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STABILITY OF C*® MAPPINGS, III :
FINITELY DETERMINED MAP-GERMS

by Jonx N. MATHER (})

INTRODUCTION

Given an equivalence relation ~ on the set of C® map-germs f: (N, S)—~>(P, )
(where N and P are manifolds, S is a finite subset of N, and y is a point of P), we say
S (N,S)—>(P,») is finitely determined if there exists an integer £ such that any
g: (N,S)—>(P,») which has the same k-jet as f satisfies f~g. The purpose of this
paper is to obtain necessary and sufficient conditions for a C* map-germ to be finitely
determined with respect to two equivalence relations. The first is contfact equivalence,
which is defined in § 2. The second is isomorphism: we say that two map-germs f and g
are isomorphic if there exist invertible C® map-germs £ :(N,S)-->(N,S) and
k' : (P, »)—>(P,») such that A'ogoh=}. .

The main result of this paper is theorem (3.5). In the case =", this gives
the necessary and sufficient condition for f to be finitely determined with respect to the
notion of contact equivalence, by (2.9). In the case =7, this gives the necessary
and sufficient condition for f to be finitely determined with respect to isomorphism.
The cases =X and S=Z of (3.5 have been treated before by Tougeron
([4] and [5], Chap. II). The case =% is completely trivial. However in the
cases = or &, theorem (3.5) is a new result in a non trivial sense.

From (3.5) and (3.6), we get: '

Theorem. — f s finitely determined with respect to isomorphism if and only if there exists
an integer k such that

(%) if (B) + «f (A) + mPO(f) > mg0(f),
where 1(k) is given by (3.6), (iv).

The problem of seeing whether (*) holds for a given value of £ is simply the question
of seeing whether one sub-vector space of 0(f)/mi{¥6(f) (which is finite dimensional)

contains another, where each of these vector subspaces is the span of an explicitly given
set of elements. This is about as close as we can get to a finite problem in this subject.

(*) Research supported by NSF postdoctoral fellowship.
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128 JOHN N. MATHER

The method of proving sufficiency in (3.5) is the following. We consider a map-
germ f which satisfies the hypothesis of (3.5) and another map-germ g which has a
high order of contact with f. We are to show that g~f (for whichever equivalence
relation is considered). We choose a one parameter family of map-germs g, such that
%=/ and g;=g. We then try to show that g,~f for all ¢in the unit interval, or rather,
we try to show a somewhat stronger one-parameter version of this result. Differentiating
with respect to ¢, we get an equivalent problem (by (4.3)), which concerns modules
over Cg in the case of contact equivalence and mixed homomorphisms ((1.12), defi-
nition 2) in the case of isomorphism. The problem concerning modules over Cy is
solved by several applications of Nakayama’s lemma; in contrast the problem concerning
mixed homomorphisms requires a deep result of Malgrange.

In § 1, we develop the basic results about mixed homomorphisms which we will
need in this paper. These are based on the Malgrange preparation theorem (our
theorem (1.11), or, equivalently, theorem (4.1) of [2]). Our proof (starting with (1.8))
seems simpler than that of Malgrange; however, the least obvious step — the proof
of (1.9) — comes from Malgrange.

In § 2, we define the notion of contact equivalence and develop some of its elementary
properties. In § 3 the main result is stated and in §§ 4-8, it is proved. In § g9, we will
consider briefly the analytic case.

We will refer to our papers Stability of Mappings, I, II ([3]) as I, II.

1. Modules over Rings of Differentiable Functions.

(x.1) We will use the following notation. If X and Y are topological spaces,
ScX and TcY, then a map-germ f: (X, S)—~(Y, T) will mean an equivalence class
of continuous mappings g : U—Y, where U is an open neighborhood of S in X and
g(S)cT, with the relation of equivalence: (g:U—>Y)~(h:V—=Y) if there exists a
neighborhood W of S in UnV such that g|W=#/|W. Any member g of the equi-
valence class f will be called a representative of f. We will also say that fis the germ at S
of g¢. A map-germ f:(X,S)->Y will mean a map-germ f: (X, S)->(Y,Y).

Many standard notions for mappings extend to map-germs in an obvious way.
For example, if X and Y are (C®) manifolds, f: (X, S)-->Y is said to be C® if it has
a representative which is C*. If f:(X,S)->Y and g: (X, S)->Z are map-germs,
then (f, g) : (X, S)->YXZ is defined as the germ at S of x> (;(x), 2(x) : U>YxZ,
where }: U->Y and g:U-Z are representatives of f and g, respectively. If
fi (X, 8)->(Y, T)) and g: (X,,S,)—>(Y,, T,) are map-germs, we define

IXg 1 (XX XKy, §;X8,)—>(Y; XYy, Ty xTy)
as the germ at (S;XS,) of (x;, x,) > (]7(x1), 2(x,)) : U xU,—»Y,xY,, where f: U,—~Y,
and g :U,—Y, are representatives of f and g, respectively.
If f:(X,8)~>(Y,T) and g:(Y,T)->Z are map-germs, gof: (X, S)->Z is
280



STABILITY OF C® MAPPINGS, III : FINITELY DETERMINED MAP-GERMS 129

defined in the obvious way. By the germ at S of a subset of X we will mean an equivalence
class of subsets Z of X, where Z, and Z, are equivalent if there exists a neighborhood U
of S in X such that UnZ,=UnZ,. If ZcX, we will denote the germ of Z at S
by (Z,S). We will write Wc (X, S) to indicate that W is the germ at S of a subset of X.

Suppose f:(X,S)->(Y, T) is a map-germ. If either ZcY or Zc(Y,T),
f“ZC(X S) is defined in the obvious way. If f: (X S)-->(Y, T) has a represen-
tative f U—Y such that f(U) is closed and f U—>f(U) is a homeomorphlsm then
for any ZcX or Zc(X,S) we may define f(Z) a (f(Z), T) or (f(Z), T), wheref
is any representative of f and (in the second case) Zis any representative of Z. (In general,
however, it is impossible to define f(Z) in any sensible way.)

If f:(X,8)->(Y, T) is a map-germ, graph(f)c(XxY,SxT) is defined in
the obvious way. If X’'cX and S’cS, then the restriction of f to (X', S’)
(denoted F1(X’, §")) is defined as the germ at S’ of f |(X’'nU), for any representative

f U->Y of f.

(x.2) Let N be a (C®) manifold and S a subset of N. We let Cg=C(N)g denote
the set of C® map-germs (N, S)->R. This set has a natural R-algebra structure,
induced by the R-algebra structure on R. Let mg=m(N)g denote the ideal in Cg
consisting of C* map-germs (N, S)-+(R, o).

Lemma (x.3). — Let S be a subset of a manifold N.  If S=S,u...uS, and §in§j=®
Sor i+j (where S, denotes the closure of S, in N), then

Cy=Cg, X...xXCg, (Cartesian product)
Mg=Mg X...XMg (Cartesian product).

The proof is trivial.

Lemma (x.4). — Let xeN. Let x, ...,x, be a local system of coordinates for N,
null at x. Let K be the subset of N defined by x=...=x,=o. Let x,...,x,eCN),
denote the germs of x,, ..., x,. Then the following are equivalent for ueCG(N),:

a) ue{x,, ..., 5, 'C,.

b) There exists a representative % : U—>R of u such that U vanishes together with its
derivatives of order <[ everywhere on KnU.

Remarks. — By a local system of coordinates we will always mean a C*® system
of coordinates.

The notation used in @) is the standard ring theoretic notation. In this notation,
if A, B, and C are additive groups and a ‘ product ” abeC is defined for each acA,
beB, then for SCA and TcB, the subset ST of C is defined as the set of all finite sums
of elements of the form ab, where aeS and beT. If Ais aring and ScA, then S
is SS...S (£ times). In a), {#,, ..., %} denotes (according to these conventions) the
set of all homogeneous polynomials in #,, ..., ¥, of degree [, with integer coefficients.
Also {%,, ..., % })G(N), denotes the ideal in C(N), generated by {#, ..., % }"

281
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130 JOHN N. MATHER

Proof. — Clearly a)=b). We prove b)=>a) by induction on [. Define
2,eC, (i=1, ...,k) by

~ 1~.
(%4, ""x")=fo“m(°’ ey Oy By Xy, -, K,

where %% denotes the first partial derivative of % with respect to the i*-coordinate.
Clearly, the germ u; of u; at x is C*. Then,

KUy (%yy « ey X) =U(0y + vy Oy Kiy Kyyty +vey X)) —U(0y oy 0,0, %y igy o e vy X,),
k
so u=‘21@u¢, assuming u vanishes everywhere on KnU. If /=1, we are done.
Ir > I: then the u; vanish everywhere on KnU together with their derivatives
of order </—1. Therefore ue{%x,,...,%,})"'C,, by induction. Then a) follows
immediately.
Corollary 1. — The ideal m, is generated by x,, ..., %,

ne

Corollary 2. — The ideal Mm% consists of exactly those germs vanishing at x together with
their derivatives of order <k.
Corollary 3. — C,/m!=R[[x,, ..., x,]]/m", where m denotes the unique maximal ideal

of the ring R[[x,, ..., %,]] of formal power series with coefficients in R.

The isomorphism in corollary 3 is given by the Taylor series expansion.

Nakayama’s lemma (x.5). — Let R be a commutative ring with identity, «:E—F a
homomorphism of R-modules, and J an ideal in R such that 142z is invertible for any ze3J.
If F is finitely generated, then

a) o(E)+JIF=F,

implies
b) «(E)=F.
Remarks. — By R-module A, we shall mean a unitary R-module, i.e., one satisfying

1a=a for each aeA.
For a proof, see for example 1I, § 6.

Corollary (x.6). — Let S be a finite subset of a manifold N. Let A be a finitely generated
C(N)g-module and B a submodule of A such that for some integer I,

o) dimgA/(mLF LA +B)<I;
then

b) mkAcB.

Proof. — Let A’=A/B. Then a) is equivalent to

dimgA’ /miHA/ <[
Hence there exists £, 0<k<[ such that
mET A =mEA”,

It then follows from Nakayama’s lemma, applied with R=Cg, I=mg, F=m}A’
and E=o, that m§{A’=o0, which implies ).
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STABILITY OF C® MAPPINGS, III : FINITELY DETERMINED MAP-GERMS 131

CGorollary (x.7). — Under the hypotheses of corollary (1.6), there exists a set of generators
of B (over Cg) having not more than a("T") elements, where a is the minimum number of elements
in a set of generators of A, and n ts the dimension of N.

Proof. — First, consider the case when S consists of a single point x. Since m{A
is finitely generated and A/miA is finite dimensional, miA 4B is finitely generated.
By (1.6), B=m4A +B; hence B is finitely generated. Hence a set of generators of B
modulo m¢B is a set of generators of B, by Nakayama’s lemma. But

dimpB/mB <dimgB/m A <dimgA /mitA <a("7}),

where the first inequality follows from the fact that mgBom§**A (by (1.6)), and the
last from (1.4). (Note that if A is a free module, then the last inequality is an equality.)

The proof in general now follows by an application of (1.3). Let S={x, ..., x,}.
Let A,=A®C,, B,,=B®C,; (tensor product over Cg). Thus A, is a C,-module
and B, is a G,-submodule of A,.. It is easily verified that (1.6 a)) is satisfied for C,,
A, B, in place of Cg, A, B, respectively. Thus, we may conclude that B, is generated
asa C,-module by a("T! or fewer elements. From (1.3) it follows that Cg=C;X...xC,,
and B=B,Xx...xB,, where for any f=(f,...,f,)eCs (where fC,) and any
b=(by, ..., b,)eB (where beC,), fb=(fiby, ..., f,b,). Thus, the fact that each B,
is generated by a("1') or fewer elements as a C,-module implies that B is generated
by a("}") or fewer elements as a Cg-module.

(x.8) Let Pbe a manifold. Let¢and = denote the germs at (y, o) of the projections
of PXR on R and P, respectively. For any C* map-germ u=(uy, ...,u): (P, »)->R?,
»
let R,= §1 (u;om)t?~*cC(PxR),, o) andlet I',=#"+R eC(PxR), . From the division
theorem of I, we have:

Lemma. — Let geCG(PxR), o and let u: (P, p)—>R? be a C* map-germ. Then
there exists geCG(PxXR), o and a C° map-germ h: (P, y)—->RP such that

(*) g=T,q+R,.
Proof. — Let g : PxR—R and % : P>R” be C* mappings whose germs at (, 0)
and y are g and v, respeciively. For each zeP, define z,: R—>R by 2,(6)=2(z, b).
Let 7:PxR—R and %:P—=RP? be given by
10 h)=Q@E, 0,%),  h)=H(E., ()
for all zeP, beR, where Q and H are as in the theorem in I, § 2. The proof of the
corollary in I, § 10 shows that 7 and % are G*.  From formula (1)in I, § 2, it follows that

Z(z 6)=T(b, %(2))7(2 b))+ R(b, h(2)).

Thus the germs ¢ of ¢ at (y, 0) and % of ¥ at y are G® and satisfy ().

(r.9) Let feG(PxR),,. If f|(y><R,y><o) (considered as an element of
C(R),) has the property that it vanishes at the origin together with its derivatives of
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132 JOHN N. MATHER
order <p, but its derivative of order p does not vanish, we will say f is regular of
order p.

Theorem. — If feC(PxR), o is regular of order p, then there exists an invertible
qeCG(PxR), o and a C° map-germ u: (P, y)—>R? such that

(%) JS=qL,.

Progf. — According to (1.8), there exists ¢,eC*(PXR”XR), ,, and a C* map-
germ h: (PXRP, yx0)-->RP such that

~ 4 P~
fla b)=(t"+ Z ab =)z 0, b)+ 2 h(z, )b,

for suitable representatives f~: P,xV—>R of f, 7,:P,xUxV—=>R of ¢, and

7 P,xU—-R?, and all zeP,CP, acUCR?, and 6cVCR. Since fisregular of order p
it follows that

?1(.))3 o, O) :|:O> hi(_y3 0):O

7, o
6aj(y’0)_0’ if 1>
ok,

P (.ya O) *o.

da,

(]

In particular det (% (0))#0. Thus by the implicit function theorem, there exists a
C* mapping % : P1—>]R" (where P, is a neighborhood of y in P;) such that Zi(z, %(z))=o0
for 1<i<p and zeP,. Set q(z, b)=7,(z, 4(2), b) and let ¢ and u be the germs at (, 0)
and » of ¢ and %, respectively. Then (%) is satisfied. Since ,(7, 0,0)+o0, ¢ is
invertible.

Theorem (x.10). — Let f, gcCG(PXR),  and suppose f is regular of order p. Then

there exists qeG(PXR), o and a C° map-germ h: (P, y)—>RP such that
(%) g=f1+R,.

Proof. — From (1.9) there exists an invertible ¢,eC(PxR),, and a C* map-
germ u: (P,y)->RP” such that f=g¢,I,. From (1.8) there exists ¢,eG(PXR), o
and a C® map-germ k such that ¢=TI,¢g,+R,. Set g=gy/g;. Then (%) holds.

(x.xx) If f:(N,S) —> (P, T) is a G* map-germ (where N and P are C* mani-
folds), then we define f*: C(P)y—C(N)g by f'(u)=uof. Clearly f*is an R-algebra
homomorphism.

Malgrange “ preparation > theorem. — Let f: (N, S)—»>(P,») be a CG* map-germ,
where S is a finite subset of N, and yeP. Let A be a finitely generated Cg-module. If A[f"(m)A

is finitely generated as an R-vector space, then A is finitely generated as a C,-module, where the
C,-module structure on A is induced by f".
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STABILITY OF C® MAPPINGS, III : FINITELY DETERMINED MAP-GERMS 133

Proof. — There are three steps.

Step 1. — Let =:PXR—-P and ¢: PxR—R denote the projections. We prove
the theorem in the case N=PxR, S=(y,0), and f=m=. Leta, ...,aq, be a finite
set of elements of A which generate A as a C(N)g-module and whose images in A [f™(m,)A
span this R-vector space. Then any a€A can be written in the form

g g
a= X qa;+ 2 za,
i=1 i=1

where ¢;eR, z,ef"(m)C(N)g. Inparticular, there exist ¢;eR, z;ef (m,)C(N)g (1<7,7<q)
such that
q

ia; =j§1 (65+ 254

Let A be the determinant |#3;—¢;—z;|. It follows from the above equation and
Cramer’s rule that Ag,=o, i=1, ..., ¢. Expanding the determinant, we see that A
is regular of order p, where p<gq, since A|(»xR,pxo0) is a monic polynomial in ¢ of
order gq.

Since A.A=o0, Aisa (G(N)g/A.C(N)g)-module. By (1.10) and the fact that A
is regular, it follows that G(N)g/A.C(N)g is finitely generated as a C(P),-module.
Therefore the fact that A is finitely generated as a (G(IN)g/A.C(N)g)-module implies A is
finitely generated as a G(P),-module.

Step 2. — We prove the theorem under the additional assumption that S is a single
point, say x. Let ¢ : (N, x)—>(R" 0) be an invertible C* map-germ. Factor f as

follows:

(t, @)

(N, x) =% (PXR", (,0)) —= ... —> (P, »)

where
m 1 (PR (9, 0)) - (PxR*7, (9, 0))

is the germ of the projection

PXRF >PxR1:(z,a, ...,a) > (2,81, s @_y).

For each k, 0<k<n, we give A the C(PXR¥),  -module structure induced by
(M g10...0omo0(f; ¢))". Inthecase k=o, thisis the C(P),-module structure we gave A
in the statement of the theorem, since f=m0...om,o(f, ¢). From the fact that (f, ¢)"
is surjective and the assumption that A is finitely generated as a C(N),-module, it follows
that A is finitely generated as a G(PxR"), o-module.

Now we prove by decreasing induction on £ that A is finitely generated as a
C(PxR¥), o-module for all £, 0<k<n. We have just shown that this is true for the
case k=n, so it suffices to carry out the inductive step. Assume that A is finitely
generated as a C(PxR**!) -module. Then

frM)A=(m 0. . om) (M)A
(where on the left hand side A is considered as a C(N),module and on the right hand
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134 JOHN N. MATHER

side A is considered as a C(PXR**'), -module). Thus, if n denotes the maximal
ideal of G(PXRk)(y’O),

Fm)Acs, (WA,

In particular A/m, ,(n)A is finitely generated as an R-vector space. In particular,
the hypotheses of the theorem are satisfied for =, , in place of f. Thus, we may apply
step I to see that A is finitely generated as a C(PXR¥), ,-module. This completes
the inductive step, and also the proof, since the case k=0 is just the statement of the
theorem.

Step 3. — The theorem in general follows from step 2 and (1.3).

(r.12) Let ¢ : R—S be a ring homomorphism.

Definition 1. — Let A be an R-module and B an S-module. A mapping « : A—>B will
be said to be a homomorphism over ¢ if «(a,+ a))=a(a,)+ «(ay) and a(ra))=o(r)a(a;) for
all a,, a,cA and reR.

Note that « is 2 homomorphism over ¢ if and only if « is a homomorphism of
R-modules, where B is given the R-module structure induced by e.

Definition 2. — By a mixed homomorphism over ¢, we will mean a quintuple
(o, B, A, B, C), where A is an R-module, B and C are S-modules, « : A—C is a homomorphism
over ¢ and B :B—>C is a homomorphism of S-modules. Such a mixed homomorphism will be
said to be of finite type if A is finitely generated as an R-module and G is finitely generated
as an S-module.

Lemma. — Let f: (N, S)—>(P,») be a C*° map-germ, where S is a finite subset of N
and yeP. Suppose (a, B, A, B, C) is a mixed homomorphism of finite type over f* : C(P),—~C(N)s.
Then

a) 2(A)+8(B)+f"(m)C=C
implies
b) «(A)+B(B)=C.

Proof. — Set C’'=C/B(B) and let p:C—C’ be the projection. Then C’ is
finitely generated as a C(N)g-module. From a), we get

(po) (A)+S" (m,) &' =C".

If we consider C’ as a C(P),-module, where the C,-module structure is induced by s
then this equation reads

c) , (poa) (A){—myC’z(]’.

Since A is finitely generated as a C,-module and poa is 2 homomorphism of C,-modules,
it follows that G’/m,C’ is finitely generated as a C,-module, and hence is finite dimen-
sional as an R-vector space. But C’/m,C’'=C’/f"(m)C’; hence, by Malgrange’s prepa-
ration theorem (1.11), C’ is finitely generated as a C-module. Then by Nakayama’s
lemma, ¢) implies (poa)(A)=GC’, which trivially implies 4).
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STABILITY OF C® MAPPINGS, III : FINITELY DETERMINED MAP-GERMS 135

Theorem (x.13). — Let f: (N, S)—>(P,») be a C* map-germ. Suppose («, B, A, B, C)
is a mixed homomorphism of finite type over f* : C(P),—~C(N)g. Let a=dimgA/mA. Then

a) %(A)+B(B)+(f"(m,) +mi*)C=C
implies
5) «(A) +B(B)=C.

Proof. — It is enough to show a) implies (1.12 a)). Set B'=p(B)+f"(m,)C.
To show (1.12 @)), it is enough to show mi**CcB’. Note that a(m,A)cf (m,)CcB.
Therefore a) implies o

c) dimgC/(M3*1C + B') <dim a(A) ja(m,A) <a.

Therefore m§CcB’ by (1.6), so (1.12 a)) follows, which completes the proof.

Corollary (x.14). — Let f: (N, S)—~>(P, ») be a C® map-germ. Suppose («, B, A, B, C)
is a mixed homomorphism of finite type over f'. Let a=dimgA/mA. Let C, be a
C(N)g-submodule of C such that

¢=dimyC/C,
is finite. Let p=dim P. Set [=a(*1°). Then
a) 2(A)+B(B) +mi"'C2 G,
implies
b) a(A)+B(B)2C,.
Proof. — Set C'=C,+B(B), A'=a"!(C’), ' =a|A’. Then a) implies
¢) @' (A")+B(B)+mgHC =C".

Since dimgA/A’<dimgzC/C’'<q, it follows from (1.7) that A’ is generated as a C-module
by [ or fewer elements. It follows that theorem (1.13) applies to the mixed homo-
morphism (&', 8, A’, B, C), since ¢) implies (1.13a)). Hence, we may conclude (1.135))
for this mixed homomorphism; that is

«(A)+-B(B)=C".
But this clearly implies 4).

2. Contact equivalence.

(2.x) Let N and P be manifolds, let S be a finite subset of N, and let yeP. We
let # denote the set of all C* map-germs f: (N, S)-~(P, y).

(2.2) We let € denote the group of invertible C*® map-germs
H:(NxP,Sxy)->(NxP, Sxy)

such that the diagram below commutes.
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136 JOHN N. MATHER

(NxP, Sxy)
A
/
diag. (2.2) (N, S) (N, S)
AN H
N S

(NxP, Sxy)

In this diagram, ¢ denotes the germ at S of the inclusion N—->NXP, ni>(n,9) and =
the germ of the projection NxP-—-N. We take composition as the group law.

We may describe € more simply (but more vaguely) as the group of germs of
families of diffeomorphisms of P into itself which fix », parameterized by N. Thus
any H in % is of the form H(n, p)=(n, H,(n, p)) where H, : (NXP, Sxy)->(P,») is
a C® map-germ and H,(n, y)=y.

We define an action of € on & by the formula
a) (r, Hf)=Ho(1,f), He¥, [feF,

where 1 denotes the identity map-germ (N, S)—~(N, S). (The bracket (g;, g,) of two
map-germs with the same source was defined in (1.1).) Both sides of this equation are
map-germs (N, S)—>(NxP, Sxy), soit makessense. To see that H.fisindeed defined
by this equation, it is enough to see that Ho(x, f) can be written in the form (1, g) for
a suitable map-germ g : (N, S)->(P, »). But this is an immediate consequence of the
fact that the right hand triangle in diag. (2.2) commutes.

Equation a) can also be written in the form

H.f(n) = H,(n, fn)),

where H, is as above.

Clearly,

b) graph(H.f) = H(graph f),

and this formula characterizes the action of € on #.

(2.3) In the next proposition, we give three characterizations of the orbits of
the action of € on #. :

If fe#, let I(f)=f"(m)C(N)g. Lety, ..., be a minimal set of generators
of m, as an ideal in G(P),. (By (1.4), Corollary 2 and the implicit function theorem,
D15 - 9€C(P), form a minimal set of generators of m, if and only if suitable represen-
tatives ¥y, ..., }p form a local system of coordinates for P, null at y.) Then I(f) is the
ideal in G(N)g generated by f(3), ...,  (J)-

Proposition. — The following are equivalent for f, geF.

(1) f is in the same G-orbit as g.

(i) I()=1(g).

(iii) There exists an invertible pXp matrix (w;) with entries in G(N)g such that

S () =§uijg*(.yj)'
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(iv) There exists an invertible C* map-germ H : (N X P, Sxy) —> (N X P, SXy) such that
H| (N X, SXy)=/1identity and such that H(graph f)=graph g.

Progf. — We will show that (i) = (iv) = (ii) = (iii) = (i). In fact (i)=-(iv)is an
immediate consequence of the fact that formula (2.2 5)) characterizes the action of ¥
on & and the fact that H|(N Xy, Sxy)=identity, for any He% (since the left hand
triangle in diag. (2.2) commutes).

To prove (iv) = (ii), we introduce the following ideal in C(NXP)g,,:

Z(f)={u : ulgraph f=0}.
Let ¢: (N,S)—>(NxP, Sxy) denote the germ of the inclusion n> (n, ). Then " is
a homomorphism of CG(NxP)g,, onto C(N)g. Furthermore ' (Z(f))=I(f). For,
by (1.4), Z(f) is generated by {my,—m; f 5,};=1,. > where = : (NXP,Sxy)->(N,8)
and ,:(NxP,Sxy)-> (P, ) denote the projections. Since v (myy,—n f %)=—f Jis
it follows " (Z(f)) is generated by "y, ..., f'5,, and therefore that ' (Z(f))=1(f), as

asserted. Now let Hbe asin (iv). Since H(graphf)=graph g, H(Z(g))=Z(f). The
assumption that H|(NxP, S xy)=identity means that Hot=1. Thus

I(g)="1"(Z(g) =" (H'(Z(g))) =" (Z(f) =1(f)-
Next, we prove (ii)=(iii). For this, we need the following.

Lemma. — Let A and B be pXp matrices with entries in R.  Then there exists a pXp
matrix C with entries in R such that C(I—AB)+B is invertible.

Proof. — Let o, p: RP—>R? be the linear transformations corresponding to 4
and B, resp. Choose a basis ¢, ..., ¢, of R? such that f¢;=o0,:>741, where r is the
rank of B. Choose ¢, 4, ..., ¢ in R” such that Be,, ..., Be,, ¢, 4, ..., ¢, is a basis of R".

Let y: R°—R? be the linear transformation defined by y¢,=o0, 1<i<r and yg=¢,
r+1<:<p. Then

P

(y(x—aB)+B)(6)=Pe;+ ) Cijez{3 if 1<i<r
j

=r+1
’

—d, if r+1<i<p,

so y(xr—aB)+B is invertible. This proves the lemma, where we take for C the matrix
corresponding to .

Assuming (ii), we see that there exist pXp matrices (w;) and (z;) with entries
in G(N)g such that

a) f ()= Py wijg* (}’j) > g* ()= ) vijf ()’j) .

For each «x€S, let V(x) and W(x) be the matrices (v;(x)) and (wj;(x)) respectively.
Since the entries of V(x) and W(x) are in R, we may apply the lemma, with 4=7V(x)
and B=W(x). Thus, there exists a matrix C(x)=(¢;(x)) (with entries in R) such
that C(x)(I—V(x)W(x))+W(x) is invertible. Let C=(c;) be the matrix with entries
in G(N)g such that ¢; is the constant ¢;(x) in a neighborhood of «x, for each =xeS.

Let V, W be the matrices (v;), (w;), respectively. Set U=C([—VW)+4W and let u
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be the (i,7)™-entry of U. From a), it follows that f(y,)=2Zu,g (»), and from the
fact that U(x)=C(x)(I—V(x)W(x))+W(x) is invertible for each x€S, it follows that U
is invertible; hence (iii) is proved.

Now, we show (iii) =(i). Let (u;) be asin (iii). Let

mt (NxP,8Sxy) -> (N,S) and m,:(NXP,Sxy)—>(P,y)
be the projections. Define H : (NXP, Sxy)->(NXP, Sxy) by
moH=m; .)’i°7'°2°H=§'(uij°"“1)(}’j°7f2)-

Clearly the right hand triangle of diagram (2.2) commutes. The left hand triangle
also commutes, since the right hand triangle commutes and H maps the set-germ
(Nxy, Sxp)={piomy=...=y,0my=0} into itself. Hence He%. Now

YiomyoHo (1, g)= ‘]‘1‘ (uij°7‘1) (J’j°7‘2) o(x, g)
= %“‘uijg*(.yj) =f *()’i)-

Hence (1,f)=Ho(1, g), so by the definition of the action of ¥ on & (formula (2.2 4a))),
it follows that f=H.g, so fis in the same %-orbit as g, as asserted.

(2.4) The theory of #-orbits reduces trivially to the case where S is a point.
For, consider the general case (when S is a finite set in N). For each xeS, let #,, %,,
and the action of €, on %, be defined in the same way as %, ¥, and the action of ¥
on &, except with x in place of S. Note that if fe%#, then f|(N, xX)eF,.

Proposition. — Let f, gecF. Then f and g are in the same €-orbit if and only if f| (N, x)
and g| (N, x) are in the same € -orbit for each x€S.

The proof is trivial.

Thus, if we were only interested in %-orbits, there would be no reason to consider
any case other than that in which S is a single point. However, we will be interested
in other groups, for which the theory does not reduce trivially to the case where S is a
single point, and since we wish to retain the same language throughout, we state all
our results in the general setting.

Definition (2.5). — Let f;: (N;, S;) —> (P;,9,) (=1, 2) be C* map-germs, where for
each i, S; is a finite subset of N; and y,€P,. We say f, and f, are contact equivalent ¢f and
only tf there exists an invertible C* map-germ H : (N, X P,, S, X9;) —> (NyX Py, Sy X 9,) such
that

a) H(N, X y1, S;X71) = (N X g5 Sy X 15)
b) H(graph f;) =graph f,.

Note that f; being contact equivalent to f, implies dim N;=dim N, and
dim P, =dim P,.
(2.6) We let /" denote the group of invertible C® map-germs
H: (NxP,Sxy) —> (NXP, Sxy)
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such that there exists a map-germ 4 : (N, S) —> (N, S) which makes the diagram below
commutative

(N,8) —=> (NxP,Sxy) - (N,S)

|
|

diag. (2.6) h H h

(N,8) —— (NXP,Sxy) —— (N, S)

Here, « and = are as in (2.2). Clearly £ is uniquely determined by H, and % is necessa-
rily C* and invertible. We take composition as group law.
We define an action of /" on & by the formula,

a) (x, Hof)=Ho(r,f)oh™!, HeX, feF,

where 1 denotes the identity map-germ (N, S)—-» (N, S) and /% is the map-germ which
makes diag. (2.6) commutative. We leave it to the reader to check that this is a valid
definition and defines a left action.

It is easily seen that

b) H(graph f)=graph(H.f)
and that this formula characterizes the action of 4 on %.

(2.7) We let Z denote the group of invertible G* map-germs % : (N, S) —> (N, S),
with composition as group law. We define an action of #Z on & by the formula

hf=foh~Y, feF, hed.

(2.8) Clearly % is a subgroup of 4. For each ke, we identify & with (&, 1)eX,
where 1 denotes the identity map-germ (P, ) —» (P, »). This makes # a subgroup
of #". The action of #Z on Z is the restriction of the action of # on #. X is the semi-
direct product of Z and % in the sense that % is a normal subgroup of ¢ and each
element of 4" can be represented in one and only one way as a product 7c, where re %
and c¢e%.

Proposition (2.9). — Let f, geF. Then fis in the same A -orbit as g if and only if f is
contact equivalent to g.

Proof. — This follows from the equivalence of (i) and (iv) in proposition (2.3).
For, fis in the same 2 -orbit as g if and only if there exists 2eZ such that fok isin the
same %-orbit as g, and f is contact equivalent to g if and only if there exists 2eZ such
that foh and g satisfies the relation in (iv).

(2.10) The theory of S -orbits reduces trivially to the case where S is a point.
We state this result in terms of contact equivalence:

Proposition. — Let f, ge F. Then f is contact equivalent to g if and only if there exists
a permutation ™ of S such that for each xS, f|(N, x) is contact equivalent to g| (N, mx).
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3. Finitely Determined Germs of Mappings.

(3.1) We let &# be asin § 2. If f, ge#, we say f and g have the same k-jet
at S if for each xeS the derivatives of f and of g at x of order <% are the same (with
respect to one and therefore every pair of coordinate systems about x and y). By the
k-jet (at S) of fe#, we mean the equivalence class of all ge# having the same £-jet
at S as . We will write f® for the k-jet of f, if feZ.

Definition. — Let feF and let S be a group which acts on F. We will say f is
k-determined relative to & (abbreviated k-det. rel. to &) if for any geF such that g"=f",
the P-orbit of f contains g. We will say f is finitely determined relative to ¥ (abbreviated
f.d. rel. &) if f is k-determined for some positive integer k.

(3.2) We will state necessary and sufficient conditions for f to be f.d. rel. & for
five groups which act on #. We defined three of these groups in the previous section:
R, % and A'. The other two are: & = {invertible C* map-germs %' : (P, »)—>(P, »)}
whose group law is composition, and whose action on & is given by

R .f=Hkof, HWe, feF;

and &/ =% X%, whose action on Z is the direct product of the actions of # and &
on &, that is

(h, 1) f=Hofoh™Y, heR, e, feF.

For any WeZ, we will identify 2" with (xy g, k’)e/. This makes & into a
subgroup of &/. The action of & on £ is the restriction of the action of ..

Since ¢ is the semi-direct product of Z and ¥, ./ is identified in an evident fashion
with a subgroup of #". The action of &7 on # is the restriction of the action of # on &.

(3-3) Let f: (U, X)->(V, II) be a C* map-germ, where U and V are manifolds,
2cU, and NI cV. By a vector field along f, we will mean a map-germ ¢ : (U, 2)->TV
such that mwol=f, where = : TV—V denotes the projection. We let 6(f) denote the
C(U)g-module consisting of all C* vector fields along f. Another way of describing 6( f)

is as the C(U)g-module consisting of all germs at X of sections of the bundle ]”'TV, for

any representative f:U,—»V of f.
We will set
A=0(xp,), B=0(xyg)

where 1 , and 1y o denote the identity map-germs (P, »)-~(P, ») and (N, S)->(N,S)
respectively. For example, A is the C(P),~-module consisting of all germs at y of G* vector
fields on P.

(3.4) If fe#, welet Tf: (TN, n5'S)->(TP, nz'y) denote the tangent map-
germ of f, i.e. the germ at ng'S of the tangent mapping of any representative of f.
(Here my : TN—N and =,: TP—P denote the projections.) The diagram below
commutes
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(TN, 75'S) ——> (TP, n3'y)

p

| |

¥ [

(N,S) — — (P,y)

Thus, for any £eB, Tfo£e0(f), and for any neA, nofeb(f). We define

if :B—>0(f), of:A->0(f)
by #f(£)=Tfo&, af(n)=nof. Then if is a homomorphism of C(N)g-modules and «f
is a homomorphism over f*: C(P),—~C(N)g. In short, (of, #f, A, B, 6(f)) is a mixed
homomorphism over f* (in the sense of (1.12) definition 2).
(3-5) For fe#, we set:
d(f, #7)=dimgB(f)/(¢(B) +f"(m,)0(S))
d(f, ) =dimgb(f)/(#(B)+ wf(A))
d(f, #)=dimgb(f)/(B)
(fs £)
(

d(f, £)=dimgb(f)/wf(A)
d(f, €)=dimgb(f)[f"(m,)0(f).

Theorem. — If & is any of the groups A, A, R, L, or €, then the necessary and sufficient
condition that feF be f.d. rel. & is that d(f, &)<co.

We will prove this theorem only in the cases =4 and ¥ =«/. The proofs
in the other cases are similar, and the results are much less interesting. The proofs
in the two cases which interest us will occupy §§ 4-8.

We conclude this section by stating a result related to and an extension of the above
theorem.

Proposition (3.6). — a) d(f, A")<co if and only if there exists a positive integer k such that:

(i) #(B)-+f"(m,)0(f)2mE0(f).

b) d(f, &)<oo if and only if there exists a positive integer k such that

(i) #(B)+ wf(A)2 mE0(£).

The analogous results hold for the other groups <.

In both cases “ if ” is trivial because the displayed formula implies

d(f, &) <dimgb(f) /m56(f),
which is finite.

“ Only if ” follows from

Lemma. — a) If

(i) #(B)+ (" (m,)+m&+1)0( £) 2 mo(f)
then (i) holds.

b) Let n=dim N, p=dim P, |S| =number of elements of S. For any positive integer k,
let 1=I(k) be given by
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(iv) 6=[S[("*37"), a=p("}"), I=k+atr1
Then

(v) #(B)+ of(A)+mPo(f)2mEb(f)
implies (ii).

Proof. — a) Apply Nakayama’s lemma with R =C(N)g, E=¢{(B)+f (m,)6(f)
F=#(B)+(f"(m,)+m&)0( f), « the inclusion mapping, and I=mg. The hypothesis (iii)
implies E+3F=F and the conclusion of Nakayama’s lemma, E=F, implies (i).

b) Apply (1.14) with the following substitutions:

« p A B C - C(
of f A B 0(f) mib(f).
Since dimg(C/Cy) <b, we deduce b) from (1.14).

Proof of “ only if > in the proposition.
We will consider only 4), the proof of a) being similar. Let
d, = dimgB(f)/(#f(B) + ef(A) +m50(f)).

Then 4,<d,<...<d,<..., and the assumption that d(f, o/)<<co implies that there
exists k£ such that d,=4d, for all />£. In particular, dy=d, implies that (v) holds.
Hence (ii) holds, which completes the proof.

(3-7) Let £, denote the subgroup of 4 consisting of all He#~ whose r-jet at Sxy
is equal to the r-jet at SXy of the identity. We set &, = nX,, L, =LA,
R, =AnA,, and €,=FnA,, using the fact that each of the groups &, &, #Z, ¢
1s identified with (or is) a subgroup of 4. We may describe £, more directly as the
set of all he# whose r-jet at y is the r-jet of the identity, Z, as the set of all feZ# whose
r-jet at S is the r-jet of the identity, and o7, as %, X Z,.

Addendum to (3.5). — For any non-negative integers r and d, and for % equal to
any one of the groups ", o, #, &£, or €, there exists a non-negative integer [=I[(r, d; &)
with the following property. Let fe&# be such that d>d(f, &). Let g have the same
l-jet at S as f. Then there exists He %, such that g=H.f.

Clearly this implies sufficiency in (3.5). The proof will be carried out in §§ 4, 5
and 6. The proof of necessity in (3.5) will be carried out in §§ 7 and 8.

4. Beginning of the proof of (3.7).

(4.1) Let U and V be manifolds, and suppose XcUxR. A map-germ
g: (UxR,Z)—>VxR will be said to be level preserving if the diagram

(UXR,2) —-& VxR
N /

ﬂ:g\\\ / T,

R
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commutes, where w, denotes the projection on the second factor. In other words,
to say that g is level preserving is to say that g has the form g(u, t)=(g,(«, ), ), where
g (UxXR,Z)->V is a C° map-germ. If g is level preserving and C*, we define
oglot: (UXR,Z)—> 7TV (where w :VXR-—V denotes the projection on the first
factor), as follows. Let g:W-—>VXR be a C® representative of g (where W
is a neighborhood of X in UXR). For ueU, ¢eR such that (u, a)eW, let
(0| %) (u, a) €TV,=n;TV,, , denote the tangent at ¢=o0 to the curve ¢i>(m;0g)(u, a-t).
Then dg/ot is a mapping of W into =;TV. Let dg/dt denote the germ of 83/t at .

If acR and g is as above, we define g, : (U, Z,)~->V as follows. We let
t,: U=>UXR be given by ,(u)=(4,4). Weset Z,=:;'(Z) and g,=m,0g0t,, where 1,
is the germ of 1, at 2,.

Lemma (4.2). — Let U be a manifold, T a finite subset of U, a a real number, and ¥,
a germ at TXa of a C section of the vector bundle 7, TU. Here w,: UXR—U denotes the
projection, so that 7, TU is a vector bundle over UXR. Then there exists an invertible C® level
preserving map-germ H : (UXR, X xa) -+ (UxXR, TXa) such that H,=1:(U, ) —> (U, X)
and (0H/ot)oH '=E.

This is simply a form of the fundamental existence theorem for ordinary differential
equations. Our proof consists of showing how this form follows from a more familiar
form.

Proof. — Let E:VXJ—M:ITU be a representative of & where V is an open
neighborhood of X in U and J is an open interval containing a. We may assume that %
is C® and that it is a section of =, TU over VxJ. By Lang [1], IV, § 1, theorem 1,

there exists a neighborhood V, of ¥ in V, an open subinterval J, of J containing g,

and a unique C® ¢ local flow ” «:V xJ,—>V for 2 The statement that « is a local

~

flow means «(x, a)=x for all xeV, and du(x,t)/ot=E («(x,1),t) for all xeV, and
t€],. Define H: VoxJo >Vx]J, by ﬁ(x, t)=(a(x, t), ¢). Let H denote the germ of 51
at X xa. Clearly H is a C” level preserving map-germ and H,=1: (U, X) —» (U, X).
Hence by the inverse function theorem, H is invertible. Finally (6H/ot)oH '=¢ is
an immediate consequence of Jx(x, t)/@t:i(a(x, 1), 1).

It also follows from the uniqueness theorem for ordinary differential equations
that & uniquely determines H. We will call H the ntegral of &.

(4-3) For any manifold U, any £cU, and any acR, we let
np : (UXR, Zxa) - (U, X)
denote the projection on the first factor.

Now suppose X is finite. Let V be a second manifold, IT a finite subset of V,
and F:(UxR, Zxa)->(VXR, Ixa) a C® level preserving map-germ. We define
t,F :0(n)) — 0(n}oF) and o, F:0(n)) - 0(r]oF), (where 0(f) is as defined in (3.3)),
as follows. For mef(x}), set o, F(n)=noF. For £eb(n}), take C* representatives

E :WxJ—TU of £ and F. WxJ—->Vx]J of F,
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where W is an open neighborhood of X in U and J is an open interval in R containing X.

Then we define ¢, F(§) to be the germ at £Xxa of (w, t) HTF,oz,(w). (Compare the
definition of #f and wfin (3.4).)
Lemma. — Suppose EeO(nl) and ne6(w)) are such that

oF
ot t,F(E) +o,F(x).

Let
H: (UxR,2Zxa) -> (UxXR, ZXa)

be the integral of —& and
H : (VXR,Ixa) —> (VXR, IIxa)

the integral of v. Then
nYOH"‘IOFOH:FaOﬂ:IlJ.

Proof. — It is enough to show
? H~'FoH
(+) —(H'"oFoH) o,

Take representatives B of H', FofF , and H of H. Then

2 @-1oF o)
ot
R TR 10 O off 4 TR 10 TF 0 2
ot t ot o
S SPII ) PV : VI RN
=THt O(— ot oH °F+_@—t —|—TFt0—a—t‘OH )OH.

The germ at T Xa of the quantity inside the parentheses is
—,F(n)+ oFot—t,F(E)=o.

Hence (*) holds, which proves the lemma.

(4.4) Let f,ge#F (where # is asin § 3). Let y, ..., be a system of coor-
dinates for P, null at y. Let ¢ denote the projection (NXR,SXR)-->R and also
the projection (PXR,yxR)->R. We let G: (NXR,SXR)->(PxR,yxR) be
given by

PeG=(1—t)(pef ) +t(5,08), toG=4,

so that G is a level preserving C* map-germ with Gy=f and G;=g. For each aeR,
we let G*: (NxR,Sxa)—>(PXxR,yxa) denote the restriction of G. Note that
G,: (N, S)—> (P, ) is the restriction of G* to (NXxa, Sxa).
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We identify any ueCG(N)g with (n])"(z)eC(NXR)g,, and any 0veC(P)
(n)"(1)eCG(PxXR),,,. With these identifications, we have:

mgcmgCG(N X R)g, ,CMyg,,.

, With

These are all proper inclusions.

We identify any £eB with Zon)ef(n)) and any neA with nonfef(n}), so that
BcH(=)) and Ac6(xf).

For each differential operator 9/dy; there is an associated unique vector field
on P defined in a neighborhood of 3. We will denote the germ at y of this vector
field by 9/9y;, so that 9/dy,, ..., 9/dy, form a free basis of A as a C-module. Then
(8]9yy)of, ..., (9/2y,)of form a free basis of 6(f) as a Cg-module and

(2/yy)omioG, ..., (8]9p,)omioG®

form a free basis of 8(n}oG®) as a Cg, ,-module. Using the identification we have just
made of Cg with a subring of Cy, , we identify 6( ) with a subset of 6(n}oG“) by setting

2u, (0] 9y) of = 2w, (0] 8y;)omioG®  ueCg.

(1

With these identifications, we have:

Lemma. — Suppose g has the same l-jet at S as f.

a) If £eB, then tf(E)—t,G*(E)emy 10(nioG?).

b) If veC, then f*(v)—G*(v)emyCy,,.

c) If neA then of(n)—w,G%n)emid(n}oG7).

Proof. — a) Let x,, ..., x, be a local system of coordinates for N, defined in a
neighborhood of S. Then

o( v.0o 0
{(0]2x)=2 %—Q (5 of)

It follows that
£,G( 0] %) — (0] 9x) e~ 0(nF o G)

since f and g have the same [-jet.

Then a) follows, since #f is a Cg-module homomorphism of B into 8(f) and G
is a Cg, ,-module homomorphism of 8(x}) into 8(xfoG?).

b) We can write v as the sum of a polynomial in y,, ..., 5, and an element of m}.
Clearly f* and G* map m} into m{Cs,,. It follows that we may suppose that v is a
polynomial in y,, ..., . In fact, we may suppose that » is a monomial in y,, ..., J,.
If degree v=o0, then v is a constant and f*(v)—G*(v)=o.

For the case when v is a monomial and degree(v)>0, we give the proof by
induction on degree(v). If degree(v) =1, then v=y, for some 7, and

ST () =G () =t(y;0f —;08) emiCy .,
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since f and g have the same /-jet. If degree(v)>1, we can write v =y;w, where w is
a suitable monomial; then

S(0)=G*(2) = (") —G" () f"(w) + G (5) (f* () —G" (w)) emCs .,
by induction.

¢) This follows immediately from &), together with the observations that of is
a homomorphism over f* and ;G is a homomorphism over G™.

5. Proof of (3.7) in the case =X

(5. 1) We will prove (8.7) in the case =X with (r,d; A )=d+r+1, if >0
and [(o,d; A )=d+2. Let fe# be such that d=d(f, #") is finite. Let ge&# have
the same [-jet at S as f, where [={(r,d; #). We will show that g is in the same
A ~orbit as f.

We shall continue to use the notations and terminology introduced in §§ g and 4.
In particular, we will assume that y,, ..., , and ¢ are as in (4.4), and that G and G*
are as defined there. Moreover, we will continue to use the identifications that we
introduced in (4.4).

(5.2) It follows from corollary (1.6), that
a) mg0(f) Cf"(m)0(f)+#(B),

since the right hand side is a sub-Cg-module of 6(f) having codimension d (by the defi-
nition of d=d(f, X)).

Fix aeR and let ¥=0(nfoG?. From a) and the approximation lemma of (4.4),
it follows that

b) mi¥ CG* (m,) ¥+ £,G*6(n))) + mi TP,
To see this, we observe that since the right hand side is a C(N X R)g, ,-module, and

since m$0(f) generates mi¥ as a Cg, ,-module, it is enough to show that mZ0(f) is in
the right hand side. Let {em0(f). By a), we may write { in the form

= £ )+ 170),
where e0(f), y,em,, and £eB. From lemma (4.4), it follows that
C—(2G™(2)8+ 4G (8) emy V.

Since [—12>d+1, it follows that ¢ is in the right hand side of 4). This proves 5).
From b) and Nakayama’s lemma, it follows that

c) miW G (m) ¥ +£,G(0(xY)).

To see this, apply Nakayama’s lemma with R=Cg,,, E=right hand side of ¢),
F=E+m¥, a=the inclusion mapping, and I=myCg,,. From 5), it follows that
F=E+3F, so by Nakayama’s lemma, F=E, which implies ¢).

298



STABILITY OF C® MAPPINGS, III : FINITELY DETERMINED MAP-GERMS 147
Multiplying both sides of ¢) by mz*’, we obtain
d) md T cG*(m)myt W 4 4,GY(mE T 10(w)).

" (5.3) From the fact that g and f have the same l-jet, it follows that 9G®/atemi\.
From (5.2 d)), it follows that there exist £em§*'0(x]) and #;emiCs,, such that

oG* i 0
a) =S *yVy.. |—o Po o ¢ .
ot i,jzilG (y,)u,,(% E G) THEE)

Let
P (NXPXR,Sxyxa)—>(NxP, Sxy)

denote the projection. Let 7ef(x) *F) be given by
% 0
N =i’j=1.yjuij5i—g-

We are going to apply lemma (4.3) with
(U: E)Z(N: S): (V’ H):(pra SX_))),
and '

F=(=),G" : NxR, Sxa)->(NxPxR, Sxyxa).
From a) and the definition of 7 it follows that

: , oF

b) =, F(n)+4F ().

Let H be the integral of —£ and H’ the integral of v. From the definition of v it
follows that the diagram below commutes

(NXR,Sxa) ——> (NxPXR,Sxyxa) —— (NxR,Sxa)

l
(NXR,Sxa) —— (NXPXR,Sxyxa) —— (NxR,Sxa)

Here 1 denotes the germ of the inclusion (n, t) > (n, y,{) and = the germ of the projection,
(n, p, t) > (n, t).
Let
H:(NxR,Sx])->(NxR, Sx])

and H : (NXPXxR,Sxyx])->(NxPxR, Sxyx])

be C® map-germs which restrict to H and H', respectively, where J is an open interval in R
containing a. Then, for 5€], '

~

H,: (N,S)->(N,S) and Hj: (NxP,Sxp) —>(NxP, Sxy)
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are defined, as in (4.1). From the commutativity of the above diagram, it follows that
(by taking J sufficiently small), we may suppose that H'e% for all €] and that the
diagram in (2.6) commutes, where H is substituted for 4 and H is substituted for H.

Furthermore, from 5) and lemma (4.3) it follows that wjoH ~'oFoH =F,ony,
which implies that if we take J sufficiently small then

Hy=o(x, G)oH, = (1, Gy),  be].
According to the definition of the action of 2 on &, this means
G,=H,.G,.

Since £emi*10(xy), it follows from the definition of » that nemiLLO(xy *F). It follows
that (by taking J sufficiently small) we may suppose that ﬁ,’, has the same r-jet at Sxy

as the identity, for all b€J. Thus, ﬁ{,e&if .. Hence G, is in the same %, orbit as G,
for all beR sufficiently close to a. Since aeR is arbitrary, this shows that all G, are
in the same X", orbit. In particular f=G, and g=G, are in the same %, orbit,
which is what was to be proved.

6. Proof of (3.7) in the case ¥=.7.

(6.1) We begin by defining [=I(d, r; /). The value of [ that we will take
depends on z=dim N, p=dim P, and |S|=the number of elements in S, as well as
on d and r; however, these are the only things it depends on.

For each non-negative integer £, and each fe%, we set

6,(f) = dimgB(f) /(wf(my* ' A) + f(m§ "' B) + m§b(f)).

Lemma 1. — For each non-negative integer k, there is an integer q(k)>k such that

can( ) =06, (f) implies
a)f(m;JrlA)_I_ if (L +1B) 5 m’gO(f)

Remark. — For k<r-+1, this lemma is vacuous, since for £<r41,
6(f)=dimg0(f) /mg0(f),

which implies that for k<r+1, ¢, ,(f)>¢(f)-
Proof. — The hypothesis ¢,(f)=¢,(f) means

af(my "1 A) + ¢ (mg*'B) 4+ mi6(f) 2 m50(f).

Thus the lemma follows from corollary (1.14) applied to the mixed homomorphism

(f; tf, my* A, mi™'B, 8(f)),
where C,=m%0(f).
Let d be an integer, which will be fixed throughout the rest of this section. We set
=d+ dimg(A/m; " 'A) 4 dimg(B/mg*'B).

300



STABILITY OF C® MAPPINGS, III : FINITELY DETERMINED MAP-GERMS 149

Under the assumption that d>d(f, &) (where d(f, &) is defined as in (3.5)) we
have

a) d’' > dimgB(f)/(ef(m;**A) + ¢ (m*'B).

Let ¢ be the function from the non-negative integers into themselves given by
lemma 1. Define ¢(s) inductively for all non-negative integers s by

q(0)=4(0), q(s+1)=4(4(s))-

Set

b) k=gq(d'—1)

¢) l=min(q(k), k+a+1)

where « is given by the following formulas

4) \o=p("; ") +pISIn(" i)
la=p("}")

In this section, we will show that if fe# and d(f, &)<d, then fis [-determined
relative to .,, thus proving (8.7) in the case ¥ =4/. For the proof the following
lemma will be useful.

Lemma 2. — Let fe&F be such that d(f, &)<d. If k is given by b), then
wf(my " A) + #f(m§ " B) omgb(f).

Proof. — Since ¢(0)>o0, c¢;p>0 (compare the remark following lemma 1).
On the other hand, ¢;;,<d" by a) and the definition of ¢,. Thus, for some s,
0<s<d’, cyy=1¢y544), since the sequence cy, ¢z - - -, is never decreasing. Since

q(s+1)=4¢q(q(s)), it then follows from lemma 1 that
wf(my " *A) + tf(mg**B) om0 ( f).

Since s<d’'—1, it follows that ¢(s)<k (where k is given by 4)). Thus, lemma 2
follows.

(6.2) Throughout the remainder of this section, we let f and g be as in the statement
of addendum (3.7). In other words, we suppose d>d(f, /) and that g has the same
l-jet at S as f, where [ is given by (6.1 ¢)). We shall continue to use the notations and
terminology introduced in §§ 3 and 4. In particular, we will assume that y, ..., »,and ¢
are as in (4.4), and that G and G* are as defined there. Moreover, we will continue
to use the identifications that we introduced in (4.4).

Fix aeR and let ¥'=0(nfoG?*. Set F=G" Since F is a level preserving map-
germ from (NXR,Sxa) to (PxR,ypxa), it follows that #F:6(x)—>¥ and
o F : 0(xf) =¥ are defined as in (4.3).

Let A, be the C(P),-submodule of A given by

Ag=(af) " (#f(ms"'B)+ mgb(f)) nmy A,
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Let A, be the C(PxR),, submodule of 6(x;) generated by A,. (Here we use the
identification, introduced in (4.4), of A with a subset of 6(xf).) Using (6.1), lemma 2
and the approximation lemma of (4.4), we show that

a) o F(Ag) + 4 F(my ™10 (x))) + milmE ¥ = £, F(mg*16(m))) + mE¥

First, we show that the Lh.s. is contained in the r.h.s. It is enough to show
that «,F(A;) is contained in the r.h.s. However, since A, generates A, as a
C(PxR),,,module and the r.h.s. is a CG(PxR),, ,-module, it is enough to show that
o, F(A,) is contained in the r.h.s. Consider neA,. By definition of A,, there exist
Eemit'B and Ceml6(f) such that wf(n)=i(€)+¢ From lemma (4.4) and the
assumption that g has the same /-jet as f, it follows that «,F(n)—af(n) and ¢ F(&)—tf(E)
are both in m&¥. Hence

o1 F(n) =(0,F(n) —«f(n)) + () —4F (€)) + 4 F(€) 4L
is in the r.h.s.
Second, we show that the r.h.s. is contained in the Lh.s. It is enough to show

that mi¥ is contained in the Lh.s. Let {emi¥. Then ¢ can be written in the form
l—k—1

U4+ ¥ ¢  where CemiFmi¥

=0

and Zemib(f) for 0<i<Il—k—1. (Here we use the identification, introduced
in (4.4), of 6(f) with a subset of ¥). Since {' in contained in the Lh.s. and
the Lh.s. is closed under multiplication by ¢, it is enough to show m&6(f) is contained
in the left hand side. Let Zemi0(f). By (6.1), lemma 2, there exist Zemi*'B
and nmem;*'A such that {=¢f(§)+ «f(n). By lemma (4.4),

E—tF (&) —o,F (1) = (H(E) —4,F (€)) + (of(n) — o, F (1)) ems ¥,

which shows that ¢ is contained in the Lh.s. and thus completes the proof of a).
From a) and theorem (1.13), it follows that

b) o F(Ag)+ 4 F (7 10(xY)) = 4, F (m 16 (x)) 4 mk ¥
To show this, we apply theorem (1.13) to the mixed homomorphism
(%) (o, F, 4F, Ay, mg*0(x}), 4, F(mg*0(x))) +m§'¥).
(This is a mixed homomorphism over F: C(PxR), ., > CNXR)g,,).
Let « be given as in (6.1 d)). Then A, is generated as a G(Px R), . ,-module
by « or fewer elements. To see this, it is enough to see that A, is generated as a

CG(P),-module by « or fewer elements, since A, generates A, as a CG(PxR),, module.
But by definition of A,

dimpmy *'A/Ag<dimgB(f) /m30(f)=p[S|(" ;7).

This implies dimgA/A;<b, where b is asin (6.1 d)), so by (1.7) A, is generated by «
or fewer elements.
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From (6.1 ¢)), it follows that [—k>a 4 1; thus the hypotheses of theorem (1.13)
for the mixed homomorphism (x) follow. Thus the conclusion of theorem (1.13) holds
for (%), i.e. 6) holds.

From the definition of A, it follows that A,Cm™*A. Hence A Cm*0(x}).
Hence 5) implies
¢) mg¥ C o, F(my*10(xy)) + 4, F (mg+16(x))).

(6.3) From the fact that g has the same l-jet at S as f it follows that oF/otemiV¥.
Thus, according to (6.2 ¢)) and the fact that [>k, there exist £emi*'6(xY) and
nem!t10(xY) such that

. | OF [0t = o, F(n) + 4,F (5).

Thus lemma (4.3) applies. Let H be the integral of — and H’ the integral of 7.
Let J be an open interval in R containing «, and let '

H: (NxR,Sx])->(NxR, Sx])
H': (PxR, yx]J)->(PxR, yx])

be C® map-germs which restrict to H and H’ respectively. By lemma (4.3),
nfoH' ~'oFoH =F,on}). This implies that if we take J sufficiently small, then

H)~1G,oH,=G,, for all be].

From Eemi+!0(xY) it follows that for all b in J sufficiently close to 4, H, has the same
r-jet at S as the identity. Likewise ﬁ,’, has the same r-jet at » as the identity. In other
words (ﬁb, ITI;)) e.sz?,. Hence the above formula shows that G, is in the same .7,-orbit
as G, for all b sufficiently near a.

Since aeR was chosen arbitrarily, this implies that all G, (beR) are in the same
o ~orbit. Since Gy=jf and G;=g, this shows that f and g are in the same .27,-orbit,
which is what was to be proved. '

7. The tangent space of an orbit of any one of the groups %!, %\, &}, X", €.

(7.1) In (3.7), we introduced the subgroup &, of &, where & was any one of
the groups %, &, o/, A, or €, and [ was any positive integer. Clearly &, is a normal
subgroup of &. We set FL=%,/F, for k<Il. In effect, &} is the set of all ljets
of members of &, whose k-jets are equal to the identity. We set '=%;. We have
an obvious identification: FLCHF. If g, we let gPeF* denote its image under
the canonical projection & —%*. We let J* denote the set of k-jets at S of members
of #. We will continue with the notation introduced in (3.1): if fe&# then f®eJ*
denotes the k-jet at S of f.

It is easily verified that the action of & on &% induces an action of % on J' uniquely
defined by g"f¥=(gf)? for each ge& and feZ.
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(7.2) Suppose given a local system of coordinates for N about each of the points
of S and a local system of coordinates for P about y. In terms of these coordinate systems,
each ze]' has a well defined Taylor series expansion of order /. The mapping which
assigns to each zeJ]' the N=ps("}") coefficients of the Taylor series expansion of z
is a bijection of J' onto RY. Thus we may consider J' as a C® manifold with the set of
these coefficients as a global system of coordinates. If we change the given systems of
coordinates (about the points of S and about y), we get a new system of coordinates for J'.
Each of the components of the new system of coordinates for J' is a rational function in
terms of the old system of coordinates; it follows that the G manifold structure on J' is
independent of the initial choice of coordinates in N and P.

In the same way, we may provide each of the groups & with the structure of a
C® manifold. With this structure &' is a Lie group and the action of & on J*is of
class C*. In addition &% is a sub-Lie group of &% It follows that the orbits of &}
in J' are submanifolds.

(7.3) In this section, we will give a formula for the tangent space at z (where z€J)
to the orbit of &} containing z, where =%, ¥, &/, %, or A#. This formula is a step
in the proof of ¢ necessity >’ in theorem (3.5) and will be used again in later papers in
this series.

Let fe&# and set z=f"% We define the projection ©* of mgd(f) on T,J
(where T, means ¢ the tangent space at z of ) as follows. Let Zemg0(f). Let
F:(NxR,SxI)-»(PxR,yxI,) be a level preserving map-germ, where I, is an open
interval in R containing o. Suppose that oF/dt|,_,=¢. (Here the map-germ
oF ot : (NXR, SxI))—>TP is defined asin (4.1), and 0F/dt|,_, denotes the restriction
of dF /ot to (NXo,SXo0), considered as a map-germ (N, S)—>TP.) For each tel,
set z,=FPe]. Then t>z is a C® mapping of I, into J. We define #'({) to
be dz,/dt.

One verifies easily that ©*({) is independent of the choice of F, that =’is R-linear
and onto, and that

kernel ©' =m4T10(f).

Proposition (77.4). — Let feF, z=f", and U=%%z. (In other words, U is the
orbit of &} through z). Then T, U is equal to

a) (tf(mET'B)+mE f (m)0(f)), in the case F=X,

b) T (mET'B)+ of (Mit1A)), in the case F=sL,

¢) ©(f(mETIB)), in the case =2,

d) ©(of(mittA)), in the case F=2,

e) w(m§f (m)0(f)), in the case S=%.

Proof. — Given any Lie group G acting on a manifold M, and any xeM, we
have T,(Gx)=Ta,(T,G), where «,: G—>M denotes the mapping gt>gx, and 1 is
the identity element of G. 'We will apply this fact in proving each of a)-¢).

First, consider ¢). There exists a * canonical > projection 7l : mgB—T,;#" (given
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by the construction which was used to define the projection = :mg0(f)—T,J"), such
that the following diagram commutes:

mgB —> mgb(f)
I
TR
¥ \

Taz

T1c%l -_ Tle

ol

Since ' is onto, and
mg* 1B =(nlp) (T, %),

¢) follows from the remark in the previous paragraph.

The proof of d) is similar. Now &) follows immediately from ¢) and d).

Next, we prove e). Let m, denote the germ at Sxp of the projection
NxP—P. Then 6(r,) denotes (according to the notation introduced in (3.3)) the
C(NxP)g,,module of C® map-germs =7 : (NXP,Sxy)—>TP such that mpon=m,,
where 7wp: TP—P denotes the projection. For any ueC(P), identify « with
7y (1) eCG(N X P)g,,. We construct a projection = :m,0(m,)—>T,;%", as follows. One
verifies easily that for any nem9(w,) there exists a family' {H, : —e<#<e} of members
of € with the following properties. First, for suitable representatives ﬁ, of H,, ﬁt(x, x')
is C® in the variables £, x and x’ simultaneously, where ¢ varies in (—e¢,¢), x in a
neighborhood of S in N, and &’ in a neighborhood of y in P. Second, Hy=1. Third,
oH,/0t|,_o=mn. We set z,=HPe® and w(n)=20z/0t|,_,. It is easily verified
that wi(v) is independent of the choice of {H,}, and that =, is R-linear and onto.

Define x:0(m,) >0(f) by x(n)=no(x,f). Then the following diagram commutes.

m,0(m) —> mgb(f)

n@ k12

Taz

T, %" > T,J

To prove that this diagram commutes, we first observe that if ne(n,) and {H,} is as
in the previous paragraph, then «(n)=0(H,f)/ot|,_,. Then it follows that both
Ta,oml(n) and wlox(n) are equal to o(H,f)?/ot|,_,, for nem,b(m,).

From the commutativity of the above diagram, the fact that =’ is onto, and the
formula

(ne) ™! (T, €1) = m§ ., m,0(my),
it follows that to prove ¢), it is enough to show:
(M5 1, 0(7) ) = (1) m§O( f).
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But this follows immediately from the easily verified facts that x(6(w,))=0(f), that
is a homomorphism over (1, f)", that

(1,/)"(m,G(N X P)g,,,) =f"(m,) C(N)s,
and that (x,f)"(mk,,)=mf. This completes the proof of e).

Finally a) follows from ¢), ¢), the fact that X is the semi-direct product of #
and € and the fact that for ke, He¥ and fe&, (hH)f=h(Hf). For, it follows
that 47, is the semi-direct product of %, and %. and that its action on J'is of the
form (kH)z=h(Hz) for heZ., He®, and zeJ'. Thus T, =T, #®T,%. and
T, (E® %) =T a,(8)+ T, () for all £eT,%. and all 7eT,Z:.

8. Proof of necessity in (3.5).

(8.1x) We will give the proof only in the case ¥ =7, since the same method
works in the other cases. ,
Suppose fe# is r det.rel. . Consider [>7, let z=f"c]’, and let
E=n"%n(z))c]', where = :]J'-]" denotes the projection. The assumption that z is 7
determined relative to &/ implies that EcU, where U denotes the orbit of z in J' under
the action of 2% It is easily seen that
T,E=n(mg*'0(f)),

where = : mg0(f)—T,J' is the  projection * defined in (7.3). It follows from this for-
mula, (7.4 5)), the fact that T,ECT,U and the fact that kernel (n)=m{"'0(f), that

mg*10(f) Ctf(mgB) + wf(m,A) +mi"6(f).
Now (1.14) shows that if [ is taken sufficiently large, then the above inclusion implies

mgt0(f) cif(msB) + wf(m,A).
Then d(f, &)< follows immediately; in fact we obtain d(f, &) <dim 6(f)/m5T'6(f).

(8.2) The argument given in the previous section proves somewhat more than
we have stated; in fact we have:

Theorem. — For each integer r there exists an integer 1>r (depending also on dim N,
dim P, and |S|, of course) such that if feF has the following property:

— forany geF suchthat j7(g)=j"(f) there exists (h, h')esl such that

J'(gh™)=5'(f);
then f is r determined relative to /.

Proof. — The property that we assume f to have is equivalent to the statement
that EcU, in the notation of (8.1). Our reasoning in (8.1) shows that EcU implies
d(f, #£)<dim 0(f)/m5*T'0(f) (provided ! is sufficiently large). Hence f is f.d. rel. =,
say [’ det. From (3.7) it follows that we can choose /' independently of f. If I'<<[,
we are done; if not we can replace /[ by /.
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9. Analytic case.

(9. 1) Instead of considering the category of G* mappings, we could have considered
the category of real analytic manifolds and real analytic mappings, or the category of
complex analytic manifolds and complex analytic (i.e. holomorphic) mappings. If we
replace ¢ C* ” throughout by “ real analytic ” or ‘ complex analytic ”, the above theory
goes through word for word with the exception of the proof of lemma (1.8). However,
in either of these cases lemma (1.8) is the classical Weierstrass preparation theorem
in the form of Riickert. In the complex case it follows from the Lagrange inter-
polation formula in the following form. If y is a simple closed curve in G, D is a
closed disk which y bounds, g is a holomorphic function defined in a neighborhood
of D, and z=(%;, ...,2,)€CP is such that I ,(4 z) never vanishes for tey (where

Tyt 2) =1+ .lejt"—”) then
j=

p

gB)=T,(t 2)q(t; )+ X h(2)?" ™"

for ¢ in the interior of D, where

7( 2)= jI‘s.z Y(s—1t)

g5 2)
hi(2) = j o

(Compare I, § 1.) In the real case, lemma (1.8) is a consequence of lemma (1.8) in
the complex case.

(9.2) From the fact that the above theory works in all three cases (G®, real analytic,
complex analytic) we obtain that for a real analytic map-germ, the notion of finite
determinancy (for any one of the groups &) is independent of whether we consider g
as a real analytic, C®, or complex analytic map-germ. To be explicit, we consider a
real analytic map-germ f: (R"* S)—>(R?,y) and we will work with the equivalence
relation defined by the group . Let },: (G", S)—>(CP, ») be the unique complex
analytic map-germ extending f.

Theorem. — The following conditions are equivalent:

a) There exists an integer k such that if g : (R", S)—->(RP, y) s a real analytic map-germ
with the same k-jet as f then there exist invertible real analytic map-germs h : (R", S)—-(R" S)
and k' : (R? »)—> (R?,p) such that g=~Hhfh.

b) The same, except < C* * replaces « real analytic > throughout.

c) There exists an integer k such that if g : (C", S)—>(CP,») is a complex analytic
map-germ with the same k-jet as ; then there exist invertible complex analytic map-germs
k:(C"S)—>(C"S) and k' : (CP,9)—>(CP, ) such that g=h'fh.
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Proof. — It follows from (3.5) and (3.6) that fis f.d. rel. & (i.e. b) is satisfied)
if and only if there exists an integer £ such that

(%) Hf(B) + of(A) +m{?0(f) 2mi6(f)

(compare (3.6 (v)), where [(k) is given by (3.6 (iv)). Similarly ) is satisfied if and
only if there exists an integer £ such that (%) is satisfied where 6(f) is replaced by the
module of real analytic vector fields along f, A is replaced by ...

But since (%) can be checked by looking at terms of finite order (precisely:
order <I[(k)) it makes no differences whether we look at real analytic or C® things.
Thus a)<-b). The proof that 5)<>¢) is similar.
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