and f, are injective.
Of course f, is injective. Conditions for f, f, and f; to be injective are given by (1.5).

Lemma (xx.7). — Suppose C is a left sub-A-module of End A. If C is a sub-A-bimodule
of End A and A : M®,C — Hom(A, M) s injective for all right A-modules M then

Q: [ ,08,C0,C8,C > Hom(ADAGA®A, A)
is injective.
Proof. — If all A-maps for G are injective then so are all A’-maps. Thus by the
factoring of Q above this lemma it follows that Q is injective. Q.E.D.
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12. Examples of X,-bialgebras with Ess

Consider End A as an A®A-module and let {L,}, {C,}, C be as above (6.6).
In (6.6) it is shown that C is a X,-coalgebra and C is a X,-bialgebra if it happens to
be a subalgebra over A of End A.

Let twist : A®A > A®A, 4,®a, 4,Paq,.

Theorem (x2.x). — a) Let N be an A-bimodule and hence an A® A-module.  Suppose
there is L, with (twist(L)).N=o. Then the maps Nx,C, >N and Nx,C 3N are
isomorphisms.

Assume that for each L, there is an Ly where twist(Lg) CL

o *

——t ~
b) Then Cx,C 5 C=C isan isomorphism and O~ is a coalgebra map. If G is a
subalgebra over A of End A and hence a X,-bialgebra, then 01 is an Ess Sor C.

c) If M s any sub-A-bimodule of G, then 1\~/I><AC S M is an isomorphism.  Hence
Mx,C+0 if M=o.
d) If C is a X,-bialgebra, then the following statements are equivalent:

(i) A is a simple G-module.
(ii) G s a simple algebra.
(ii1) If U is any algebra over A with {U»e9{C), then U is a simple algebra.

e) If Cis a X,-bialgebra and for each ideal 0:|=I(*:A there is an L, with
AQI+I®A+L,,

then A is a simple C-module.
£) The center of C lies in A’ and is

({aeA|1®a—a®1 era]La})’.

Proof. — a) Since L,.N=o is equivalent to (twist(L,)).N=o0, part a follows
from (6.6), 5).

¢) By (2.12), ¢) the map Mx,C S M s injective and it suffices to prove that
0 is surjective. Consider the diagram

—— N

(MnG) x,C - MnC,

=
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Since C is the union of the (G,)’s it follows that M is the union of the (M nC,)’s. Thus

A — N —

the above diagram shows that it suffices to prove that the map (M nC,) x,C 3 MnC,
is surjective.
Choose Ly where twist(Lg) CL,. Then (twist(Lg)).C,=o0 and so

(twist(Lg)) . (M n C,) =o.
By part a) this implies that the top 6 in the diagram below is an isomorphism

P e

(MnGC,) X,Gg

Ixeu

(MnC,)

A~ (]

(MnGC,) x,C

Hence the bottom 0 is surjective and part ¢) is proved.

b) By part ¢) the map Cx AC—(; C isan isomorphism. Hence §is an isomorphism.
Since all A-maps for C are injective, (11.7) and (11.6), 2) imply that§ ~! is a coalgebra
map. Moreover if C is a subalgebra over A of End A then by (11.6), 3) § ~! is an Ess
for C.

d) Follows from (10.3).

¢) Let I be an ideal in A with AQIFI®A+4L,. Let o be the composite
AQI - A®A - (A®A)/L,. Then Imp¢I.((A®A)/L,). Since (A®A)/L, is a pro-
jective left A-module there is a left A-module map F : (A®A)/L,—~A with F(Im p) 1.
By (2.12), a), F arises from an feC, and it is left to the reader to show that f(I)<¢I.
Thus no proper ideal of A is C-stable. Since A’CC any C-submodule of A must
be an ideal. This proves part ¢).

f) Since A’ is a maximal commutative subring of G or End A, the center of C
lies in A’. If 1®2—a®1€L, for each L,, then (1®a2—a®1).c=o0 for all ¢ceC. This
means that ac=ca’ and & lies in the center of C. Conversely suppose that for some L,
1®a—a®1¢L,. Then the image z of 1®2—a®1 under A®A—>(A®A)/L, is not
zero. Since (A®A)/L, is a projective left A-module there is a left A-module map
G : (A®A)/L,~>A with G(z)#0. By (2.12), a) G arises from geC, and it is left
to the reader to show that (1®a—a®1).g+0. Thus o’g+ ga’ and o/ does not lie in
the center of C. Q.E.D.

Remark (12.2). — Suppose A has almost finite projective differentials, and let {L,}
be as in (8.5). As explained above (8.%) the G which arises from {L,} is equal to D,
and is a X,-bialgebra. Since twist(1®a—a®1)=—(1®a—a®1) it follows that
twist (") CIM".  Since {L,} is cofinal with {IM"} it follows that given L, there is L,
with twist(Lg) CL,. Thus (12.1) applies with D,=C.
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Remark (12.3). — End A arises as G in (12.1) as shown above (8.8). The one
element set of ideals {0} satisfies twist(o) Co. Thus (12.1) applies to End A when A
is a finite projective R-module. Suppose for convenience that A is a faithful R-module.
Then A is a simple End A-module if and only if R is a field. The center of End A is R.

In the beginning of Section g it is shown how an Ess may arise from a X, -antipode.
Such an & is given for A#H at the end of this section. What we show now is that

——
“ often ”* End A has no Xx,-antipode since “ often > End AFEnd A as algebras over A.

Theorem (12.4). — Suppose A is a commutative R-algebra which is a finite projective
R-module.

a) If R s afield and End A~End A as algebras over A, then A is a Frobenius R-algebra.

b) If A is a Frobenius R-algebra, then End AZEnd A as algebras over A.  Moreover
for <W>e%<End A>, (W) also lies in ¥{End A and (W)=(W>~L

Proof. — a) If R is a field then minimal left ideals in End A are isomorphic
to A as End A-modules; hence as A’-modules. Minimal right ideals in End A are
isomorphic to A* as End A-modules; hence as right A’-modules. An anti-automorphism
6 : End A—~End A carries minimal left ideals to minimal right ideals. If ¢ fixes A’
then it induces an isomorphism between a minimal left ideal with the left A’ action
and o of that ideal with the right A’ action; hence A* is a free rank one A-module and A

———
is Frobenius. Certainly End AXEnd A as algebras over A is equivalent to there being
an anti-isomorphism o fixing A’.
b) If A is a Frobenius R-algebra there is an element feA® which induces a

bijective map o:A> A", determined by o(a)(b) =f(ab). Thus A®A 19 A®A*=End A
is an A-bimodule isomorphism denoted F. It is left to the reader to verify that the

composition
twist

t: EndA —> A®A ™5 A®A —» EndA
is an anti A-bimodule isomorphism which is anti-multiplicative; i.e.
w(gh)==~(h)=(g),  ~(agh)=b7(g)a,
g, heEnd A, a, beA. Since 7 is bijective it must preserve the unit. Thus End A»m,

g—>1(g), is an algebra isomorphism and an A-bimodule isomorphism. Hence, the map
must be an isomorphism of algebras over A.
Since End A is a X,-bialgebra it is associative as an A-bimodule. Since

——
End AXEnd A
as algebras over A it follows that (End A, End A, End A) associates as A-bimodules.
By (12.3) End AXx,End A % End A isan isomorphism and 1= isan isomorphism.
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By (8.8) the 6~'=A is an isomorphism. Hence by (10.4), 3) if {<W)>=%(End A)
then (W>e%(End A> and (W) =(W> 1 Q.E.D.

In Section 7 the situation where A is a field and R is a subfield is studied. It is
shown in (7.1) that there is a unique maximal X,-coalgebra or x,-bialgebra BCEnd A.
In (7.3) it is shown that there is a unique maximal X,-bialgebra ECEnd A such that

~ 0 o . . .
Ex,E - E is an isomorphism.

— ~
Theorem (12.5). — a) In the above setting 9§ : Ex,E—~E=E is an isomorphism and

8~ is an Ess for E.

e

b) If FCEnd E is a x,-bialgebra with Ess then Fx,F 2F isan 1somorphism and
the Ess is 01,
c) E is the unique maximal X ,-bialgebra with Ess in End A.

Progof. — Suppose G is any left A-submodule of End A. By (1.5), 4) all A-maps
for G are injective.

a) By (11.6), 3) and (11.7) 81 is an Ess for E.

— ~
b) By (1.6) the map 9 ﬁxAFeF:F is injective. Thus by the remark
above (11.5) § is an isomorphism and 9! is the Ess of F.
¢) If F is a x,-bialgebra with Ess, then, by part 4), § is an isomorphism and

hence Fx,F 2 F is an isomorphism. By the defining property of E it follows that
FCE. Q.E.D.

At the end of section 5 the example A#H is given. Suppose H happens to
be a Hopf algebra with antipode s. Then A#H has what would be considered a
X ,-antipode. (See the beginning of Section g9.) This is the map S:A#H—->A#H
given by

a#h—~ (1#s(h))(a# I)=(h2)(s(h(1)) .a) # s(h).

(Recall H is assumed cocommutative.) As in the beginning of Section g we use S to

define & as the composite
—_ e —

L —
~8x1

P ~ /—\__/
AzH =% AzH 5 (AzH)x,AzH) " (A#H)x,(A#H).

This composite & maps a##h to (%:(a#ll(l))®(l #S(hy))e(A#H)®, (A#H). Here
ﬁ/_/\_/

we are considering (A#H)x,(A#H)C(A#H)®, (A#H) asindicated between (2.2)

and (2.3). It is left to the reader to show that & is an Ess for A H.
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13. The module of differentials

In view of (12.2) one wishes to know when A has almost finite projective differentials.
The purpose of this section is to study the module of differentials and arrive at some
classes of algebras which have almost finite projective differentials.

The construction of J,(A), the module of z-th order differentials, and j,, the universal
n-th order differential operator, appear after (8.3).

We begin the section by proving a number of ‘¢ extension >’ results about modules
of differential operators.

Uniqueness lemma (13.1). — Suppose B is a commutative algebra, M a left B-module
and f: A—B an algebra homomorphism. M is considered an A-module by means of f. Suppose
that:

if d:B—>M s a B-derivation with df =0 then d=o.

Then if d,, dy:B—>M are B-differential operators of any order with d, f=d, f then d,=d,.

mult

Progf. — Let ft=Ker(B®,B— B). Then N/N* is the Kaehler module of B
over A, If 0:B—->%RN/N® is the universal derivation then N/ is generated as a left
B-module by Im 8. Moreover, df=o0. Hence by hypothesis =0 and so N/N*=o.
This implies that R=R' for o0<ieZ.

By considering e¢=d,—d, it suffices to prove that if ¢: B—M is a B-differential
operator of any order with ¢f=o then e=o. If ¢ has order smaller than or equal
to one (and e(1)=o0 since ¢f(1)=o0) then ¢ is a derivation and by hypothesis ¢=o.
Suppose ¢ has order # (with n>1) and the result has been proved for lower order than n.

For a,a’eA

[f(a), e)(f(a)) =fla)ef(a) —¢f(aa’) =0

where [ f(a), ¢] is defined in the beginning of section eight. The differential oper-
ator [ f(a), ¢] has order less than n, and we have just shown [ f(a),¢]f=o0. Hence
by induction [ f(a), ¢]=o0. This shows that ¢:B—M is an A-module map. Thus
¢eHom, (B, M).

Hom,(B, M) is a B®,B-module in the following manner: For & ®b,eB®,B,
geHom, (B, M), b5,cB

((6,®b,) . g) (b5) = b, ®g(b303))-
Since ¢ is an n-th order differential operator N"*'.e=o0. Since \=N"**, it follows

N.e=o0. Thus e is actually a zero order differential operator. Q.E.D.

Local extension lemma (x3.2). — Let S be a multiplicative system in A and ¢ : A—Ag
the natural algebramap. If M is a left Ag-module and fe D} (M) then there is unique fye D} (M)
where fyo=1.
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Proof. — Uniqueness: Suppose d:Ag—M is a derivation with dp=o0. The
usual ¢ quotient rule ”’

4(2) = 5 els)0(0) — o(a)o(s)

shows that d=o0. By (13.1) this gives uniqueness of extensions.
Existence: The proof goes by induction on n. For n=o,

D (M) = Hom, (A, M)=M = Hom, (Ag, M)=D{,(M).

This gives existence (and uniqueness) when zn=o.
Suppose by induction that the lemma is true for n—1, and feD?(M). For

x, yeA, (x®@1)(Y®1—1®))+(1®Y)(*®1—1®x)=2y®1—1Qx.
Thus for geHom(A, N) the identity holds
(%) (x®1). [y, g1+ (1®9). [x g]=[%, &),

where N is any left A-module.
The idea is to define fy inductively by

(x3.3) Js(alb)=(1/6)([, f]s(a/b)+f(a))

acA, beS. For specific acA, beS the right hand side of (13.3) makes sense since
[6,f1eD3~}(M) and by induction [b, f]g is uniquely defined. Let f’(a/b) denote the
right hand side of (13.3).

Suppose zeAg has representations a/b==z=c/d, a,c€A, b, deS. Thereis seS
with sad = sbe.

[s6d, f 15(2) +f(sad) = [sdb, f ](2) —[5d, f1(a) + sdf(a)
(%) = [sbd, f15(2) —[5d, f1s(¢(a)) + sdf(a)
= [sbd, f15(2) —[5d, f15(#(8) (a/B)) + sdf(a).
Using sd for x, b for y and ffor g in (x) yields (sd®1)[b, f]=[sbd, f]1—(1®b)[sd, f].
By induction this implies that (sd®1)[b, f]s=[sdb, f]s—(1®¢(d))[sd,f]s. Applying
both sides to z and substituting in the right hand side of (**) yields

(%) sd[b, f15(2) + sdf(a) = sbdf" (a[b).

The left hand side of (*%) equals [sbd, f]s(z)+f(sbc). In the same manner as
above this equals

(ke x) sbdf’(c|d).

Since sbdeS it follows from the right hand side of (**#%) and from (#%#*) that
Sf'(alb)=f"(¢/d). Thusf"is a well-defined map from Agto M. Notice that if fis actually
an (n—1)-th order differential operator, i.e. feD?~!(M), then by the induction f is
defined and (14.3) is an identity. In this case f'=f;.

That f(a)=f"¢(a), acA is left to the reader. That f’ is additive is immediate
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once the two elements being added are expressed with common denominator. That
f' commutes with scalars (from R) is immediate. Thus f’eHom(Ag, M). Next to
show that f’eDj (M).
By the definition (13.3) of f it is easily verified that for acA, f, geD}(M)
(p(a)®@1)f" = ((a®1)f)’,
(1®¢(a))f'=((1®2a)f)’,
(f+8)'=f"+¢.

For aeA, beS apply both sides of
((2/b)®1 —1®(aft)) = (1©(1/8))(¢(a) ®1 —1®0(a)) — ((a/b) ®(1/5))((6) ® 1 — 1®@p(b))
to f’ to obtain

[(a/b), f'1=(1®(1/0)) (), f']—((a/b)®(1/B))[9(b),S"]
=(1®(1/b))[a, /] —((a/b)®(1/b)) 5, f]"-

Since [a,f] and [b,f] are (n—1)-th order differential operators the right hand side
of (s*%+x) equals

(k)

(1®(1/b))[a, f1s—((a/b)®(1/5))[b, f]s
which lies in D7 *(M). Thus f’eD} (M) and the induction is completed by setting
fs=f" Q.E.D.
Localization theorem (x3.4). — The pair (Ag®, J,(A), (1®j,)s) has the same universal
property for Ag as (J,(Ag),7,). Hence J,(A)ZA;®,J,(A) as left Ag-modules.

Note. — (19y,) : A > Ay®, J,(A), (a—1®j,(a)) is an element of D} (As®, J,(A))
and (1®j,)g is as defined in (13.2).

Proof. — By (13.2) (Ag®,]J,(A), (1®j,)s) has the desired universal property.
As the universal property characterizes (J,(Ag), j,) so the second assertion holds. Q.E.D.

Base extension lemma (13.5). — Suppose S is a commutative R-algebra, and M s a left
S®A-module. Let X :A—>S®A, (a>1®a). Then for feD}(M) the canonical extension
S®f : S®A—->M, (s®at>sf(a)) gives the unique element geHomg(S®A, M) where

geDg@A,s(M) and  gr=f.

Note. — Dgg, (M) denotes n-th order differential operators with respect to the
base ring S. There are inclusions

D, (M) CHom(S®A, M) Homg(S®A, M)2 Dl , 5(M).
It is directly verified that
D§ga(M) nHomg(S®A, M)=Dgg s(M).
Proof. — Left to the reader.
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Base change theorem (13.6). — The pair (S®]J,(A), S®j) has the same universal
property for S®A as (J, s(S®A), ). Hence S®J,(A)=], s(S®A) as left S® A-modules.

Note. — j, : A—>S®]J,(A), (a—1®j,(A)) is an element of D}(S®J,(A)) and
S®j, is as defined in (13.5). Also, (], s(S®A),,) is the J, module of S®A asan
algebra over the base ring S.

Proof. — Left to the reader.

Lemma (13.7). — Let A and B be commutative algebras, o : A—B an algebra map,
I an ideal of A and M a left A-module.

1. If feD}(M) then F(I"*™ CI"M for o<melZ.

2. J,(A) is generated by j,(A) as a left A-module.

3. JF(A) is generated by j;F(A) as a left A-module.

4. If o<n<meZ there is a unique left A-module map J,(A) ﬂ_}n(B) making the
diagram

G
A— B
Jm Jn

Ju(A) = J(B)
commaute; J(o) is an algebra homomorphism.
5. The map J(o) is surjective if o is surjective.
6. If o is surjective and J,,(A) is a finitely generated A-module, then J,(B) is a finitely
generated B-module.

Proof. — Suppose n=o0. Then feHom,(A, M) and f(a)=af(1). Thus
S =T"f(1) CI"M.

Suppose by induction on z that for geD}~}(M), g(I""**™)cI"M. Let feDyM).
Induct on m. For m=o, f(I"*")CM=AM=1I°M since I’=A. Suppose that
A=Y M. For xel, yel™™, flyy)—sf(3)—[x f1(3). Since f{3)CI" M,
xf(»)eI"M. Since [x,f]eD;~'(M), by the induction on =z, [x,f](y)eI™M. Thus
Sf(xp)eI™M and part 1 is proved.
Part 2 follows from the construction of (J,(A), j,) or the observation that ( J,(A), j,)
could be replaced by (Aj,(A),s,). Part g follows from part 2 and (8.4).

The composite A > B ﬂ;‘]n(B) is an element of D}(J,(B)). Thus there is a unique
element

J(o)eHom,(J,,(A), J.(B))

making the diagram commute. The map A®A 223 B®B is an algebra map and

induces a unique algebra map v :]J,(A)—],(B) making the diagram:
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v

Jn(A)=(A®A) /M — (BOB) /MW" "' =]J,(B)
4 4

A®A —°7 _, BoB
commute. The map v satisfies vj,,=j,6 and yeHom,(J,(A), J.(B)). Thus v must
equal J(o) and J(o) is an algebra map. This proves part 4.
Part 5 follows from the explicit description of J(s) as y. Part 6 follows from part 5
since the quotient of a finitely generated A-module is again such, and if J,(B) is finitely
generated as an A-module it is finitely generated as a B-module. Q.E.D.

Complete extension lemma (x3.8). — Let 1 be an ideal of A and A the completion of A
in the I-adic topology. Let % :A—A be the natural algebra map. Let 1 denote the closure
of () in A. Suppose M is a left A-module and M is complete in the 1-adic topology. Then
Jor feDi(M) there is a unique feDf(M) where f: A—>M is continuous and fr=f.

Proof. — By (13.7), part 1, f: A—M is continuous where A has the I-adic topology
and M has the I-adic topology. Thus there is a unique continuous map f:A—>M
where fa=f. That feD}(M) is left to the reader. Q.E.D.

(13.8) does not imply that J,(A) =_]7(1\A) since not all A-modules are complete
in the T-adic topology.

Let o/ be a commutative algebra with ideal J and suppose &/ is complete in the
J-adic topology. There is a left &7-module Z (.7) which is complete in the J-adic
topology and a ¢ universal ’ element j,eD%,(_#,(%)) such that for any left .27-module M
which is complete in the J-adic topology and for any feD?,(M) there is a unique
(continuous) J(f)eHom_( 2 (<), M) where f=]J(f)j,. In fact the construction of
(2.(),],) is easy since by (13.7), part 1, differential operators are continuous in the
J-adic topology and «/-module maps are automatically continuous in the J-adic topology.
F(A) is just the completion of J,(A) with respect to the J-adic topology and j, is the
composite

A > J () —> J(A) = ().
Completion theorem (x3.9). — Let I be an ideal of A and o the completion of A in the
I-adic topology. Let N : A—.f be the natural algebra map and let 3 be the closure of ().
Let :]:(X) be the completion of J,(A) in the I-adic topology with the natural sZ-module structure.

e~

The pair (J,(A),1.") has the same universal property for o as ( £,(A), ,). Hence

J(A)= g (o)
as left o/-modules.
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e e~

Note. — j," : A—J,(A) is the composite Aﬁjn(A) —J,(A) and is an element

—_ T

of D}(J,.(A)). Since J,(A) is a complete .&/-module in the J-adic topology,?,? is defined
in (13.8).

Proof. — Left to the reader.

Definition (13.10). — Suppose A and B are commutative algebras and ¢ : A—B
is an algebra map, making B into an A-algebra. B is called a finite separable extension
of A if B is finitely generated and projective as an A-module and B is a projective
B®, B-module.

This usage of finite separable is a special case of [2, p. 369], and when A and B
are fields, finite separable in the sense of (13.10) is equivalent to the classical notion
of a finite degree separable extension.

Lemma (13.11). — Suppose B is a finite separable extension of A, D is a commutative
A-algebra and = : D—B a surjective A-algebra map where (Ker m)"=o0 for some neZ. Then
there is a unique A-algebra map B—>D splitting .

Proof. — The proof is a standard application of (relative) homological algebra
and is included for the reader’s convenience.

Uniqueness. — Suppose o is a splitting of =. Then o :B—D is an A-algebra
map and gives D and Kern a B-bimodule structure. Let y be another splitting.

v determines a projection P:D—Ker n, (d>d—y=(d)) and the composite B3DAKern
is a Hochschild 1-cocycle. Since B is a projective B®, B-module Ext} g, 5(B, Ker m)=o0
and by [5, Proposition (4.1), p. 170] Po is inner. Thus there is xeKerx where
Po(b)=bx—xb for beB. Since D is commutative this implies that Po=o0 and hence
Im csCKer P. This implies that oc=1.

Existence. — The proof goes by induction on n where (Ker n)"=o0. Say n=2.
Then Ker = has a natural B-bimodule (or B®, B-module) structure. Since B is projective
as an A-module there is an A-module splitting s:B-—>D of . The map A:BxB —Ker =,
((by, by) > (5(byby) —s(by)s(by)) 1is a Hochschild 2-cocycle. Since B is a projective
B®,B-module, Ext}g,5(B, Ker m)=0 and by [5, p. 175, last sentence], A is a coboundary
of say ¢:B—>Kern. Then s+¢:B—D is the desired A-algebra splitting. Next

suppose n>2 and the result is true for values less than n. The map D5 B factors
D = D/(Ker n)"~* > B.

By the induction =, admits an A-algebra splitting o, so that c,(B) is an A-subalgebra
of D/(Ker =)"~! which is isomorphic to B as an A-algebra. Let E be n;"(0,(B)). Then

| B

E — 6,(B)~B is a surjective A-algebra map and (Ker(r,|E))""'=o0. Again by the
induction this map has an A-algebra splitting o, and the composite o, s, is the desired
A-algebra splitting of =. Q.E.D.
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Separable extension theorem (13.12). — Suppose B is a finite separable extension of A.
The natural surjective algebra map J,(A)—A (mentioned above (8.4)) is an A-bimodule map

and induces a surjective algebra map B®,J (A) > B®,A=B.

(Ker n)"*1=o.

2. A—->B®, J,(A), (a—>1Q®j,(a)) is an algebra map making B®, ] (A) into an
A-algebra and = into an A-algebra map.

3. If o:B—>B®,]J,(A) is the unique splitting of w guaranteed by (13.11) then
(B®,J,(A), o) has the same universal property for B as (J,(B),J,)-

4. B®,J,(A)=],.(B) as left B-modules.

5. If M is a left B-module and deDy(M) then there is a unique d'eDj(M) where
d'o=d, (¢ :A—>B being the map making B an extension of A).

Proof. — Parts 2 and 5 are left to the reader. Since the kernel of J,(A)—A is
JF(A) and JF(A)"*'=o0, part 1 is proved.

For beB, 6®1—0(b)eB®, J,(A) isin Ker=. Thisimplies that ¢:B—>B®, J,(A)

is in DE(B®, J,(A)). Thus there is unique weHomg(]J,(B), B®,J,(A)) such that the
diagram

J,(B) —>B®, J,(A)

“) N A

B

J(e)

commutes. The algebra map A2 B induces an algebra map J,(A) — J.(B), (13.7),
part 4. Thus v:B®,J,(A) > ]J.(B), (6®zb(J(¢)(z))) is an algebra map. The
diagram

B®, J,(A)——>J,(B)
(%%) \ /

commutes. This is because the maps j,, vs : B—],(B) are A-algebra maps where ¢
makes B an A-algebra and j, makes J,(B) an A-algebra. Moreover, both split the
natural A-algebra map J,(B)—B. The kernel of this map is J,;F(B) and J,7(B)"*'=o.
Thus by uniqueness in (13.11) j,=v0.

From the two commutative diagrams (*), (**), wueHomg(J,(B),],(B)) and
J.=uvw,. By the universal property of (J,(B),,) it follows that vu=1I.

The map B®B - B®, J,(B), (6®B+bs(B)) is an algebra map which carries IN
to Ker x. Thus IM"*! maps to zero and B®B — B®, J,(A) factors to an algebra map

(B®B) /M1 =],(B) % B®,J,(A), where «'j,=o¢ and u'cHomg(J,(B), B®,J.(A)).
By the universal property of (J,(B), ,) it follows that «=u'. As a left A-module J,(A)
is generated by j,(A), (13.7), part 2. Since op=j, it follows that u’ is surjective.
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With su=1 it follows that » and u are inverse isomorphisms. From the commutative
diagram (x), o corresponds to j, under the isomorphism and part 3 is proved. Q_.E.D.

Corollary (13.13). — The map B®B - B®, J,(B), (b®B>bo(B)) factors to an
wsomorphism  J,(B) - B®, J,(A).

Proof. — This is the map »’ in the proof of (13.12). Q.E.D.

mult

Definition (13.14). — A is a purely inseparable R-algebra if the kernel of A®A — A
consists of nilpotent elements.

In case A and R are fields the notion of purely inseparable in (13.14) coincides

with the usual definition. If imzKer(A@Am—mﬁ A) is finitely generated as an ideal
and consists of nilpotent elements then there is an neZ with IN"=o.

Example (13.15). — Suppose A contains an ideal I where I"=0 and A=R-I.
Then M is generated by elements 1®x —x®1 with xel. Hence IMCASI+I®A
and IP*"~'=o0. This implies that A is a purely inseparable R-algebra. Thus for
example R[x, ..., x,]/{X{}> with 0<geZ is a purely inseparable R-algebra.
Even if R is a field of characteristic zero.

Purely inseparable theorem (13.16). — Suppose A is a purely inseparable R-algebra and
is a finite projective R-module. Then A has finite projective differentials. In fact there is an n
where J,(A)=AQ®A, D}=D,=End A for all m>n.

Progf. — Since A is a finitely generated R-module, M is a finitely generated ideal.
Hence there is an n with I*=o. Clearly for this n, Dy=D,=End A. For m>n
J.(A)=A®A which is a finite projective left A-module since A is a finite projective
R-module. Q.E.D.

Tensor product theorem (x3.17). — Let A and B be commutative R-algebras. Suppose
both A and B have almost finite projective differentials (8.5). Then A®B has almost finite
projective differentials.  Moreover the natural map

D,®Dg — End(A®B)
d®e> (a®b — d(a)®e(b))
induces an isomorphism between D, ®Dy and D, gp.

Proof. — Let ¢: AQA®BOB 5> A®BOA®B, 4,04,@5,065, > a,®b,®a,®b,.
Then

mul
M, 55— Ker((AOB)® (AGB) 227 A@B)
— (M, ®BOB +AGAGM,).

Thus M. o2 HIOBOB+AGAGIMY)

) land D, ,CHMOBOBLAGAOM) for rts—nti.
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Let {L,} be as in (8.5) for A and {M,} as in (8.5) for B. Since {L,} is cofinal
with {MM} and {M, } is cofinal with {9} it follows from () that
{t(L,9B®B+A®A®M.,)}, ,
is cofinal with {M} o5}.
Since ¢ is an isomorphism it induces an isomorphism

A®A®B®B N A®B®A®B
L,®B®B+A®A®M, ¢L,®BOB+A®A®M,)

and the left hand side is isomorphic to

A®A BOB
L, °M,
A®A| [BOB

1t (L 8|

o Y

has the ¥ A®B-module structure, then the isomorphism

(A@A) (B@B) A®B®A®B

L M

() a . ] " t(L,®B®B+A®A®M,)

is as A®B-modules. Since (A®A)/L, is a finite projective A-module and (B®B)/M,
is a finite projective B-module it follows that

A®B®A®B
L,®B®B+A®A®M,)

is a finite projective A®@B-module. Thus A®B has almost finite projective differentials.

A®B®A®B
Yy A/E:g:)Ax wl;e@]r;nay identify HOInA@B(t(La@B@B—i—A@A@MY), A B) with
Hom, g3| ——® ——, A®B|. There is a natural map
L, M,
A®A B®B A®A B®B
HomA( L N A)@HOITIB(—M—, B) - HOI’IIA®B(———I;—®BT, A@B)
(%% %) * Y * Y
c®d b (x®y — ¢(x)®d(y))
for
A®A B®B A®A B®B
ceHomA(—La—, A), deHomB(—M—Y, B), xe L’ ye M,

‘This map is an isomorphism since (A®A)/L, is a finite projective A-module and
(B®B)/M, is a finite projective B-module. In view of (2.12), a) (4x*4) induces the
desired isomorphism D,®Dz=D, o 3. Q.E.D.
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For a commutative algebra A the algebra J,(A) is filtered by powers of the
ideal J;F(A). As pointed out earlier AxJ,(A)/J;F(A). It is easily verified that the
Kaehler module of A, Ji(A) is isomorphic to J;(A)/JF(A)2.

Definition (x3.18). — J,(A) is of graded type if J,(A)~gr]J,(A) as an A-algebra.
J.(A) is of (finite) projective graded type if it is of graded type and (finite) projective
as a left A-module.

If J,(A) is of graded type there is a left A-module V CJ(A) where
JHAY=VOIF Ay, i=1, ..., n
In this case J,(A) is projective as a left A-module if and only if each V*is projective
as a left A-module.

Graded type theorem (x3.19). — Suppose B is a commutative algebra and A is a commutative
algebra where J,(A) is of graded type.

1. J,(BO®A)x ﬂ?o (J;(B)®gr J,(A),_;) as a left B® A-module, where gr J,(A); is the

i-th graded part of gr J,(A).

2. If Jo(B), ..., J.(B) are finite projective B-modules and J,(A) is a finite projective
A-module, then J,(B®A) is a finite projective BO A-module.

3. Suppose R is a ring of characteristic p, i.e. either p is a prime and p.1=0 in R or
p=o0. In what follows t is assumed to be zero if p=o. Let C be the algebra

R[X,, ..., X,, Y, .., Y] K{Y"}>  o<e, ..., eeZ.
Recall that for ¢eC, j,F(c)=j,(c)—¢j,(1). Let V be the left C-submodule of J,F(C) spanned
by B={jF(X)}u{jF(Y,)}. Then V is a free C-module with basis B. Moreover V' is a
free G-module with basis consisting of monomials
VARG LU R0 SLVAI O LIPRWASS K

where fi+...+f,+g+...+g=1 and g<p?, ..., g<p". Finally
JH Q) =VoJF(C)+,
so that J,(Q) is of finite projective (actually free) graded type.

4. Suppose R is a field and L is a field extension of R which is finitely and separably generated
as a field over R; i.e. L is a finite separable extension of R(X,, ..., X,). Then J, (L) is of
finite projective graded type.

Proof. — Part 2 follows immediately from part 1.

For part g observe that the algebra map C[U,, ...,U,,V,,...,V]—>C®C
determined by ¢—c®1, Ujp1®X,—X;®1, V;»>1QY;—Y;®1 induces an algebra
isomorphism

C[U,, ..., U, V,,...,V]

D= :
AV

- C®C
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and this isomorphism is a left C-module map. Under the isomorphism, MM CC®C
corresponds to the ideal in D generated by {U;}u{V,}. Thus J,(C) corresponds to
a truncation of D, factoring out degree n+1 and higher ones. The specific assertions of
part 3 now follow easily and are left to the reader.

For part 1 identify (B®A)®(B®A) with (B®B)®(A®A) by

(b®a®B®«) <> (b®B®a®a), b, BeB, a, acA.

Let
mult mult

My=Ker(B®B — B), M,=Ker(A®A — A),

mult

Mpeps=Ker((BRA)®(BR®A) — B®A).
Then My, corresponds to BEBOM, + My®AR®A and MY corresponds to
K=B@BOM: '+ Z Mi@M; 1~ L+ M T IOABA.
i=1

This gives an isomorphism between J,(B®A) and (B®B®A®A)/K as algebras and
left B®& A-modules. The surjection BOEB®AX®A -~ (B®B®A®A)/K factors

BOB®A®A —> (BOB®A®A)/K

! d

(BOB®A®A)/(B®BOM ™) =BRB®]J (A)

This induces a surjection B®B®J,(A) -~ (B®B®A®A)/K which is a left B® A-module
map. The kernel is T"*! if T is the ideal Mz®J,(A)+B®B®]JF(A)CB®B®]J,(A).
Since J,(A) is of graded type there is a left A-module V CJ(A) where

Ji (A =VieJl(A) L

This gives J,(A) the grading A®@VeV?®...®V". V certainly generates J(A) as
an ideal. Thus T is generated by IMz;®A+B®B®V as an ideal. The grading
on J,(A) induces a grading on B®B®]J,(A) and T is a homogeneous ideal, since it
is generated by homogeneous components. Thus T”*' is homogeneous and in fact
is the direct sum of graded components

T = (M IOA) @ (MEOV)D . .. © (MO V™).

Thus (B®B®J,(A))/T"*! is isomorphic to

1

D (BoB) ) OV

153
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as a left B® A-module, where V° denotes A. By choice of V, Vixgr] (A), and by
definition (B®B)/Mi+tt—ix ], _,(B). This proves part 1.

Now part 4. Choose indeterminates X,, ..., X.eL so that L is a finite
separable extension of R(X,, ..., X,)CL. By (13.13) it suffices to prove the result
for R(X,, ..., X,). The map R[X,, ..., X] > R(X,, ..., X,) induces an algebra
map

JO : LR[X, o XD = J(R(X, -, X)),
(13.2). By (13.4)
R(Xy, -5 X)) Brixy, o xg Jn(RIXy, 5 X)) = JW(R(X, -1, X))
u®v > u(J(1) ()

ueR(X,, ..., X,), ve] (R[X,, ..., X,]), is an algebra isomorphism. Thus is suffices
to prove the result for R[X,, ..., X,] and this is done in part 3. Q.E.D.

Corollary (13.20). — 1. If A is a localization of a finitely generated R-algebra then J,(A)
is finitely generated as a left A-module for all n.

2. Suppose R is a field and K is a field extension of R which is finitely generated as a field
over R.  Then J,(K) is a finite projective left K-module for all n.

Proof. — 1. Suppose A is finitely generated as an R-algebra. Then for some
o<meZ there is an algebra surjection

R[X,, ..., X,] - A.

By (13.19), 3), J.(R[X,, ..., X,,]) is finitely generated as a left R[X,, ..., X, ]-module.
By (13.7), 6) J,(A) is finitely generated as a left A-module. By (13.4), if S is any
multiplicative system in A, then J,(Ag) is finitely generated as a left Ag-module. This
proves part I.

2. The projectivity is clear and the finiteness follows from part 1. Q.E.D.

Proposition (x3.21). — Suppose R is a field of characteristic p and K s a field extension
of R which is finitely generated as a field. Let

K[X,, .., X, Y, ..., Y]
GYP Y

A:

0<e;eZ. Note, t is assumed to be zero if p=o. Then J,(A) is a finite projective A-module
Jor all n.

Proof. — Let A,=R[X,,...,X,Y,...,Y]/{Y?}> and B,=K. By
(13.20), 2), J,(B,) is a finite projective B-module for all n. By (13.19), 3), J.(A)
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is of finite projective graded type for all n. By (13.19), 2), J,(B;®A,) is a finite
projective B,®A;-module for all n. Since A~B,®A; we are done. Q.E.D.

Proposition (x3.22). — Suppose R s a field of characteristic p and K is a field extension
of R which is finitely generated as a field. Let

K[X;, ..., X, Y, ...,Y]
LYY

A=

0<¢eZ, where t is assumed to be zero if p=o. Let 1 be the maximal ideal in A generated by
the cosets of {X;}u{Y,}. o denotes the completion of A in the I-adic topology, \ the natural
map A—>f and J the closure of N(I) in .

1. L2K[[X, .., X, Yy, ..., YY) as an algebra, ) corresponds to the
natural map

KX, ..., X, Y, ..., Y] N K[[X, .-, X, Y, ..., Y]]
YL Y

and 3 corresponds to the ideal generated by the cosets of {X;}u{Y,} in

K[[Xps - X, Yoy oo, YYD,

2. ¢,.() is finitely generated and projective as a left of-module for all n, where §,(2F)
is defined just above (13.9).

3. DY =Hom(Z, (), &) for all n.

Proof. — Part 1 is left to the reader. By (13.21), J,(A) is a finite projective
A-module for all n. By (13.9), (%) is isomorphic to the I-adic completion of J,(A)
as left o/-modules. Since J,(A) is finitely generated as a left A-module it follows [4,
Th. g, p. 68] that £ («)x#®,],(A) as left o/-modules. This proves part 2.

Part g is implied by the definition of £ (&) since &/ is complete in the J-adic
topology. Q.E.D.

Definition (13.23). — Suppose & is a commutative local algebra with maximal
ideal 3. Assume that for each o<neZ, £ (&) is a finite projective left .o/-module,
where 7 (&) is defined above (13.9). Then & is called a formal algebra.

The o7 in (13.22), 1) is a formal algebra by (13.22), 2).

Proposition (13.24). — Let R be a field and A an algebra which is a localization of a
finitely generated R-algebra. Assume that for each maximal ideal W of A the completion of A
in the N-adic topology is a formal algebra. Then for each n J,(A) is a finite projective left
A-module.
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Proof. — J,(A) is a finitely generated left A-module by (13.20).

To prove that J,(A) is projective as a left A-module it suffices to do so locally.
I.e. to show that for each maximal ideal MCA, Ay®]J,(A) is a projective (free) left
Ag-module. By (13.4) it suffices to show that J,(Ag)=Ay®,J,(A) is a projective

left Ag-module. Note that J,(Ag) is a finitely generated left Ag-module. Let Ay

—

and J,(Ay) denote the completions of Ay and J,(Ay) in the N-adic topology. Since
Ju(Ag) is a finitely generated left Ag-module, J,(Ag) ¥Ag®,, J,(An) as left Ag-modules.

Since Ay is noetherian and J,(Ay) is finitely generated as an Ag-module it suffices to
prove that J,(Ay) is flat as an Ag-module [g, Cor. 2, p. 140]. By [4, Prop. 9, p. 72]

and [3, Prop. 6, p. 48], it suffices to prove that E{@ AmJﬂ(Am);@) is flat as a left

— e~

K;-module. By (13.9), J,(Ap)x f.(Ag) as left K;-modules. By the assumption

e

on X;; being a formal algebra it follows that £, (Ay) is a projective hence flat left

~

Ay-module. Q.E.D.

Proposition (13.25). — Suppose R is a field, A a localization of a finitely generated
R-algebra and for each maximal ideal M of A, Ay, is a regular local ring.  Then for each n, J,(A)
is a finite projective left A-module.

Proof. — In view of (13.22), 2) this is a special case of (13.24). Q.E.D.

Proposition (13.26). — Suppose R is noetherian, S is a commutative R-algebra and A
is a localization of a finitely generated R-algebra.

1. S®A is a localization of a finitely generated S-algebra.

2. Let J, s(S®A) denote J, of S®A as an S-algebra. If J,s(S®A) is flat as
a left S® A-module and S s faithfully flat as an R-module then J,(A) is a finite projective left
A-module.

3. If R and S are fields and for each maximal ideal M in S®A, the completion of S@A
in the M-adic topology is a formal S-algebra then J,(A) is a finite projective left A-module.

Proof. — Part 1 is left to the reader.

The finiteness in part 2 follows from (13.20). Since A is noetherian, by [3, Cor. 2,
p- 140], it suffices to prove that J,(A) is a flat left A-module. This is implied by S®]J,(A)
being a flat left S®A-module. By (13.6), S®]J,(A)x], s(S®A) as S®A-modules.
This proves part 2.

Part g is implied by parts 1 and 2 and (13.24). Q.E.D.

(13.26) permits passage to the perfect closure or algebraic closure of R.
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14. Simplicity and the center of D,

In view of (12.1), d) and (12.2) one wishes to know when A is a simple D,-module.
In view of (9.3), a) one wishes to know the center of D, since then one knows the centers
of the algebras U over A with <U>e%(D,>. These questions are partially answered
in this section. Throughout the section A is a commutative R-algebra.

For a commutative ring S and seS we let J, denote the ideal {xeS|xs=o0}. If
T is a subset of S we let J(T) denote 0¢L¢JeTJ"

Lemma (x4.3). — Let S be a commutative ring with subset T.
a) For xe€]J,, if 1+ x usinvertible in S, then the inverse is of the form 1-+y with ye],.
b) For x€J(T), let I be the ideal S(1-+x). Then there is o+teT n( DII”).

c) If S is Noetherian and 1 is an ideal of S where 0=|=teTn( ﬂ I"), then 1 contains an
element of the form 1+4+x with xeJ(T).
d) If, for each proper ideal K CS, the intersection ﬂ K" s zero, then 1-d is invertible

Jor each zero divisor deS. If S is Noetherian and 1+ d is tnvertible for each zero divisor deS,

then for each ideal KES the intersection an” is zero.
n=

e) Suppose B is a commutative R-algebra which is flat as an R-module. Thenin BRA,
Jl Ra = B ®.]a .

Proof. — a) Suppose 1-+4x has inverse z. Multiply (14=x)s=s on both sides
by z to obtain s=zs. Then z—1€],.

b) Given xeJ(T) let o%teT with xt=o0. Then t=(1+4 x)"tel” foralln. Thus
o+teTn(NI").
¢) By the Krull intersection theorem there is a yel with yt=¢ Then y—1€]J(T).

d) The first statement follows from part ) with T =S. The second statement
follows from part ¢) with T =S.

o
¢) Let I=A.a. Thesequence o0 - J, - A — I — o isexact. Tensoring by the
flat R-module B gives the exact sequence

o —» B®J, —> BOA 2% BT —> o

Since I®(d)=(1®a)’ it follows that J,5,=B®]J,. Q.E.D.

Definition (14.2). — An element ofacA has the strong intersection property if for
each commutative R-algebra B the elements xeB® J, are such that 1+« is invertible in
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B®A. The algebra A has the strong intersection property if each o#acA has the
strong intersection property.

Suppose o#acA has the strong intersection property, B is a commutative flat
R-algebra where B®A is Noetherian and I is an idealin B®A. Furthermore suppose

that o=|=1®aenf:|11”. Applying (14.1), ¢) with T={1®a} it follows that there is

x€J;5, with 1+4+xel. By (14.1), ¢) x€B®J, and hence, by definition of the strong
intersection property, 14« isinvertible. Thisimpliesthat I=B®A and gives parta) in:

Lemma (14.3). — Let B be a commutative flat R-algebra where B®A is Noetherian
and 1 is an ideal in B®A.

a) If acA has the strong intersection property and 1®ae Dll”, then either 1®a=o0
or I=B®A.
b) If A has the strong intersection property and we let A denote Im(A trios B®A), then

either Xn( DII”)zo or I=B®A.

Proof. — Part a) is proved just above (14.3). Part b) follows from parta). Q.E.D.

Proposition (14.4). — a) An element o+acA has the strong intersection property if J,
consists of nilpotent elements.

b) Suppose R is an algebraically closed field and o+acA. Assume that for each x€],
the element 14 x is invertible in A and that J, is contained in a finitely generated subalgebra of A.
Then a has the strong intersection property.

Proof. — a) Suppose B is a commutative R-algebra. Since J, consists of nilpotent
elements the image of B®J,—~>B®A consists of nilpotent elements. Thus xeB®]J,
is nilpotent and 1+ 1is invertible. This proves part a).

b) Let G be any subalgebra of A containing J,. For x€J,, 1+« is invertible
in A by hypothesis. By (14.1), a) the inverse actually lies in C.

Let B be a commutative R-algebra and 2eB®J,. If z=2X5®q, then there

is a finitely generated subalgebra D of B with {4;}CD. Since by hypothesis J, lies
in a finitely generated subalgebra of A, there is a finitely generated subalgebra C of A
with ¢eC, J,€C and {4}CC. We shall show that 142z is an invertible element
of D®C.

If 14 2z is not invertible in D®C it lies in some maximal ideal. Since D®C
is a finitely generated R-algebra and R is algebraically closed, we can apply the Hilbert
Nullstellensatz to conclude that there is an R-algebra homomorphism f:D®C—R
with f(1 +2z)=o0. Clearly fis of the form D®C 228 R®R =R where ¢ : DR and
p : C—R are R-algebra homomorphisms.
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Let 6 : D®C—C, d®c¢t>o(d)c. This is an R-algebra homomorphism and ¢5 = f.
Since z(1®a)=0, 5(1®a)=aeC we have 5(2)a=5(2)5(1®a)=5(2(1®a))=o0. Hence
5(z)e], and by hypothesis 1-35(2) is invertible. This implies p(1+3(2))+0. But
p(1 +6(2))=gc(1 4+ 2)=f(1 +2)=o0. The contradiction shows that 1- 2z must be
invertible and aeA has the strong intersection property. Q.E.D.

Corollary (14.5). — a) A has the strong intersection property if all zero divisors in A are
nilpotent. In particular integral domains have the strong intersection property.

b) If R is an algebraically closed field, A is a finitely generated R-algebra and for each
proper ideal 1CA  the intersection DI” is zero, then A has the strong intersection property.

Proof. — a) Since ], consists of zero divisors for osacA part a) follows from
(14.4), a).

b) By (14.1), d), for each zero divisor deA, the element 1-d is invertible.
Hence by (14.4), b) A has the strong intersection property. Q.E.D.

Proposition (14.6). — Suppose A has the strong intersection property and let

mult

PM=Ker(AQA — A).

If ox1 is a proper ideal of A where 1 and A |1 are flat R-modules and (A[I)® A is a Noetherian
ring, then there is o<neZ such that

(*) ARI+I®A + M~

Proof. — Let = : A—>A[I be the natural map. In (A/I)®A let N=(=®I)(M).
Since N lies in the kernel of the composite

I®n mult

(AI)®A — (AD®(A/I) — A/I, RN+(A/I)®A.
To verify (*) it suffices to prove that for some o<neZ
(r®RI)(A®I) ¢ (r@I)(I®A + M)
which reduces to showing
(AI) @I EN™

for some o<neZ.
By flatness of I and A/I the following composite is injective

I=R®I > (A/I)®I - (A/I)®A.

Thus for o+xel, it follows that o+1®xe(A/I)®A. By (14.3), b) there is o<neZ
with 1®x¢RN™ Q.E.D.
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Theorem (x4.7). — Suppose A has the strong intersection property and almost finite projective
differentials (8.5). Furthermore suppose that for each ideal o+1 CA both 1 and AT are flat

R-modules and (A[I)®A is a Noetherian ring. Then A is a simple D,-module.
Note. — If A®A is Noetherian then (A/I)®A is Noetherian for any ideal ICA.

Proof. — By (12.2) we may apply (12.1). Let {L,} be as in (8.5). Suppose
o+I is a proper ideal of A. By (14.6) there is o<neZ where A®I+I®A 4 M.
Since {L,} is cofinal with {9t} there is L, with A®I+I®A+L,. By (12.1),¢) Ais
a simple D,-module. Q.E.D.

Now we wish to study the center of D,. In A®A let IM®=IN" Letfandg

denote the composites:

Fi A A®A —s (A®A)/M®
g1 A7 A®A —> (A®A)/M™.

Definition (14.8). — Let Zg(A)={acA]| f(a)=g(a)}.
Clearly Zg(A) is a subalgebra of A. Often we write Z(A) for Zy(A).

Theorem (14.9). — Suppose A has almost finite projective differentials. Then Z(A) is
the center of D,. (Here we are identifying Z(A) with Z(A)* and considering Z(A)' CA’cD,.)
Progf. — Let {L,} be as in (8.5). By (12.2) we may characterize the center

of D, by (12.1), f). Since {L,} is cofinal with { M}, (12.1), f) implies that the center
of D, is ({acA|1®a—a®1eM for all i})’. Thus the center of D, is

({aeA|1®a—a®1eM}) =Z(A) Q.E.D.

Lemma (14.310). — a) Suppose A and B are commutative R-algebras and ¢ : A—B.
Then o(Z(A))CZ(B).

b) Suppose C is an R-algebra which is a finite separable extension of R (13.10). Then
C=7Z(C).

c) Suppose A is a commutative R-algebra with subalgebra C where C is a finite separable
extension of R. Then GCZ(A).

d) Suppose R is a field and S is a commutative R-algebra. We can consider S®A as
an S-algebra and so Zg(S®A) s defined. The natural map S®Zg(A) — S®A carries
SQRZ(A) isomorphically to Zg(S®A).

e) Suppose R is an algebraically closed field, A®A is Noetherian and acA where a
is transcendental over R. Then a¢Z(A).

mult

Proof. — Let M,=Ker(A®A 2% A) and My=Ker(B®B 225 B). Then
(p®)(M,) CMy
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so that (e®¢) (M) CIME. Clearly the diagrams

A— 5B A 5B

f jf Jy ly

¥ v
A®A 2% BoB A®A %% BeB

commute.
Thus for acA, if (f—g) (a)eIMT, then (f—g)e(a)eMy and it follows that
?(Z(A)) CZ(B).
mult

b) Since C is a projective C® C-module the map C®C — C has a C®C-module
splitting. Then C®CQC is the direct sum of I, and the ideal which is the image of
the splitting. The component of 1 in I; is an idempotent which generates IM;. Thus
P2 =M, and MZ =M. Forall ceC, (f—g) (c)=1®c—c®1eM; and so C=Z(C).

¢) follows from a) and ») when we consider the inclusion map C<A.

d) There is a natural isomorphism (S®A)Q((S®A)=S®AR®A. Under this
isomorphism Mg, corresponds to S®I,. Then Mgy, corresponds to SOI;.

Since R is a field ,.91 (S®M;)=S®( N M;). Thus Mgy, corresponds to SOMY.

Finally under the isomorphism the f and g maps from S®A to (S®A)®4(S®A)

correspond to S®A 190 S®A®A and S®A %L S@A®A respectively. Thus

{xeSOA|(f—2) () €M}

equals the kernel of the composite

SEA 2T SEARA —> S®((A®A)/MD).

The kernel of this map is S®Z(A).

¢) Let T be the multiplicative system in A generated by {a—r}, .z. If ais
transcendental over R then no product (a—r;) ... (a—r,) is equal to zero. Otherwise
a would be a zero of the polynomial (X —r) ... (X—7,). Hence 0o¢T and there is an
ideal PCA which is maximal with respect to PnT =o. Asis well known P is prime.
Let = :A—A/PB. By part a) it suffices to prove that =(a)¢Z(A/PB). By choice of
the multiplicative system T we know that =(a)¢R. Hence

0+107(A) —7(a)® 1€ (A(P)®(A[B)).

Since R is algebraically closed and A /B is an integral domain we have that (A/PB)®(A/PB)
is an integral domain. Since A®A is Noetherianso is (A/P)D(A/P)=(x®=) (A®A).
Hence by (14.1), d), My =0 and 1®xn(a) —7m(a)®1¢Myy. Thus =w(a)¢Z(A/P).

Q.E.D.

To further characterize Z(A) we must assume that R is a field.
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Definition (14.11). — For a commutative algebra A over a field R, Sepg A denotes
{acA| there is a separable polynomial o#feR[X] with f(a)=0}.

We often write Sep A for SepgA.
Sep A has the following properties:

-t

. Sep A is a subalgebra of A.

2. If B is another commutative algebra, then the inclusion
Sep A®Sep B - A®B

has image Sep(A®B). Thus Sep A®Sep B is naturally isomorphic
to Sep(A®B).

3. If B is another commutative algebra, then the inclusion
Sep A®Sep B -~ A®B

has image Sep(A®B). Thus Sep A®Sep B is naturally isomorphic
to Sep(A@B).

4. If S is a field extension of R and Sepg(S®A) is the Sep of S®A as an

(r4.12) S-algebra, then the map S®Sep A — S®A maps S®Sep A isomorphically
to Sepg(S®A).

5. If R is algebraically closed, then Sep A is spanned by idempotents.

6. If Sep A is spanned by idempotents and A is Noetherian, then Sep A is
finite dimensional.

7. If Sep A is spanned by idempotents and is finite dimensional, then there

is a unique set {¢, ..., ¢,} of minimal orthogonal idempotents in Sep A
which is a basis for Sep A and any idempotent in Sep A is of the form
g+ ... +e foraset {i,...,4,}C{1,...,n}

8. Suppose o : A—B is an algebra map where B is a commutative algebra.
Then o(Sep A)CSep B. If ¢ is surjective and Ker ¢ consists of nilpotent
elements, then o maps Sep A isomorphically to Sep B.

Theorem (14.13). — Suppose A is a commutative algebra over a field R and S is the algebraic
closure of R. If S®A®A is Noetherian then Z(A)=Sep A and Sep A is finite dimensional.

Proof. — By (14.10), d) and (14.12), 4) it suffices to prove that
Z4(S®A)=Sepg(S®A).
Since S®A®A 1is Noetherian we have that (S®A)®g(S®A) is Noetherian. Thus

we may assume that R is algebraically closed and A®A is Noetherian.

Let neZ(A). If n is invertible it is not nilpotent. Suppose 7 is not invertible
and N=A.n. Let n:A—->A/N.

Since A®A is Noetherian and 1®2—n®1eIMy it follows from the Krull
intersection theorem that there is weI, with 4 (1®n—n®1)=1®7n—n®1. Hence
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(u—1) (1®n—n®1)=0
and o0=((n®I) (u—1)) (=®I(1®n —n®1))=((=®I) (u—1)) (1 ®n).

Thus by (14.1),¢) (=®I) (u—1)e(A/N)®]J, and so u—1eNO®A +AR],.

Since ueM,, mult(u)=o0 and mult(u —1)= —1. Thus —1eN, +A],=NR+],
and A=N+]J,. Say 1=an+b with aneWM, be]J,. Since nb=o0 this proves that
an is idempotent. Since an is idempotent n cannot be nilpotent.

Thus far we have shown that Z(A) contains no nilpotent elements. By (14.10), ¢)
Z(A) contains no transcendental elements. Let zeZ(A). Since z is not transcendental
it generates a finite dimensional subalgebra GCZ(A). Since C contains no nilpotent
elements it is semi-simple over R. Since R is algebraically closed C is the direct sum
of copies of R. Hence C is spanned by idempotents which are separable and CCSep A.
Thus Z(A)CSep A.

Since A®A is Noetherian so is the homomorphic image A =mult(A®A). Thus
by (14.12), 5) and 6), Sep A is finite dimensional.

It can be shown that Sep A is a finite separable extension of R in the sense of (13. 10).
In which case Sep ACZ(A) by (14.10), ¢). Alternatively, by (14.12, 5), Sep A is
spanned by idempotents. If ¢ is an idempotent in A, then direct calculation proves
that (1®e—e®1)°=1®¢—e®1. Thus 1®e—e®@1=(1®¢—e®1)"eIMM for all n and
1®e—e®1eIMy. This shows that ecZ(A). Since Sep A is spanned by idempotents
Sep ACZ(A). Q.E.D.

15. Cohomology of a x,-bialgebra

Throughout this section A is a commutative algebra and (B, A, #) is a cocom-
mutative X,-bialgebra. If Cis a X,-coalgebra and D is an A-coalgebra then C®,D
has an A-coalgebra structure described in (11.1). This coalgebra structure shall be
used frequently. If D is an A-coalgebra and K an A-algebra then Hom, (D, K) has

(a > a.1)

an A-algebra structure [17, p. 6g-70]. The unit is the composite D SA - K for
f, geHom, (D, K) the product f*g is given by

®yg mult

D -5 [.DeD = [ KeK 25 K.

When D is cocommutative and K is commutative then Hom, (D, K) is a com-
mutative A-algebra.

Definition (15.1). — Reg,(D, K) denotes the group of invertible elements in
Hom, (D, K).

When D is cocommutative and K is commutative then Reg,(D, K) is an abelian
group.
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When E is another A-coalgebra and D—E is a coalgebra map, the induced
map Hom,(E, K) -~ Hom, (D, K)

MOSS E. SWEEDLER

map Reg,(E, K) - Reg,(D, K).

Lemma (x5.2). — a) Suppose G is a X,-coalgebra, D and E are A-coalgebras and
S :D—E is a coalgebra map. Then 1®f:C®,D — CO,E s a coalgebra map.
b) Suppose D is an A-coalgebra and G, ..

C,®,C,0,...0,C,0,D

., G, are X,-coalgebras.

s an A-coalgebra by (11.1) iterated.

c) Suppose G, and G, are X ,-coalgebras, f:C,®,C, - G, is a coalgebra map and an

A-bimodule map and D is an A-coalgebra. Then f®I : C,®,C,®,D — C,®,D s a coalgebra

map.

d) For the X ,-bialgebra B the map B®,B " B is an A-bimodule map and a coalgebra

map. The map B> A is a coalgebra map.

e) The following two maps e, and e, from A to Hom,(B, A) are algebra maps.

acA, beB

Note. — In e (and f), b.a or by.f(b;®...®b,) is the natural action of B on A (5.7).

¢(a) (b)=b.a
¢,(a) (b) =ac(b).

Also Hom,(B®,...®,B, A) denotes f "Hom(B®, ...®,B, A).
£) For o<neZ the following n—+ 2 maps from

n

T —

n+1

P

Hom,(B®, ... ®,B,A) & Hom,(B®,...®,B, A)

n
A

are algebra maps: for feHomA(B(@A ...®,BA), {}CB

e(f) (0,® ...

e(f) (8,®. ..
.. ®b)=f(b,0b,5,0b,® . ..®b,)

®b,)=b,f(5,®...®b,)
®b,)=f(by5,05,® ... ®b,)

e,(f) (5,®. ..

®b)=f(5,®...®b, _,®b, _,b)

bpi1(f) (0o®...®b,)=f(b®...®b,_,®b, _c(b,)).

Proof. — a) and ¢) are left to the reader.
b) This is obvious once C;®,...®,C,®,D is viewed as

Ci®,(Go®,(Cy. .. 8,(C,_;®,(C,®,D)). ..)).
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d) For any A-coalgebra D, €:D->A is a coalgebra map. Hence ¢:B—A
is a coalgebra map. For s®ceB®,B, £(b®c)=-¢(be(c)) by definition of the coalgebra
structure on B®,B (11.1). By the remark following (5.7), e(be(c))=¢(bc). Hence
mult : B®, B—~B preserves co-unit. Since B is a X,-bialgebra, A :B—>Bx,B is
multiplicative. It is left to the reader to show that the multiplicativity of A implies
that mult : B®, B—~B preserves diagonalization.

¢) The e, map is simply A — Hom,(B, A), (at>a.1) and hence is an A-algebra

map. For a,a'cA, beB let A()=Zh®beBx,BC| B®B. Then
(eo(a) eo(a)) (8) =2 (b;-a) (b;.a")

which equals b(aa’) by (5.8), ¢) and b(aa’)=¢4(aa’) (b). Thus ¢, is multiplicative.
For beB, ¢,(1)(b)=b.1=S(b)(1)=€eSF(b)=¢(b). Hence ¢,(1) is the unit in Hom, (B, A).

f) If Dis an A-coalgebra and K and L are A-algebras and K—L is an algebra
map, then the induced map Hom,(D, K) - Hom,(D, L) is an algebra map. We
apply this where K=A, L=Hom,(B, A) and A 3 Hom, (B, A) with ¢, as in parte).
This gives the algebra map

n n
(%) Hom, (B®, ...®,B, A) - Hom,(B®, . ..®, B, Hom,(B, A)).
n n-t+1

Identify Hom,(B®,...®,B, Hom,(B, A)) with Hom,(B®,...®,B, A) by the
usual adjointness relation; the map (*) becomes ¢, in part f). Thus ¢, is an algebra map.

By parts 4) and d) the map
141 )
S o mut®Ie...el T

B®,...®,B “M®° %l pg - ®,B

is a coalgebra map. Thus by part a) the map

n41 n
S = U 19...@Iemit®IR... @1 "
B®,...®,B B®,...®,B
is a coalgebra map. This shows that ¢, ..., ¢, are algebra maps.

By parts d) and a) the map

n+1 n n
B®,...®,B °°'° Bg. .. ®,B®,A—BS,...0,B
is a coalgebra map. Thus ¢, is an algebra map. Q.E.D.
It is left to the reader to verify that
n ~
(x5.3) {Hom,(B®,...®,B,A), ¢, ..., 110
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forms a semi-co-simplicial complex.
o

Note. — B®,...®,B denotes A.

Definition (15.4). — The homology of the above semi-co-simplicial complex with
respect to the “ units ” functor is denoted H*(B).

H° theorem (15.5). — Suppose # : B—End A is injective and p. : A—B, a—a.1.
Then w maps H°(B) isomorphically to the group of units in the center of B.

Proof. — Since .# is a map of algebras over A the diagram

commutes.
This shows that p is injective, and since .# is injective, w(A) is a maximal com-
mutative subring of B and thus contains the center of B.
For beB a,d' €A
(ba').a=(F(B)d) (@)
ac(ba’)=ad' I (b)(a’).

Hence ¢)(a)=¢,(a) is equivalent to &’ lying in the center of .#(B). Since .7 is injective

(%) eo(a) =¢,(a)
is equivalent to p(a) lying in the center of B.
Applying the units functor to (%) concludes the proof. Q.E.D.

Lemma (x5.6). — Suppose C is a X ,-bialgebra, E=E¢ asin (6.1) and C®,...®,C,
is considered as an A-bimodule with the x left A-module structure and the y right A-module structure.

a) If f:C®,...®,C—~A is a left A-module map and f':C®,...®,C — End A
as in (5.2), then Im f*CE. In fact for ¢, ..., deC with

Ac=3¢®c, ...,Ad=2d®dcCx,C cf Nel-Xe!
i J z

define f*:C®,...®,C—C by
Foc®. .. 0d)=2 ... f(d®...0d)c. ..
i j
Then f'=2f", f*is an A-bimodule map.
b) If g:C®,...®9,C—EndA isany A-bimodule map, then Im gCE.

Proof. — b) follows from a) by the remark below (5.2). a) is a jazzed-up version
of (10.1), a) and is proved as follows:
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For ¢, ...,d as in a) and acA

FUe® ... ®d)(a)=f(c® . ..®da)

=If(c®...0d)(a).

The first equality follows from the definition of f. The second equality follows
from (5.8), ¢) iterated. The third equality follows from f being a left A-module map.
The fourth equality follows from # :C—End A being an algebra homomorphism.
The last equality follows from the definition of f*. Q.E.D.

Lemma (x5.7). — a) Suppose Hom, (A, A) is identified with A in the usual way and
feHom, (A, A) corresponds to acA where f(1)=a. Then o =f'eEnd A.

Suppose B is a X,-bialgebra and E =Eg.

b) For acA, beB

¢,(0)'(8) = S (b)d €E
e,(a) () =d’F(b)€E.
n

c) For feHom,(B®,...®,B, A), {5,};CB,

e(f) (5® ... ®b)=I(b)f'(6,® . ..®b,)
e, () (5y® . .. ®b) = (b6, ®6,® . ..®b,)
e f)'(5y® . .. ®b,) =f!(b,®b,6,0b,® . ..®b,)

6, () (by® ... 0b)=f4b,®...®b, _,®b,_,b)
6 (F)(B®...®b)=[(b,®...®b,_,).F(b,).
d) For f, gcHom,(B, A), b, cB
(e(f) * x(8))!(b®c) = g'(b)f*(c) eE.
e) For f, geHom,(B, A)
(f*g)°=f"g"eHom, (B, B).

Note. — In parts d) and ¢) the %-product refers to the product discussed at the
beginning of this section. The ( )* in part ¢) is defined in (15.6), a).

Proof. — Parts a), b) and ¢) are left to the reader.

d) By the remark below (5.2) it suffices to prove that

e(e(f) * 2(2)) (b®c) =€ (g'(B)f"(c)) eA.
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Hence by the same remark it suffices to prove that

(e0(Sf) * ex()) (6®c) =€(g'(B)f(c)).
By definition of e
e(g'(b)f'(e)) =g'(b)f (o) (1)

which equals

(*) &6 (f(e))
by the remark below (5.2).

Suppose Ab=2X5,®b;, Ac=20j®cj'eB><ABCLIB®IB. Then
(e0(Sf) * &(2)) (b®c) = Zb,. f ()8 (b e(c)))

which equals X b;.f(c)g(b;) since ¢ is the co-unit of B. Since g is a left A-module map

we have the first equality in
Zb;.fle)g(b;) = 2 g((b;-f(€))B))
(**) i v
=8(bf(e)),
the second equality following from (5.8),¢). By (5.2) (*)=(%*) and part d) is proved.
For part ¢), direct computation shows that for beB with Ab=2X5®b; ef B®,B
and (I®A)Ab =X p,08®p <[ BOBOB then ’
(+) (f*g)"(8) =21 (B2 ()8
and g°(b)=2g(b)) b;.
Then f“’g“’(b):Zg(b{)f‘“(bi). By coassociativity (A®I)A(h)=2XB,®B/®B" so that
(++) g (6) £ () =2 (8)") f(8)) ;-
Comparing (+) and (#4) gives e). Q.E.D.

H*' theorem (15.8). — a) If feHom,(B, A) is a 1-cocycle, then f'eHom, 4 ,(B, E)
is a homomorphism of algebras over A.

Suppose S : B—End A s injective. Then:

b) feHom,(B, A) is a 1-cocycle if and only if f“eHom, g ,(B, B) is an isomorphism
of algebras over A.

c) feHom,(B, A) is a 1-coboundary if and only if f“eHom,g,(B, B) is an inner
automorphism of B induced by an invertible element of A.
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d) The correspondence fi>f' induces an isomorphism between H'(B) and the group of
automorphisms of B as an algebra over A modulo the subgroup of inner automorphisms of B induced
by invertible elements of A.

Note by (10.1), b) the group of automorphisms of B as an algebra over A is a
commutative group.

Proof. — a) If fis a 1-cocycle then ¢,(f)*e(f)=¢e,(f). Thus
(o(f) * e () = e (Sf)".

By (15.7), ¢) and d), this proves that f‘:B—E is multiplicative. Since f is an
A-bimodule map it remains to prove that f(1)=1. Applying the identity f*f~'=¢®c¢

to I®I€f B®,B shows that f(1®1) and f~'(1®1) are inverse elements of each
other in A. Then applying the 1-cocycle identity e,(f)*e;(f 1) *e(f)=e®e®c
to I®1®16f B® B® B shows that f(1®1)=1.

b) When £ :B—End A is injective, then £ gives an isomorphism between B
and E. For feHom,(B,A) Sf°=f'. Thus, by parta), if fis a 1-cocycle, then f*B—B
is a homomorphism of algebras over A. When f is a 1-cocycle so is f~*. Thus by
(15.7), ¢), f* is an automorphism with inverse (f~!)®.

Conversely suppose feHom(B, A) and f* is an automorphism of B as an
algebra over A. Let G be the inverse automorphism to f* and let g=ef#G. Then
G=g" and by (15.7), ¢), g is inverse to f in Hom,(B, A). Thus f is invertible in the
A-algebra Hom,(B, A).

Since f* is multiplicative so is #f*=f'. Thus for b,, b,eB

S(bo) f*(by) =1"(B ).

By (15.7), ¢) and d) this proves that (e,(f)* &;(f)) =¢,(f)". Hence ¢,(f) * &(f) =e,(f).
Together with invertibility of f this proves that fis a 1-cocycle.

¢) Follows from (15.7), b).
d) Follows from b) and ¢). Q.E.D.

16. H*(B)

In this section we show when H2(B)~%(B) as abelian groups. Throughout
the section A is a commutative algebra and (B, A, #) is a cocommutative X ,-bialgebra.

Definition (16.1). — Suppose M, N are A-bimodules feHom,g,(M®, M, M),
geHom, o ,(N®, N, N). We call (M, f) and (N, g) equivalent and write (M, f)~(N, g)
if there is an A-bimodule isomorphism ¢ : M—N such that f=o6"'g(c®0).

Definition (16.2). — Suppose M is an A-bimodule and feHom,y,(M®, M, M).
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We call (M, f) a non-associative algebra over A if there is an A-bimodule map vy : A—-M
making the diagrams below commute:

(a®@m > a.m)
—

M
0

f

A®M

YRI

y
MOM — M®,M

mRa >m.a)
_—

M®A M
A

I®y f

¥
MOM —— > M®,M

The proof of the next lemma is left to the reader:

Lemma (x6.3). — Suppose M, N are A-bimodules,
feHom, o ,(M®, M, M), geHom,y,(N®,N, N).
Let heHom, o, ((MX,N)®, (M x,N), Mx,N) be the composite:
13 x
(Mx,N)®, (Mx,N) —> (M®, M) x, (N®,N) =% Mx,N

where & is defined in (2.10). Let h'eHom,g,((NX,M)®, (Nx,M), Nx,M) be the
composite:
(Nx,M)®, (Nx,M) —> (N®,N) x, (M®, M) 2L Nx, M.

3

I. “~7” in (16.1) is an equivalence relation.

2. If M=B as an A-bimodule, then there is re Hom, g, (B®, B, B) with (M, f)~ (B, ).

3. For r,seHom,y,(B®,B, B), (B,r)~(B,s) if and only if there is an A-bimodule
wsomorphism o : B—>B where r(c® o)= os.

4. (M, f) is a non-associative algebra over A if and only if there is eefmez which s
a 2-sided unit for (M, f); i.e. for all meM, f(e®m)=m=f(m®e). In this case v (as in
(16.2)) is uniquely determined as the map

A—->M (a—a.e=ce.a).

5. Suppose (M, f)~(N, g) and (M, f) s a non-associative algebra over A. Then

(N, g) s a non-associative algebra over A.

6. If (M, f) and (N, g) are non-associative algebras over A, then sois (M x,N, k). If

¢ is the unit of M and ¢’ the unit of N, then e®e’efyf MO N =Mx,N s the unit of
M x,N.
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7. Suppose M and N are algebras over A (associative) and
f: M® M ->M, ¢g:N®N->N

are the multiplication maps. Then kb : (MX,N)®,( M x,N) - M x,N s the multiplication
map.

8. The «“ ~7 equwalence class of (M X,N, k) depends only upon the “ ~” equivalence
classes of (M, f) and (N, g).

9. If M, N are algebras over A (associative) and f and g are the multiplication maps, then
(M, f)~(N, g) if and only if MXN as algebras over A.

10. Suppose (M, f)~(B,r), (N, g)~(B,s) and A :B—-Bx,B is an isomorphism;
then (M XN, k)~ (B, t) where teHom,g,(B®,B, B) s the composite

B®,B 223 (Bx,B)®,(Bx,B) —> (B®,B) %, (B®,B) 5 Bx,B > B.

11. Suppose the products on M and N induced by f and g respectively are associative. Then
the product on M X, N induced by h is associative.
12. Suppose N=B and g=mult: B®,B—>B. The composite map

Mx,N=M5,B 2% Mx,End A > M

is multiplicative if M X, N has the h product and M has the f product. (0 is defined in (2.8),
also see (4.2).)

13. Suppose (M, f)~ (N, g) and f induces an associative product on M. Then g induces
an associative product on N.
14. (MX,N, &)~ (Nx,M, &).

Lemma (16.4). — Suppose M is an A-bimodule, feHom,gy,(M®, M, M) and the
product induced on M by f is associative. For m,ne M denote the f-product f(m®n) by mon.

1. Suppose there is mefy WM, such that the map M—>M, (xi>mox) is an isomorphism.
Then there is zefy M, which is a left < o identity. l.e. for all neM, zon=n.

2. Suppose there is mefy M, such that the map M—>M, (x>xom) is an isomorphism.
Then there is zejy M, which is a right < o identity.

3. Suppose A : B—Bx,B is an isomorphism, Im(A — B) :fy By N is an A-bimodule,
geHom, o ,(N®, N, N) and M=BxN as A-bimodules. For u,veN denote the g-product
gu®v) by utGv. Form (MX,N, k) as in (16.3).

If (Mx N, k) has an h unit in fy JMX,N), then M has a o unit in fy M,
Hence by (16.3), 4) (M, f) is a non-associative algebra over A and since f is assumed associative

there is a unique algebra map v : A—>M making (M, f), y) into an algebra over A.
Proof. — 1. CGhoose zeM with moz=m. For acA

Y

mo(az)=(ma)oz=(am)oz=a(moz)=am; mo(za)=(moz)a=ma.
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These calculations use that mefy WM, and feHom,,,(M®, M, M). Hence
mo(az)=am=ma=mo/(za).

. . . . . Y
Since ¢ mo > is an isomorphism it follows that az=za and zej M,.

For neM, mo(zon)=(moz)on=mon, here we have used associativity of “ o ”,
Again since “ mo ” is an isomorphism we conclude that zon=n and z is a left o * unit.

2) is proved similarly to 1).

3. Let 6 :B—>M and t:B—N be A-bimodule isomorphisms. Then

B > Bx,B 25 Mx,N

is an A-bimodule isomorphism. Let m=qc(1) efy M, and n=-1(1) ejy ,N,. Since
A(1)=1®1 it follows that (ocX7t)A(1)=m®n. Since Im(A—»B):Jy /B, it follows
that A.1 =fy ,B,- Hence A.(m®n) =Jy y(MX,N),. Suppose w is the k unit of

Mx,N in fyy(MxAN)y. Then w can be written a.(m®n)=m®an for some acA.

Let r: M—>M, (x—>mox) and s:N—>N, (x>(an)ox). Bothrand sare A-bimodule
maps. The map rXxs:MXx,N—->MXx,N is left multiplication by w and hence is the
identity. Thus 7Xs is an isomorphism and by (10.1), ¢) 7 is an isomorphism. Hence

by part 1), M has a left unit in " M,

Let " :M—->M, (xs>xom) and s :N-—->N, (xxo(an)). Both 7" and s’ are
A-bimodule maps and 7' Xs" : M xX,N—M x,N is right multiplication by w, the identity.

Thus by (10.1), ¢) 7' is an isomorphism and part 2) M has a right unit in fy M. As
usual left and right unit must be the same. Q.E.D.

Definition (16.5). — For (M, f) — as in (16.1) — let {(M, f)> denote the *“ ~
equivalence class. Let & denote the set of equivalence classes ((M, f)> where M~ B
as an A-bimodule. Let

o ={{(M, f)>eZ| f induces an associative product on M}
B ={KM, f)>e?|(M,f) is a non-associative algebra over A}

Note. — That &£ is a set follows from (16.3), 2); that o/ and & are well defined
follows from (16.3), 13) and (16.3), 5).
Lemma (16.6). — Suppose A : B—>B X, B s an isomorphism and Im(A — B):fy /By
a) For (M, >, (N, g>eP one may define the product (M, f>(N, g> as
(M, N, hye?

with h as in (16.3).  This defines an associative commutative product on P which has {(B, mult)>
as unit.

b) o and B are submonoids of P and A B =E(B) which is defined in (4.8).
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c) The subgroup of invertible elements of o coincides with the subgroup of invertible elements
of &{B). They equal G(B) defined in (4.8).

Proof. — a) (16.3), 8) implies that the product on £ is well defined. (16.3), 14)
gives that the product on £ is commutative. We only outline the proof that the product
on Z is associative. Suppose (L, d)>, (M, f)>, ((N, g)>e?. Since B is a x,-bial-
gebra, B is associative as an A-bimodule (2.7). Since L M~N=~B as A-bimodules

it follows that (L, M, N) associates (2.6). J' ! j Ly® M, ® N, has a product where
for x=2Xt{,@m®n, y=Z[}@m}@njejyfzzLy@)xMy@xNy the product xy is defined as
1 M
ZE d(£,0¢)® f(m®m)) ® g(n,®n)).

With this product the maps o and o’ ((2.5), 2) and just above (2.6)) are multiplicative.
Thus the association isomorphism is multiplicative as well as an A-bimodule isomorphism.
Hence  ((L, d)><(M, f)3)(N, g)>~<(L, d)>({(M, f)>{(N, g)>) and the product

on £ is associative.
Since B—-BX,B is an isomorphism the composite

Bx,B 2% Bx,EndA - B

must be the inverse isomorphism (see (5.1)). If ((M,f)>e#, then M=B as an
A-bimodule and so the composite

Mx,B 5 Mx,EndA - M

is an isomorphism. By (16.3), 12) it follows that (M, f)><(B, mult)>~<{(M,f)>.
Hence {(B, mult) ) is a right unit for the product on #. Since the product is commutative
{(B, mult)) is the unit.

b) (16.3), 11) implies that & is a submonoid and (16.3), 6) implies that & is
a submonoid. That /NH=4&¢(B> is a matter of definition.

¢) (16.4), 3) implies that the subgroup of invertible elements of & all lie in 4.
Hence the subgroup of invertible elements of &/ coincides with the subgroup of invertible
elements of &(B>. This group equals ¥¢{B> by definition. Q.E.D.

Lemma (16.7). — Suppose f, gcHom, (B®, B, A), o, yeHom,(B, A) and b, ¢, deB.
In what follows the %-product refers to the product defined at the beginning of Section 15. The
()P is defined in (15.6, a). E=E;.
a) (6(f)* () (6®c®d)=g'(b®f"(c®d)).
b) (e(f)*es(8)) (6®c®d)=f"(g"(b®c)®d).
c) If A is an isomorphism, then (fxg)' is equal to the composite
AR A fto x gto

(+) B®,B -5 (Bx,B)®, (Bx,B) —> (B&,B) x, (B&,B) "% Bx,B ~> B.

d) (ex(0) *&(v) %) (6®c)=F"(c"(5) ®Y"(c))-
e) (f*e(a)) (0®c)=o'(f"(b®c)).
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Progf. — The proofs of a), b), d) and ¢) are similar to the proofs of (15.7), d) ete)
and are left to the reader.

¢) By (5.1) A™'=6(Ix.#). Hence eA~! equals the composite
(##)  Bx,BZ*Endx,End A< [ End A®,End A =23 [ A®A=A.

By the remark below (5.2) it suffices to prove that e€(fxg)'=eC where C is the
composite (*) in part ¢). By the same remark e(f*g)'=f%g. By (¥x) €C is equal to
AR®A

B®,B 223 (Bx,B)®, (Bx,B) —> (B®,B) x, (B, B)

IX I

~“ End Ax,End A< | End A®,End A =23 [ A®A=A.

fto x gto

- Bx,B

Using ff°=f' and Fg°=g" this equals:

B®,B 22 (Bx,B)®, (Bx,B) —> (B®,B) x, (B®,B)

£2¢ End Ax,End A 05 [ A®,A=A.
Using €f'=f and eg'=g this equals:

B®,B 292 (Bx,B)®(Bx,B) —> (B®,B)x, (B®,B)

—> | ,(B®,B)®,(B®,B) ﬂf A® A=A,

Since the composite of the first three maps (£(A®A) equals the diagonalization in
B®, B, the entire composite equals fx* g. Q.E.D.
H? theorem (16.8). — Suppose ¥ : B—End A s injective and A : B —Bx,B is
an isomorphism. Note that injectivity of # implies that Im(A—~B)= ! B,
a) For f, geHom,(B®,B, A) write f~~g if there is a x-invertible element
ceHom, (B, A)
with ey(c) % e,(c)*f=e,(c)xg. Then ~~ is an equivalence relation. Let [ f] denote ihe
¥~~~ equivalence class of f and let Q) denote the set of equivalence classes {[ f1}. The %-product

on Hom,(B®,B, A) induces a commutative associative product on Q with unit [egg,g].
There is a biyjective product preserving correspondence

P Q
(B,f°)) < [f].
b) For f~~geHom,(B&,B, A) if

then eo(g)e(g) =ealg)es(g)-
Thus X={[f1eQle(Sf)el S
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is a well defined subset of Q. X is actually a submonoid of Q and the correspondence in part a)
induces an isomorphism between X and <f.

c) Let f~~geHom,(B®,B, A) and suppose there is acA satisfying
(%) fla.1®b)=€SF(b)=f(b®a.1), beB.

Then a is an invertible element of A with inverse f(1®1). There is an element a’€A satisfying
g(@.1®b)=ef(b)=g(b®a’.1)
Sor all beB. Thus

Y={[f1}€Q |there is acA satisfying (**)}

is a well defined subset of Q. Y is actually a submonoid of Q and the correspondence in part a)
induces an isomorphism between Y and B.

d) For f~~geHom,(B®,B, A), if f is #-invertible, then so is g. A class [ f]eQ
is tnvertible in Q if and only if each member of the class is %-invertible.

e) The correspondence in part a) induces an tsomorphism between X nY and &£(B).
The invertible elements in XY coincide with the invertible elements of X. The correspondence
in part a) induces a (group) isomorphism between the subgroup of invertible elements of X and %(B).
The subgroup of invertible elements of X is naturally isomorphic to H*(B).

Proof. — By (15.6) and the hypothesis that # : B—~End A is injective, it follows
that the correspondence

n n
Hom, ,,(B®, ...®,B, B) <> Hom,(B®, ...®, B, A)
fe<f
g —>ng

is bijective. This is used throughout the proof.

a) For f, g, o as in part a) it follows from (16.7), d) and ¢), (16.3), 3), (15.7), ¢)
that f~~g if and only if (B, e£f)~(B, ef£g) with “~" asin (16.1). Since “~"
is an equivalence relation “ ~~ " must also be. Moreover with (16.2), 2) we have
established the bijection Z«»>Q of part a). By (16.7), ¢) and (16.3), 10) the product
induced on Q) by the bijection is the same as the product arising from % .

b) This follows from (16.7), ¢) and 4), and (16.3), 13).

¢) The condition on a.1 and fis equivalent to a.1 being the unit for /. Hence
by (16.3), 4) and 5), it follows that a suitable a’ exists. Using that a.1 is the unit
for 1,

a.ff1®1)=f"@.191)=1.

Clearly f*(1® I)Efy ,B,=Im(A—B). Hence a is invertible with inverse
eJfP(1®1)=f(1®1).
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That Y is a submonoid of Q follows from (16.3), 6) or the fact that 4 is a submonoid
of #.

d) Follows from (16.7), ¢) and the fact that ¢, ¢,, ¢, are multiplicative.
¢) Follows from the preceding four parts. Q.E.D.

Invertibility corollary (16.9). — Suppose # : B—~End A s injective and A : B—~Bx,B
is an isomorphism. In addition suppose that for feHom,(B®, B, A), if f(1®1) is an invertible
element of A, then f is an %-invertible element of Hom,(B®,B, A). Then &E(B)=%(B>.

Proof. — The condition on elements of Hom,(B®,B, A) implies that Y consists
of invertible elements. Hence X nY consists of invertible elements. By (16.8), ¢)
this gives &<(B)>=%(B). Q.E.D.

17. Examples of X,-bialgebras and their cohomology

The example A#H of a X,-bialgebra is presented toward the end of section 7.
As a left A-module A#H~A®H. Hence, as a left A-module,

(A#H)®,...®9, (A#H)~A®H®...®H
and Hom,(A#H®,...®, A#H, A)xHom(H®...®H, A).
This isomorphism induces an isomorphism of complexes between the complex (15.4)

and the complex used to compute the Hopf algebra cohomology [16, § 2, p. 209]. The
details are left to the reader. Hence we have:

Theorem (x7.1). — Suppose A#H is a X,-bialgebra; then the cohomology H*(A #H)
as in (15.4) ts naturally isomorphic to the Hopf algebra cohomology of H in A [16, § 2, p. 208].

Corollary (17.2). — Suppose H=RG, the group algebra of a group G which acts as
automorphisms of A. Then H*(A#H) s naturally isomorphic to the group cohomology of “ G
acting on the group of invertible elements of A .

Progf. — Follows from (17.1) and the result [16, Theorem (g.1), p. 211] on Hopf
algebra cohomology. Q.E.D.

Corollary (17.3). — Suppose H =UL the enveloping algebra of a Lie algebra which
acts as derivations of A. Then, for i>2, H(A#H) is naturally isomorphic to the Lie cohomology
of “ L acting on A”. H°(A#H) is the group of invertible elements in A", the subalgebra of A
consisting of L-constants.

Proof. — Follows from (17.1) and the result [16, Theorem (4.3), p. 214] on Hopf
algebra cohomology. Q.E.D.
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*
L

Consider End A as an A®A-module and let {L,}, {C,}, C be as above (6.6).
In (6.6) it is shown that C is a X,-bialgebra if it happens to be a subalgebra over A
of End A. In (6.6), a) it is shown that C is a subalgebra over A of End A when:

mult

(1) there is an L_ contained in Ker(A®A — A);

17.
(x7-4) (ii) for each L, and Ly there is L, with ¢(L,)CL,®A 4 A®L,,

e: ARA -~ ARA®A, a®b>a®1®b.

Theorem (17.5). — Assume that{ L} satisfy (17 . 4) in addition to the conditions above (6.6).
n-41
a) For 1<neZ and L,, .. _ be the ideal in A®...®A

which is the kernel of the composite

L, e{L,}, let L,

RN

n+41 (A®A) ntimes
A®...®A=(A®A)®, (ARA)®,...®,(A®A) A®A _ AB®A A®A
—_— I AT ®,...0, T
4,®...Qa,=(a,04,)®(10a,)®...®(19aq,) % oy oty
Then
n—1 n—2 n—1
Lo, io, =Ly ®A® .. .®A+ARL,®A®...®A+...+A®...®AQL, .

b) For 1<neZ and L,, ..., L, e{L,}, the map

n+1
A®...®A 5> Hom,(C, ®,...0,GC, , A),

4,®...®a,> (,9...9c, > aye,(...a,_qc,(a,)...))

is surjective with kernel L, This induces an isomorphism between

n

— T —

Hom,(C®, ...®,C, A) and A®...®A,

n—+41
the completion of A®...®A with respect to {L, . o}e, ... a-
c) The maps

n nt1
e;: AR...®A - AR ...®A,

}

4,®...Qa,a®...0q810q,_ ,®...0q

ws  L=0, ..., 1

177
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m
are continuous when A®...®A has the {L,

a,_,) topology. Let {&;} be the induced maps

ceny

—
on the completions. {A®...®A, &y, ..., 8, 1 n_o i a semi-cosimplicial complex. The
isomorphism in part b) induces an isomorphism of complexes between this complex and the
complex (15.3).
d) H*(C) (15.4) s naturally isomorphic to the homology of the complex in part c) with
respect to the units functor.

n n
mul

e) The map A®.. @AS A, 4,®...®a,a..... a, is continuous when A®.. ®A
has the {L., | } topology and A has the discrete topology. Hence it induces a map

ey Oy

T
mult

/\ -~
A®...0A 2 A (=A).

For each i the diagram below commutes:

A®...OA—>» A®...®A
A

£) Suppose that the ground ring contains a copy of the rational numbers and for

mult

reMM =Ker(A®A 255 A)

and any Ly there is o<neZ (depending on x and L) such that x"eLg and hence higher powers
of x lie in Ly. Then from degree two onward the cohomology of the complex

— - T ©
{A®...®A, ¢, ..., ¢, 1}n—0

with respect to the functor * units > is naturally isomorphic to the cohomology of the same complex
with respect to the functor * underlying additive group .
g) Suppose C is projective as a left A-module (C=UC, as above (6.6)). Let A

have the natural B-module structure (5.7). The homology of the complex

—_— ~ /\oo
{A®...®A, %, ...\, 1100

with respect to the functor ° underlying additive group ” is naturally isomorphic to Exti(A, A).
h) Suppose there is a countable set { M} | of sets M;CA®A where {L,} and {M,} |
are cofinal. Then G is projective as a left A-module.

Proof. — a) By the standard result for “® * the kernel of
(A®A) ntimes
(AQRA)®,. .Q,(A®A) —

A®A A®A
OO

% %
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(A®A) i—1 times (A®A) n—itimes
is Z(A®A)®,...0,(A®A)®,L,®,(ARA)®, ...0, (A®A).

i

It is left to the reader to show that this corresponds to

1—1 n—i
ZA@ .. .®A®Lai®A® ...®A

under the first map (=) in the composite.

b) For n=1 the result about ¢ follows from (2.12), a) and ). Suppose by
induction that the result about ¢ has been proved for n—1 and n>>2. To proceed
we use the adjointness relation:

Homyg(sN, Homg(p Mg, P)) = Homg (s M ®g N, zP),
with G, =M, G, ®,...®,C, =N, A=P and both R and S are A. Then
Hom,(C, ®,C, ®,...®,C,)=Hom,(C,®,...®,C, , Hom,(C,, A))
=Hom,(G,,®, ...®,C, , (A®A)/L,)
A®A
3 ®,Hom, (G, ®,...®,C, , A)

51

n

A®A|  A®...®A
L A Laz,..

*

n+1
A®...®A

L

0y, eensy

The first equality is the adjointness. The second and fourth equality rely on the induction.
By (2.12), ) each G, is a finite projective left A-module. It is easily shown that this
implies that G,®,...®,G, is a finite projective left A-module. This gives the
third equality. For the fifth equality we use part a) to identify (A®...®A)/L, vy
with

A®A A®A

®...0®, :
L., L

%n

Then the term to the left of the fifth equality becomes

(A@A)® ® (A@A)
A DY X A
Lal er

n

and by part a) this equals (A®...®A)/L, a,~ This concludes the induction.
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The second part of 4) follows from

n
Hom,(C®, ...®,C, A)=Hom,(lim C, ®, ...®,C, , A)
=H£ HOmA(Ca].@A P ®Acan, A)

. [A®A®...®A
=lim|—— | =A®...®A,
<~ L
oy ... 0y

¢), d), ¢) The continuity of the maps ¢; is assured by (17.4), (i1). The continuity
of the map “ mult > is assured by (17.4), (i). The diagram in part ¢) without the hats
is easily checked to commute. Hence by continuity the diagram in part ¢) commutes.
The rest of part ¢) as well as part d) is left to the reader.

i+1 i+1

f) Let G;=Ker(A®...®A — A) and D;,={xcA®...®A|mult(x)=1} for
1> 1. In degree zero let Cy=A and D,=units of A. For :>1, the elements of D,
are invertible being of the form 1—z where z lies in C,, so the inverseis 1+ 2-+22+. ..
By part e) it is a routine calculation to verify that the complex { C;, {¢;| C;}} is a ““ normal ”

—_—
subcomplex of {A®...®A,{¢;}} and has the same homology with respect to the functor
‘“ underlying additive group ”. Similarly the complex {D,,{¢|D;}} is a ¢ normal ”

T .
subcomplex of {A®...®A,{¢}} and has the same homology with respect to the
functor “ units ”’.

For i>1 there is the map exp : G;—D;, z X

© i i=0%.

inverse log : D;—C;, 1—z>— X i It is left to the reader to verify that exp, log

i=11

induce an isomorphism of complexes. Since the complexes are isomorphic from degree
one onward, the cohomology is isomorphic from degree two onward.

g) For each i let ®,C denote ,C®,...®,C, i-times, considered as a (left)
x G-module. By assumption that C is a projective left A-module it follows that ®},C
is projective as a left C-module.

Since C is a X,-bialgebra the map e=End : C—A is a left G-module map.
Denote this map by d,. For i>1 the maps d; ,:®i"'C - ®iC determined by

i—1

di1(6,®...0¢)= 20(——)"60@ e ®0,6, 1@ . B+ (—)® ... ®g_e(c)

n=

This map is bijective with

make {®}C, d;} into a projective resolution of A as a C-module. (The details are
left to the reader.) Apply Homg(—, A) to this projective resolution to obtain a
complex E*. The homology of E is Extj(A, A) by definition of Ext.
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The complex E* is the cosimplicial complex resulting from the complex (15.3)
with respect to the functor  underlying additive group . Thus, by part ¢), E" is
isomorphic to the cosimplicial complex resulting from the complex

_/\ —
{A®...®A %, ..., e, 4100
with respect to the functor ¢ underlying additive group ”.

k) Choose N,e{L,} where N,CM,. Inductively choose N; according to the
rule: N;e{L,} and N;CN;_,nM;. Then actually N, lies in Ny, ..., N;_; and in
M,, ..., M;. Thus {N;}°, is a countable subcollection of {L,} which is cofinal and
which is nested decreasing. Replacing {L,} with {N;}>; does not alter C.

The sequence

N, A®A A®A

o — — — -0

Nn+1 Nn+1 N

n

splits since (A®A)/N, is a projective left A-module. By (2.12), a) this proves that
C,_, is a direct summand of G, as a left A-module. Say C,=C,_,®D,. Since C,
is a projective left A-module it follows that D, is projective. It is easily verified that
C=0C,@eD,®D,®... Hence C is projective as a left A-module. Q.E.D.

The exp-log technique used in the proof of part f) may be milked somewhat more.
As in the following proposition:

Proposition (17.6). — Suppose the ground ring contains a copy of the rational numbers,
A contains an ideal 1 such that A=1+ Ker(ey—& : A - A®A) and I consists of nilpotent
elements or A ts complete in the I-adic topology.  Furthermore assume that for xe I and any Ly there

—_—
1s o<neZ such that x"€Lg. Then the cohomology of the complex {A® ...®A,{ EJ}} with respect
to the functor < units > is naturally isomorphic to the cohomology of the same complex with respect
to the functor < underlying additive group” in degree one.

Proof. — The proof of part f) established an isomorphism of normal subcomplexes
from degree one onward. Since A=I- Ker(¢,—¢,) it follows that if x is a degree
one additive coboundary, then it is the coboundary of an element acI. By the nilpotence
or completion assumption we may form expacA. The multiplicative coboundary
of exp a is the same as exp x. Using the log map shows that we have established a
bijective correspondence between the additive one coboundaries and the multiplicative
one coboundaries. Q .E.D.

In degree zero, there is a simple relation between the additive and multiplicative
cohomologies.

. _A
Proposition (17.7). — The degree zero cohomology of the complex {A®...®A,{z}}
with respect to the functor < underlying additive group  is the subalgebra of A

(*) Ker(¢,—é, :A—+X®\A).
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The degree zero cohomology of the same complex with respect to the functor  units > is the group
of units in the subalgebra (x).

Progf. — Left to the reader.

18. Applications to Differential Operators

Theorem (x8.1). — Suppose A has almost finite projective differentials (8.5).

—_—

a) D, is a projective left A-module and hence the cohomology of the complex {A® ... ®A, {7}}
with respect to the functor * underlying additive group > is naturally isomorphic to Exty (A, A).

b) &KD,>=9(D,>, i.e.if U is an algebra over A such that U~ D, as an A-bimodule,
then <U) is automatically invertible in &(D,>.

Proof. — a) Suppose A has almost finite projective differentials and {L,} is as
in (8.5). Since {L,} is cofinal with {3} which is countable, by (17.5), #) D, is
projective as a left A-module. By (17.5), g) the result follows.

b) Since {L,} is cofinal in {9’} the completion of A®A with respect to {L,}
is the same as lim(A®A)/M". Hence by (17.5), b)

Hom,(D,®,D,, A)=lim(A®A) /"= AGA.

It is easily shown that under this isomorphism the elements feHom,(D,®,D,, A)
for which f(1®1)=1 correspond to the elements xcA®A with rgu\lt(x): 1. The

element ¥ can be written x=1—2z with ze%t and has inverse 1 +z+2+4... Hence
by (16.9) the result follows. Q .E.D.
The filtration D{CD}CD3C... has such properties as DiDjcDi*/ and for

feDi, geDi, fg—gfeDiti—=t [g, (2.1.1), b), p. 210]. Thus the associated graded
algebra gr D, is a commutative algebra. The zeroth graded component gr°D, is
DY = A’ which is identified with A. Thus gr D, is an A-algebra. Let Der A denote
the left A-module consisting of R-algebra derivations of A. It is easily verified that
Der A@A’=D}. Thus gr'D, is naturally isomorphic to Der A as a left A-module
if gr' D, has the module structure induced by grD, being an A-algebra.

Since Di=Der A®A’ is a direct sum of left A-modules it follows that Der A
is a projective left A-module if and only if D is. Let M be Der A considered only
as a left A-module and let S, M denote the symmetric A-algebra on M. Since gr'D,=M
there is a natural graded A-algebra homomorphism

S, M —»grD,
induced by the (identity) map of M to Der A.

In the next theorem it is not assumed that A has projective differentials.
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Theorem (18.2). — Suppose that R is a ring containing a copy of Q., the rational numbers,
and A is a commutative R-algebra such that J,(A) is a finitely presented left A-module for all n and
Ji(A) s a projective left A-module. Then:

1. D;=Dj}...D} (n-times) for all n.

2. J,(A) and D} are finite projective left A-modules for all n. Hence A does have finite
projective differentials.

3. The natural map S,M — grD, s an isomorphism.

Proof. — Suppose N is a maximal ideal of A. By (13.4), J;(Ap)= Ay®,J;(A)
as a left Ajy-module. Thus J,(Ay) is a projective left Ag-module. Since

Ji(Ag)=Aq8 ] (Ag)

as left Ag-modules it follows that Ji(Ay) is a projective left Ag-module. Since Ay, is
a local ring J;(Ay) is a free Ap-module. Since R has characteristic zero [8, (16.12.2),
p. 55] applies (since Grothendieck’s QY ¢ is the same as our Ji"(Ay) in this case). Thus
Spec Ag, is differentially smooth over Spec R (the morphism induced by the canonical
map R-—>Ag) in the sense of [8, (16.10.1), p. 51] and for all # (by the sentence after
[8, (16.10.1), p. 51]) J,(Ag) is a free Agp-module (since Grothendieck’s P} here
coincides with our J, (Ag)).

Since J,(Ag) 2 Aq®,J,(A) as a left A-module by (13.4), it follows that J,(A)
is a finite projective left A-module for all n. Since Dj}=Hom,(J,(A), A) as left
A-modules part 2 is proved.

Using the isomorphism J,(Ag) £ Ag®,J,(A), (13.4), it follows that

Dy, = Hom, (Aq®,J,(A), Ay) = Hom,(J,(A), Ay)
= Ay®, Hom, (J,(A), A)=Ay®, Dy,
‘where the next to last equality uses the fact that J,(A) is a finite projective left A-module
(part 2). This map is given more explicitly as follows: for deD} the map A LA Agy
is in D%(Ag) and by (13.2) has a unique ¢ lifting > to de Dﬁm(Am)=DZm. Then the
above isomorphism between Dzm and Ay®,D} is given by
An®, D} - Dy
2®@d>zd

zeAy, deD!. Let D7 denote {z’lveDXml deD{}. Then D =Ay D7, Moreover if
deDi, eeDj with i4+j<n, then deeD}, and by uniqueness of the lifting “ ~ " it
follows that de=d%.

To prove that Dy=D} ... D} (n times) it suffices to prove that for all maximal
ideals MCA, A;®,Di=A;®,D....Di. Under the isomorphism Ay®,Dix D},
the right hand side maps to

N —

Ag(D}...D}) (n times)
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which equals Ay D! ... D! because of the multiplicative property of “ ~ > mentioned
above.

When n=1 the isomorphism Ayz®,Di~ D} shows that Ay, ﬁi:D}*m' Clearly
D}, =Dj,An and thus

n n—I n—I n—2

ApDy...Dj=D} Bj... Dj=Df Ay D} ... Di=Dj D} Di... DY

n—2 n—3

D}, Di, Ay Dy...Dj=D} Di Di Di...Di=...=Dj ...D}, (n times).

As observed in the first paragraph of the proof Spec Ay, is differentially smooth
over Spec R and Ji (Ay) is a free left Aj-module. Thus [8, (16.11.2), p. 54] applies.
Using the notation in [8, (16.11.2), p. 54], since DD when |g/<1, and by
(16.11.2.2) and the fact that the characteristic is zero, DEED}‘%" . D}&g; (n times)

if |¢g|=n. Thus by the lines following (16.11.2.2), Dzsn:D}\m“'D‘l*m (n times).

Thus part 1 is proved.

By part 1 it follows that the natural map S,M—grD, is surjective and injectivity
must be established. Again it suffices to prove that for each maximal ideal RCA
the map

(%) Ag®,S;M — Ag®,gr Dy
is injective.
From the isomorphisms Ag@® ADX"DXm for all n it follows that

Asn®ADA">DAm: 2®d > z2d

is an isomorphism. The left hand side at (%) is naturally isomorphic to SAm(Am® W M).
For y, zeAy, deD?, eeD?, (yd)(28)=yzd ¢—y[z,d ]?. The element [d, z]eDj{(;‘
and so y[(?, z]?eD;';'"‘l. This shows that Ay®,grD, is naturally isomorphic to
gr Dy, (%) corresponds to the natural isomorphism

Sy (An® M) - grD, .

Note Ay®,M is naturally isomorphic to Der Ay, the isomorphism being induced by
the isomorphism Agy®, D} =, Djm.
Again the differential smoothness of Ay and [8, (16.11.2), p. 54] will give the

desired result. In the notation of [8, (16.11.2), p. 54] the operators {D, } form an
Ag-basis for the free Ag-module DAm' Thus {¢!D,} is also an Ag-basis since the charac-

teristic is zero. Since quDLq | the images {q! ﬁq} form an Ag-basis for gr Dy,- By
(16.11.2.2) the images {q!ﬁq} are the usual polynomial monomials. This proves

injectivity of S, (Aq® M) —gr D, ~and part 3. Q.E.D.
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Proposition (18.3). — Suppose A is an algebra such that J,(A) is a finite projective left
A-module for all n and the natural map S, M—grD, is an isomorphism, where M = Der A
as a left A-module. Let 1 be an ideal of A, let o be the completion of A in the I-adic topology
and let N=Der o as a left of/-module. Then

1. D% =D.,...D), (n times) for all n.

2. D% is a finite projective left of-module for all n.

3. The natural map S,N—>grD_, is an isomorphism.

4. D, 1s a projective left o/ -module.

Progf. — By (13.9) £,(7) is isomorphic to the completion of J,(A) in the I-adic
topology. Since J,(A) is a finitely generated module this is isomorphic to .#®, J,(A).
Thus

D} =Hom(7,(+), #)= Hom, (4 ®, J,(A), o)
=Hom,(J,(A), &)=« ®, Hom,(]J,(A), A)
=4 ®, Dj}.
The first equality holds by definition of #,(%7) and the fact that .o/ is complete in the
I-topology. The next to last equality holds because J,(A) is a finite projective A-module.
The above isomorphism is now displayed explicitly: for deD} the map A LA
is in D}(«/) and by (13.8) has a unique ¢ lifting”” to an element z?/eD:‘,(,oi):D?y.

The above isomorphism is then given by

4®,D} =5 D,
(%) -
*®d > xd
for xeo/, deD). The map at (*) yields the isomorphism & ®,D,—D,_, (x®dxd ),
xedf, deD,.

For n=1 the map at (%) induces an isomorphism between /&, M and N.

For x,yest, deD}, eeD?, (xd)(y&)=xpd e—x[y,d]2. Since [y, d]eD% ! the
term x[y,d]7eD%*™=1, Thus the isomorphism &&,D, =D « induces an algebra
isomorphism &/®,grD, =, grD_,. This proves part 3.

Since the map in part 3 is a graded algebra map it follows that S” N maps onto
gr*D,, for all n. By an easy induction left to the reader this proves part 1.

Since J,(A) is a finite projective A-module so is D} =Hom,(J,(A), A). Thus
Der A is a finite projective left A-module since Di=A’@®Der A as left A-modules.
Thus N=2/®,Der A is a finite projective left &/-module. Then for all =

D7, /D '~ Si N
is a finite projective left &/-module. Hence there exist finite projective left .2/-modules
P,cD!, where D{,=P,®D;! for i>1. Let Pj=//=D%. Then

D* = EPOP,.
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24



186 MOSS E. SWEEDLER

which proves part 2. And part 4 follows from

D, = @OP*'
Q .E.D.

Corollary (x8.4). — Let B be a commutative algebra such that L= Der B, L is a (finite)
projective left B-module and the natural map SyL—grDy is an isomorphism. Then

1. Dp=D}...Dy (n times) for all n.

2. Dg is a (finite) left B-module for all n.

3. Dy is a projective left B-module.

Proof. — The steps needed to prove the corollary are contained in the proof
of (18.3). Q .E.D.

When B and Dy satisfy the hypotheses of (18.4) it is possible to characterize Dy
as a certain universal enveloping algebra. In [14, § 2, p. 197] (K, R)-Lie algebras
are introduced. If B is a commutative R-algebra then L=Der B is an (R, B)-Lie
algebra. L has an enveloping algebra V(B, L) [14, § 2, p. 197]. There is a canonical
algebra map B—>V(B, L) which is injective. There is a map L—>V(B,L) which
is a Lie algebra map to V(B, L)~. Let L denote the image of L—V(B, L) and identify
B with its image in V(B, L). There is a filtration on V(B, L) such that

V,(B, L)=B

V,(B, L)=B+L

Note that V(B, L) is not the usual universal enveloping algebra of L as a Lie algebra
but is the enveloping algebra of L as an (R, B)-Lie algebra. See [14, § 2-3, p. 197-200].

By the universal property of V(B, L) there is a natural algebra map V(B, L) - Dy
which is a map of algebras over B. Itisinduced by the natural inclusion L=Der B« Dg.

Proposition (18.5). — Suppose B is a commutative R-algebra such that L =Der B s
projective as a left B-module and the natural algebra map SyL—gr Dy is an isomorphism. Then
the natural map of algebras over B, V (B, L)—Dy s an isomorphism.

Proof. — By (18.4), part 1, V,(B, L) maps onto D} so that V(B,L)—Dj is
surjective and preserves filtration. Thus it suffices to prove that the natural map
gr V(B, L) —gr Dy is injective. This is true by [14, (3.1), p. 198] and the assumption
that SzgL—gr Dy is an isomorphism. Q .E.D.

The algebraic DeRham complex of a commutative algebra is the exterior algebra
of the Kaehler module together with the unique exterior derivation. More precisely,
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for a commutative algebra B let K denote the Kaehler module J(B). Then j : B—K
is the universal derivation of B. Let Ej(K) be the B-exterior algebra on K. It is
shown in [13, Lemma (g.2), p. 155] that E3(K) has a unique degree 1 derivation §
satisfying 83 =o0 and 3|B=j. Explicitly 3 is determined by
—— ,t+

(18.6) \ 8(bo) =1 (6o)

3(bydbyA ... ABb,)=3byABbA...ABb,
for {b,}CB.

If M is a finite projective left B-module and N =Homg(M, B), then in each
degree E5(M) is a finite projective left B-module. Moreover Homy(Ez(M), B) is
naturally isomorphic to Egx(N). The isomorphism is given as follows: say n,, ..., n,eN
and my, ...,meM. The element nA...AneE{N corresponds to a function f
on EzM which vanishes on EyM for i+t For i=t, fis determined by

ny(my) . . . ny(my)
(x8.7) f(mA. .. Am)=det
ny(my) . .. m(m,)

Proposition (x8.8). — Let B be a commutative algebra such that K =] (B) is a finite
projective left B-module. Let L =Der B=Homg(K, B) and assume the natural algebra map
SgL—gr Dy is an isomorphism. Then the cohomology Exty (B, B) is naturally isomorphic
to the algebraic DeRham cohomology Hip(B) of B.

Proof. — By (18.5) Ext; (B, B)=Extyy,,(B,B). In [14, (4.2) and (4.3),
p. 202] it is shown that Extyy (B, B) is the cohomology of the R-module of strongly

alternating B multilinear maps from L to B under the formal differentiation
( 8.9) (Df) (tyy - ty)= ,El(ﬁ)i—lfa(f([l? s ?is' - la)
18. i= . ~ ~
+ 'gk(—)]+kf([[j9[k]>[1’ e fj) MRS [k) . >!n)
i

where f is a strongly alternating B (n — 1)-linear map from L to B.

The strongly alternating B i-linear maps from L to B are the same as the
maps from E{L to B. Thus the cohomology of Extyy (B, B) is computed from
Homg(EzL, B). Since L=Homg(K, B) and K is a finite projective B-module, L is
also, and Homg(EgzL, B) is naturally isomorphic to EgK.

Suppose f in (18.9) corresponds to the element &, 8b,A...A8b,eEL"*K. Using
the duality (18.7) and the formula (18.9) it is a straightforward but lengthy calculation
to verify that

£y(by) - . - £,(by)
(Df) ()4A ... AE) =det : :

Lk . 4,5

which implies that Df=28bA8b,A...A8b,. Thus the cohomology of Extyy (B, B)
is computed from the algebraic DeRham complex of B. Q .E.D.
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Theorem (18.10). — Suppose that R contains a copy of Q and A is a commutative R-algebra
such that J,(A) is a finitely presented left A-module for all n and J,(A) is a projective left A-module.
Then the cohomology H*(D,) (15.4) is naturally isomorphic to the algebraic DeRham cohomology
of A from degree two onward.

Proof. — By (18.2), 4) and (18.1) D, is a projective left A-module. Thus by
(17.5), &), f) and d) it follows that H*(D,) is actually isomorphic to Exty, (A, A) from
degree two onward. By (18.2), g3) and (18.5) it follows that H*(D,) is naturally
isomorphic to Exty, y(A, A) from degree two onward, where M =Der A. By (18.8)
the theorem is proved. Q .E.D.

The results (13.20), 2), (13.21) and (13.25) provide a supply of algebras A
where J,(A) is a finitely presented (actually finite projective) left A-module for all z
and where J;(A) is a projective left A-module.

Corollary (x8.1xx). — Suppose R is a field of characteristic zero and A=R[X,, ..., X,].
If U s an algebra over A and U~D, as an A-bimodule, then U=D, as an algebra over A,
ie. &, ={<(Dy>}

Proof. — By (13.19), part 3, J,(A) is a finitely generated free A-module for all .
Hence (18.10) applies and H?*(D,)~H33(A). Since the DeRham cohomology of the
polynomial ring is zero in positive degree, it follows that H?*D,)={o0}. By (18.10)
%{D,> thus consists of only the identity and by (18.1), ) &¢D,) consists of only <D, >.

By (4.9), é<D,>=éY,. Q .E.D.
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Manuscrit regu le 18 avril 1973.

It has come to my attention that the work of Lieberman in [Generalizations of the DeRham complex with
applications to duality theory and the cohomology of singular varieties, LIEBERMAN, Rice University Studies, 59 (1973),

57-70], gives an alternative proof to parts of our theory relating X,-bialgebra cohomology and algebraic DeRham
cohomology.
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