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Notational and terminological conventions. — All rings considered are commutative

with unit. Local rings are noetherian, unless otherwise specified. If Ris a ring, Q (R)
denotes is total quotient ring. If R is a ring and P is an ideal of R, then, for x in R,
vp(x) denotes the P-order of x, i.e. the highest power of P containing « if this number
exists, oo otherwise; Blp(R) denotes the blowing up of Spec(R) with center .

o. INTRODUCTION

The object of this paper is to understand the phenomenon of a local integral
domain O of dimension 1 and characteristic , whose completion has nilpotent elements.
As is well known, this is equivalent to saying that the normalization of O is not finite
as O-module, or indeed that the singularity of O cannot be resolved by finitely many
quadratic transforms. Thus these rings cannot arise as the local rings of points on
“standard ” geometric objects, i.e. schemes of finite type over Z or over a complete
local ring (in virtue of the famous theorems of Zariski, Nagata, and Grothendieck).
How do they arise, and what is their structure ?

We call such an O as above a “ non-excellent curve singularity .  Some authors
may prefer the terminology ‘‘ non-Japanese” or ‘ non-pseudogeometric ”’ here, since
for local rings of dimension 1 the global aspects of excellence (in particular those relating
to closedness of the singular loci) do not enter in. However the 1-dimensional local
domains play an obvious elemental role in an inductive analysis of the relationship
between any local ring and its completion.

This research was supported in part by NSF GP 23219 at Harvard University.
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130 BRUCE BENNETT

We will develop a structure theory for those local domains O as above, for which
also O, is regular. 'This extra hypothesis on O is required morally by the observations
that:

(i) The phenomenon of non-excellence which we seek to study is unaffected, in
fact is purified by finitely many quadratic transforms, and

(ii) By finitely many such transforms we always arrive at an O for which the
hypothesis is satisfied (see § 1 for details). Here, at least, morality is rewarded: we find
that such O must have a discrete valuation subring R such that O is a purely inseparable
extension of R contained in R, i.e. we have local homomorphisms

R?D?f{

with joi=1g and O purely inseparable over R. We call this a presentation of O over R;
its existence is proved in § 2, and it is the basic structural element of the theory.

Given a presentation Re>O<>R, the structure of O can be completely described
in terms of (a) the birational equivalence class of O over R and (4) the ¢ way >’ in which
D fails to be a finite R-module (for although the field of fractions of O may be finite
over that of R, O need not be finitely generated as R-algebra). More precisely (say,
for simplicity, in the case of finite fraction field extension) take a finite R-subalgebra S
of O such that

(#) O and S have the same fraction field and SO induces a surjection of com-

pletions.

Then we show that O is obtained by an infinite sequence of birational operations
on S, for which the kernel of §—~O->0 is a precise description, albeit in * coded
form (§ 3). The theorem of quasi-algebrization of § 6, which a priori is a technique
for construction of rings with given completions, in effect accomplishes the breaking
of this code. In combination with the uniqueness theorem of (6.3) it establishes an
isomorphism between the set of all O which satisfy (#) above with respect to a given S,
and the set Hilbg,ﬁ(f{), i.e. the set of all quotients of S which are flat over R (6.3.2).
This may be viewed as a local description of a  classifying scheme ” of say, all local
R-algebras in a given birational class.

Thus, the results show that in characteristic p, all non-excellence of local rings of
dimension 1 is due to inseparability in an extension R<>R for a suitable discrete valuation
ring R. The interest of this seems enhanced by the fact that there exist examples of
non-excellent local domains of dimension 1 over the complex numbers, e.g. the recent
work of Ferrand and Raynaud [3]. These examples depend on certain differential
operators, which however turn out to play a role analogous to that of the differential
operator canonically attached to a presentation! This observation, together with some
of the ideas of [g], suggest that a unified treatment may be possible from this point of
view (keeping in mind that the operators arise transcendentally in characteristic o,
as contrasted with their algebraic origin in characteristic ). In any case their examples
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ON THE STRUCTURE OF NON-EXCELLENT CURVES IN CHARACTERISTIC p 131

show that the algebraic approach of this paper cannot apply in characteristic o, without
what would appear at the moment to be very substantial modifications. These questions
are treated in § 4.

In § 5 we indicate how to construct  geometrically > discrete valuation rings R
with arbitrarily rich inseparability in R<>R ; the basic idea here is that of F. K. Schmidt.
In combination with the results related to quasi-algebrization cited above, this construc-
tion implies that any finite flat R-algebra C with a section and connected fibres over R is
the completion of a local domain O, in such a way that the R-structure of C is induced
by an R-presentation structure of O for suitable R (everything in char. p, of course).

In § 7 we give an example of a pathological O, whose fraction field is infinite over
a maximal presentation.

I would like to mention that M. Nagata’s beautiful and basic example in
Appendix g of [2] provided me with many fundamental insights into this theory. It
is my pleasure to thank H. Hironaka, with whom I have had numerous useful and
encouraging conversations on this subject. I am also indebted to him for the proof
of (2.1). I am grateful to R. Rasala for several helpful and pleasant discussions.
Finally, I would thank the referee whose identity is unknown to me, but who, in observing
a basic defect in an earlier manuscript of mine on this subject, played an indispensable
role in the development of the theory.

1. PRELIMINARIES: THE EFFECT OF QUADRATIC TRANSFORMS

Let © be a local domain of Krull dimension one, and of characteristic p>o.
Let m denote the maximal ideal of ©. We want to study the ‘ formal fibre > of O
i.e. the scheme-theoretic inverse image of the generic point by the natural morphism

Spec(O) —>Spec(D)
where © denotes the m-adic completion. Thus the formal fibre may be expressed as
Spec(O®5Q.(D))

(where Q denotes field of quotients), or equivalently as
(x.0) ;E1Spec(ﬁ‘3i)

where the ; are the minimal primes of O. Thus we are reduced to study ﬁ%.

Since O is of dimension 1, Bl,,(D) has finitely many closed points, corresponding
to the distinct points of Proj(Gr,(D)). Thus Bl (D)==Spec(B) is affine, where B is
a semi-local O-algebra, finite over O (since it is of finite type over O, and is contained in
the normalization of ©). Now since blowing up is compatible with flat base extension,
we find that Bls(O)=Spec(B®: D). Therefore Bl (D) and Bly(O) are topologically
identical; if ©’ and D" are the local rings of corresponding (closed) points, then

D”=fy=D,®DD

407



132 BRUCE BENNETT

(Note that the last equality holds even though O’ may not be finite over ©.) These

local rings are called the ¢ quadratic transforms” of © (or O, as the case may be).
Let P be a minimal prime of O and let O’ and ©’ be as above. We have the < car-

tesian >’ diagram ‘

DI —_ ﬁl

(D) [

o

9 — 9O

where the vertical arrows are quadratic transforms and the horizontal arrows are
completions. Let P’ denote the strict transform of P in O’. We recall that if ¢ is an
element of © such that mO’'=t0O then we may describe (letting fit=m®D):

P'={x/t"|xeP and vz(x)>v}.
B’ has the property that O’/$’ is a quadratic transform of S/ ([1], 0, § 3). We note :

(x.x) If P’ is not the unit ideal then OO induces an isomorphism f)m:)f)’m

In fact, P'+9O'=1t¢P. Therefore f);Bz(f),)gB and f)&;:(f);)m But since
OO, (loc. cit.), and since obviously P'O; =PO;, we get the result.

Now take a quadratic sequence along P, i.e. a sequence

[RlLJY o NGy (N S LG L JNS (LN | O AN
of quadratic transforms such that, if P9=P, and P¥ denotes the strict transform
of P~ in O¥ then PP+OW. This corresponds uniquely to a sequence
O0=0->0W=0'>0¥ >0 >0 .,
such that all the diagrams
o+ 5 i+
/1\

o s &

have the same properties as the diagram (D) above (loc. cit.).
We now want to prove:

(x.2) For i sufficiently large, PO is the unique minimal prime ideal of OF and OV |PY
is a regular local ring.

This fact, in combination with (1.1) reduces our study of the formal fibre to the
following situation:

(x.3) O is a local domain of dimension one such that O has a unique minimal prime P
and O is regular.
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ON THE STRUCTURE OF NON-EXCELLENT CURVES IN CHARACTERISTIC p 133

The proof of (1.2) will follow from the considerations below.
Let O be a reduced, complete local ring of dimension 1. If N denotes the normal-

n
ization of O, then N may be written in the form II R;, where the R; are complete
i=1

discrete valuation rings. On the other hand, we know Spec(N) may be realized as
a succession of quadratic transformations beginning with Spec(D). Hence Spec(N)
and Spec(D) are isomorphic outside the fibre above the closed point of Spec(D). It
is therefore clear that the R; are in 1-1 correspondence with the minimal primes 9,
of O, so that R;is the normalization of O/;. In particular

(x.4) If O=09-0W— ... is any sequence of quadratic transforms beginning
with O, then there exists a j such that for all k>j O is regular, i.e. the quadratic sequence
separates the branches of Spec(D) and resolves the singularity of each branch.

Now if © is an arbitrary (not necessarily reduced) complete local ring of dimen-
sion 1, let J be its nilradical. IfQ’is a quadratic transform of O, let 3’ denote the strict
transform of J in O'. Then I’ is the nilradical of O'. In fact, let tem=max(D) such
that O'=m9’, and let f be an element of the nilradical of O’. Write f=x/t" with
xem’. Since 0'cD,, f"=o implies that tix"=o0 in O for some j, and we may
assume that j=n. Thus # is in Inm'*!, so that tx/t't!=f is an element of J'.
Thus Nil(0’) cJ’, and since the other inclusion is obvious, we get the result.

Hence if X =Spec(D), and prime (') denotes blowing up with the closed point
as center, (X'), =X’ Thus, applying (1.4) to O,4, we obtain

(x.5) If O=00-0W— ... is any sequence of quadratic transforms, then there is
a j such that for all k>j, OW is unibranch and D%, is regular.
In particular let P be any minimal prime of O, and let
O=00->0W—. .
be a quadratic sequence along P. (We can easily obtain such a sequence by choosing
a quadratic sequence beginning with O/ — which is necessarily unique by the above
remarks — and taking the unique quadratic sequence beginning with O to which it

corresponds.) (1.2) now follows by applying (1.5) to this sequence, remembering that
the O in the discussion immediately preceding is actually O in our application.

2. THE EXISTENCE OF A PRESENTATION

(2.0) We begin with the hypotheses of (1.8): O is a local domain of dimen-
sion 1, char. p>o, and O has a unique minimal prime B. Moreover, O|P is regular. Our
goal in this section if to prove the following theorem:

Theorem 1. — With O as above there exists a regular local ring R of dimension 1 such that
Ro>D>R
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134 BRUCE BENNETT

where the inclusions are local homomorphisms, the composition is the canonical map RR,
and D'CR for some g = p°. '
Note that in view of § 1, this theorem has the following variant:

Theorem 1'. — Let O be a local domain of dimension 1, char. p>0 and let
O=00 >0 .

be a sequence of quadratic transforms. Then there exists a discrete valuation ring R such that for
all j sufficiently large,
R OWes R

where the inclusions are local homomorphisms and the composition is the canonical map,
and (OY)?cR for some ¢=p°. (For Theorem 1’, use Theorem 1 and (1.2) to get
the result for some OY. The same R then works for £>j since R is normal and O®
is contained in the normalization of D4.)

To prove Theorem 1, we begin by showing that under the hypotheses of (1.3),
O contains a discrete valuation ring. This fact follows immediately from the lemma
below, whose proof was suggested by Hironaka.

Lemma (2.x). — Suppose O is a local ring of characteristic p>o, and O, is normal.
Then O contains a normal local subring N of the same dimension as O with O cN (D7 denotes
the image of a suitably high iterate of the Frobenius endomorphism).

Proof. — Let P denote the nilradical of O. Then for a sufficiently high power ¢
of the characteristic p, B is the kernel of the Frobenius map O—>©?. Hence

f)q:) (f)/ﬂp)q= (ﬁred)q‘
Therefore, since O,3—(9,,4)? is a ring isomorphism, O7 is normal.

Note that the Frobenius induces an injective local homomorphism O%>£? which
factors

Ote> D> O

since O7is complete. Now let N denote the normalization of O?. Since £ is normal
we have

D s— D

U u

D> N 01

We claim that NcO. In fact, let a/b be an element of N, with 4, 4 in O?. Hence
a/b is also in O and a fortiori in D, i.e. b divides 2 in O. But both a and 4 are also in
O, so b divides 4 in O by the faithful flatness of O over ©. Q.E.D.

Of course in our situation where dim (D)=1, O, ©7and N are discrete valua-
tion rings, and we can obtain more precise information about the structure of N relative
to that of O:
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ON THE STRUCTURE OF NON-EXCELLENT CURVES IN CHARACTERISTIC p 135

(2.2) Let K denote the residue field of O, and let x be any element of O with v, (x)=1.

Then (1) OrxKI[x]]
and (i) The local inclusion Ne>1
induces an isomorphism N0,
Proof. — Given x in O with v,(x)=1, choose an isomorphism O_,~xK[[x]].
Then, since 97=(0,,)?, we have:
Ot R[],

which fits into a commutative diagram:

Ora = K[[#]]

Fmbl lFrob
& = Ki[[])
n n
Vs —> K[[«]].
For (ii), first note that since O%>N<>O? the residue field of N is K2, Now since N is
a discrete valuation ring and O?is a domain, O?is flat over N, so O7=0¢ is flat over K,
so Ne? is injective. Moreover, since x is in O, x?is in DIcNcN, so N->D? is
surjective in view of (i). Q.E.D.
(2.3) We now want to fatten N to obtain R as in Theorem 1. We first fix x

in © which becomes a regular parameter of O,.1 as above. Let X be an indeterminate,

and let
N’ =N[X]/(X?—x?).

Then Xp>x defines a map
g:N'-9O.
Let S=ker(g). Tensoring with N over N, we obtain an exact sequence:

(0) >Ioy N>N'@y N->De, N.

Now since NxK¢[[+]], N'oyNxK?[[#]]. On the other hand, since N’ is finite
over N, N'oyNxN’. Hence N’ is regular, and N’ is isomorphic to K9[[x]]. Consider
now the composition

KY[]]=N'eyN=N50eyN >0 - O, 3 K[[+]],
where 0 is induced by the natural maps O—>O and N—O. Since this composition
takes x to itself, it is injective, so also g* is injective. Therefore I®xN=(0), so J=(0)
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136 BRUCE BENNETT

by faithful flatness. Thus: N’ =N[x] is a regular local subring of O, and the inclusion
induces an injective map N'e»©_, which fits into a commutative diagram

K [x]] =— K[[]]

R X
Neod - f),ed
)
N - 9O

Now let {4,},cx be a p-base for K over K?. Then the b, are also a g-base for
K over K4 i.e. the set of all monomials of the form

{Babes. . B3| jeZ,, 0<n<g—1}

is a free base for K over K?. In particular K= Kq({Z,,}), and the irreducible equation
of each b, over K?is X?—5Z.

Let {6,} be a set of representatives of the b,in O, i.e. 5,=b, (mod m) for all a, and
let ¢*=57 in O?cN’. Now define

R=N’' [{Xa}a eal /{Xg_ Ca}

where the X, are a system of indeterminates over N’ indexed by A. We first note:
R is regular, and R3K[[#]], where the isomorphism is in the sense of N’-algebras.
In fact, R=1lim Ry where the limit is taken over the inductive system of finite subsets S
of A, and Rg=N'[{X},cs]/{Xi—¢,}. Now each Rg is regular with parameter x:

RS "‘\; Rs®Nl N, ';%' Kq({za}ae S) [[x]]'

Hence R is also regular. Namely, pick yemax(R). Then y is in max(Rg) for some S,
so x divides y in Rg and hence also in R. Moreover the residue field of

R = EIErCS(Rs) = li__>m Kq({za}ae S) = K'

Hence R 3 K[[x]] as asserted.
e

Now let £ : R—9O be the N’-algebra homomorphism defined by X, —5,. We
claim that 4 s injective. 'To see this, simply observe that the above argument shows that

e 5 h & & . . . T
the composition R — O — O,,; is an isomorphism, so that % is injective.
Hence we may view R as a local subring of O, and the induced map R—2, 4 is an iso-
morphism; both are K[[x]]. Now the composition

DC@ g f)red
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ON THE STRUCTURE OF NON-EXCELLENT CURVES IN CHARACTERISTIC p 137

is injective since O is a domain. Hence, in view of the commutativity of the diagram

Re O -9
N

we may view RcOcR3K[[#]] in the sense of Theorem 1.

Definition (2.3.1). — We will call the situation
RO R

as above a presentation of O over R.

Remark (2.4). — If we want to give a theory only up to finitely many quadratic
transforms, then we can make even stronger hypotheses on the presentation RO —R:
If B denotes the minimal prime of O (the kernel of the induced map O—R), then we
can assume that Grm(ﬁ) is free over O/P=R. (That this is achieved after finitely many
quadratic transforms is an immeditae consequence of [1], chapter II (3.2).) In the
terminology of Hironaka, this is expressed by saying that Spec(O) is normally flat along
the subscheme defined by B, i.c. along the section (of Spec(O) —Spec(R)). If we think
of Spec(O) as a family of (o-dimensional) singularities parametrized by Spec(R), it
means that these singularities are numerically equivalent, i.e. they have the same Hilbert
function.

We will not use this fact in the sequel, since our analysis has as its natural realm of
application the class of those © for which it is merely assumed that a presentation exists;
their structure theory is not hampered by lack of such a normal flatness hypothesis.
Thus we will not touch further on this point, except to suggest that any space which
parametrizes the rings with presentation over R in a given birational equivalence class
should be expected to have singularities at those points corresponding to those finite
R-algebras which fail to satisfy the normal flatness hypothesis. The idea is that for
generic S finite over R, the minimal number of generators of S as R-algebra should be
no larger than the minimal number of generators of Q (S)/Q (R); however if S fails
to satisfy the normal flatness hypothesis this need not be so.

3. BIRATIONAL STRUCTURE THEORY OVER A PRESENTATION

(3.0) We henceforth assume we are in the situation of a presentation:
(3.0.1) R DR
® J
where of course O is a local noetherian domain of dimension 1, R is a discrete valuation

ring with O purely 1nseparable and flat over R, and joi is the canonical homomorphlsm
R—->R. Moreover we assume O has a unique minimal prime ideal B, with O/ regular.

413
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138 BRUCE BENNETT

Upon completion, we obtain
RO R
i J
with Joi=14; then P=ker(;). We may also view P as the inverse image of the
generic point of Spec(R) by the morphism Spec(O) — Spec(R) induced by 7, i.e.

(3.0.2) O3 =083Q(R)

where as usual, Q) denotes passage to the field of fractions. Consider for a moment the
simplest case, when O is finite over R so that O =0®;R. Combining this with (3.0.2)
we obtain:

(3.0.3) When O is a finite R-algebra
ﬁsu =Q(D) ®Q(R) Q(R) .

Thus in the case of finite R-algebras the formal fibre is a birational invariant.

Our technique for analyzing the general case (when D is not necessarily finite
over R) is to approximate O by a certainsequence S,CS,C... of birationally equivalent
finite R-subalgebras of ©. The fact that the formal fibres do not change in this sequence
will enable us to get a good hold on the whole situation: we will be able to express O as
a quotient of any of the S; by an ideal which may be described precisely (3.4); this
will also serve us in the quasi-algebrization procedure of § 6, as an essential part of the
technique to construct O with a given completion and presentation. The point is that
the sequence (S,) above may be defined in a canonical fashion, so that in the case
when [Q(D):Q(R)]<cwo it characterizes O uniquely (as well as O); and in case
[Q(D): Q(R)]=o (which may happen even when R is a maximal presentation, cf. § 4
and example of § 7) the technique of the sequence shows us at least how to construct
R-subalgebras A of O such that [Q(A) : Q(R)]<cw and A=9 (3.2).

(3-1) Beginning with (3.0.1), let m=max(D), M =max(R). Choose a finite
set of elements f;, ..., f, in msuch that (M, f;, ..., f;)O=m. Let
Se=R[f1, ..., f,]cD.
It is clear that S; is a local R-subalgebra of © with maximal ideal
Ro=(M, f1, ..., f)S0,
S¢>D induces an isomorphism of residue fields, and 9R,O =m. Moreover, since S, is

integral over R, dim S;=1. We will need the following simple result:

Lemma (3.x.1). — Let A—B be a local homomorphism which induces an isomorphism
of residue fields. Let IN=max(A), N=max(B), and suppose MB=RN. Then, for every
integer v>o0, A—B/N is surjective, and moreover Grg(A)—>Grg(B) s surjective.

414



ON THE STRUCTURE OF NON-EXCELLENT CURVES IN CHARACTERISTIC p 139

Proof. — Since the residue fields are the same, if we let A denote the image of
A in B, we have:
B=A4+N=A+MB
=A+MA+MB)=A+IDB=A+N°B

=A+NB, etc.

Hence A/(MW'nA) 3 B/N'B and A—A/(M’NA) is surjective.
For the second assertion, first note that since A—B/J? is surjective, I/PE—>RN/N°
is surjective, so that if £ denotes the common residue field:
Sym, (0 /I?) — Symy(R/9%)

is surjective. But then, since in the commutative diagram

Sym, (M) —> Sym, (N/)

¥
Grgp(A) ———— Grg(B)

the vertical arrows are surjective, we get the result.
Note that as an immediate corollary to the lemma, we get:

(3.1.2) With the hypotheses of (3.1.1), A—B is surjective. In particular in
our situation, if T is any local subalgebra of O containing S, then both T—>9O and

Gy (T) = Gryy(O)
are surjective.

Remark (3.1.3). — Suppose O is a local domain of characteristic o, containing
a discrete valuation ring R (with R<—9 a local homomorphism) such that R and O
have the same residue class field, and the maximal ideal of O is generated by elements f, . . ., f,
which are integral over R. Then O has dimension 1, and O is reduced (equivalently O
has finite normalization). Namely, let S=R[f;, ...,£]cO. Then S—->O is surjective
by (3.1.1). Thus, since dim O is at least 1 by hypothesis, it must be precisely 1
(dimS =1 because Sisintegral over R). Moreover, the formal fibre of Sis Q (S) ®Q(R)Q(f{),
since S is finite over R. But this is a direct sum of fields (because we are in char. o).
Thus by surjectivity, the same is true of the formal fibre of D.

(3.-1.4) Returning to our situation (3.1), we observe that since S, is a finite purely
inseparable extension of R, its formal fibre (3.0.3) is a local ring, so that S, has a unique
minimal prime ideal PB,; of course, just as for O, (S,).a>R.
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140 BRUCE BENNETT

(3.2) We are going to use S, to construct a local R-subalgebra A of O with the
properties: A3 0 and [Q(A): Q(R)]<c. This will be accomplished by taking the
normalization of S, and intersecting this with ©. Moreover, by interpreting things
in terms of the successive quadratic transforms of S,, we will also express A as the limit
of a sequence: S,cS;c..., which will prove to be an important invariant of the
structure of O relative to that of O.

First observe that O has a unique quadratic transform D@, i.e. the exceptional
fibre of Bl (D)—>Spec(D)™ has a unique closed point. In fact, this fibre is the same
for © as for O, and f),ed is regular. Moreover, if x is a regular parameter of R, then
it is also one for O,,;SR. It follows that if OW is the unique quadratic transform
of ©, mOW=(x)OW, and hence also MOW=(x)OW. This is the same as saying
that OW=90[m/x], i.e. the O-subalgebra of O, generated by all f/x, fin m. Now
by (3.1.4) exactly the same argument applies to S, so that S{'=S [N,/x] is its unique
quadratic transform. Clearly

St =S, [N, /x] cO[m/x]=OW.

Applying the same argument inductively we obtain a diagram of quadratic sequences:

Sy — S{) — ... — S} — ...
n n n
O — O — . — O — .

such that, if N® denotes max(Sy), then for all : we have RNYUSP= (x)SF (and
the analogous statement is of course true for the O’s).
Now let S,=S{!nD, and let N;=max(S;). Let

(3.2.1) A=US,.

0 (1

18

i
0

Note that if we let S= ,UOSQ), we may also express
4=

(3.2.2) A=S8SnD,

and S is a discrete valuation ring with parameter x (the normalization of S).
Let us first check that A< O induces an isomorphism A0, Let N=max(A).
Since Sy>A<D, by lemma (g.1.2) all the maps

A->Q/m¥
are surjective, and hence for every v

AJ(m’nA) X o /m.

(*) Bln(D) denotes the blowing up of Spec(D) with center mt.
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Therefore it suffices to show that the topology on A defined by the ideals m”n A is equi-
valent to the RN-adic topology, i.e. that for every v there exists a p such that

(%) m*nAcht.

To see this, choose j>o such that mc(x)O (dim D=1, so (x)O is m-primary).
Then it is obvious that if fem®, fis divisible by x»*. Thus if we can prove

(%) feA, x| fin O implies x| f in A,

then (%) follows, letting w=jv. But from (3.2.2) we see that if feA, and f=xg with
gin O, then geS (since S is a discrete valuation ring with parameter x), so that also geA.
This completes the verification of the fact that AS Q.
To show A is noetherian, we use a similar device: Let the integer j be as above.
Then
NecmnAc(*)OnAc(x)A

where the last inclusion is in virtue of (*%). Nowsince A=0, A/ =9O/m’, so that
R=(xf1, - fo)A (mod NI) (because m=(x, f;, ..., /;)O). Butthensince N c(x)A,
N=(, f1, . . ., [,)A, i.e. the maximal ideal of A is finitely generated. On the other hand,
N is the only non-zero prime ideal of A (since for example A is integral over the discrete
valuation ring R). Thus we can conclude by the following result of Cohen
([2], Chapter 1, Theorem (3.4)) : A ring is noetherian if and only if every prime ideal has a
finite basis.

We finally note that Q (A) is finite over Q (R), simply because Q (A)=Q (S,).

(3-2.3) Suppose, with the notation as above, that the fi, ..., f, (of (3.1)) generate Q (D)
over Q (R). Then A=9O. In fact, in this case Q (A)=Q (S,)=0Q (D), and by the above
results A=90. Now take z in O, say z=g/k with g and 4 in A. Thus % divides g
in O=A. But then £ divides g in A (by faithful flatness), i.e. z is in A.

(3.3) The heart of the matter is now to interpret the structure of O in the case
when O is not necessarily finite over R (although Q(O)/Q(R) may be finite). The
problem is to understand how the ring theoretic structure of O/R in this case modifies what
would be expected from merely the birational data Q (O)/Q (R). When the latter is a
finite extension, for example, by (3.0.3) the  birationally expected >’ formal fibre is
just Q (D) ®Q(R)Q(R), but the actual formal fibre of © will be a quotient of this by an
ideal which expresses the way in which O fails to be a finite R-algebra; of course,
this is just the generic version of a similar statement about the relationship of O®zR
and O. For the rest of this section, we will retain the notations and hypotheses of (3. 1)
and (3.2).

We first observe that since for all i S,cS;cO, the induced maps S,~A=9
are surjective (3.1.3).
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Lemma (3.3.1). — Let {S;} be an inductive system of local rings whose limit is a local
ring A. Let N;=max(S;), and N=max(A). Suppose that the induced maps of graded

algebras  Gry,(S)) el Gro(A) are all surjective (or equivalently that all the maps S, %A are
surjective).  Then

(1) Let G=li_n)1Grmi(S,-). Then the maps o, induce an (obviously surjective) map
p: G > Gry(A) which is an isomorphism.

(2) Let L=£r§§i. Then the maps v; induce an (obviously surjective) map y: L—A,
whick in turn induces an isomorphism Grg(L) 3 Grg(A), where Q=max(L).

Proof. — For (1), let z be a homogeneous element of G such that p(2)=o0, and
let 2,6Grq(S;) (for a suitable i) represent z. Say v=deg(z;)=deg(z). Let feS;
such that Ing(f)=z. Since p(z)=o0, the image of z; in Gry(A) by p; is 0. This
means that vy(f)>v=vy,(f). But then since A=1lim$;, for some j>i, v.(f)>v, so
that the image z; of z; in Grmj(Sj) is 0. Hence also z=o0, which completes the proof.
(Note that theinverse map p~': Gry(A) -G may be obtained as follows: Let weGrg(A).
Let feA such that w=1Ing(f), and choose an S, such that fe®;,. Then p~!(w)=image
of Ing(f) in G.)

For (2), let Q =max(L), and let « denote the map of graded algebras induced
by 7y, i.e.

a : Grg(L) - Gry(A).
We will prove « is injective:

Choose z in Grg(L), say deg(z)=v, and z=Ing(f), feL. Choose a represen-
tative f; of fin some §,~, so that also v (f;)=v. Infact, write fin L as a sum of products
gx,...%, with all the vg(x,)=1. GChoose an 7 such that all the g’s and x;’s are repre-
sented by elements g; and x;, of S;, and let £; denote the cBrresponding sum of the
products g Xy - - - %,;- Lhen f; represents f, and since S;—~L is a local homo-
morphism (so that the vg (%) are all >1) we have vu(f)>v, and hence is equal
to v.

Then «(z) is the image of f; in RJ+ (via §;—A). Now by (1) ftv/Jo+
= E_Igﬁ?}'/ﬁ}}’“. Hence if «(z)=o0, we must have vﬁj( fi)>v for some j>i, which is
a contradiction since then vg(f)>v. Q.E.D.

We remark that the ring L need not be noetherian.

Corollary (3.3.2). — With notations and hypotheses of (3.3.1):
Ker y= M Q"
Proof. — Suppose fevgoﬁ". Then y(f )GVDOSR". But this ideal is (0), since A is
noetherian. Thus feKery. Conversely, if feKery, then Ing(f)=o0 since y induces
an isomorphism of graded algebras by (3.3.1), so that fevDOD".
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We are now in a good position to analyze the structure of the surjective R-algebra
homomorphisms S;,—~A in our situation. We first observe that since the S, are flat
and finite over R, and the maps §,—S;(j>¢) are injective, the same is true after passing
to completions, i.e.

(3.3.3) The §; are flat and finite over R, and the maps By §i—>§j( Jj=t) are
injective. Moreover, by (3.0.3), we get:

(3-3-4) The B, induce isomorphisms
5:92Q(R) 5 5,0:Q(R).

In fact we can express S,93Q(R) as S;9;R®3Q (R)=Q(8)®mQ(R). But
the S;’s are birational, so that all these are just F®E where F=Q (S,) for any i, K=Q (R),
E=Q(R). In other words, all the S; have the same formal fibre. It follows that also

(3-3-5) L& Q (R)=FexE.
Namely, L=lim§;, so L®3Q(R)=1im(5,©3 Q(R)).
The key technical result is now
(3.3-6) In our situation, ker(y)= Do (t)*L, where t is any regular parameter of R (or R).
Proof. — Let ’S\f} denote the minimal prime ideal of L (if B, =the minimal prime
of §,, ‘1’;= U$p,). Then L%=L®§Q(R)=F®KE by (3.3.5). Thus although L may
not be noetherian, L§ is noetherian, so that ‘TS”L%:(O) for some n. Now L is flat

over R, being the union of the flat §;’s. Hence if ¢ is a regular parameter of R (or R),
L—L, is injective. But clearly Lg=L,. Hence ‘Tk”:(o) in L. Now

Q=max(L)= ()L + .

Hence for v>o, Q'c ()’ "L, so that Qos:y= Do(t)"L. Combining this with (3.3.2)

we get the result.

(3-4) We now summarize the main results of this § 3:

Let R>O<R with the hypotheses of (3.0.3). Let ¢ be a regular parameter
of R, and let f;, ...,f, be any elements of O which along with ¢ generate max(D).
Let So;=R [f;, --.,/,]cD, and let S; denote the intersection with O of the (unique) i**

iterated quadratic transform S® of §,. If A:,UOSi then A is noetherian,
i=

[Q(A): QR)]<w, A= (and A=9 if Q(O)=QR)(fi, ---»f,)).- Moreover,
let v,:5,>A=9 be the map induced by the inclusion S;cO. Then ¥, is surjective
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for all &. Let J;=ker(y;), and let B;: §,-—>§j be the (injective) map of completions
induced by S;—S;. Then (by (3.3.6)):

J;={feS;|given v there is a j>i such that #'|B;(f).}

lim

R[fi, .- fi]=8,c8,c...c8;cS;c..cAcDO (over R)

U <— &« ©

(
v
§
N
=
o
b2}
g
o

=

O <— > <«
!
O

(3-4.1) For the sequel, we need to note that all that is required for this analysis
is the sequence (S;); of local R-algebra homomorphisms with the properties:

(i) The S, are finite and flat over R and are all birationally equivalent.

(ii) For every j the map Sj—>1i_§n>S,- induces a surjection of completions.

In other words, the hypothesis that there exists an O, given a priori, with S;=S% 9D,
plays no role. Thus if we are given any sequence (S;) as above satisfying (i) and (ii),
then we can define O =li_m)S,-, and the same conclusions hold: For every i ©=S,/3;
(with notations as above).

4. d-THEORY AND MAXIMAL PRESENTATIONS

(4-1) We consider the general situation of a presentation (3.0.1) :
RSOOSR (jot is the canonical map)

which yields upon completion the commutative diagram
R & D f{=ﬁred (]¢°’¢=Iﬁ)

(I

(D)

=
{
O
¥
o

where the vertical arrows are the canonical inclusions. In particular we have fwo local
homomorphisms « and $ from O to O, where B=z¢oj. Let d=oa—8:9->9.
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Proposition (4.x.1). — (i) Im(d)cKer(})="p.

(il) d(fg)=a(f)d(g)+ B(g)d(f).

(iii) d(R)=o.

(iv) d is R-linear.

(v) Let R'=ker(d). Then R’ is a discrete valuation ring and R cR’ induces an isomor-
phism of completions.

Proof. — (i) follows from the commutativity of the diagram (D) above, remembering
that joz is the identity of R.

(ii) is a simple computation based solely on the fact that 4 is the difference of the
two ring homomorphisms « and B.

(iii) results also from the commutativity of (D), remembering that jo: is the cano-
nical inclusion.

(iv) follows immediately from (ii) and (iii).

(v) We first note that (ii) and (iii) imply that R’ is an R-subalgebra of ©O. More-
over R’ is local: to see this, suppose g is in R’ and is also a unit in ©. Then

o=d(1)=d(g.g7")=u(g)d(g™")+ B(¢g™")d(g) =x(g)d(¢™").

But then d(g~')=o0 (because O is flat over D), so g~ is in R’.

Now let ¢ be an element of max(R’)=mnR’, where m=max(O). Then
x(g)=B(g). Let ¢ be a regular parameter of R. Now ¢|j(¢) in R, so #|8(g)
in O, hence also t|a(g) in O. Then by faithful flatness ¢|g in O, say g=1f, fin O.
We claim f is in R’. For this, note o=d(g)=d(tf)=td(f) (by (iv)); hence, since O
is flat over R, d(f)=o0. Thus we have shown: the maximal ideal of R’ is generated
by ¢. This concludes the proof.

(4.2) Suppose now that Re>D<>R and R’<>D<>R’=R are two presentations,
with RcR’. Then we get a commutative diagram

B

which is compatible with the identification of R and R’.  We conclude that the operator d’
defined for R’ just as d was defined for R in (4.1) coincides with d. Thus the operator d
is really an invariant of the lattice of presentations of O containing the given R. By (v) of the
proposition (4.1.1) we find that this lattice contains a maximal element, say R’, charac-
terized simply as the kernel of d. Such an R’ is called a maximal presentation of O; its
existence of course follows from the existence of a presentation (§ 2) as well as the above
proposition. The question of whether there exists a minimal R which induces the given d
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is interesting; I don’t know the answer, however it is easy to see (as shown below) that
every maximal presentation contains D¢ where ¢ is some sufficiently high power of the
characteristic p.

Remark (4.2.1). — Suppose we are given R<>O<>R with the usual hypotheses,
except that we do not assume a priori any inseparability. Since the definition of 4 above
does not depend on inseparability, it makes sense in this more general situation, and
we can find a maximal R’DR as above. But then O is automatically purely inseparable
over R’. In fact, choose a power ¢ of p (= the characteristic) sufficiently large that
Zf=o0 for all z in P (the nilpotent prime ideal of O). Now if x is in O,

d(x") =(x—B) (#) =d(x)?*=0
(since Im(d)cP by (i) of (4.1.1)). Hence x?is in R'.

(4-3) The operator d is closely related to the universal differential operator of
O/R of order <. To see this, recall (3.3.6) that there is a canonical surjective
homomorphism "y oA
L=0O@gR—>O—>o0
whose kernel is the ‘ non-noetherian part” of L. Let

V :0->0@zR

be the R-module homomorphism defined by V(¥)=x®1—1®x (to make sense of 1®x«
we use the fact that O < R). Then d=yoV. In fact, we may write L in the form
J

(O®rO)®oR; via this identification, for any x in O,
Yx@1@1)=0a(z), and y(1@¥®1)=ioj(x)=p(x)

(with the notations of the diagram (D) above). In other words, we may view the
map vy as induced by -
YO:D®RD -0
with v,(x)=a(x) B(x); vyisthen obtained from v, by viewing O as R-module via ;, which
is compatible with the structure of O as module over the O in the right hand factor via «.
Let 3 denote the diagonal ideal of OD®izO; I is generated by all *®1—1Q@4x,
xin O. Since vo(3)cP, and O is trivially P-adically complete, v, factors naturally
through the J-adic completlon of D®rO, denoted PZy ([5], (16.3) ff'). Consequently
we get a factorization y of y through PZi® oR, and a commutative diagram

PS/R®DR
y ®DNA

O (D@RD)O

D@RR
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where d”(x)=x®1—1®xePgy (“ universal differential operator of order <oo ” (loc.
cit.)); we thus obtain the canonical expression of d as a differential operator:

d=%o(d*®1).

We remark that the only reason for having to use PZy here (rather than P¥py,
N <o0) is the possibility that Q (D) is infinite over Q (R), which can happen even if R<9O
is a maximal presentation. (We will give an example of this, but since it requires quasi-
algebrization it is postponed until § 7.) For suppose Q (D) is finite over Q (R), say
generated by x;, ..., %, in O. Then every u in O satisfies t"u=F(x) for some integer
m and some polynomial F in the x; with coefficients in R, where ¢ is a parameter of R (this
follows from (3.2.3)). In particular,
t"d*(u) = d*(F(x))

V=

.......

(the usual Taylor expansion; since we are in characteristic p we must be careful to inter-
I . .

pret (——‘ °F/ 3x") to mean that we first divide formally by v! as though we were over Z,
v!

and then reduce modulo p). Hence since §=P38,R is generated by the d*(u), « in O,
we get:

(*) ScU((@(x), - .-, d°(x,) PEg: ).

Now there is a power ¢ of p such that #f is in R for all ¢=1, ...,n. Hence d*(x,)?
(=d*(«})) isoforalli. Hence, for N>ng, (d(xy), ..., d"(x,)) PSr=/(0). It follows
from (%) above that also 8¥=(0), since O®xD is flat over R (because O is). Hence

PSr="Pir=(D®p0)/I" "' =005 0.

Thus in this case we could equally well describe d as yo(d"®1) where d™:O—>P{y
is the universal differential operator of © over R of order <N. Note that if O is a
finite R-module, the map v is an isomorphism, so that we may regard O =PglR®Df{
and then d=d"®1g.

(4-4) We now want to study the relationship of the operator d with the normal-
ization of ©. The ideas here are inspired by the recent work of Ferrand and Ray-
naud [3]; in fact we include here a free presentation of a certain part of the contents
of § 2 of that work which are relevant to our situation. They show that (regardless
of characteristic and independent of questions of presentation) there is a differentia
operator d’ defined on the normalization of O, which determines O completely. This
operator depends on a choice of a section O,.a—~9O, which may of course be very  non-

algebraic . However if the section arises from a presentation (i.e. the map ¢ of the dia-
gram (D) at the beginning of § 4), we will show that the resulting 4’ induces our operator d,
and so in particular the maximal presentation R corresponding to d is the kernel of d'.
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In this regard it is interesting to note that frequently the normalization of a non-excellent

D is an excellent discrete valuation ring. This will be the case, for example, when in the

situation of a presentation Re>O<>R, Q (D) is the inseparable closure of Q (R) in Q (R).
We begin with the following hypotheses:

(4.4.1) O is a local domain of dimension 1, B=the normalization of O. We will
assume B is local (i.e. O s unibranch) and f)md s regular. Denote m=max(D) and
n=max(B).

Since D»f)md is injective and O, is regular and hence normal, we may view
O>B9O,,;. From this we deduce:

(4.-4.2) OB induces an isomorphism of residue fields, and mB=n. In par-
ticular there is an element ¢ of O such that (¢)B=n, and this ¢ has the property: every
iterated quadratic transform of O is obtained by suitable divisions by ¢.

Let 2:9—9 be the canonical homomorphism, and 2:B—>B®y$ be 2(b)=6®1.
Then

(4-4.3) The diagram

9 — B
al lv
O — B®Dﬁ

is cartesian, i.e. it identifies © with the ring-theoretic fibre product of O and B
over B®g®.

Proof. — It suffices to check that « and v induce an isomorphism B /Dg(B®D 0)/9.
For this, first note that the term on the right is just (B/O)®59, and B/D is a t-torsion
O-module. Hence B/O is the union of a family of finite length O-modules B;, each
of which is of course already complete. Hence

(B/D)©sO=(UB)esO=U(B,0,0)=UB=B/D.

Now by the structure theorems of Cohen we can choose a subring R of © such
that the composition R0 -0, is an isomorphism. (We remark that if O is of
characteristic p we can take the R of a presentation of ©.) This gives a section ¢ of

the natural projection O—O_,; use it to get a decomposition ©: OXR®P, where
98 is the nilpotent prime ideal of © (R-module decomposition) (). We also identify B

with R, in view of the fact that f)rediﬁ is obviously an isomorphism.

(1) The ring operations are of course given by the multiplicative structure of P together with its R-module
structure.
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(4-4-4) Let P'=P®5Q(O). Then there is an isomorphism
8: BeOZRaPp
such that the diagram ~ ~
D _—> B®DD

\4
Rep — Royp
is commutative, where the upper map is just ¥ 1®x, and the lower one is induced
by the natural map PP’ ().

Progof. — We can write Bfli_m;DiL where the p,- are theA successive quadratic
transforms of O. Hencs B®pO=lim®;, where Di=D,~®DDA are the successive
quadratic transforms of O. Let P, denote the nilpotent ideal of O; (so that P=153,).
Then since the discrete valuation subring R of © is invariant under quadratic transform,
we get compatible decompositions

i1 -3 Re
i+1 PBira

~
~

A A

ﬁ’l’ '—%—) RG’)%"

where the right-hand homomorphism is induced by 14 and the natural map P,—%; ;.
Hence it suffices to show that LimP;=%P’. Let ¢ be as in (4.4.2). Since Q(D)=9,,
if we denote P,=P®0,;, what we want is that

li_>m;‘Bi =P,
Note that since O is a domain and 9, ,c(D,),=9D,, by applying ®5O we find that
f)igﬁi +1 1s injective and O,c®, for all i. Now since P; and P; +1 are the nilpotent
ideals of O; and f)i +15 Bipy is the sirict transform of P; in [} +1 (§ 1), and in particular
PB;c(t) P; .. By iteration, we get
(%) P () P
On the other hand, the image of B, in O, by the composition P,cO,cO, is clearly

contained in the image of the inclusion B,cO, (obtained by applying ® 50O, to P cO).
Thus we have:

(%%) SB,'CSB;-

The result follows immediately from (*) and (%x).

-
() Note P— P’ is injective, since O is torsion-free over O.
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In view of (4.4.3) and (4.4.4) we have a cartesian diagram

O «—— B

(E) o - v=u-+d

\Z v
Rop - Roy’

Viewing REB, we may write »=u-+d’, where 4 : B>B=R is the canonical map,
and 4’ is a differential operator from B to B’ (the difference of two ring homomorphisms),
It follows from (E) that

(4-4-5) O ={xin B|d'(x) is in P}.

(4.5) The above discussion is valid with no hypothesis on the characteristic of O,
and it is clear that the differential operator d’ depends only on the choice of the section
o: OO, ie. on the choice of R; of course, since this section may be chosen arbi-
trarily, it might have nothing to do with the arithmetic structure of ©. However,
suppose we start with a presentation RoO<R, which we may as well assume to be
maximal. We can use this to get a section g, i.e. =1 (of the diagram (D) of (4.1)),
and also a differential operator d: O— as in (4.1), canonically associated to the
presentation. Let d’ denote the operator B—>%P’ arising from ¢ as in (E). Then an
inspection of (E) reveals that d is the restriction of d’ to O. Thus in characteristic p we
can summarize as follows:

(4-5.1) Let O be a local (noetherian) domain, of dimension 1, char. p, unibranch, with 0.4
regular. Let B denote the normalization of O, B the nilpotent prime ideal of O, and P’ =P 5 Q (D).
T hen there is a maximal presentation Re>O <> R with the associated differential operator d : O —P
of (4.1), and a differential operator d' : B—P’, such that the diagrams

R « 9O < B

ool
(0) — P — P’

are cartesian.

Remark (4.6). — The problem of finding a local domain O with a given completion
may be posed as a ¢ converse * of the above results (neglecting questions of presentation)
in the following way: Let R be a complete discrete valuation ring. Let C be a flat,
augmented R-algebra of finite type, of the form R®P where Pis a nilpotent ideal (flat
as R-module). Let P'=P®zQ(R), and let B'=R@P’ (with its natural ring struc-
ture). Then we ask: does there exist a discrete valuation subring B of R, with completion
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isomorphic to R, and a homomorphism » : B—B’ such that if O denotes the fibre
product in the cartesian diagram

bry

CXBrB=D —> B

S

G «—s B

(where the bottom map is the natural inclusion ROPROP’), then O isa local ring
with normalization B and completion C (via pr, and pr,)? This is the approach of Ferrand
and Raynaud (loc. cit.); they give an affirmative answer in the special case P*=(0)
in characteristic o and over certain fields of characteristic p. The technique involves
the existence of the differential operator d’ (actually a derivation in this case). One
would hope that the same approach, suitably extended, would yield the general result
(for arbitrary ) in characteristic o. In characteristic p, however, the problem is solved
by quasi-algebrization: the idea is to view the map C—C,;=R as being induced
by a formal p-section of affine space over a suitable discrete valuation ring R (§ 4 and 6);
the procedure has the structure of a (purely inseparable) presentation built in.

5. SOME EXAMPLES OF FORMALLY IMPERFECT
DISCRETE VALUATION RINGS; SCHMIDT RINGS

As we have seen, in characteristic p all non-excellent curve singularities arise from
inseparability in an extension Re<>R, for some discrete valuation ring R; in this case
we say that R is formally imperfect. We want to describe an easy method of constructing
these R, beginning with any ¢ geometric ” discrete valuation ring R,. In fact, the
construction itself is of a geometric nature, and in particular it is unrelated to any question
of ¢ ground-field ” structure. In a certain sense it generalizes the example of
F. K. Schmidt (e.g. as reported by Zariski in [4]); hence the name Schmidt ring for those
rings which arise in this manner. We will not consider here problems of classification
of formally imperfect R; our purpose is only to indicate their relative abundance and
in particular to insure that we have enough raw material for the quasi-algebrization of § 6.
In contrast to the Schmidt rings, we will also recall a classic example of Nagata and a
more recent one of Hironaka, in which the formal imperfectness depends on ground
field structure in an essential way.

(5-1) Let R, be a discrete valuation ring of char. p such that R, has infinite trans-
cendence degree over R,. This is not always true; in fact in the example of Nagata
below the completion is even integral over the original ring. However it holds when R,
is geometric, i.e. the local ring of a point (of codimension 1) on an algebraic scheme over

a field £. (To see this we first note that card(Q (R,))=card(k) if £ is infinite, or X,
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if k£ is finite, and the cardinality of the algebraic closure of Q(R,) is the same. But
card(R,) is at least card(k)*, which gives the result.)

Now, given n>0, choose elements f;, ..., f, in R, which are algebraically inde-
pendent over Ry; let e, ..., ¢, be any positive integers, and let g=f"" in R,,
i=1,...,n. We view these gy, ..., g, as defining a formal section ¢ of affine n-space
over R, (which we call a “ formal p-section > for obvious reasons):

Spec(Ro[Xy, .-, X, 1) =A} «———— Ag,

M o: Xy

l

Spec(Ry) «— Spcc(f{o)

We then define a discrete valuation ring R, called the Schmidt ring of (Ry, o) in any
of the following equivalent ways:

(i) Via the composition

~ X;> 9 A
RO[XI, RS Xn] - RO[XI: RS Xn] - RO

the formal section ¢ induces a discrete valuation of the function field of Ag ; let R be
its valuation ring.

(ii) There is a unique infinite sequence

() AL=202 20  20-9Z 20

of iterated quadratic transforms with the following property: let Z, be the point
(€1(0), - .., g4(0)) in the closed fibre of Z®. If Z_,eZY~Y is the center of ;, then
the strict transform of (the image of) o in ZU~Y passes through Z_,. Let

{m;: 29—~ Z0-1;, ZO=Ap }

be the unique sequence of quadratic transforms from which (%) is deduced by the base
extension Spec(R,) —>Spec(R,). Since the exceptional fibres in either sequence are
identical, each point Z; in Z® corresponds to a unique point z; in Z% (so that the
sequence 7; could equally well be described as that obtained by blowing up the successive
points z;). Then

o
R. = jl——-—jo 02(]')’ 2

(R = the local ring of the closed point on the  Zariski-Riemann space ” of Ag deter-
mined by the sequence ;)
(111) Write

&= .2 at’

Y
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where the a; are units in R, and ¢ is a regular parameter; then for every m>o let

o= 2 g,
im j gma”t
Then R may be described as the Ry-subalgebra of R, generated by all elements of the
form
&i—&im
tm+1

for i=1,...,n and all m>o.
It is clear that ¢ is also a regular parameter of R, and that R, and R have the same
residue field. Hence RjcR induces an isomorphism of completions. It follows that

R is formally imperfect; in fact we have f; in R, f7* in R, but f; is not in R (since

QR)=Q(Ry)(&15 - - +» &)

The following will be a convenient way of expressing the consequences of our
construction of Schmidt rings:

(5.1.1) Let R, be a discrete valuation ring of char. p, such that R, has infinite
transcendence degree over R,. Then for any integers =, ¢,, .. ., ¢, there exists a discrete

valuation ring RO R, with ﬁog—f{, and elements f;, . . ., f, in R, such that, if we denote
S=R[f;, ..., filcR,
then S is R-isomorphic (via X;— f,) to
R[X,, ..o, Xn]/(X?ei—gi)lsiSn'
Moreover Q(R)=Q (Ry)(gy, - - ., g,), with the g; algebraically independent over Q (R).

(5.x.2) Note that with the terminology above, S is a finite R-algebra, so that
S=S®R=R[Y;, ..., Y,1/(Y")i<icn
(letting Y,=X,—f, in R[X]).

(5.2) We now give two examples, which, in contrast to the Schmidt rings, show
how formal imperfectness can arise from specific properties of a ground field.

(1) Nagata (cf. [2], Appendix E 3.1 for details). — Let k£ be a field such that
[£ : k*]=o00, and let R=#k?[[¢]][k]ck[[¢]]. R may be described as the subring of
k[[#]] consisting of all those power series whose coefficients generate a finite extension
of k*. Tt is not hard to check that R =£[[¢]], so that RPcR.

(2) Hironaka. — Let F denote the prime field, and let z={u},i=1,2, ... be
a countable system of algebraically independent elements over F. Let £ denote the
algebraic closure of F(uz). For every n>o, let F(u), denote the subfield

F(u) (@, """, ..., u?)
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of k, and let %, be the separable closure of F(u),. It is clear that k,ck,,,, and that
lnjk,,z k. Then let Rck[[f]] be the subring consisting of all those power series whose

coefficients lie in some £, (the n may be different for different power series in R). As
in example (1), R=£[[f]]. Now let (¢) be a sequence of integers all of which are
bounded by some integer Ny, and let f=Zu”# in R. Then f¥ is in R for some

N=N,; but if infinitely many of the ¢; are positive, fis not in R. In fact, the inseparable
closure of R in R may be described as the ring of all power series whose coefficients
generate an extension of F(uz) whose inseparable part is of bounded feight over F(u).
Notice that in this example R still has infinite transcendence degree over R.

6. QUASI-ALGEBRIZATION

(6.0) Suppose G is the completion of a local domain O of dimension 1 which
comes with a presentation Re>O<>R, as in (3.0.1). The “abstract ” hypotheses
satisfied by C are then

(6.0.1) R is a complete discrete valuation ring of char. p and C is a flat finite
R-algebra with nilpotent ideal B such that C/BIR.
It is clear that (6.0.1) is equivalent to either of the following:

(6.0.2) R asin (6.0.1), and C=1A{[Y1, ..., Y,]/3, flat over R, and 3 contains
the ideal (Y)Y for some N.

(6.0.3) R the same, Spec(C) 5 Spec(R) is flat of relative dimension o, with
connected fibres, and has a section o.
A converse to the above is the following result:

Theorem (6.0.4). — Given G and R satisfying (6.0.1), there exists a local (noetherian)
domain O, with a presentation RO hj)f{, and an isomorphism 0 : O X G such that the diagram

R - Cc %R

| ]
R—90—=R
i j
is commutative, where  and o correspond to the ones in (6.0.3) and : f arise from the presentation
as in (3.0.1).

Quasi-algebrization is a canonical procedure for constructing rings with a given
completion; we have not attempted in this paper to describe the limits of its domain
of application, but rather have restricted ourselves to giving a treatment in a setting
appropriate to the situation at hand: purely inseparable R-subalgebras of R, where R
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is a discrete valuation ring. In particular, we will get a proof of Theorem (6.0.4).
For this, given the data (6.0.1) and a “ sufficiently ” formally imperfect discrete valuation
ring R (whose completion is R), we construct O/R satisfying the conclusions of (6.0.4)
by starting with a suitable finite R-subalgebra S of R, purely inseparable over R, and
then realize © by an infinite sequence of birational operations on S (in such a way, however,
that the result is noetherian), using the results of § g (especially (3.%7.1)) as our guide.
Thus, although the resulting O is not a finite R-algebra, Q (O) is nevertheless a finite
(purely inseparable) extension of Q (R), so that Spec(D) is a ¢ quasi-algebraic”” Spec(R)-
scheme. For the Theorem (6.0.4) the point is that we can always find R as above, for
example in the form of a suitable Schmidt ring (§ 5).

(6.1) Preparation.

Suppose R is a discrete valuation ring with regular parameter ¢, and let f;, ..., f,
be elements of R which are purely inseparable over R, say fP =g, in R. Let
S=R[fi,...,f.JcR. Then via X;f, we have an isomorphism

(6.1.1) SER[X,, ..., X]/3

where  is an ideal of R[X] containing the ideal § generated by the X?"—g,, i=1,...,n.
By subtracting a unit in R if necessary from each of the f;, we may suppose that the
f; and g; are non units (in R and R respectively). Now write, for each i

(6.1.2) Ji= ;1%’8

where the a;, are units in R. Then of course

0
€5 omli
gi= Z ag’tst-
s=1

We will use the following terminology in the sequel: for every v>o, and i=1,...,n let

v
f;(v) ;;ef sz__;laists:
v
€1 i €7 €1 (2
and &= (e fE) 107" = (gi— Z al'") or".
Note that the g are in (##*)R.

(6.1.3) With notations and assumptions as above, the v** iterated quadratic
transform S™ of S is of the form

SV —R[XP, ..., X3,
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where
X0 = (X~ T 0 #) 0= (X i) I

and 3 contains the ideal $™ generated by (XM)?"—gM, i=1, ..., n.

(We note that these successive quadratic transforms are unique, since S is uni-
branch; namely, as usual, the inseparability of S over R implies that S=S®;R has
a unique minimal prime ideal.)

Proof of (6.1.3). — Setting S=8°, X, =X g=769 J=39, and =9,
the assertion is trivial for v=o0. Now assume it is true for v>o. Since J™ contains $
it is clear that the only maximal ideal of R[X{, ..., X¥] which contains I is the
one generated by ¢ and the X{; we denote this maximal ideal by Y. Let
G =Grgu(R[XY, ..., X¥]). No power of Ingw(f) (the MY-initial form of ¢ in G)

is in Ingw(3™) (the ideal of G generated by the initial forms of all elements in J).
Otherwise, since this ideal contains the initial forms of elements of $", we would get:

dim(SY) = dim(Grg) (S™)) = dim (G [Ingw)(I™)) = o,
a contradiction, since S™, being integral over R, has dimension 1. It follows from

the elementary local theory of monoidal transforms (cf. [1], Chapter o, § 3 for a summary)
that

(%) SPFI=R[XP/E, ..., XD e]/30+Y
where R[XV/t, ..., XV/[t] is the affine ring of the open piece of the blowing up of MY
in Spec(R[X{, ..., XM]) corresponding to those tangential directions where ¢+o,

and JOtY denotes thc ideal of the strict transform of 3™ on this piece (loc. cit.).
Note that by definition XP+Y=(XW/t)— 4 ,41- Hence we may use these as
coordinates, and express (*) equally well in the form

(%) SO —R[X{HD ) X+ ),
It remains to show that J“*! contains 55("“). For this, since J¥o§M, if H»
denotes the strict transform of §™ in R[XM/¢, ..., XM/¢], then of course J¥+Y>HO”
Hence it suffices to show that $™' > HF (actually, it is even true that H = GO+),
To see this, we first note that each of the polynomials X{7“—g® which generate
$W is of order p% with respect to MY; in fact, g™ has order at least p% in t. Hence
$™ contains the elements (XM7*—gt)/#", But if we express this in terms of
the coordinates X®*+? (as in (*#)), we get the right thing, namely:
i Y ¢ v ¢
(K gl 0 = X7, (6
:X£v+1)p‘___g1(:v+l).

(The first equality is because XP+V= X,-")/t~a,-,v +1>» and the second because
V=gV t""—a, . )). Q.E.D.
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Corollary (6.x.4). — Let R, fy, ..., f, and S be as above. Then for every v=0 there
exist elements fi, - .., fon of R such that:

(i) limfiy=f (in R) for all i.

(i) Let Y =X;—fy, (in the sense of (6.1.1) and (6.1.2)).

Then Yy, is divisible by t° in the (unique) V" iterated quadratic transform of S.

Proof. — Let f,-(v)=s§1a,-st’ as in (6.1.2). Then (i) is true by definition, and
Yy =0XY, for XM asin (6.1.3). Thus the assertion (ii) is proved.

Remark. — 1t is helpful to think of the Y;, as elements of S which approximate
the differentials df; in S, i.e. the generators of the nilpotent prime ideal of S (d is the
differential operator of § 4).

Quasi-algebrization (6.2). — A quasi-algebrization requires two data:
(1) k is any field of characteristic p, R =k[[£]] a formal power series ring, and
C is a flat R-algebra of the form
C=R[Y,, ..., Y,]/8

with c(Y)R[Y] and (Y)¥c@ for some N (i.e. C satisfies the hypotheses (6.0.1)).

(2) R is a discrete valuation ring with completion R, and S is an R-subalgebra
of R of the form R[fi, ..., f,] where f¥=g, in R for some ¢; (in particular S is a
finite, purely inseparable R-algebra). We further suppose that via XPf;, S is
R-isomorphic to R[X,, ..., X,]/J, where J of course contains the ideal § generated

by the X?"—g., and moreover the following condition is satisfied:

(6.2.1) Identify R[Y] and R[X] by Y;=X;—f;. Let 3 denote the ideal
generated by J in this ring. Then §c®. (This enables us to view C as a quotient
of S, which is crucial for the sequel.)

Remark (6.2.2). — Given the datum (1), we can always find R, S as in (2). In
fact, by the techniques of § 5 we can find a Schmidt ring R and elements f;, ..., f, in
the completion of R (which may be identified with R), so thatif S=R[f;, ..., f], in
the terminology of (2) J is actually equal to the ideal §) in this case, with each p%>N.
Hence J=(Y?")c(Y)"c&.

Given the data (1) and (2), we are now going to construct a local domain O such
that RcScOcR, Q(D)=Q(S) (so that we get a presentation R—>D<>R), and the
conclusions of the Theorem (6.0.4) are satisfied for R and O with respect to C. This O
is called a quasi-algebrization of C over R along (fy, ..., f,) (!). Note that in view of the
remark (6.2.2) we will then have proved (6.0.4). However since our interest lies
not merely in the existence theorem, but also in the analysis of a giwen O, we want to

(1) In (6.3) we will show that there is a unique one of these.
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reserve from the outset the right to start with a given R, S. We will see that in this
case, quasi-algebrization determines O uniquely (6.3).

We begin our quasi-algebrization: choose a set of generators u,, ..., u, of the
ideal £ of (1); each u is in the ideal generated by the Y;, say
(6.2.3) = X Y, j=1,..,71

o=t it
[£]>0

where Y’ denotes the monomial Y4...Y’ |¢|=¢+¢,+4...+¢,, the ¢; are in R, and
the sum is finite for each j.
We are going to construct an infinite sequence

S=8,cS,c...

of (finite) R-algebras, with S, contained in the v" iterated quadratic transform S
of S, with the following property: upon completion, in the resulting sequence

§=S,cS,c...

it is precisely the ; which generate the ideal of S consisting of all those elements which
become divisible by arbitrarily high powers of ¢ (the regular parameter of R) in suc-
cessive S,. Then if we let O=US, we will find, essentially by (3.4), that Oisa quotient

of S by the ideal generated by the u ;> 50 that © X as desired.

To do this, we first take elements Y,y of Sasin (6.1.4) for i=1,...,n, and
all v>o; we will use these to construct elements w,, of Sfor j=1,...,7 and v>o0 as
follows: for each ¢; in the expressmn (6.2.3) for u; take any sequence ¢y, of elements
of R which converges to ¢ in R, in such a way that st 18 divisible by # in R.
Then define, for each j and v,

(6.2.4) ty= 2 Gy Yily- - - Yaly-
[e1>o0

Via the identification of (6.2.1), we will view the # as elements of S, and the ) as
elements of S which approximate the 4;. Now let

(6.2.5) S, =S[(uyy)/") -+ 5 (/)]

viewed in the following sense: since each Yj, is divisible by # in the v*" iterated qua-
dratic transform S™ of S (by (6.1.4)), and since |¢|>o0, S,is an S-subalgebra of S,
Moreover, since ScR, each S™ is contained in R, so that we may also regard S,cR.
This could also be seen directly if we identify X; with f£; in R, and recall the definition
of the Y, in terms of these.

(6.2.6) To analyze this situation it will be convenient to introduce new
variables: for each v let W,,, ..., W,, be independent variables over S, and let P, denote
the polynomial ring S[W,,, ..., W,,]. For each v we have a natural map &,: P,—S,
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defined by W;, b (4,/f"), j=1,...,7. Let o;,=t'W;—u,. Then the ¢, are

in the kernel of b,. Note that the induced map b,® 1y,
P/({or}i<i<) @ QR) 5 8,0:Q(R)
is an isomorphism. Hence if &, denotes the kernel of 4, since S, is flat over R,
(6.2.7) K,=U(({el)P, : ),.
Now let %, denote the S-homomorphism P,—P,  ; defined by
ijHthv+1—l—(uj(v)—uj(v+1)) £, for j=1,...,71
To justify this, we need to show

(6.2.8) wu,—uy, .y is divisible by ' in S.
Progf. — Remembering that Y;,=X;—f, ((6.1) ff) we have

¢ )
Uiy~ Uy +1)= % le(v)(Xl —‘fl(v)) T (Xn‘—fn(v)) "

1£1>0

(%) — E>0€mv+1) Xy =S+ 1))’1 v (XSt 1))’”

141

[s [4 14 !
= IIEO(Ej{(V)le e Znn_cjl(v+1)(zl— al,v+1tv+1) .. (Z,— Gy, v+ A

where Z;,=X;—f;,, recalling that f,= Zlais #. Now
Cev+)(Z1—ay, v WA (2, —a, (Y= i+ 1)Z{1 co 2t D,
with D, divisible by #** in S. Thus from the equality (*) we find that

- ¢,
i) = Bty + )= ,?-; o ity = G4 ) Za* -+ Zy'— Dy

which is divisible by #'in S, in virtue of the definition of the ¢y,,. Note that the proof
shows that (u,—u,,q)/t" is in max(S). Q.E.D.
Hence the maps £, are well-defined, and it is obvious that for all v the diagrams

commute, where the homomorphism on the right is the natural inclusion. Moreover,
observe that A,(q;) is by definition

£ (EW; g1 (i) — Uiy 4 1) [8) — iy =W, s 1= )= @ v41-
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Hence the 4, induce commutative diagrams

Pv+1/({‘Pj,v+1}1<j<r)Pv+1 I Sv+1

] T
bV

Pv/({(Pjv}ISjsr)Pv EE— Sv

(we preserve the notations 4, and b, for the induced maps). Passing to completions,
we get corresponding diagrams of exact sequences:

o0 —> §v+l - l_)v+1$§v+1/({¢j,v+1}1sj<r)f)v+1 —l&; §v+l —> 0
(6.2.9) | ] |
_ _ ~ 5, ~

s}v B Pv d=P {(P]V}1$]<V P Sv o

(where we may interpret 13 to mean the completion of P, with respect to the ideal
generated by max(S) and the W, and R, is the t-torsion ideal of P, (by (6.2.7%))).

Let #,, :P,—~P, be the composition %, _;o...oh, with notations as in the
diagram (6.2.9) above. Then let

¥,={xeP,|for every integer M>o0, there is an m such that ! divides #4,,(x) in B,}.

¥, is clearly an ideal of P,. We first claim

(6.2.10) W, +(45—u,)[t" s in I, for j=1,...,7. (Note that a priori u;
is viewed as an element of §, so it makes sense in P, insofar as the latter is an S- algebra,
i.e. a quotient of S[[W,,, ..., W, ]]. Similarly u, as an element on S also makes
sense in P, and in this way it is of course still true that lim u,) =u;.)

v

J

Proof of (6.2.10). — We first show that &, ,(W;, -+ (4, —u) [£') is divisible
by "~V in P, (this makes sense because by iteration of (6.2.8), we see that Uiy —
is divisible by ' in S). In fact, we will show that

(*) hmv(ij —+ (uj(m) — uj(v)) /t\') —fm— ijm .

Ujv)

Namely, this is true for m=v-+1 by definition of 4,. By induction, suppose true
for m. Then

P 41,9 (Wis =+ (%im 4 1) — i) /)
= P 41,0 (Wis - (m 1. 1) — Uiy 50 — i) [)
=Ry 1, (8" Wi (7 [ (W 4 1) — Uipmy))
=" "Ry 11, Wi+ (80 1 1) — Uiomy) [E)
=t""W; =" TW, L,
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which completes the verification of (¥). Now, note that for any m>v we can write
Wi, + (s — ) [€ =W, (i) — i) 18"+ (85— %50 [
Hence by (*), we get

(6.2.11) P (Wi, + (5 t5) [£7) = £ Wi~ (t— t5,) [ £+

To conclude the proof of (6.2.10) it suffices to show that wu,—u,, is divisible by
in S. For this, recall

— (% /,
uj— ZCj{Yil .o Yn”

where Y;=X;—f;, and f; and the ¢, are in R; and
—Zc it Y. Y""

with Y, =X;—f,. Let v, denote fi—f,. Then Y,,=Y,+v,, and we
can write

u _'u = ZCZY{I oo Yf‘"_ ]l(m)(Yl +U1m)[1 .. (Yn+ vnm)l".

But then, since each g, is divisible by " in R, as is ¢;—¢,,, a computation analogous
to that in the proof of (6.2.8) gives the result. Q.E.D.

We will write §&,=W,; + (4;—u,)/t". We have just shown then that &,
is in I, for all v; more prec1sely, the formula (6.2.11) shows that £, (&,)=1t"""(§)-
Hence the 4, induce maps

Pm/({£jm}1<j<r) l_Dm
o
—Pv/({ E-fjv}l <is< r) f’v
(6.2.12) For every v we have a natural R-isomorphism

F\'/({Ejv}l <js f) Fvi C
(compatible with the h,,).

Progf. — In view of the definition of the P, and the expression of S in the form
R[X,, ..., X,1/S (see (6.2.1)), we can write

Fv/({gjv}lsjgr)ﬁv=ﬁ[xl’ e Xn’ Wl’ LR ] Wn]/({ijv}jﬁ {(Pjv}ja 3)
Now since the g, are o, for each v, W;=—(y—u,)/¢t". Then, substituting in

the expression #*W;—u; for ¢;, we find that ¢;,=-—u. Thus

Pv/({ijv}iéjsr) P_\:=1A{I:><15 U] Xt]/({uj}]9 3)
But now if we use the Y;=X;—f; as coordinates, and recall that by hypothesis (6.2.1)
§Cﬁ=(u1, ..., 4,), we get the result. Q.E.D.
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Thus all the maps h,,, are R-isomorphisms ; in fact we have commutative diagrams

P,/({&n}) P, = C

,:,,,v] :

P/({,})P, = C

It is now easy to see that

(6.2.13) For each v, T,=({8,};)P, (so that P,/T,=C). In fact, if x is in Z,,
then a fortiori, if ¥ denotes x (mod({%;,},) P,), A,,(¥) becomes arbitrarily highly divisible
by ¢ as m gets large. But since all the 4, are isomorphisms as we have just seen, this
means that x=o0 (mod({{,})P,). Q.E.D.

Now let us return to our situation (6.2.9):

U c—3s ..

<

+

-
o

Hol
I

« C—3 <U)) —>
o

where 8, is the t-torsion ideal of P,. Observe that since (by (6.2.13)) P,/T,=C is
flat over R, R,cT,. Let

z;:{

i.e. T, is defined for S, just as T, is for P,. It is clear that 5,(T,)cT,. We claim that
in fact

(6.2.14) §,/3.=P,/%, (=C).

Proof. — Since &,cZ,, gv/?;v(%v)=l_’v/f£v=0 for all v. Now suppose x is an
element of I. A fortiori, the image ¥ of x in S /b,(Z,) becomes divisible by arbitrarily
high powers of ¢ in the successive §m/$m(1m) , m>v. But all these are isomorphic (to C),
so that ¥ must be o, i.e. x is in 5,(3,). Q.E.D.

Now let D=l\.'JSv (cR). © is of course an integral domain, and has Krull

% in §v|for every integer M>o there is an m
such that t¥ divides the image of x in S,

dimension 1 since it is integral, indeed purely inseparable, over R. Moreover since
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R>9OwR, R—»D induces an isomorphism of residue fields. Let m=max(D). We
claim that m=max(S)O. For this, note that O can be described as

(6.2.15) O=S[{yy/t'}, j=1, ..., v=1,2,...]cR.

But we can write
Uiy [£ = E(thiey 41y /') + (i) — Uy 10)) [

and the last summand is in max(S) (see the proof of (6.2.8)). This shows that O is
noetherian (since every prlme ideal is finitely generated, by [2], Chap. I, Theorem (3.4)),
and moreover that S,—~9O is surjective for all v. Hence we can apply (3.4.1) to deduce
that $=S8,/T (for any v) so that by (6.2.14) we have an R-isomorphism o%c¢ arising
from the natural structure of R-presentation of O (i.e. such that we have the commutative
diagram of (6.0.4)). Thus O is the desired quasi-algebrization of C.

Remark (6.2.16). — Suppose we had begun with an R-algebra G as above which
is not necessarily flat over R, but which satifies all the other hypotheses of (1) at the
beglnmng of (6.2). Let C=C (modulo its torsion ideal over R) (so that C is flat
over R). Proceeding as above for C, we can construct the S, and O = US T hen
we find that O=C. To see this, first recall that the flatness of G was not used in the proof
of the existence of quasi-algebrization until (6.2.14); at that point it was used in the
form: K,cI, (with notations as above). For non-flat C, we replace (6.2.14) by the
following argument (preserving all the notations and other assumptions of the proof
above):

(6.2.14) There exists a quotient ring C' of C, between C and C (i.e. we have surjections
C—C' and C'—>C) such that for all v sufficiently large

=P,/(T,+8,)=5,/T;.

Progf. — For each v, we know that P,/T =C, so that, since K, is the torsion
ideal of P, over R, if we denote P,/(T,+K,) by C,, then C—C factors through C,.

Thus we have a commutative diagram

i

A13v+ l/(zv+].+§v+ 1)

I
(ON
o 1 "
T
|

Vo def

439



164 BRUCE BENNETT

where the vertical maps are induced by the %,, and the maps emanating from G are
all surjective, as are the ones terminating at C. Now since each C—C, is surjective,
the maps G,—GC,,; are also surjective, so by the noetherianness of C, for sufficiently
large v the G,—C, ; are isomorphisms, i.e. all the C, are equal to the same C’ with
C—C'—-C both surjective. On the other hand, for any v we have

P,/(T,+K,)=5,/6,(%,).

Hence, for all v sufficiently large, the §v/1;v(1v) are all isomorphic (to C’). It then
follows by definition of ¥, and by virtue of the obvious inclusion b5,(%,)cI, that
in fact I,=5,(T,). Hence S,/T.=C'. Q.E.D.

Now it follows just as in the theorem that O is noetherian and O =C’. However
O is the limit of the S, whick are flat over R, so that also O is flat over R. Hence Dis
flat over R (e.g. by Grothendieck’s “local criterion ” for flatness). Hence C'=GC,
which gives the desired result.

Remark (6.2.17). — The quasi-algebrization procedure appears to depend on
the following choices:

(i) The choice of the approximations f;, of the f; by elements of R.

(ii) The choice of the generators u; of the ideal £, and the approximations of these
by the elements u, in S, i.e. the choice of the ¢,.

However, we will see in (6.3) that the quasi-algebrization of C over R along
(fi» ---»Jf,) is unique, i.e. it is independent of any such choices.

We note the following consequences of Theorem (6.0.4):

(6.2.18) Let £ be any field of characteristic p, and let C be any artinian local
k-algebra with residue field k. Then C can be deformed flatly over a discrete valuation ring R
to a purely inseparable field extension F of Q(R). In fact, let R=£k[[f]], and let, for
example, C=R®,C (actually, any C over R as in (6.0.1) with Q®3k=C will do).
Then, for a suitable discrete valuation ring R with completion isomorphic to R, and
elements f;, ..., f, in R, purely inseparable over R, we can form the quasi-
algebrization © of C over R along (f;,...,f,). The generic fibre of O over R
is then F=Q(R)(f;,...,f,) and the special fibre is O/tD=0/10=0CG=C. Of
course, O is not necessarily a finite ype R-algebra.

(6.2.19) Let E denote the field of Laurent series in one variable ¢ over any field
k of characteristic p. Let G be an artinian local E-algebra with residue field E.
Then C is the formal fibre of a local domain O. Namely, in view of quasi-algebrization,
this amounts to the following:

Lemma. — Any C as above has flat reduction C mod (¢), such that C satisfies (6.0. I).

Proof. — The hypotheses on G imply that we can write it in the form
C=E[Y,, ..., Y,]/%,
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where £ is an ideal such that (Y)YE[Y]c8c(Y)E[Y] for some N. Choose generators
U, ..., u for & which are in R[Y], where R=£[[t]] (so that Q(R)=E). Let £, be

the ideal of R[Y] generated by the u, ...,u, and (Y)Y Let £=U(g,: ) rryy -
Then if we let G=R[Y]/€, C is torsion free over R, and is finite over R (since (Y)¥c&).

Hence C is flat over R. It is clear that C®;Q (R)=C. Moreover, if we let P=(Y)C,
then C/B=R, so (6.0.1) is satisfied. Q.E.D.

(6.2.20) At this point an example seems desirable. Let R be a discrete valuation
ring of characteristic 5, and let feR—R, with f®=geR. Let S=R[ flcR. Then
S=R[Y]/(Y®), where Y=df=f®1—1®f (view S as S®;R). Let C=R[Y]/(Y",
where 1<n<5. Then we can view C as a quotient of S, and we can describe the ring O

which is the quasi-algebrization of C over R along f as follows: write f= 2 g, with
) o i=1
the ¢, in R, as an element of R. Then

O=SI{1/e(f— T at ¥,

viewed as an S-subalgebra of S, the normalization of S. Note that when n=1, O is
a discrete valuation ring — in fact in the terminology of § 5 it is the Schmidt ring over R
corresponding to the formal p-section defined by f. For n=2, 3, 4 O is not regular;
its maximal ideal is generated by f and &. When n=5, O =S because f°cR, so
So— (X g#")® is divisible by #' in R and hence in S.

=1
(6.3) Uniqueness of quasi-algebrization, and some questions of classification.

(6.3.1) Let O be a ring together with a presentation RoOR satisfying the usual
hypotheses (3.0.1). We will suppose in addition that Q (D) is finite over Q (R). Choose
Jis o os Sn in m=max(D) such that m=(f;, ..., f,,1)O (wheretis a regular parameter
of R),and Q (D) =Q (R)(fy, ..., f). Then O is the quasi-algebrization of O over R along
(fis « -+ Sn), via the procedure which results from any choices as in (i) and (ii) of (6.2.17%).

Proof. — Before we consider the question of quasi-algebrization, we first analyze O
using the techniques of § 3: let S=R[f;..., f,]cO, and let S¥ denote the (unique)
w-th iterated quadratic transform of S.  Write §,=S*n9O. Then we know by (3.2.4)
that O=US,. Moreover, by (3.4.1) O is naturally a quotient of S by the ideal T
consisting uof all those elements whose images in successive terms of the sequence

~

S=85y=>S;—>...=>5,—~...

become divisible by arbitrarily high powers of ¢ (the regular parameter of R). Choose
generators #;, ..., 4, of T in S. For each v, let w(v) be an integer such that #'|u; in

S yfor each j=1,...,r. Identifying § with R[X,, ..., X ]/J (asin (6.1.1)) and

wv,
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S with R[Yy, ..., Y,]/S (as in (6.2.1)) with Y;=X;—f;, we know that Tc(Y)S,
so that for each j=1, ..., r we can write

u= 2 ¢, Y
S0 # T

where the sum is finite for each j, and Y’ denotes Y% ... Y% as usual, with ¢/=(¢,, ...,Z)
and |¢|=¢+...+4,. Nowfor each i=1,...,n (resp. j=1, ..., r and those ¢ for
which ¢;+0), choose a sequence of elements f, (resp. ¢y) in R such that lim f;, =f

and £|(fi—fyy) in R (resp. limgy,=¢ and ¢|c,—cy,). Write
S =fi—Jin> c};)zcjz— 0K

Now for each j=1,...,r and each v>o0 (suppressing the indices ¢ in conformity
with the usual multi-index notation) we have :

U= ;Cjz Y= ?%t(x —f )l = % (cjl(v) + CJ(';)) X _f(v) —f (v))l = Ajv + ij s
where A= lecj,(\,) X—fy)! and B,=uy—A,.

Note that A, is actually an element of S, so also an element of S, for all . Now in
view of the definition of the S and the ¢f), one checks easily that #|B;, in S (and
a fo/r\tiori in S, for any p). On the other hand, we know #'|% in S,,. Hence #’|A;
in S, for all j. Then, since A, is in S,,, also #|A;, in S, by faithful flatness
of the completion, i.e. A;/t" is in §,. Hencf A, [t is in O.

Now suppose we were to quasi-algebrize O over R along (f, ..., f,), using the
procedure that results from the choices of the generators «; of the ideal £ of (6.2) (which
corresponds to the ideal T above in virtue of (6.2.1)), and the approximations f;,
and ¢y, in the terminology of (6.2). Then A, is what was called u, in (6.2),
and hence if D’ denotes the quasi-algebrization, by (6.2.17) we get

O’ =S[{A,/r'}]

Thus ©'cO. But then O'cO is birational and induces an isomorphism of completions,
so by the standard argument (see e.g. the proof of (3.2.4)) ©’'=0. This completes
the proof of (6.3.1). Q.E.D.

The existence and uniqueness theorems have as an immediate consequence the
following result, in the direction of classification:

(6.3.2) Let R be a discrete valuation ring, and let S be a finite R-subalgebra of R, purely
inseparable over R. Let S denote the normalization of S, and let |S| be the class of all local

(noetherian) S-subalgebras O of S such that SO induces a surjection of completions (equiva-
lently such that max(S)O =max(D)). Then the assignment OO is an isomorphism
of sets

|S| —> Hilbga(R)
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(the latter denotes the set of subschemes of Spec(S) flat over R); ®~ 1 is given by quasi-algebrization
over R along (fy, ..., f,), where f1, ..., f, are any set of elements of S which generate max(S)
along with max(R), and which also generate Q (S) over Q (R).

Proof. — Any element of Hilbgg(R) is of the form Spec(C), where C is of the
form S/a for an ideal a. Let P denote the nilpotent prime ideal of S. Then ac®P,
since C is flat over R. Hence C satisfies (6.0.1). Therefore there exists a quasi-
algebrization O in |S| as indicated, such that

(%) ScO induces a surjection of completions which identifies O with C.

Moreover, by the uniqueness Theorem (6.3.1), this condition (%) uniquely
determines © in |S|. Thus the map Hilbg,ﬁ(f{)—>|S| given by quasi-algebrization
is well defined and is an inverse to ®. Q.E.D.

Example (6.3.3). — To illustrate these ideas, take a discrete valuation ring R of
characteristic 3, and an element feR —R with f®*=g in R. Let S=R[f], so that
S=R[Y]/(Y®) (Y=df). Then Hilbg /ﬁ(fl) is the same as a set of certain ideals ac(¥)§;
in this case the Hilb has three components corresponding to the flat coverings of R of
degree 1, 2, or 3 contained in Spec(S). There is a unique covering of degree 1, corre-
sponding to the ideal (Y)S. Via quasi-algebrization, this is associated to the discrete

valuation ring S. The distinct ideals which give rise to coverings of R of degree 2 are
of the form (Y?S, or (:"Y+Y?S for distinct n>o0. Via quasi-algebrization these
are associated to the rings

0. =S[1/0(/— 2. a). ]

and O, =S[{x/(( f— Z o) +(f— Z el ().

Note that this component is not “ connected . As for the coverings of degree 3, there
is again a unique one corresponding to the ideal (o), which is associated by quasi-alge-
brization to the ring S itself. The situation is summarized in the diagram below:

IS=R[/]| — Hilbgg(R)
quasi-algebrization
1S|,={S} deg. 1/R : {§/(Y) 2R}
[Sl:={Oulnez,vw deg. 2/R : {S/("Y+Y2) 1§ %) =)}
|81 ={S} deg. 3/R : {8}

Remark (6.3.4). — For the purpose of classification, say, of all those © with a
presentation over R and a given field of fractions, the classes |S|, parametrized by all
those S finite over R, are not sufficiently precise. In fact,if S+S’, |S|n|S’| isnot empty

©
(1) As usual we take an expression f= X ;¢ for fin R, a;, teR.
i=1
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in general. The simplest example of this is the fact that if S’ is any one between S and S,
then ge[S' |. This does not really pose a problem, however, because S is isolated in
any such | S’} it corresponds to the unique point in the “ deg. 1 over R * part of Hilbg, a(R),
i.e. |S’|;. The analysis of the intersection of |S|, and |S’|, for »>1 is much more
serious, and in view of the existence of the ‘local > description afforded by (6.3.2)
is a crucial part of general birational classification; we will not treat this question here,
except to say that the germs of many of the essential difficulties are present even in the
simplest cases, e.g. the previous example (6.3.3).

7. AN EXAMPLE

Given a maximal presentation R<>D<>R (see § 4 for definitions) the question arises:
s Q (D) necessarily a finite extension of Q (R)? (We know that O is not necessarily a finitely
generated R-algebra.) Since O?cR for some ¢=p#° this question obviously has an
affirmative answer whenever the following condition on R is satisfied:

(¥*) QR)?PAQ(R) is a finite extension of Q (R).

One would conjecture that (x) holds for example when R is a Schmidt ring over
an excellent discrete valuation ring R, (§ 5). The example of this section shows,
however, that if (%) does not hold for R, then the answer to our question above
is negative in general: we will construct an © with maximal presentation over R
such that Q (D) is infinite over Q (R). The point is that if (x) fails, there exist O for
which there will be too many differential forms with coefficients in R which are not integrable
over .

To begin, suppose we have an R for which

[(QR)"nQ(R)) : Q(R)]=co.

For example, we can take R to be as in the examples of Nagata or Hironaka at the end
of § 5, or the discrete valuation ring associated to a formal p-section of infinite dimensional
affine space over an arbitrary discrete valuation ring. Let {f, g, « (i=1,2, ...)} be
elements of RY? AR which are p-independent over R (so that all monomials in the f
g; and «; of degree < p in each factor are linearly independent over QQ (R)). For each
n>o0 define S,=R[f, g1, ..., &]cR (sothat S, is a finite R-algebra) and let £, denote
the ideal of S, generated by {dg;/—a;df}i_,. Then we can form the quasi-algebrization
O, of S,/8, over R along ( fs 815 -5 8): D, is contained in the normalization of S,,
and the inclusion S, 9O, induces a surjective map of completions whose kernel is £,
(6.2). Now if i<m, according to the quasi-algebrization procedure the element
dg,—o,df occurs in the kernel of S O because of the presence in 9O, of a certain
infinite sequence of elements in the subfield Q (R)(f, g); for a given 7 this sequence of
elements is the same, regardless of n (provided of course that z>¢). Hence 0,cD, .,
for all =
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Now if we set Y;=dg; and X=df in S,, we may identify S, with

R[X, Yy, ..., Y,]/(X?, YF, ..., Y2).
Hence for all =,

ﬁn = gn/({Yi—— “iX}1<i<n) = 1A{[X] [(XP).

Hence the inclusions ©,c9O, ., induce isomorphisms of completions. Let
=]
o=U09,.
n=1

We first verify that O is noetherian: it is easy to check that in general if

P —>Dn"—>Dn+1"‘). ..

is any inductive system of local rings (with m,=max(D,)), and if O is its limit (with
m=max(D)), then the natural map

1%2 Grm,,(Dn) - Grm(D)

is surjective. However in our case all the Gr,, (O,) are isomorphic, so that for all z,
Gr,, (D,) >Gr, (D) is surjective. Thus we can apply (8.3.2) to obtain: if L= us,,

with 9t =max(L), then O=LJ Dom". However all the O, are isomorphic and noethe-

a

rian. Hence vDOiYE“:(o), and Dnif) is an isomorphism for all n. In particular O

is noetherian; hence so is O (since O is a one-dimensional domain, we only have to
check that its maximal ideal is finitely generated, by the theorem of Cohen cited at the
end of (3.2.2)).

Now it is clear that [Q(D): Q(R)]=c by construction, and that Re>O>R.
We want to show that this is a maximal presentation, i.c. if xeD and dx=o0 in O then xeR
(where d : OO is the differential operator attached to the presentation; see § 4).
To see this, take any element x of O, so in particular x is in O, for some n. Now
QD) =Q(S,) =S, Q(R). Hence, if ¢ is a regular parameter of R, "x is in S, for
some m, and since d is R-linear, dx=o if and only if d(#"x)=o0. Moreover, since
xeD,cR, xisin Rifand only if xis in R. Hence, replacing x by #”x, we may assume
¥ is actually in S,. Then we can write

x= B afogr...gr
v=(V0, ..., Vn)
with g, in R, and the sum is taken over those v such that o<v,<p for j=o,...,n. Then

dx:%(?[ﬁ]av(ﬁg)""“)(dﬁdg)“ in O,
where p=(ug, ..., @, with each w,<p and po+u;+...+up,>0;
M =J.l;[0Vj(Vj— ... (Vj—P-j+ 1) v—= (Vo= tgs V115 « + -5 Yy H)»
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and (f,g)" ™" (resp. (df,dg)*) denotes the monomial in f and the g; (resp. df and the dg;)
in which the factors appear to the power indicated by the multi-index v— u (resp. ) (*).
But in O, dg=«df. Hence we may write

dx= zj(% Gla,(f, &)™) (df, « df )*

with notational conventions as above, i.e.

de=Z(SLlalf e adf ™

with |u|=po+ui+ ... +p, and a*=ot. . an. Now, since O=R[X]/(X?) with
X =df (so that O is a free R-module on the o through p— 1 powers of df), dx=o
implies that for each non-negative integer ¢<p,

% (Zh)a(fie M=o

juf=¢"»v

in R. Since y, plays no role in «*, it is possible that two distinct p’s give the same a*.
However if we restrict our attention to those w with |wp|=¢, wis uniquely determined
by wy, ..., w,. Hence the «* in the sum above are distinct monomials in the «; and so
they are linearly independent over R[f, gy, ..., g,]. Thus we find that: for each
w with |p[<p,

= [alfert=o

in R (where v>u means that v;>y,; for j=o, ..., n). Now for fixed y, the (f, g)*™*
(with v>p) are distinct monomials in f and the g;, so they are linearly independent
over R. Hence for all u such that |u|<p, and all v>p, [}]Ja,=o0. Now each v; and
w; is less than p, and hence, for v>p, [}]#0. Thus we find: provided there is some p
with |p|<p for which v>u, a,=o0. And since the only v for which vk for any p
is v=(0, ..., 0) (we restricted uto |wu|>0), we get: all the a,are o except possible for
v=(0, ..., 0). But this means precisely that x is in R. Q.E.D.
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