HARISH-CHANDRA
Invariant eigendistributions on a semisimple Lie algebra

Publications mathématiques de | 'LH.E.S., tome 27 (1965), p. 5-54
<http://www.numdam.org/item?id=PMIHES_1965_ 27__5_0>

© Publications mathématiques de I'LH.E.S., 1965, tous droits réservés.

L’accés aux archives de la revue « Publications mathématiques de I'LH.E.S. » (http://
www.ihes.fr/IHES/Publications/Publications.html) implique 1’accord avec les conditions géné-
rales d’utilisation (http:/www.numdam.org/conditions). Toute utilisation commerciale ou im-
pression systématique est constitutive d’une infraction pénale. Toute copie ou impression de
ce fichier doit contenir la présente mention de copyright.

‘NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=PMIHES_1965__27__5_0
http://www.ihes.fr/IHES/Publications/Publications.html
http://www.ihes.fr/IHES/Publications/Publications.html
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

INVARIANT EIGENDISTRIBUTIONS
ON A SEMISIMPLE LIE ALGEBRA

by HARISH-CHANDRA

§ 1. INTRODUCTION

Let g be a semisimple Lie algebra over R and T an invariant distribution on g
which is an eigendistribution of all invariant differential operators on g with constant
coefficients. Then the first result of this paper (Theorem 1) asserts that T is a locally
summable function F which is analytic on the regular set g’ of g (cf. Lemma 1 of [3(g)]).
The second result (Theorem 5) can be stated as follows. Let D be an invariant analytic
differential operator on g such that Df=o for every invariant C® function f on g.
Then DS=o0 for any invariant distribution S on g (cf. [g(g), Lemma g]). This
will be needed in the next paper of this series, in order to lift the first result, from g
to the corresponding group G (see [3(g), Theorem 1]), by means of the exponential
mapping.

Proof of Theorem 1 proceeds by induction on dim g. In § 2 we show that there
exists an analytic function F on g’ such that T=F on g’. Moreover we verify that F
is locally summable on g and therefore it defines a distribution Ty on g. Thus it
remains to prove that 6 =T —T} is actually zero. The results of § g enable us to reduce
this to the verification of the fact that no semisimple element H of g lies in Supp 6.
If H#o, this follows easily from [g (i), Theorem 2] and the induction hypothesis.
Hence we conclude (see Corollary 1 of Lemma 8) that Supp 6CA4” where A" is the
set of all nilpotent elements of g. Let w be the Killing form of g. Then 9(w)T=¢T (ceC).
Since T=0+4T,, we get

(8(w)—c)0 =]

where J=-—(0(w)—c)Tp. By making use of [3 (), Theorem 4], one proves that J=o0
and therefore it follows from [g (%), Theorem 5] that 6=o.

In § 8 we study the function F in greater detail. Let a be a Cartan subalgebra
of g and =° the product of all the positive roots of (g, a). Define g,(H)=x=*H)FH)
for Hea’=ang’. Then we show that 9(x%g, can be extended to a continuous
function A, on a and if b is another Cartan subalgebra of g, then k2,=%; on anb
(Theorem 3). These results will be used in subsequent papers for a detailed study
of the irreducible characters of a semisimple Lie group. In § 10 we apply Theorem g
to give a new and simpler proof of the main result of [ (¢)].
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6 HARISH-CHANDRA

The rest of this paper is devoted to the proof of the second result mentioned at
the beginning. It depends, in an essential way, on Theorem 1 and the theory of Fourier
transforms for distributions. However, since the given distribution S is not assumed
to be tempered, one has to construct a method of reducing the problem to the tempered
case. This is done by means of Lemma 29. The last seven sections (§§ 15-21) are
devoted to the proof of this lemma.

This work was partially supported by grants from the Sloan and the National
Science Foundations.

§ 2. BEHAVIOUR OF T ON THE REGULAR SET

We use the terminology of [3 (4)] and [g (¢)]. Let g be a reductive Lie algebra
over R and g’ the set of all regular elements of g. Let I(g,) denote the subalgebra of
all invariants in S(g,) (see [3 (), § 9]). Fix a Euclidean measure dX on g.

Lemma 1. — Let T be a distribution on an open subset Q of g. Assume that:

1) T s locally invariant ;

2) There exists an ideal W in 1(g,) such that dim(I(g,)/U)<co and 0(u)T=o0 jfor ucll.
Then there exists an analytic function F on Q'=Qng’ such that

T(f)=[fFdX
Sor all feCr(Q').

Fix a point HyeQ'. It is obviously enough to show that T coincides with an
analytic function around H,. Fix a connected Lie group G with Lie algebra g and
let h and A be the centralizers of Hy in g and G respectively. Then § is a Cartan
subalgebra of g and A is the corresponding Cartan subgroup of G [3(j), Lemma 8].
Let x—x" denote the natural projection of G on G'=G/A. As usual we define
x"H=4xH (xeG,He}). Thenif n=dimg and h’=hng’, the mapping ¢ : (x", H) >+"H
has rank n everywhere on G x b’ [3(i), Lemma 15]. Therefore we can select open
connected neighborhoods G, and }, of 1 and H, in G and §’ respectively such that
Q,=G,h,CQ and ¢ is univalent on G, xBh,. Then Q, is open in g and ¢ defines an
analytic diffeomorphism ¢, of G, X, onto Q.

Fix a Euclidean measure dH on ) and let oy denote the distribution on §, which
corresponds to T under Lemma 17 of [3({)]. As usual let = denote the product of all
the positive roots of (g, §). Then if c=mno;, we conclude from Theorem 2 of [3(¢)]
that d(up)o=o0 for uell. Let Uy denote the image of U under the homomorphism
p—py of I(g,) into S(h,). Put B=S(h,)U. Since dim(I(g,)/U)<co, it follows from
Lemma 19 of [3(:)] that dim(S(h,)/B)<co. Moreover it is obvious that d(v)c=o0
for ve®B. Therefore from the corollary of [3(4), Lemma 27], we get the following result.

Lemma 2. — We can choose linear functions N; and polynomial functions p, on §, (1<i<r)
such that

o(8) = [BedH (BeC2 (b))
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INVARIANT EIGENDISTRIBUTIONS ON A SEMISIMPLE LIE ALGEBRA 7

where
gH)= Z p;(H)HND (Heb,).
This shows that
T(f,)= [ B, 'gdH (2 C5*(Gy X b))

in the notation of [3(z), Lemma 1%].
Since @, is an analytic diffeomorphism, we can now define an analytic function F
on Q, as follows:
F(x"H) — g(H) e (H)~* (¥'<G;, Heby).
Then if aeC?(Gyx1,), we have
fdeX:fa(x : H)F(H)dxdH = [ 7~ ' gdH="T(£,).

Since the mapping a—f, of C?(Gyxb,) into CP(€,) is surjective [3(%), Theorem 1],
this implies that T=F on Q; and so Lemma 1 is proved.

Lemma 3. — The function ¥ of Lemma 1 is locally summable on Q.

Let /=rank g and ¢t anindeterminate. We denote by 7(X) (Xeg,) the coefficient
of tin det(t—ad X). Then we know (see [3(J), Corollary 2 of Lemma 30]) that ||~*?
is locally summable on g. Since the singular set of g is of measure zero, it would be
enough to show that there exists a neighborhood V (in Q) of any given point X,eQ,
such that |7|"?|F| is bounded on VnQ'.

Fix X, in Q and a positive-definite quadratic form Q on g. For ¢>o0, let Q.

be the set of all Xeg such that Q (X—X,)<e’. Then Q,CQ if ¢ is sufficiently
small. Put

p(X)=(Q(X—Xo)—&)n(X) (Xeg).

Then p is a polynomial function on g. Let g’ be the set of all points Xeg where
p(X)$o0. By a theorem of Whitney [4, Theorem 4, p. 547] ¢’* has only a finite number
of connected components. It is obvious that any connected component of Q. =Q. ng’
is also a connected component of g¢’’. Hence Q_ has only a finite number of connected
components (*). So it would be enough to show that |7|"?|F| remains bounded
on a connected component Q° of Q/.

We now fix an element HyeQ® and use the notation of the proof of Lemma 1.
In particular ¢ is the mapping (x", H)—>x"H of G x} into g’. Let U denote the
connected component of (17, Hy) in ¢~ Q. We claim that ¢(U)=Q" Since ¢ is
everywhere regular, ¢(U) is open in Q°. Therefore since Q° is connected, it would
be enough to show that ¢(U) is closed in Q° So let (x,, H,) (k>1) be a sequence in U
such that X, = x,"H, converges to some point XeQ’. Then n(H,)= (%, H,) = n(X)+o.

(*) This proof was pointed out to me by A. Borel.
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8 HARISH-CHANDRA

Moreover X,eQ°CQ,. Since Q,is a bounded set in g, we can conclude from Lemma 23
of [3(y)] that H, remains bounded. Hence by selecting a subsequence, we can arrange
that H, converges to some H’el. But then »(H')=%(X)+o0 and therefore H'el'.
Hence [3(7), Lemma 8] A is the centralizer of H' in G and therefore [3(j), Lemma 7]
x, remains within a compact subset of G*. So again by selecting a subsequence we can
assume that x, >z  forsome x’€G". Then (%, H,)—(x",H’) in G"x}’. Since X,—X,
it follows that x"H'=XeQ and therefore (", H)ep~1(Q%. But U, being a connected
component of ¢ ~*(Q°), isclosedin ¢ *(Q°). Hence (', H)eU and X=4x"H'eqp (U).
This proves that ¢(U) is closed in Q° and therefore ¢(U)=Q".

Now choose Gy, b as in the proof of Lemma 1. We may assume that G, x §,CU.
Moreover we recall (see Lemma 2) that g is defined and analytic on . Consider the
function v : (x", H) - F(x’H)—=n(H)"'g(H) on U. It is obviously analytic and it
vanishes identically on Gy x bh,. Therefore, since U is connected, =o0. This shows that

|0 H) [ H) | = | g (D) |

for (x, H)eU. However ¢(U)=Q° is contained in the bounded set Q,. Therefore
if V is the projection of U on b, it follows from [3(j), Lemma 23] that V is bounded.
Hence g is bounded on V and therefore |%['?|F| is bounded on ¢(U)=Q° This
proves Lemma 3.

Corollary. — Let. pel(g,). Then 0(p)F is also locally summable on Q.

Since F is analytic and T=F on ', it is clear that 9(p)T =29(p)F on Q.
However the distribution 9(p)T obviously also satisfies all the conditions of Lemma 1.
Therefore our assertion follows by applying Lemma 3 to (9(p) T, 2(p)F) in place of (T, F).

® being a locally summable function on Q, define the distribution Ty, on Q by

To(f)=[f®dX (feC7 ().

We intend to show (under some mild extra conditions) that T =Tj.

Let Q, be the set of all points XeQ such that T coincides around X with an analytic
function. Clearly Q, is open and there exists an analytic function F, on Q, such that
T=F, on Q,. Moreover Q2Q" from Lemma 1 and therefore F,=F on Q’. But
then, since the singular set of g has measure zero, it is obvious that Ty =Tz. Hence
we shall write F instead of F,.

We say that an element Heg is of compact type if 1) ad H is semisimple and 2) the
derived algebra of the centralizer 3 of H in g is compact. (It follows from 1) that 3
is reductive in g and therefore [3, 3] is semisimple.)

Lemma 4. — Every element of Q of compact type lies in Q.

Fix an element H, in Q of compact type and let 3 denote the centralizer of H,
in g. Then it is clear that 3 satisfies the conditions of [3(¢), § 2]. Define { and 3’ as
in [3(i), § 2]. Let E be the analytic subgroup of G corresponding to 3 and x—>x" the
natural mapping of G on G'=G/E. Since 3 is reductive, E is unimodular and therefore
there exists an invariant measure dx on G". Select open neighborhoods G, and 3,

612



INVARIANT EIGENDISTRIBUTIONS ON A SEMISIMPLE LIE ALGEBRA 9

of 1 and H, in G and 3’ respectively such that 33°CQ and G, is connected. Let Gj
denote the image of G, in G". Then if G, and 3, are sufficiently small, the following
conditions hold (see [3(¢), pp. 654-655]).

1) There exists an analytic mapping ¢ of Gginto G such that (¢(x"))"=x"(x"eGy)
and ¢ is regular on Gj.

2) The mapping ¢ : (x', Z) - (x)Z of G;Xx3, into Q is univalent.

Put Qy=¢(GyX3,). Then Qyis open in Q and ¢ is an analytic diffeomorphism of Gjx 3,
onto Q,. Moreover since 3;=[3, 3] is compact, 300:595 36 is open. Hence by
replacing 3, by 3¢9, We can assume that 35 = 3.

Let o be the distribution on 3, which corresponds to T under Lemma 17 of [3(:)].
Since |{|'* is an analytic function on 3,, o=|¢{["?6; is also a distribution on 3,.
Moreover since {*>0 on 3, it follows from Theorem 2 of [3(7)] that d(u,)c =0 for uell.
Let U, denote the image of U in I(3,) under the mapping p—p, of I(g,) into I(3,).
Put 8=1(3,)U,. Then 9(v)o=o0 for veB and it follows from Lemma 19 of [3(7)]
that dim(I(3,)/B)<co.

Let ¢, be the center and 3, the derived algebra of 3. We identify 3; with its dual
under the Killing form o, of 3,. Select a base H,, ..., H, for ¢, over R and put

o=H+...+H?—o,.
Then wel(3,) and since 3, is compact, []=2(w) is an elliptic differential operator

on 3. Let N=dim(I(3,)/8). Then we can choose complex numbers ¢;, ..., ¢y such
that

NN b ogeD.
Hence
(O 46O 4. .. eg)o=0.

This shows that o satisfies an elliptic differential equation with constant coefficients.
Therefore there exists an analytic function g on 3, such that

o(8)= [ pedZ (BeC2(30))-

Since ¢ is invariant under E, it follows from [3(z), Lemma 17] that g is locally invariant
(with respect to 3). Therefore since E is connected and 35=3,, it follows that g
is invariant under E.

Now consider the analytic function F, on Q, defined by

Fo(o(x', 2))=%(Z)|"""¢(2) (x"eGy, Zeg,)
Then if «eCZ?(GyX3,), we have (see [3(2), § 7])
[ FodX =[a(x : Z)Fy(xZ)dxdZ.
However if x€G,, it is clear that x=1{(x')%, where %eE. Therefore
Fo(xZ)=Fy(o(x, £2))=[L(Z)|"g(Z) (Ze3o)

613
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10 HARISH-CHANDRA

since { and g are invariant under E. This shows that
J£:FodX = [alx : 2)|0(2)|g(2)dsaZ
= [Ba|CI 72 edZ = o (8,) = T(f)

from Lemma 17 of [3({)]. Hence T=F, on Q; and this proves that H,eQ,.

§ 3. SOME PROPERTIES OF COMPLETELY INVARIANT SETS

We keep to the above notation. An element Heg is called semisimple if ad H
is semisimple. Moreover Xeg is called nilpotent if Xeg, =[g, g] and ad X isnilpotent.
It is obvious that if X is both semisimple and nilpotent then X =o.

Lemma 6. — Any element Yeg can be written uniquely in the form Y =H 4+ X where H
is a semisimple and X a nilpotent element of g and [H, X]=o.

Let ¢ be the center of g. Since g=c¢-+g,, the lemma follows from well-known
facts about semisimple Lie algebras (see Bourbaki [2, p. 79]). H and X respectively
are called the semisimple and the nilpotent components of Y.

Lemma 6. — Let 3 be a subalgebra of g which is reductwe in gq. An element Z of 3 is
semisimple (or milpotent) in 3, if and only if the same holds in g.

Let ¢, be the center of 3. Since 3 is reductive in g, every element of ¢, is semisimple
in g. The lemma follows easily from this (see [2, p. 79]).

Corollary. — Let Ze€3. Then the semisimple component of Z in 3 is the same as in g.
Similarly for the nilpotent component.

This is obvious from Lemma 5.

Lemma 7. — Let U, be a neighborhood of zero in g; and X a nmilpotent element of g. Then
we can choose x€G  such that xXeUj.

We may assume that X+o0. Then by the Jacobson-Morosow theorem [3(%),
Lemma 24], we can choose Heg, suchthat [H, X]=2X. Put g, =exp(—iH)eG (teR).
Then X =¢"%X and therefore ¢XeU, if ¢t is positive and sufficiently large.

Corollary. — Let H denote the semisimple component of an element Zeg. Then (1)
HeCl(Z"%).

Let X be the nilpotent component of Z so that Z=H+4X. Consider the
centralizer 3 of H in g. Then 3 is reductive in g and Xe3. Hence X is nilpotent
in 3 (Lemma 6). Let E be the analytic subgroup of G corresponding to 3. Then by
Lemma 7, applied to 3, we have

HeH + CI(XE) = CI(ZE) cCI(Z%).

Let Q be a subset of . We say that Q is completely invariant if it has the following
property: C being any compact subset of Q, ClI(C%)CQ.

(*) CIS denotes the closure of S.

614



INVARIANT EIGENDISTRIBUTIONS ON A SEMISIMPLE LIE ALGEBRA I

Lemma 8. — Let Q be a completely invariant subset of g and Z an element in Q. Then
if H is the semisimple component of Z, He(.

This is obvious from the corollary of Lemma 7.

Let A~ be the set of all nilpotent elements of g.

Corollary 1. — Let S be the set of all semisimple elements of Q and @ an invariant subset
of Q which is closed in Q. Then ®nS=o0 implies that ®=o0. Similarly ®nSc{o}
implies that ®CQn AN,

For suppose Ze®. Then if H is the semisimple component of Z, HeCl(Z%)cQ.
Since @ is invariant and closed in Q, it follows that He®nS. The two statements
of the corollary are now obvious.

Corollary 2. — Let Q, be an open and invariant subset of Q. Assume that SCQ,.
Then Qa=Q.

This follows from Corollary 1 by taking @ to be the complement of Q, in Q.

Let ¢ be the center of g. Fix an open and completely invariant subset Q of g
and a point X,=GCy+Z, (Cyec, Zyeg,) in Q. Select a relatively compact and open
neighborhood ¢, of G, in ¢ such that Cl(¢,)+ Z,CQ.

Lemma 9. — Let Q, be the set of all Zeg, such that Z 4 ClcyCQ. Then Q, is an open
and completely invariant neighborhood of Z in g,.

It is obvious that Q, is an open neighborhood of Z, in g,. Fix a compact set Q
in Q;. Then Cl¢,+ Q is a compact subset of Q and therefore

Cl(Clcy + Q)¢ = Cle, + C1(Q%) cQ,

since Q is completely invariant. This shows that Cl(Q%) CQ, and therefore Q, is also
completely invariant.

Lemma 10. — The following three conditions on € are equivalent :

1) QnA £ 0;

2) 0€Q;

3) A CQ.

Let XeQnA". By Lemma 8, 0€Q. Hence 1) implies 2). Now assume o0e(Q.
Then if Xe ", it follows from Lemma 7 that X®eQ for some xeG. Since Qisinvariant,
this means that XeQ. Therefore 2) implies 3). It is obvious that g) implies 1).

§ 4. THE MAIN PART OF THE PROOF OF THEOREM 1

We shall now begin the proof of the following theorem (cf. [3(g), Lemma 1]).

Theorem 1. — Let g be a reductive Lie algebra over R, Q an open and completely invariant
subset of g and T a distribution on Q. Assume that:

1) T s invariant ;

2) There exists an ideal Win 1(g,) such that dim(I(g,)/N)<co and o(u)T =o for uell.
Then 'T is a locally summable function on Q which is analytic on Q'=Qnyg’.

615



12 HARISH-CHANDRA

We use induction on dim g. Let F be the analytic function on Q' corresponding
to Lemma 1. Then by Lemma 3, F is locally summable on Q and we have to show
that T=T;.

Let ¢ be the center and g; the derived algebra of g. First assume that ¢+ {o}.
Fix a point X, =Cy+Z, (Cyec, Zyeg,) inQ. Wehave to prove that T =Ty around X,.
Select an open and relatively compact neighborhood ¢, of C,in ¢ such that (Cle,) 4 Z,CQ.
Let Q, be the set of all elements Zeg; such that Clc,+ZCQ. Then by Lemma o,
Q, is also completely invariant.

Fix Euclidean measures dC and dZ on ¢ and g, respectively such that dX =dCdZ
for X=C-+Z (Ce¢, Zeg,) and, for any acC?(c,), consider the distribution 6, on Q,
given by

0.(B)="T(axxB) (PeC ().

Then if G, is the analytic subgroup of G corresponding to g, it is clear that 0, is invariant
under G,. Moreover I(g,)=S(c,)I(g,,) since g=c¢+g;. Put U;=UnI(g,,). Then
it is obvious that

dim(I(g,,) /Uy) < dim(I(g,) /U)<c0

and 9(u)0,=o0 for uell;. Therefore, since dim g,<dim g, it follows by the induction
hypothesis that 0, coincides on Q, with a locally summable function g,. Put Q{=Q,ng,
where g, is the set of those elements of g, which are regular in g,. Since g'=c+g,
it is clear that ¢,+Q;CQ’. Moreover since T=Ty on ', it follows that

0,(8)=T(ax B)=Ty(ax B) = [2(C)B(Z)F(C + Z)dCdZ

for BeCP(Q;). Since g, is analytic on € (by the induction hypothesis), it is clear from
the above relation that

2.(2)=[a(C)F(C+Z)dC (ZeQy).

But since g, and F are locally summable on Q; and Q respectively, we can now conclude
that

T (o> B)=0,4(P) =fB(Z)a(C)F(C +2)dCdZ = Ty(xx B)

for BeCP(Q,). This proves (see [3(k), Lemma g]) that T=Ty on ¢4+ Q.

So now we can assume that ¢={o} and therefore g is semisimple. Fix a
semisimple element Hy#0 in Q. We shall first prove that T =T, around H,. Let 3
be the centralizer of Hy in g and E the analytic subgroup of G corresponding to 3.
Define € and 3’ asin [3(¢), § 2]. Then {(Hy)+o0. Let Q, be the setofall Ze3znQ such
that |Z(Z)|>|¢(Hy)|/2. Then Q, is an open neighborhood of H, in 3’. Moreover
since ¢ is invariant under &, it follows easily that Q, is completely invariant in 3. Let oy
be the distribution on Q, corresponding to T under [3(i), Lemma 17] with G,=G
and 3,=0Q,. Then by Corollary 1 of [3(¢), Lemma 17], oy is invariant under E.
Now *>o0 on Q,. Hence o¢=|{|"®c; is also an invariant distribution on Q; and
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INVARIANT EIGENDISTRIBUTIONS ON A SEMISIMPLE LIE ALGEBRA 13

it follows from Theorem 2 of [3(:)] that d(x;)c =0 for uell. Let U, denote the image
of U under the homomorphism p—p, of I(g,) into I(3,). Then if B=1I(3,)U,, it is
clear from Lemma 19 of [3(¢)] that dim(I(3,)/B)<co. On the other hand dim 3<dim g
since g is semisimple and Hg=#o0. Therefore the induction hypothesis is applicable
to (o, Qy, B) in place of (T, Q, U). Let Q; be the set of all points in Q, which are
regular in 3. Then o coincides with a locally summable function g on Q, which
is analytic on Q). This shows that

T(f,) = on(Ba) = [ B ¢ | 722dZ (2eC2(GX Q)

in the notation of [3(z), Lemma 17]. On the other hand since ,C3’, it is clear that
Q:cQ’. Moreover T=T; on Q'. Therefore

T(f)=Te(fo) =[a(x : Z)F(xZ)dxdZ
for aeC?(GxQ)). However T is invariant and therefore the same holds for F. Hence
T(f,)=[B.(2)F(Z)dZ.
This proves that g(Z)=|{(Z)["*F(Z) for ZeQ;. Now fix acC?(GxQ,). Then

()= [ BelCI 7 edZ = [ o Bl L™ "edZ
= [ony#(x : DFGZ)ddZ = Ty(f)

from Corollary 2 of [3(h), Theorem 1]. This proves that T =T} around H,.
Put 6=T—T;. Then 0 is an invariant distribution on Q.
Lemma 11. — Let A be the set of all nilpotent elements of g. Then

Supp 6CA Q.

It follows from the above proof that no semisimple element of Q, other than zero,
can lie in Supp 0. Therefore our assertion follows immediately by taking ® = Supp 6
in Corollary 1 of Lemma 8.

As usual we identify g, with its dual under the Killing form o of g.

Lemma 12. — Assume that there exists a complex number ¢ and an integer r>0 such
that (9(w)—¢)"T=o0. Then T=T,.

We shall prove this by induction on 7. If r=o0 then T=o0 and our statement
is true. So assume that 7> 1. Put Ty=(8(w)—¢)T. Then T satisfies all the conditions
of Theorem 1 and (9(w)—c¢)" " 'Ty=0. Moreover since T=F on Q' and F is analytic
on ', it is obvious that Ty=(d(w)—c¢)F on Q'. Therefore it follows by the induction
hypothesis that T,=Ty, where F,=(d(w)—c)F (see also the corollary of Lemma 3).
Hence

(0(@)—¢)(0 4 Tp) = T,
and therefore ‘
(0(w)—1¢)8 = Tyyp — () Tg.
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14 HARISH-CHANDRA

Lemma 13. — T, p0—(0)Ty=o0.

Assuming this for a moment, we shall complete the proof of Lemma 12. For
then we have (d(w)—¢)0=o0 and therefore we conclude from [3(%), Theorem 5]
that 6=o0. Hence T=Tj.

The proof of Lemma 13 is based on Theorem 4 of [3(s)] and requires some prepa-
ration. Select a system of generators () (pq, ...,p,) for the algebra I(g,) over C.

Lemma 14. — Fix X,eq and for any €>o, let Uy, () denote the set of all Xeg such
that | p;(X)—pi(Xo)|<e (1<i<m). Then U (c) is open and completely invariant.

Uy, (¢) is obviously open. Let C be a compact subset of Uy (¢). Then it is clear
that we can choose a (0<a<¢) such that

sup [pi(X)—pi(Xo)| <a (1<i<m).
Xec
Since p; is invariant, it is obvious that |[p,(Y)—p(Xo)|<a for any YeCl(C®) and
therefore Uy () is completely invariant.

Now put Jo=Ty,r—d(w)Tp and fix X,eQ. We have to prove that J,=o0
around X,. Define Q(c)=QnUyg (¢) for €e>0. Then Q(¢) is an open and completely
invariant neighborhood of X,. We shall now use the notation of [3(j), Theorem 4].
Put @,;(c)=h,nQ(c) and d),-=sr>]0(Di(s) (1<:<r). If He®,, itisclear that p(H)=p(X,)
for pel(g,). Hence it follows from Chevalley’s theorem [3(c), Lemma g] that @, is
a finite set. For each He®;, choose two open convex neighborhoods Uy, Vi of H
in h; such that ClU;CV,C®,(1) and VynVy =e for H+H' (H, H'€®;). Then ClVy
is compact (see the proof of Lemma 23 of [3(s)]). Put

U=Uu, Vv,=Uyvwv,
HE O, HEO,

and select azeC?®(Vy) such that ay=1 on Uy (He®,). Define

= 3 .

Let F, denote the restriction of F on Q'nh,=Qnb,. Fix 7 and let P, be the set
of all complex positive roots of ;. Let Q be a connected component of b;(S) and Q ,
the set consisting of all regular and semiregular points of Q. If B is a root of (g, b;)
which vanishes at some point Hy in Q ,, then it is clear that B is compact and therefore H,
is of compact type in g. Obviously Q , is open in f,. Therefore by Lemma 4, F; can
be extended to an analytic function on Q,nQ which we again denote by F,.

Now fix He®, and consider Q,nVy. Then Q,;nVy is connected (see the
corollary of [3(j), Lemma 19]). Also VzCQ and therefore F; is analytic on the
connected set Q,nVy. Hence by Lemma 2, there exists an analytic function /g on ¥,
such that mF,=#hy; on Q,nVy. Then oymF,=ayhy on Q,nQ and therefore

airciFi=H§ oy
i

(1) Since g is semisimple, it follows from the theory of invariants that I(g,) is finitely generated.
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on Q;nQ. Put g'=omF,. Then the above result shows that g/ is of class C®
on ClQ,)=CL(Q).

Choose £>o0 so small that @;(¢)CU,; (1<i<r). Then from Corollary 1 of [3(}),
Lemma 30] we can choose numbers ¢; (1 <:<r) such that

[fudX=_ 2 [, byienimmdH (feC2(Q)

1<i<r

for any invariant and locally summable function # on Q. (Here u; is the restriction
of u on QnY,.) Now suppose feCr?(Q(c)). Since Q(e) is completely invariant, it
follows from [3(j), Lemma 22] that

Supp ¢;,;€Q(e) nh; = 0i(¢) U,

Hence

dX = 2 ¢ |, ;eq omudH.
ffu lsiircszI‘)f,mER,zazTczu@ )

Now take u=F. Then ¢eg ;mu;=c;ep ;8 =g; (say). On the other hand, by

the corollary of Lemma g, we can also take = 9(w)F. Then it follows from [3(c),
Lemma 3] that u=m;'0(e;)(m;F;) on BH.Q and therefore

CiER, i % T Uy = ()&
on U;nb;. Therefore
Jolf)=[ (Fé(w)f—o(w)F . f)dX

= 2 [ (00—t A(0)g)dH
from [3(d), Theorem 3]. Now define J as in [3(j), Theorem 4], corresponding to the
above functions g; (1 <i<r). Then the above result shows that J =], on Q(¢). Sinceg;
is obviously of class C® on the closure of each connected component of §;(S), Theorem 4
of [3(j)] is applicable. Fix an open and relatively compact neighborhood V of X,
in Q(¢). Then since Q(e) is completely invariant, CI(V%) CQ(e). Let & denote the
set of all semiregular elements of (c) of noncompact type. Then in order to prove
that Jo=o0 on V, it is enough, from [3(;j), Theorem 4], to verify that Supp Jon L =2.
However J,=(9(w)—c¢)0 and so it follows from Lemma 11 that

Supp JoCSupp 6CA " NQ.

Since zero is the only semisimple element in .47, it is clear that #"'n ¥ C{o}. Therefore
we may assume that & contains zero. But then it follows from [3(j), § 4] that g is
isomorphic to the three dimensional noncompact semisimple algebra [ of [3(j), § 2].
We shall consider this case in detail in the next section.

619



16 HARISH-CHANDRA

§ 5. SOME COMPUTATIONS ON |

So we now assume that g=I and 0eQ. Then we have to show that J,=o0
around zero. Hence we take Xy=o0 (see § 4). Then it follows from Lemma 10
that A'CQ(e). Now A is also the singular set of g in the present case. Therefore
Supp J€A". However J=], on Q(c) and so it is obvious that J=], on Q.

Lemma 15. — We can choose complex numbers a, a* and a~ such that

JUf)=d(0)+a" e (f)+a ¢ (f) (feC2(a))

in the notation of [3(j), Lemma 34].

This is obvious from [3(j), Lemmas 2, 3 and 26].

Corollary. — w]=o.

Since w=o0 on /4, this is an immediate consequence of Lemma 15.

We have seen in § 4 that Supp J,CA". Fix an element X0 in 4. We shall
first prove that J,=o0 around X. By the Jacobson-Morosow theorem [3(%), Lemma 24],
we can select H, Y in g such that

[H, X]=2X, [H,Y]=—2Y, [X, Y]=H.
Then 3x=RX isthecentralizer of Xingand gx=[X, g]=RH+4 RX. Take U=RY

and V=RH+ RY sothat g=U+gx=3x+V. We now use the notation of [3(%), § 7].
Then 40 =2"'H?*4 2XY, o(X+tY)=8¢ and

o (YO1) =H—2Y, Ty, y(HOY)=2(XY—Y—1Y?)
for teR. Hence
PX+tY(éY2®I +H®Y + 1®(3Y_|_ 2tY2)) =40.

This means that
4A(9(w))=3D + 2tD?

on U’ in the notation of [3(%),§8]. (Here D=d/dt.) Ontheotherhand (9(w)—c)0=],
and 0 and J, are both invariant distributions. Hence

(A—C)O'e=°'J.,

in the notation of [3(4), Theorem 3] where A=A(d(w)).

Since Supp 0C.A4", we can regard o, as a distribution on an open neighborhood U,
of the origin in R and assume that Supp 6,C{o} (see [3(k), Lemma 23]). If 64=0,
it follows from [3(%), Theorem 2] that 6=o0 around X and therefore the same holds
for J,. Hence we may assume that oeSupp o,. Then (see [g(%), Lemma 20])

6p= = aD"3

0<k<m
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where & denotes the Dirac distribution g—B(0) (BeC?(U,)) and g, are complex numbers
(a,#0). Now wJ=w]Jy=00nQ. Since w(X+Y)=38t, itfollows that ts;, =0 onU,.
Hence

2 ks
05§5makt(3D—l—2tD 4¢)D¥3 =o.
But it is easy to verify that
tDF§ = —kD* 13,

2 D*§ =k(k—1)DF %3 (k>0)
where D"3 should be interpreted to mean zero if v<<o. Therefore

0<:Z«<mak{(k—|— 1)(2k + 1)D*§ 4 4ckD* =3} =o.
But since the distributions D*3 (k>0) on U, are linearly independent, we conclude
that (m+1)(2m+1)a,=0. However this is impossible since m>o0 and g,=+o0. This
contradiction shows that cg=o0 and therefore 6= J,=o0 around X. This proves that
Supp 6c{o} and Supp J,C{o0}.

Now J=]J, on Q. Hence it follows (see [3(e), p. 685]) that a* =4~ =0 in
Lemma 15 and therefore J,=J=4ad, on Q. Here §, is the Dirac distribution
S—f(0) (feC2(g)) on g. But since Supp 6C{o}, we conclude from [3(%), Lemma 20]
that 6=0(p)5, where peS(g,). On the other hand (9(w)—c)0=]J,=ad, on Q.
Therefore (w—c¢)p=a again from [g(h), Lemma 20]. Since o is homogeneous of
degree 2, this is possible only if p=a=o0. Therefore 06 =],=0 and so Lemma 13 is
now proved.

§ 6. COMPLETION OF THE PROOF OF THEOREM 1

It remains to complete the proof of Theorem 1 in case g is semisimple. Let T
be the vector space of all distributions on Q of the form a(p)T (pel(g,)). Then it is
clear that

dim T <dim(I(g,)/U)<co

and every element of T satisfies all the conditions of Theorem 1. The mapping
S—9(w)S (SeX) is obviously an endomorphism of T. Hence we can choose a base
T; (1<j<N) for T over C with the following property. There exist complex numbers ¢
and integers 7;,>0 such that

(0(w)—¢)"iTj=0 (1<j<N).

Then Lemma 12 is applicable to T;. Let F; be the analytic function on Q' such
that T;=F; on Q' (Lemma 1). Then F; is locally summable on Q (Lemma 3) and

T/=TF,- (Lemma 12). Since (T;) (1<j<N) isabasefor T, T:%ajTi for some 4;eC.

Then if F:Z_aiFj, it is obvious that T=Ty. This proves Theorem 1.
]
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§ 7. SOME CONSEQUENCES OF THEOREM 1

We shall now derive some consequences of Theorem 1. Define J(g,) as in [3(¢),
§ 4]. We keep to the notation of Theorem 1.

Lemma 16. — Fix De3(g,). Then the distribution DT also satisfies the conditions of
Theorem 1. Hence DY is locally summable on Q and DT = Tyg.

Corollary. — Let D" denote, as usual, the adjoint of D. Then

[fDFaX = [D'f. Fax (feC2 ().

This is merely a restatement of the relation DT = Ty.

Since the distribution DT is obviously invariant, it is enough to verify that the
dimension of the space of all distributions of the form o(p)(DT) (peI(g,)) is finite. This
requires some preparation.

Let us now use the notation of [3(z), § 3]. For any peS(E), let 7, and 4, denote
the endomorphisms D—Dod(p) and (') D—>{2(p), D} (DeD(E)) respectively of D(E).

Lemma 17. — Fix peS(E). Then for every DeD(E) we can choose an integer N>o0
such that dyD=o.

Let A be the set of all peS(E) for which the lemma holds. We claim that A is

a subalgebra of S(E). Observe that 4, r,, d,, 7, (p, g¢S(E)) all commute with each other
and

dpy=d,d, +1,d,+d,r,.
Now fix p, ¢in A and DeD(E) and choose an integer N>o such that dyD=d;D=o.
Then it is obvious that (d,44)* D=0 and
d5¥D =(d,d,+r,d,+ d,r)>"D =o.
This shows that p-¢ and pg are both in A and therefore A is a subalgebra. On the
other hand if peP(E), ¢eS(E) and XeE, it is obvious that

d3(p3(g))=(dxp)9(q) =0
if N>d%. This shows that ECA and therefore A =S(E).
We now return to the proof of Lemma 16. Let T denote the space of all
distributions of the form 9(p)T (pel(g,)). Then dim T<oco. Since the algebra I(g,)

is abelian, we can choose a base T,, ..., T,, for T over Cand homomorphisms y,, ..., ¥,
of I(g,) into G such that

(8(p)—x(p))"Ti=o0 (1<i<m).

Since T is a linear combination of T;, it would be enough to prove Lemma 16 under
the additional assumption that

(0(p)—x(p))"T=o0 (pel(s.)

(1) As usual {D;, D,}=D;0D,—D,0D, for two differential operators D,, D,.

622
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for some integer m>o0 and some homomorphism y of I(g,) into G. Now fix pel(g,) and
choose N>o0 so large that d)D=o0 (in the notation of Lemma 17 with E=g,). Then

((p)—x(p))"*"oD =(d, +1,—x(p))" "D
= _ X GIt(r,—y(p)N "D,

" 0<k<N4m
where CY¥*™ stands for the usual binomial coefficient. Now consider
((r,—x(p))" "4, D)T = (4, D) ((3(p)—x(p))" +"~*T).
If k>N, dfD=o0 and if k<N, (8(p)—x())" "™ *T=0. Hence
(8(p)—x(p)" *"(DT)=o.

Choose py, ..., p, in I(g,) such that I(g,)=OC[p;, ..., ). Then we can choose an
integer M >o0 such that

(2(p)—x(p))"DT=0 (1<),

But this implies that the space of all distributions of the form o(p)DT (pel(g,)) has
dimension at most M'. This proves that Theorem 1 is applicable to DT.

It is obvious that DT =DF on Q'’. Hence by applying Theorem 1 to DT we
conclude that DF is locally summable on Q and DT =T;.

§ 8. FURTHER PROPERTIES OF F

Fix a Cartan subalgebra f) of g and let us use the notation of [3(J), § 4]. Define
the analytic function g on §H’'nQ by

g(H)==(H)F(H) (Heh'nQ).

Theorem 2. — g can be extended to an analytic function on B’ (R)nQ.

Fix an element Hyelh'(R)nQ. It is enough to show that there exists an analytic
function g; on an open neighborhood U of Hjin §'(R)nQ such that g;,=¢ on Un}'.
First assume that H, is semiregular. Let  be the unique positive root of ) which vanishes
at Hy,. Then clearly B is imaginary. If B is compact, the required result follows
immediately from Lemma 4. Hence we may assume that § is singular. Define a and b
as in [3(J), § 7] corresponding to Hy. Then it follows from [3(j), Lemmas 12 and 13]
that we may assume that h=>b.

Let 3 be the centralizer of Hy in g. Define { and 3 as usual [3(z), §§ 2, 7].
We now use the notation of [3(j), § 7]. Let 3, be the set of all Ze3nQ such that
|Z(Z)|>|¢(Hy)|/2. Then 3, is an open neighborhood of H, in 3’ which is completely
invariant (with respect to 3). Now o is the center of 3. Fix an open and convex
neighborhood 6, of H, in ¢ such that Cls, is compact and contained in 3,. Let &
denote the set of all Zel such that Cls,+ZC3,. Then by Lemma g, Qis a completely
invariant and open neighborhood of zero in 1.
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Now apply Lemma 17 of [3(:)] with G,=G and put T,=|{|"?6;. Then it
follows from Theorem 2 of [3(i)] that 9(u,)T;=o0 (uel). Put B=I(3,)U, where U, is
the image of U in I(3,) under the mapping p—p, (pel(g,)). Then by [3(7), Lemma 19],
dim (I(3,)/8B)<co. Let w; denote the Killing form of I.  Then, if we identify [ with its
dual under w;, we have wI(I,)CI(3,). Hence we can choose complex numbers ¢y, .. ., ¢,
such that

where ¢,=1. This proves that

2 qo(e) ', =o.

0<k<

Now fix yeCZ(s,) and let 7, denote the distribution
w1 f = Ty X f) (feC2 (%))
on Q. Obviously t, is invariant under L and it is clear from the above relation that

Osgsrcka((ol)r_k’r.f =0.
Since I(I,)=C[w], Theorem 1 and Lemma 16 are both applicable to (I, &, 7,) in
place of (g, Q, T). Let Q be the set of those points of ; which are regular in [. Fix
a Euclidean measure dl on [. Then we can choose an analytic function ¢, on € which
is locally summable on ; and such that

©(f)=[fo,dl (feCr ().
Hence it follows from Lemma 16 that
[{e(@)"f.0y—f. 8() o }dI=0

for £>0 and feC?(Q). For any e>o, let (c) denote the set of all Zel with
| (Z)|<8e%. 1If e is sufficiently small, it is obvious that tH' and #(X'—Y’) both lie
in Q; whenever |¢|<e (teR). Since ; is completely invariant under L, we can
conclude (see [3(e), p. 681]) that ClQ(e)CQ. It follows from Lemma 2 that there
exist three analytic functions g, gf, g7 on R such that

2,(t) = to (1H) (0<t<e)
g5 (6)=09,(6(X'—Y")) (0<0<e)
g7 (6)=09,(6(X'—Y")) (—e<0<o).

Now define the distributions T, (k>0) on [ as in Corollary 1 of [3(), Lemma 35]
with (g, g, g7) replaced by (g,, gf, g;). Then it follows from [3(¢), Lemma 16]
and [3(¢), Theorem 1] that

To(f) =¢ [{o(e)f. oy —fo(e) o, }dl=0
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for feC?(Q(e/2)). (Here ¢ is a positive constant.) Therefore we conclude from the
corollaries of [3(j), Lemma 35] that g} =g, and

(— 1) (@™ g [dt™ 1)y = (" g [dO* ), (k=o0)

where the subscript o denotes the value at zero.
On the other hand let F, denote the restriction of F to 3,. Then by Corollary 2

of [g(k), Theorem 1], F, is locally summable on 3, and since F is obviously invariant
under G, we have

T(f)=[f.FdX = [8,F,dZ (26 C2(30))

in the notation of [3(), Lemma 17]. This proves that oy=F, and therefore
T,=|{["®F,. Now a=c¢+RH and b=bh=c+R(X'—Y’'). Let v and A be the
unique positive roots of a and b respectively which vanish at Hy. We may assume that
t(H)=2, A(X'—Y')=—2(—1)"* and the positive roots of a go into positive roots
of b under the automorphism v of [3(j), § 7]. Put =®=r1"'n% =2 =2a""'x" Then it
is clear that

|C(H) [V2 = |=g(H) | (Hea),
[C(H) ['*=|=3(H) | (Heb).

Let I denote the open interval (—e, ¢) in R. Put a(e)=0c,+IH and
b(e)=0,+I(X'—Y’). Then a(c) and b(e) are both connected sets. Since a(e)C3,,
it is obvious that no positive root of (g, a) other than v can vanish anywhere on a(e).
Hence |={(H)|/xl(H) is a continuous function on a(e). But since its fourth power
is 1 (see [3(j), Lemma g]), it must be a constant. Put c¢=|=](H,)|/xi(H). Since

7t =(n%)" and H, remains fixed under v, it is clear that

o= m(Hy) | /m3(H,).

Hence we conclude by a similar argument that

| 7R (H) | = em (H) (Heb(e)).
This shows that
t{LH+tH) [P =2 en®(H+tH’) (|t|<e)
OZ(H +0(X —Y") |2 =27 (—1)""ex"(H+6(X'—Y")) (18]<e)
for Hes,. Now put
¢'(H)=="(H)F(H) (Hea'nQ),
&' (H)=="(H)F(H) (Heb'nQ).

and fix a Euclidean measure do on ¢ such that dodl is equal to the Euclidean measure dZ
on 3 used above. Since T,=|{|'”F,, it is obvious that

o,(Y)=[v(H) [{(H+Y)["*F(H+Y)do (Ye).
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Hence
&,(t) =27"¢[¢"(H +1H')y(H)do (0<t<e),
g5 (6) =27 (— 1) [ (H+0(X'—Y"))y(H) do (0<6<2),
g7 (0) =274 (—1)"%[¢"(H+ (X' —Y"))y(H)do (—e<6<0).

On the other hand if J is the open interval (o, ) in R, it is clear that o, ]JH’ are
connected sets contained in a’'nQ. Let a* denote the connected component of a’'nQ
containing c,+JH’. Similarly let b* be the connected component of b'nQ containing
6o+ J(X'—Y’). Then by Lemmas 1 and 2, there exist analytic functions g5 and g
on a and b respectively such that g%=g% on a%,g"=g® on a7, g’=g% on b+
and g°=g® on b~. It is then obvious that

g,(t)=27"c[ g2 (H + tH')y(H)do (teR),
g (0) =27 (— 1) [ g (H+6(X'—Y"))y(H)do (0<R).

On the other hand we have seen above that g =g, for every yeC?(s,). Therefore
it is clear that g% =g®. This shows that g=g"=g% on b(e)nb’. Since b(e) is a
neighborhood of H, in b, our assertion is proved in this case.

Moreover since

(a1 g ) g = (—1)"(d** gy [d6**T), (k=>o0)
and v(H)=(—1)"*(X'—Y’), we find in the same way that

% (H; 9(H)™ 1) =g} (H; o(v(H'))**7)
for Hes.

We now use the notation of [3(j), § 8].

Lemma 18. — Let s_ be the Weyl reflexion in a corresponding to . Then (g% =—g".
If D 1s an element in D(a,) such that D**=—D, then Dg® can be extended to a continuous function
on a(e) and (*)

£'(H; D)=¢"(H; D")
Jor Heao,.

Since v is real we know from [3(j), Lemma 6] that s5.eWg. Therefore since F
is invariant under G, it is obvious that (g%)%=—g% and hence (Dg®%*=Dg® This
implies that (Dgf)**=Dg? and therefore Dg} =Dg? on 6. It is now clear that Dg°
can be extended to a continuous function on a(e). So it remains to show that

g% (H; D)=¢"(H; D)

for Heos,. Since D(a,)=D(c,)D(CH’) and since s, leaves ¢ pointwise fixed, it is
sufficient to consider the case when D =Aot'9(H’). Here AeD(s,) and i4-j is odd.

(1) g%H; D) denotes, as usual, the value of the continuous function Dg® at H. Similarly in other cases.
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Now A and 7 commute. Therefore, if i>>1, our assertion is obvious from the fact that =
and A are both zero on 6. So we may assume that ¢=o0 so thatjis odd. It is enough
to verify that

&4 (H; o(H')) =g (H; o(v(H))') (Heoy)
since the required relation would then follow by applying the differential operator A
to this equation. However g°=g% on b(c) and so this follows from the result proved
above.

Now we return to the proof of Theorem 2. Fix a point Hye)'(R)nQ and an
open convex neighborhood U of Hy in §'(R)nQ. Let U, be the set consisting of all
regular and semiregular elements of U. Then U, is open, and if B is a root of (g, b)
which vanishes at some point of U,, it is clear that B is imaginary. Hence it follows
from the above proof that there exists an analytic function g, on U, such that g;=¢
on U;n}’. Now fix a connected component U, of U;n)'=Un}’. ThenbyLemma 2
there exists an analytic function g, on } such that g=g, on U,. Since U, is connected
(see the corollary of [3(j), Lemma 19]), we conclude that g, =g, and therefore g=g,
on Un}'. Since g,is analytic on l, we have shown that g can be extended to an analytic
function on U. Thus Theorem 2 is proved.

We denote the extended analytic function on §'(R)nQ again by g.

Lemma 19 (*). — Let H be a pointin HnQ and D an element in D (V,) such that D’*=—D
Sor every real root o of (g, b)) which vanishes at Hy. Then Dg can be extended to a continuous
Sunction around H,.

Fix an open, convex and relatively compact neighborhood U of H, in Qnb.
By taking it sufficiently small we can arrange that no real root « of (g, h) vanishes
anywhere on U unless «(Hy)=o0. LetU,be theset consisting of all regular and semiregular
elements of U. Then, as before, U is open and connected and it follows from Theorem 2
and Lemma 18 that there exists a continuous function g, on U, such that Dg=g,
on Uynh’ (R). The set Unlh’ has only a finite number of connected components,
say Uy, ..., U,. By Lemma 2 we can choose an analytic function g; on b such
that g=g; on U, (1<i<r). Thisshows thatDg is of class C* on ClU; (see [3(]), § 14]).
But ClU,=Cl(U,nU,;) and Dg=g, on U,nU,. Therefore g, is also of class C*
on CIU; (1<:<r). Fix a Euclidean norm on § and put

v(go) =sup | go(H, ; 8(Hy,))|

where H;, H, varyin Un}’ and § respectively under the sole restriction that ||H,||<1.
Then it is obvious from what we have said above that v(g))<co. Moreover (see

[3(4), § 10])
| go(Hy) —go(Hp) | <v(go) || H,—Ha ||

for any two points H;, H, in Un}’. Obviously this means that Dg can be extended
to a continuous function on U.

(*) Cf. [3(j), Theorem 1].
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Corollary. — Let D be an element of D(b,) such that D** = —D for every real root « of §.
Then Dg can be extended to a continuous function on Hn Q.

This is obvious from the above lemma. We denote the extended function again
by Dg. Moreover g(H; D) (HehnQ) will stand for the value of Dg at H.

Put cs=;l;l(;Ha where a runs over all positive roots of (g, h). Then w=eS(},)

and w'*=-—w for every root «. Hence 9(w)g is a continuous function on hnQ.
Since the differential operator o(w)ow is obviously independent of the choice of positive
roots of B, it is clear that the function d(w)g also does not depend on this choice.
Corresponding to any Cartan subalgebra a of g, we define &% g% and 9(v")g® in an
analogous way.

Theorem 3. — Let a and b be two Cartan subalgebras of g. Then

o(=")g"=0(v")g"
om anbnQ.

Before giving the proof we derive a consequence of this theorem. Let g, denote
the function g of Theorem 2 corresponding to the distribution T. For any DeJ(g,),
DT also fulfills the conditions of Theorem 1 (Lemma 16). Hence we can consider
the corresponding function gpy. It follows from [3(¢), Theorem 1] that gpp=35,,(D)gy.
Therefore

0(w)gpr =(0(w)o g/f)(D)>g

can also be extended to a continuous function on HhnQ.

Corollary. — (9(5%)08,,(D))g" = (8(5")08,5(D))g® on anbnQ for any DeJ(g,).

This follows by applying Theorem g to DT instead of T.

We shall prove Theorem g by induction on dim g. Fix a point HyeanbnQ.
We have to show that g%(H,; d(=%))=g"(H,; 8(s°)). Let ¢ be the center and g, the
derived algebra of g and first suppose that c+{o}. Let Hy,=Cy,+H,; where C,ec
and H;egq,. Then itis clear that H,ea,nb; where h;=hng, (h=a or b). Choose
an open and relatively compact neighborhood ¢, of Gy in ¢ and let Q; be the set of all
Zeg, such that Cl¢y+27ZCQ. Then (Lemma g) Q, is an open and completely invariant
neighborhood of H; in g, if ¢, is sufficiently small. Fix «€CZ(¢,) and consider the
distribution

Ty 1 = T(aXf) (feCF (L))
on Q,. Put U;=UnI(g,,). Then it is clear that
dim (I(g,,) /Uy) < dim (I(g,) /U) <eo

and 0(u;)t,=o0 for u,el;. Hence Theorem 1 also holds if we replace (g, Q, T)
by (g1, @, 7,). Since dim g;<dim g, Theorem 3 applies to , by the induction hypo-
thesis. Put

&(H)=[«(C)(C+H)dC (Heh'nQ))

628



INVARIANT EIGENDISTRIBUTIONS ON A SEMISIMPLE LIE ALGEBRA 25

where dC is a Euclidean measure on ¢. Then we conclude that
ga(H; 0(=%)) = g2 (H; 8(="))

for HeanbnQ,. Since this is true for every «eCZ(c,), it is clear that ¢(»%)g® and
o(=%)g® coincide around Hy on anbnQ.

So now we can assume that ¢={o} and therefore g is semisimple. Then we
identify g and § with their respective duals by means of the Killing form (see [3(z), § 6])
so that »"==" (h=a or b). First assume that Hy+o0 and let 3 be the centralizer
of Hyin g. Then dim 3<dim g and we can identify 3 with its dual by means of the
restriction (to 3) of the Killing form of g. Define ¢ and 3’ as in [3(¢), § 2] and put
Q,=3'nQ. Then Q, is an open neighborhood of H, in 3 which is completely
invariant (with respect to 3). Take Gy=G and 3,=£, in Lemma 17 of [3()]
and let op denote the corresponding distribution on €. Then

on(8) =T(f,) = [f.FdX (26C2 (G X Q).

But since F is invariant under G, we conclude from Corollary 2 of [3(#), Theorem 1]
that the function F,:Z — F(Z) (ZeQ,) is locally summable on Q; and

[ FdX =[p,FdZ.

This shows that o;=F,.

Let h=a or b. Then HhC3. Define q as in [3(i), § 2]. P being the set of
all positive roots of (g, b), let P, and P,” denote the subsets of those aeP® for which X,
lies in 3, and q, respectively. Let =) and =,” be the products of all roots in P} and P}
respectively. Then n°=mn"n and it is clear that (7:J’)’°== ny for all «eP). Hence,
by Chevalley’s theorem [g(c), Lemma g], there exists an invariant polynomial function p
on 3 such that p(H)==;(H) for Hea. But

CH) = (—1)(m(H))* (Hea)

where ¢=2"'dim q is the number of roots in Pj. Therefore {=(—1)%? again by
Chevalley’s theorem. Let py denote the restriction of p to . Then since ¥ coincides
with (—1)Y(nf)? on b, it is clear that py=ecny where e=z1.

Now put T,=por. Then it follows from Theorem 2 of [3(¢)] (see also § 4) that
Theorem 1 still holds if we replace (g, Q, T) by (3, Q;, T;). Put

g (H) == (H)p(H)F (H) (Hebh'nQy).
Since dim 3<dim g, both Theorem g and its corollary are applicable to T,. Moreover
3,5(2(p))=0(py) [3(c), Theorem 1] and so we conclude that
a(ﬂzapa)gaa = a(ﬁabpb)gab

b, Therefore g°=g¢" and g,°=¢g"
on Qna’ and QNb’ respectively. So it follows that 9(n%)g®=2(x")¢" on Qnanb.
Since HyoeQ,nanb, our assertion is proved in this case.

a, __._a by __
on ;nanb. However n,°p, == and =’ p,=-en
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So it remains to consider the case when Hy=o0. Hence we may assume that oeQ.
For any Cartan subalgebra h of g, put ¢(h)=g"(0; &(=")).

Lemma 20. — Let a and b be two Cartan subalgebras of §. Then, if anb={o},
c(a)=c¢(b).

Since Q is an open neighborhood of zero in g, we can choose H=+o0 in anb
such that tHeanbnQ for 0<t<1. Then in view of what we have proved above, it is
clear that

& (tH; o(n")) = g°(tH; 9(=")) (0<t<r1).

Making ¢ tend to zero we get ¢(a)=c¢(b).
Lemma 21. — Let Y) be a Cartan subalgebra of . Then c¢(h)=c(H®) for any x in G.
Let a=15H" Without loss of generality we may assume that =®=(n")°. Then it
is clear that
' (H")=¢"(H) (HeQnl)
and therefore
" (H"; 8(x")) = g"(H; o(n"))

for HeQnl’'. We obtain the required result by making H tend to zero.
Fix a Cartan involution 6 of g and let g=f+p be the corresponding Cartan
decomposition. If § is a Cartan subalgebra of g which is stable under 6, we put

L, (h)=dim(hnp), I_(h)=dim(hnf).
Then [ (h)+/_(h)=dim h=/ where /=rankg. Let I, =sup/ (), I_=sup /_(})
b [}

where } runs over all Cartan subalgebras stable under 6. Fix two Cartan subalgebras f, ,
h_, both stable under 6, such that [, =/ _(h,), [_=I1_(h_).

Lemma 22. — Let Yy be a Cartan subalgebra of g which is stable under ©.  Then ¢(f) =¢(h,.)
if 1,(9)>0 and «(b)=c(h_) i I_(5)>o.

Let K be the analytic subgroup of G corresponding to f. Then h,np and h_nt
are maximal abelian subspaces of p and ¥ respectively. Since any two maximal abelian
subspaces of p (or f) are conjugate under K, it is clear that we can choose £, k,eK
such that

(hnp)Chynp,  (hnf)*Ch_ni.
Then
dim(§n§,) > dim(hnp) =L, (b)
and similarly
dim(h"*np_)>0_(D).
Hence our assertion follows from Lemmas 20 and 21.
Lemma 23. — ¢(h)=c(h_).
We may obviously assume that [>1. If [_(h.)+/,.(h_)>1, our statement
follows from Lemma 22. Hence we may assume that §H,Cp and hH_CE Then b,
is not fundamental in g and so there exists a positive real root « of (g, h,) (see [3(d),
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Lemma 33]). We assume, as we may (see [3(d), Lemma 46]), that (X, ,)=—X_,
and X, X_, are in g. Take H'=a?H,, X'=a'X,, Y=a*'X_, where
a=(a(H,)/2)". Define the automorphism v of g, as in [3(j), § 7]. Then 6(X')=—Y"
and b=v((h ), )ng=0,+R(X'—Y’) is a Cartan subalgebra of g which is stable
under 6. Here o, is the hyperplane consisting of all points Hel, where «(H)=o.
Since bnp =06, and bni=R(X'—Y"’), itis obvious that / (b)=/—1 and /_(b)=1.
Hence, if 1>2, it follows from Lemma 22 that ¢(h,)=c¢(b)=c¢(h_). On the other hand
if /=1, zero is a semiregular element of g and our assertion follows immediately from
Lemmas 18 and 21.

We shall now finish the proof of Theorem 3. Choose %,  in G such that a® and bY
are stable under 0 (see [3(8), p. 100]). Then it is clear from Lemmas 21, 22 and 23
that ¢(a)=¢(b). The proof of Theorem 3 is now complete.

§ 9. THE DIFFERENTIAL OPERATOR V;, AND THE FUNCTION V,F

Lemma 24. — There exists a unique differential operator V, on ' with the following two
properties :

1) V, is invariant under G.

2) Let §) be a Cartan subalgebra of g. Then

S(H; Vo) =f(H; 8(a")or?)

Jor feG®(g) and Hel'.
Moreover V, is analytic.

Since two distinct Cartan subalgebras cannot have a regular element in common,
the uniqueness is obvious. The existence is proved as follows. Fix a Cartan subalgebra a
of g and define g,=(a’)® Then g,is an open subset of g. Let A be the Cartan subgroup
of G corresponding to a and x—x" the natural projection of G on G'=G/A. Then
the mapping ¢ : (+', H)—>x"H of G'Xa’ onto g, (in the notation of § 2) is everywhere
regular. Define W =X/A where A is the normalizer of a in G. Then W, operates
on G" and a as follows. Fix seW; and choose yeX lying in the coset s. Then

sH=HY, x's=(»)"

for Hea and xeG. It is clear that the complete inverse image under ¢ of a
point x'Heg, (x'eG", Hea') consists of the elements (x°s, s"*H) (seW;), which are all
distinct. Since ¢ is locally an analytic diffeomorphism and since 9(o%)on® is obviously
invariant under W, it is clear that there exists an analytic differential operator V on g,
such that

S(&H; V)= f(x": H; 0(c%)or") (x’eG", Hea')

for feC*(g,). Here f(x":H)=f(x"H) as usual. It is easy to verify that V satisfies
the two conditions of the lemma on g,.
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Now select a maximal set b,, ..., h, of Cartan subalgebras of g, no two of which
are conjugate under G. Put g;=(bh;/)® and define a differential operator V; on g;
as above corresponding to a=J},. Since g’ is the disjoint union of the open sets
01> ---» §,» we can define V; by setting V,=V, on g¢; (1<i<r).

Lemma 25. — For any DeJ(g,), (V40D)F can be extended to a continuous function on Q.

We shall use induction on dim g. In view of Lemma 16, it is enough to consider
the case when D=1. Define ¢ and g, as in § 4 and first assume that c¢#{o}. Fix
a point X,=Cy+4Z, (Coec, Zyeg;) in Q. We have to show that V,F can be extended
to a continuous function around X,. Select an open, connected and relatively compact
neighborhood ¢, of Cy in ¢ such that (Cl¢,)+Z,CQ. Define Q, to be the set of all Zeg,
such that Cl¢,+ZCQ. Then, by Lemma g, Q, is also open and completely invariant
in g;. Since S(¢,)CI(g,), it is clear that

dim(S(c,) /M S(c,))<dim(I(g,) /) < co.

Let E be the space of all analytic functions y on ¢, such that 9(x)y=o0 for uelnS(c,).
Then (see the proof of Lemma 13 of [3(c)]) dim E<co. Let y; (1<j<N) be a base
for E over C. Fix ZeQ/'=Q,ng’. Then it is obvious that F(Z+C; 9(u))=o0 for
uelnS(¢,) and Cecy. Therefore

F(C+Z)= X x(C)F(Z) (Ceco)

1<j<N

where F;(Z)eC. Since F is analytic on (', it is obvious that F; (1 <j<N) are analytic
functions on Q.
Fix Euclidean measures dC and dZ on ¢ and g, respectively such that dX =dCdZ

for X=C+Z (Ce¢,Zeg,) and for any acC?(¢,) define the distribution 0, on Q; by
0,(B)=T(xxp) (BeCP(Qy)).

Then, as we have seen in § 4, the induction hypothesis is applicable to (g;, 0,, Q) in
place of (g, T, Q). Put

F.(2)=, 3 F(2)[3(C)x(C)dC (Ze®y).

Then V, F, can be extended to a continuous function on ;. Since this is true for
every «€C(¢y), the same holds for V  F;, 1<;j<N (see [3(¢), Lemma 20]). But it
is obvious that

F(G+2Z5%)=, 2 #(OF(Z )
for Cec, and ZeQ;. Hence V, F extends to a continuous function on ¢,+Q;, which
proves our assertion.

So now we may assume that g is semisimple. Let Q° be the set of all points X,eQ
such that V,F can be extended to a continuous function around X,. Clearly Q° is an
open and invariant subset of Q. Therefore, in view of Corollary 2 of Lemma 8, it would
be enough to show that every semisimple element of Q lies in Q°.
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Fix a semisimple element Hye€Q. First assume that Hy+o. Let 3 be the
centralizer of Hy in g. Define q and { as in [3(Z), § 2]. Then as we have seen during
the proof of Theorem 3, there exists an invariant polynomial function p on 3 such
that {=(—1)’p* where ¢=(dimq)/2. Let h be a Cartan subalgebra of 3. We
identify g, 3, h with their respective duals by means of the Killing form of g. Define =,
and m, as in the proof of Theorem g. Since {=(—1)%r, on B, it follows from [3(c),
Theorem 1] that

w(0(p)op) =310 (my)om.
Hence if HehnQ', we get
F(H; V,)=F(H; (x)o)
— F(H; a(,)om,0855(2(£)op)-

On the other hand define Q,, op and F; as before (see the proof of Theorem 3)
and put T;=pop. Then by [3(:), Theorem 2 and Lemma 19], the induction hypothesis
is applicable to (3, Q,, T,) in place of (g, Q, T). On the other hand we have seen during
the proof of Theorem 3 that op=UF,. Therefore T,=pF, and so by the induction
hypothesis (V,09(p))(pF,) extends to a continuous function g, on Q,.

Let E denote the analytic subgroup of G corresponding to 3 and x—x" the natural
projection of G on G"=G/E. Select open connected neighborhoods G, and 3, of 1
and H, in G and Q, respectively and let G, denote the image of G, in G*. Then if G,

and 3, are sufficiently small, we can define ¢, ¢ and Q, as in the proof of Lemma 4.
Define a function g on €, as follows:

glo(x', Z))=g(2) (¥"eGy’, Ze3o).
Since ¢ is an analytic difftomorphism of G, X3, with Q, g is obviously continuous.
Fix XeQyng'. We claim that g(X)=F(X;V,). Let X=o9(x, H) (x'€eG,’, Hej,).
Then it is clear that g(X)=g(H). Similarly, since V,F is invariant under G, it follows
that F(X;V,)=F(H;V,). Hence it would be enough to show that g(H)=F(H;V,).
Obviously H is regular in both g and 3. Let §) be the centralizer of H in 3. Then }
is a Cartan subalgebra of 3 and HehnQ'. Therefore, as we have seen above,
F(H; Vo) =F(H; 8(m;)om;08;5(9(p)op)).-

Put F;=(0(p)op)F,. Since F, is invariant under E and 9(p)opeI(3,), it follows from
[3(:), Lemma 14] that

Fy(H') =F;(H'; 835(2(p)op)) (H'eh’'nQy),
and therefore

&(H)=F,(H; V,)=F,(H; o(m;)om,08;5(2(p)op))
—F(H; V)

from the definition of V,. This proves that V,F=g on Q,ng’ and therefore HyeQ".

So in order to complete the proof of Lemma 25, we may assume that 0eQ. Then,
by Lemma 10, A#°CQ and it follows from Corollary 1 of Lemma 8 that V,F can be
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extended to a continuous function g on (1) Qn°4". Hence it would be sufficient to
prove the following result.

Lemma 26. — There exists a number ¢ with following property. If (X,) (k>1) is a sequence
in Q" which converges to some element X in N, then g(X,)—c.

Define h;, and ¢; (1<¢<r) as in the proof of Lemma 24 and ¢(b,) as in § 8.
Then ¢(h)=...=¢(h,)=c¢ (say) from the results of § 8. Since g’ is the union of
815 --+» 8, we can select, for each £, an index ¢ and elements x,eG, Hieb; such
that X, =x,H,. Since X,—X, itis clear (see the proof of [3(s), Lemma 23]) that
Hj,—o. Hence it follows from the definition of V, and ¢ that

g(H,) =F(H,; Vy) —e.

But since g=V,F is invariant under G, g(X;)=g(H;) and therefore g(X;)->c.

§ 10. A DIGRESSION

We shall now apply Theorem 3 to give a new proof of the main result of [3(e)].
We keep to the notation of Theorem 1.

Lemma 27. — Assume that ¥ is locally constant on Q'.  Then T s locally constant on €.

Given any point HyeQ, we have to show that T coincides with a constant
around H,. In view of Corollary 2 of Lemma 8, it would be sufficient to consider the
case when Hj is semisimple. However we first prove the following lemma.

Lemma 28. — There exists a number a>o such that

6(mb)nb:a

for every Cartan subalgebra § of g.

Take T=1 and Q=g in Theorem 1. Then 9(=")g"= 4(v")n" in the notation
of Theorem 3. But 8(c")x" is obviously a constant which we denote by a(h). Since
zero belongs to every Cartan subalgebra ), it follows from Theorem g that a(}) is actually
independent of ). Hence we may denote it by a. On the other hand we know (see [3(¢),
p. 110]) that a(h)>o. This proves the lemma (*).

Let us now return to the proof of Lemma 27. Since F is locally constant on ',
it follows from Lemma 28 that V,F=aF. Therefore we conclude from Lemma 25
that F can be extended to a continuous function on Q. Since T =Ty, this proves
that T is locally constant on .

Now we know that the distribution T’ of [3(d), Lemma go0] is locally constant
on g’ (see [3(d), p. 235]). Hence from Lemma 27, it is a constant. This gives a new
proof of Lemma 17 of [3()].

(1) S denotes the complement of any set S.
(3) Tt is obviously possible to give a direct proof of Lemma 28.
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§ 11. PROOF OF THEOREM 4

In order to prove that the irreducible unitary characters of G are actually
functions [3(g), Theorem 1], we have to develop a method of lifting our results from g
to G. The remainder of this paper is devoted to this task.

We use the notation of [3(:), Theorem 1].

Theorem 4. — Let ) be a completely invariant open set in g and T an invariant distribution
on Q. Let D be a differential operator in 3(g,) such that Dp =o for all pe]J(g,). Then DT =o.

We proceed by induction on dim g. Let ¢ be the center and g, the derived algebra
of g and first assume that c¢#+{o}. Then J(g)=D(c,)I(a;.) (see [3(i), § 3]). Hence

D=1<E_< £D; where £€D(c¢,), D;eJ(g;,) and &, ...,& are linearly independent
over C.

Fix a point X,eQ and let X,=Cy+ Z, (Cyec, Zyeg,). Define ¢, and Q, as in
the proof of Lemma 25. Since J(g,)=7P(¢,)J(g:.), we conclude that

S () (Dipy) =0

for all ¢eP(c¢,) and p,eJ(g;,). Fix p;€J(g1,). Then it follows from the above result
that

?(Dipl)gi::o
in ©(g,). Therefore we can conclude (see [3(¢), § 3]) that D,;p,=o0 (1 <i<r).
Now fix «eCZ(¢,). Then if BeC?(Q,), we have
(DT) (2% B) = ZT( a2 x Dy ) =2 (D, T,)(B)

where T;(B)=T(¢ axp). Since dim g;<dim g, Theorem 4 holds for (Q,, T;, D,) in
place of (Q, T, D) by the induction hypothesis. Hence D,T,=o. In view of [3(%),
Lemma 3] this shows that DT =0 on ¢,+ €, and therefore X,¢Supp DT. Since X,
was an arbitrary point in Q, this proves that DT =o.

Hence we may now assume that ¢={o} and therefore g is semisimple. Let Hy+ o
be a semisimple element in Q. We intend to show that Hg ¢ Supp DT. Let 3 be the
centralizer of Hy in g. Define { and 3’ as usual (see [3(i), § 2]) and let Q, be the set
of all ZeQnj such that |[{(Z)|>|¢(H,)|/2. Then Q, is open and completely
invariant in 3. Take Gy=G and 3,=Q,; in [3({), Lemma 17] and let o be the
corresponding distribution on Q,. Let E be the analytic subgroup of G corresponding
to 3. Then oy is invariant under E (see Corollary 1 of [3(:), Lemma 17]). Now it
follows from [3(7), Lemma 10 and Corollary 2 of Lemma 2] that D, ={"3;,(D)e3(3,),
if m is a sufficiently large positive integer. Moreover

Opr = 8;;/3<D)°'T
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by Corollary 2 of [3(:), Lemma 17]. Fix a Cartan subalgebra § of 3. Then
835 (D1) =L 33 (D)

from [3(z), Lemma 11] where §; is the restriction of { on . Moreover we know from
[3(7), Theorem 1] that §;,(D)=o0. Therefore, by applying [3(i), Theorem 1] to 3,
instead of g,, we conclude that D,p, =o forall p,€J(3,). Therefore, since dim 3<dim g,
we conclude from the induction hypothesis that D;op={"6p,=0. Since { is nowhere
zero on (,, this implies that op,=0 and therefore DT =o0 around H,.

In view of the above result, it follows from Corollary 1 of Lemma 8 that
Supp DTCQn.A". Hence, in order to complete the proof of Theorem 4, we may
assume that QnA +9¢. But then 4/ CQ from Lemma 10.

Lemma 29. — We can select a function feC®(qg) such that:

1) f is invariant under G;

2) Supp fCQ;

3) f=1 on some neighborhood of zero in g;

4) the distribution f'T on g is tempered.

Notice that since Supp fCQ, the distribution fT :g—>T(fg) (geCl(g)) is well
defined on g. The proof of this lemma is rather long and therefore, in order not to
interrupt our main line of argument, we shall postpone it until later (see § 19).

We have seen above that Supp DTC#". Choose an open neighborhood V of
zero in Q such that f=1 on V. Fix a point XeA". Then, by Lemma 7, we can
choose yeG such that y™'XeV. Now T and T are both invariant distributions which
obviously coincide on V. Hence they also coincide on VY. Therefore, in order to show
that DT =0 around X, it would be sufficient to verify that D(fT)=o0 around X.
This means that in order to complete the proof of Theorem 4, it is enough to prove that
D(fT)=o. Therefore, replacing T by /T, we may now assume that T is an invariant and
tempered distribution on g. Moreover we know from the above proof that Supp DT C.4".

Define the space %(g) as in [3(c), p. 91] and for any fe%(g) define its Fourier
transform f by

F (Y)= exp((—1)"B(Y, X)) f(X)dX (Yegq)

where dX is a fixed Euclidean measure on g and B(Y, X)=tr(ad Y ad X)) (X, Yeg,) as
usual. If ¢ is any tempered distribution on g, its Fourier transform 6 is also a tempered
distribution on g given by &(f)=0(f) (fe%(g)). Since f— f is a topological mapping
of €(g) onto itself, 5=o0 implies that oc=o.

As usual we identify g, with its dual under B and use the notation of [3(z),
Lemma 12]. Then the mapping «:A—(A)"(AeD(g,)) is an anti-automorphism
of D(g,) and therefore «® is an automorphism. However it is easy to check that o
leaves g, + o(g,) fixed pointwise and therefore it must be the identity. The relation
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A=A (AeD(g,)) implies that A"=(«A)”. On the other hand (2A)*=A from the
definition of «. Therefore ‘

(80)™ (f)=o(AF ) =o(((=A)f)")
3((2A)f)=(B3)(f) (fe€(9)),

for any tempered distribution 5. This proves that (As)”~=A5. Similarly, since B is
invariant under G, (f%)"=(f)* for fe%(g) and xeG. Therefore (c°)"=(5)"

Thus T is an invariant distribution on g and (DT)AzﬁT. Fix a Cartan
subalgebra § of g. Then it follows from [g(¢), Theorem 1] and our hypothesis on D,

that §;5(D)=o0. Therefore we conclude from [3(i), Lemma 13] that ﬁeS(gc) and

I

ﬁp =o forevery peJ(g,)=1I(g,). So theabove proofis also applicable to (ﬁ, ’T‘) instead
of (D, T). Hence Supp DTcH.

Now put 6=DT and fix an element pel(g,) such that p vanishes at zero. Then
it follows from Lemma 7 that p=o0 on A4". Hence (see [3(h), Lemma 21]) we can
choose an integer m>o such that p"c=o0 around zero. Then, if we take Q=g and
® =Supp(p™s) in Corollary 1 of Lemma 8, we can conclude that p"c=o0. Choose a
finite number of homogeneous elements p,, ..., p, of positive degrees in I(g,) such
that I(g,)=C[p;, ..., #]. Fix an integer m>o0 such that p"c=o0 (1<i<[). Then,
if B is the ideal in I(g,) generated by p", ..., p/", it is obvious that dim(I(g,)/B)<m'
and vo=o0 for veB. On the other hand, by [3(i), Lemmas 12 and 13], A—A (A€D(g,))

is an automorphism of D(g,) of order 4 which maps I(g,) onto 8(I(g,)). Therefore B is
an ideal in 9(I(g,)) and 95 =(v0)"=o0 for veB. Hence we conclude from Theorem 1,

applied to & instead of T, that & is a locally summable function on g. But 6=DT
and therefore, as we have seen above, Supp 6CA". Since 4 is of measure zero in g,
it follows that =0 and therefore DT =c¢=o0. This proves Theorem 4.

§ 12. ANALYTIC DIFFERENTIAL OPERATORS

For applications we have to generalize Theorem 4 to the case when D is an analytic
differential operator on Q. For this we need some preparation.

Let E be a vector space over R of finite dimension, Q a non-empty open subset
of E and D_,(Q : E) the algebra of all differential operators on . Then any such
operator D can be written in the form

D= ) Sz":S rﬁa ()

where f,eC*(Q) and peS(E). For any XeQ, Dy denotes, as usual the local
expression of D at X (see [3(c), p. 90]) so that

Dy =2 £(X)2(p)-
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Let &7/(Q) be the algebra of all analytic functions on Q. Then &/(Q) is a subalgebra
of C*(Q). We denote by D,(Q:E) the subalgebra of ®_,(Q :E) generated by
o (Q)uUd(S(E)). If Q is empty, we define D, (Q : E)=D,(Q : E)={o}.
Let Q; be an open subset of Q. Then we get a homomorphism
JiDe(Q:E) >D (2 : E)

as follows. If De®D,(Q : E), then j(D) is the restriction of D on ;. It is clear that j
maps D,(Q : E) into D,(Q; : E). We say that an element De®,(Q : E) is analytic
on Q, if j(D)eD,(Q : E). In particular D is analytic if De®,(Q : E).

§ 13. EXTENSION OF SOME RESULTS
TO ANALYTIC DIFFERENTIAL OPERATORS

Now let g be a reductive Lie algebra over R and Q a non-empty open setin g. If Q
is invariant, G operates on D, (Q : g) (see [3(%), § 5]). We denote by J_ (Q :g) the
subalgebra consisting of all invariant elements and put J,(Q : g)=J,(Q : g)nD,(Q : g).

Fix 3 and define { and 3’ as in [3(z), §§ 2, 7]. Put Q,=Qn3" and for any
De®,(Q :g) define an element A(D)e®,(Q, :3) as follows. Fix ZeQ, and choose
p5€S(g,) such that D;=0(p,;). Then, corresponding to Corollary 1 of [3(¢), Lemma 2],
az(p7)€S(3,). It follows from Corollary 2 of [3(z), Lemma 2] that there exists a unique
element VeD_(Q,:3) such that V,=0d(ay(p;)) for ZeQ,. We define A(D)=V.
(In case Q, is empty, A(D)=o0 by definition.)

Let 3;, denote the mapping D—A(D) of D,(Q:g) into D, (Q;:3) (cf. [3(2),
§ 4]).

Lemma 30. — 8y, maps D,(Q :q) into D,(Q:3). Moreover, if Q is invariant,
g3 maps T, (Q :g) into T, (€ : 3).

The first statement is obvious from Corollary 2 of [3(¢), Lemma 2]. Moreover,
if Q is invariant, then Q, is invariant in 3 and the second assertion follows from [3(z),
Lemma g].

Let h be a Cartan subalgebra of 3.

Lemma 31. — 8y5(D) =85(345(D)) for De®D,(Q : g).

The proof of this is the same as that of [3(i), Lemma 11].

Lemma 32. — Let f be a locally invariant C® function on an open subset Q4 of Q. Then

J(Z; D)=f(Z; 3,;(D))
Jor ZeQyn3g’ and DeD,(Q : g).
This is proved in the same way as Lemma 14 of [3(¢)].
Lemma 33. — Let D be a'differential operator on an open subset Q of .  Then the following
two conditions on D are equivalent.
1) For every Cartan subalgebra Yy of g, 3,(D)=o.
2) If Qg is an open subset of Q and f a locally invariant C* function on Qg, then Df=o.
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Assume 1) holds and let f be a locally invariant C® function on ,. Since
Qy=Q,ng’ is dense in €, it is enough to verify that Df=o0 on Q;. Fix H,eQ) and
let h be the centralizer of Hy in g. Then b is a Cartan subalgebra of g and since f is
locally invariant, it follows from Lemma 32 that f(H,; D)=f(H,; 8;5(D))=o0. This
proves that Df=o0 on Q.

Conversely assume that 2) holds. Fix a Cartan subalgebra b of g and a point
HyeQnbh'. Let A be the Cartan subgroup of G corresponding to §. We now use
the notation of the proof of Lemma 1. Then ¢ defines an analytic diffeormorphism
of G, xbh, with Q,. Fix BeC=(h)) and define feC®(Q,) by the relation
S(x¥H)=B(H) (x'€G,, Heh,). Then it is obvious that fis locally invariant and therefore

o =f(H; D)=/f(H; 3(D)) = B(H; 3,5(D)) (Heb,)

Since B was an arbitrary element of C*(},), this implies that §;5(D)=0 onb,. Hence
in particular (8;5(D))y, =o0. This shows that 2) implies 1).

Corollary. — Assume Q 1is invariant. Then either one of the two conditions above is equi-
valent to the following.

3) For every invariant function f in C®(Q), Df=o.

Obviously 2) implies 3). Now assume 3) holds. Fix a Cartan subalgebra J
of g and a point HyeQnl'. Let h, be an open neighborhood of H, in §'nQ. We
assume that b, is relatively compact in §’ and shonh,=9 for s+1 in Wy (see § g for
the definition of W;). Fix B,eC”(h,) and put

BE) = 3 po(cH) (Hep).
Then p*=B (seW;) and the mapping ¢ : G'X}) —g is everywhere regular. Put
g =0o(G xp')=(h’)¢. The group W, operates on G* X}’ on the right as follows:

(x", H)s=(x"s, s—'H) (seWg)

in the notation of the proof of Lemma 24. Since no point of G*x}’ is left fixed by s
if s+1, it follows that ¢ defines an analytic difftomorphism of the quotient manifold
(G"xp')/Wg with g,. Now define a function F on G'x}’ by

F(x* : H)=B(H) (x*eG", Hel').
Then F(x's :s7*H)=p(s"*H)=8(H)=F(x" : H) and therefore I defines a C* function f
on gy. Since B, is relatively compact in §’ it follows from [3(j), Lemma 7] that

Cl(p,*) gy and therefore we can extend f to a G® function on g by defining it to be zero
outside g;. Then it is clear that fis invariant and therefore Df=o0 on Q by 3). But

JH; D) =Ff(H; 335(D)) = Bo(H; 335(D)) (Heb,)

because f=@=p, onb,. Since p, wasarbitraryin C,”(f,), this shows that (3;5(D))y,=o0.
Therefore g) implies 1) and the corollary is proved.
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§ 14. PROOF OF THEOREM 5

We shall now prove the following generalization of Theorem 4.

Theorem 5. — Let Q be a completely invariant open set in § and ‘T an invariant distribution
on Q. Let D be an analytic and invariant differential operator on Q such that Df=o for every
invariant C® function f on Q. Then DT =o.

We again use induction on dim g. Define ¢ and g, as in § 4 and fix a semisimple
element HyeQ such that Hy¢c. We shall prove that DT =0 around H,. Let 3
denote the centralizer of Hy in g and define { and 3" as in [3(7), § 2]. Then Q,=Qn3’
is an open and completely invariant set in 3. Let oy and opp be the distributions on Q,
corresponding to T and DT respectively under [3(:), Lemma 17] with Gy=G and
30=2,. Then it would be enough to show that op;=0. However it is easy to
prove (cf. Corollary 2 of [3(:), Lemma 17]) that opp=Acy where A=38;,(D). Now o
is an invariant distribution on Q; (see Corollary 1 of [3(z), Lemma 17]) and Ae3J, (€, : 3)
by Lemma g0. Therefore since dim 3<<dim g, it follows by induction hypothesis
that Acpy=o0 (see Lemma g1 and the corollary of Lemma 33).

Now fix CyecnQ. We claim that T=o0 around C,. Applying the translation
by —C, to the whole problem, we are reduced to the case when Co=o0. Let

D —lgii:graia(ﬂt)
where p;, ..., p, are linearly independent homogeneous elements in S(g,) and
ay, ..., a, are analytic functions on Q. Let V be the subspace of S(g,) spanned by
p7(1<i<r,2€G). Then obviously dim V<co and we may, without loss of generality,
assume that (p,, ..., p,) is a base for V. Then

b= 27: i (x)ﬁj (xeG)

where ¢;; are analytic functions on G. Since D=D? it follows that D,x=(Dx)” and
therefore

2 a,(xX) () = Za(X) 8(47) (XeQ).

This shows that
a;(xX) =Zc,~,-(x)ai(X) (xeG, XeQ).
]

For any integer m, let ®,, denote the subspace of D(g,) spanned by elements of
the form pd(¢g) where p and ¢ are homogeneous elements in P(g,) and S(g,) respectively
and deg p—deg ¢=m. Then if AeD,, and Q is a homogeneous polynomial function on
g, it is clear that AQ is homogeneous and

deg(AQ ) =deg Q+m.
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Choose an open and convex neighborhood €, of zero in Q such that each 4; (1 <i<7)
can be expanded in a power series around zero, which converges absolutely on Q,. Then

a,(X)= \goq\n‘(X) (XeQy,)

where ¢,; is a homogeneous polynomial function on g of degree v. It is obvious from
our result above that

2lX) = 2 6;(2),(X) (vG, Xey)

and therefore

vD = ? QVia(pi)

lies in J(g,). On the other hand. it is clear that D(g,) is the direct sum of D,, for
all m (—oo<m<ow) and each D, is stable under G. Let ,D,, denote the component
of \D in ®,, is this direct sum. Then it is clear that D, e3J(g,). Moreover D, +o0

implies that v=m -+ deg p; for some i. Hence if m,=sup deg p;, it follows that ,D,,=o
for v>m+m,. Put )

D,= 2 D,.
vZO

Then D, eJ(g,)nD,,. Moreover if p is a homogeneous element in J(g,), then by
hypothesis

o=Dp= 2 D,p

mZ — My
onQ,. SinceD,,pishomogeneousofdegree m + degp, itisclear that D, p=o0. Therefore

D, T=o0 by Theorem 4.
Now fix feCP(Q,). It is clear that for any peS(g,), the series

I o) (1<i<n)

converge uniformly on any compact subset of Q,. Hence it follows without difficulty
that the series

2 D.f

m>—mg

converges in C®(Q,) to D'f. (Here the star denotes adjoint, as usual.) This implies
that the series

Z T(D,f)

mz—m,,

converges to T(D'f). But T(D, f)=o since D, T=o0. Therefore T(D’f)=o0. This
means that DT =o0 on Q.

The above proof shows that Supp DT contains no semisimple element of €.
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Hence it follows from Corollary 1 of Lemma 8 that DT =o0. This completes the proof
of Theorem 5.

Remark. — 1 do not know whether Theorem 5 continues to hold when the condition
of analyticity of D is dropped.

§ 15. SOME PREPARATION FOR THE PROOF OF LEMMA 29

Let G be a connected semisimple Lie group with a faithful finite-dimensional
representation, g its Lie algebra over R, 6 a Cartan involution of g and g=%f-4p the
corresponding Cartan decomposition. Let a be a maximal abelian subspace of p.
We introduce an order in the space of all (real) linear functions on a and denote by
the set of all positive roots of (g, a) (see [3(f), p- 244]). Let a™ be the set of all
points Hea where a(H)>o0 for every acX. Put A=exp a and At =exp(at) in G.
The exponential mapping from a to A is bijective. We denote its inverse by log.
Introduce a partial order in A as follows. Given two elements 4;, %, in A, we write
hy>hy if Bk, 'eA*. Let [=dim a. Then we can choose a simple system of roots
o, -..,0 in X (see [3(d), Lemma 1]).

Lemma 34. — Fix some norm v on the finite-dimensional space q. Then for any number
a> o0, we can choose two numbers b, ¢ (b>a, c> 1) with the following property. Suppose Xeg,
heA*™ and v(X)<a. Then there exist elements Xyeq and hyc At such that

1) Xh=XM v(X,)<b, 1 <hy<h;

2) max exp oq(log hy) <o(x+v(X))'

(In case [=o, max exp o;(log #,) should be taken to mean 1.) We shall give
a proof of this lemma in § 20.
As usual put B(X, Y)=tr(ad Xad Y) (X, Yeg). Then the quadratic form
IX][*=—B(X, 8(X)) (Xeq)

is positive-definite and defines the structure of a real Hilbert space on g. For any a>o,
let ©, denote the set of all Xeg with ||X||<a and put Q,=(w,)"

Lemma 35. — Suppose a>b>o. Then ClQ,CQ,.

We shall give a proof of this in § 21.

Corollary. — Q, is an open and completely invariant subset of g.

It is obvious that €, is open and invariant. Fix X,eQ,. Then X,=Y* where
[|Yo||<a and x,eG. Choose b such that ||Y,||<6<a. Then X;eQ, and Cl(Q,)CQ,
by Lemma g5. This shows that every point of Q, has an open invariant neighborhood
whose closure (in g) is contained in Q,. From this it is clear that Q, is completely
invariant.

For any linear transformation T in g, let T® denote its adjoint (in the sense of
Hilbert-space theory). Put

| x]|? = tr(Ad(x)"Ad(x)) (xeG).
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Choose a base (H;, ..., H) for a over R dual to (a;, ..., o) so that
ai(Hj)=8ij (1<4,5<])

and define m(a)=Ya(H;) for a«cX. Since H;ea®, it is clear that m(«) is a positive
integer. :

Lemma 36. — Given a>o, we can choose numbers b, ¢ (b> a,c> 1) such that the following
condition holds. For any XeQ,, we can select xeG such that

) X<, 2) [lx]|<e(r+(IX]])"

where m=l{1nea%< m(a).

(If /=0 then m=o by definition.) Choose b4,, ¢, such that Lemma 34 holds
for (b, ¢,) instead of (b, ¢) with the norm v(Z)=||Z|| (Zeg). Let K be the analytic
subgroup of G corresponding to f. Then K is compact, G=KA*K and Ad(k) is
unitary for keK. Hence if x=£k kk, (k;, k,€K, heAT), it follows that ||x]||=||%||.
However Ad(h) is self-adjoint (*) and its eigenvalues are 1 and e**"¢" (qeX). Since
allog k) > o, it is clear that

[| ]| <n'®max ¢x€P
aE X

where n=dim g. But « =, <Z<mia,- where m;=a(H,) are integers >o0. Hence
a(log &) Sm(a)m?x o;(log ) <my max o;(log k)

where my = max m(a). Therefore
[|h|l§n1/2(max %108 h))m"
(This holds also if /=o0. We define my=o0 in that case.)
Now fix XeQ, and choose Yeg, y¢G such that ||Y||<a and X=7Y" Let

9=k, hk, (ky, k€K, heAt). Replacing (Y, ») by (Y™, k, &), we can assume that y=£; k.
Select Y,eg and kyeA™ such that Yr=Y/™, ||Y,|| <b,, 1<hy<k and

max ¢%108 h")SL‘O(I + ]IY"H)’.

This is possible from the definition of 4y, ¢,. Then
[ ol | <meq™ (1 + | Y*[)™
Now put x=4k;hy. Then X=Y¥=Y7 and therefore ||X*'||<b,. Moreover
[[x][=I]Aol| <n'®eg™(x +[| X ).

Therefore we can take b=56, and ¢=n"2c in the lemma.

(1) The facts stated here are all well known. They can be found in [3(a)].
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§ 16. SOME INEQUALITIES

For t>1, let G(¢) denote the set of all xeG with ||x||<¢t. Then G(¢) is obviously
compact.

Lemma 37. — Let p. denote the Haar measure of G. Then there exists a number ¢>o
and an integer M >0 such that

w(G(t))<et"
Jor t>1.

The statement is trivial if G is compact. Hence we may assume that />1. Put

AT (t)=A*nG(f). Then it is clear that G(¢)=KA*({)K and therefore (see [3(a),
Lemma 22])

#(G)=],., DB
where dh is the (suitably normalized) Haar measure on A,

D(k) = 11 (e*og M) __ g allog h)ym, (heA)

aEZ
and m, is the multiplicity of « (m, is the dimension of the space g, consisting of all Xeg
such that [H, X]=a(H)X for all Hin a.) Put 2p= Ezmaa. Then it is obvious that
D(h) <L etoeh) (heA™).

Now 2p= 2 ma where m; are positive integers. Put 1=« (log#). Then
1<i<1

dh=c¢,dx, ... dv; where ¢, is a positive constant and
e*Wel — exp(myt, +. . . +myT).
Now if keAt(t), we have
ISea,-(logh)SH h “St
and therefore 0<r1;<logt Hence
w(G)< ], N dh <ot

where c¢=¢;/(mm, ... m) and M=m,+...+m.
Lemma 38. — There exists a compact neighborhood U of 1 in G and two constants a,, ¢;>0

with the following property. For any t>1, we can choose a finite set of points x, (1 <i <N(¢))
in G such that

I) G(t)CUx,.U;

2) ||x]| <at;

3) N(#)<e,t"

By a theorem of Borel [1, Theorem C], there exists a discrete subgroup I' of G

such that I'\G is compact. Choose a compact neighborhood U of 1 in G such that
U=U"! and G=TU. Put

T'(t)=Tn(G()U).
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Select a compact neighborhood V=V~' of 1 in U such that V*nI'={1} (V*=VV).
Then the union

Hyv=rov
is disjoint and
L')VeG@#)UVeG() U2

Choose a;>1 so large that U?CG(q;). Then
r#)veG(t)G(a,) € G(tay)
since ||]| |||l 15|l (,7€G). Hence
w(T(6)V) <u(G(tay)) <ca s
from Lemma 37. But since the above union was disjoint,
w(D(HV) = N(Hu(V)

where N(¢) is the number of elements in I'(¢). Hence N(¢)<¢;#* where ¢; =ca/u(V).
Let x;(1<¢<N(t)) be all the elements of I'(¢). Since I'(t)CG(¢)UcG(ta,), it follows
that ||x;]|| <a;t. Finally since G=I'U, it is obvious that

G(Cr(HU=UxU.

§ 17. PROOF OF LEMMA 39

Fix a number a>o0 and let Q=, in the notation of Lemma g5. For o0<s<{¢,
let Q(s, t) denote the set of all XeQ with s<||X||<t. Also put Q(f)=Q(o, ¢).

Lemma 39. — Let T be an invariant distribution on g.  Then there exist elements ps, .. ., p,
in S(g,) and an integer v>o0 such that

IT(f)|<(x 42 X sup|a(p)f]

ISiST

Sor all feCP(Q(t)) and t>o.

This requires some preparation. As before let «, (¢>>0) be the set of all points
Xeg with ||X][|<t.

Lemma 40. — Define b, ¢ and m as in Lemma 36 and for any t>o let G, denote the set
of all xeG with ||x||<c(1+8)™ Then 3DQ(t).

This is obvious from Lemma 36.

Define U and M as in Lemma 38.

Lemma 41. — There exist two numbers ¢, c;>>0 with the following property.  For any t> o,
we can choose a finite set ¥, of points in G such that:

1) G,CcF,U;

2) [l#l|<a(1+0" for xeF;

3) [Fil<ep(x+1)"".
Here [F|] denotes the number of elements in F,.
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This follows immediately from Lemma 38 if we note that G,=G(#) where
¢ =c(14+8)™
Now choose 5,>b such that Cl(w,)"Cw, and fix aeCP(w,) such that o<a<1

and a=1 on w, . For any t>o, put

Since Q(#)CofiC(wy)™ and a=1 on w}, itis clear that ¢,>1 on Q(¢). Put «,=o/q,
on Q(t) (xeF,).

Lemma 42. — Given peS(g,), we can choose a number ¢(p)>o0 and an integer m(p)>o0
such that

sup| 9(p)a| <e(p)(1 +2)"
Jor x€F, and t>o.

Let V be the subspace of S(g,) spanned by p¥ (yeG) andlet p,, ..., p, be a base
for V. Then

= 2 4

151’31‘

where a; are analytic functions on G. We can choose ¢’>0 and an integer v>o0 such

that (see (*) [3(d), p. 203])

la ()< |I»[] (9eG, 1<i<r).
Then

(p)a”=(8(p")a)* = Za(x~")(8(p))".
Hence
sup| &(p)o"| <eo[+~["

where ¢o=¢'2 sup|d(p)x|. If x=k hk, (k;, k,€K, heA), it is obvious that ||x|| =]|A||.
Moreover 6 i; a unitary transformation of g and therefore since 0Ad(£)0~'=Ad(A™?),
it is clear that ||k||=||A""||=]||#""||. This shows that ||x~'||=||x|| and therefore

sup | 3(?)“xlscol|x”vﬁ%ﬁv(1 +)m™

since ||x||<¢(1+¢)" for x€F,. So we can take ¢(p)=cyc," and m(p)=mv.
Corollary 1. — sup|o(p)o,| <c(p)es(1 4 8)mP+m™M (1>0),
This is obvious since [F,] <c,(1 4 £)™.
Corollary 2. — Given peS(g,), we can choose ¢'(p)> o and an integer w.(p) >0 such that
sup | 9(p)a,| <c'(p) (1 + )
Q)

Sor xeF, and t>o.
Since a,=0o"/p, and ¢,> 1 on Q(¢), this is an immediate consequence of Lemma 42
and Corollary 1 above.

(}) The proof of Lemma 6 of [3(d)] is clearly independent of the assumption that rankg=rank$ which
was made at the beginning of § 3 of [3(d)].
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Now we come to the proof of Lemma 39. Put f,=a,f (xeF,). Since X a,=1
on €(t), it is obvious that oEF,

f=2f

zEF,
and therefore

T(f)= = T(f).

zEF,
But T(f,)=T((f,)""), since T is invariant. Moreover

Supp f, €Supp fnSupp «, CSupp o”.
Hence

Supp(f,)* CSupp «Cay,.

Since w, is relatively compact in g, we can select p,, ..., p,€S(g,) such that

I T(e)[<, 2 sup|a(p)e] (geC¥ (@)
Therefore
(R =T | < Esup [ 2050
But

sup | 9(p:) ;" | =sup | 9(p7) fol-
Let V be the subspace of S(g,) spanned by g (yeG, 1<i<r) andlet ¢; (1<j<s) bea
base for V. Then

=2 a0 (»eG)

1<4i<s

where g;; are analytic functions on G. Moreover we can choose ¢,>0 and an integer
v>0 such that |a;(9)|<¢ll| ||’ for yeG (see [3(d), p. 302]). Then

lsz;‘SrsuP | o(pa) ST |550||x|[v7152;‘535up Ia(qj)f.;:l'

We can obviously select ¢;;, ¢;; in S(g,) (1 <k<u, 1<j<s) such that

2g)(Bv) =, Z_ ola)-2lai )7 (1<j<s)

for any two C® functions f and y on g. Then since f,=«,f, we get
Zsup | 2(g)L6] < Zsup | 2(g5)% | 2(g5,)f |
Therefore
IT(L) | Scorll2]l’, X~ 2 sup |a(gy)a| sup | (g)f |-

lsksu lsfss Q)

Now ||x||<e¢;(1+¢t)" for x€F, (Lemma 41). Therefore we get the following result
from Corollary 2 of Lemma 42. There exists a number ¢;>>0 and an integer m;>0
such that

I ()] Sea(x-+8™ Ssup| 2(g,,) |
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for x€F,, feC?(Q(¢t)) and t>o. Since f= ZFfz and [F,]<cy(1+#)™ (Lemma 41),
we conclude that seh

| T <eulx-+8)™ Ssup| 2(g)f|

where ¢,=c¢,¢; and my=m;+mM. Obviously this implies the statement of Lemma 3g.

§ 18. PROOF OF LEMMA 43

For any a>o0 define Q, as in Lemma g5.
Lemma 43. — Let T be an invariant distribution on g and fix a number a>o0. Then we
can choose py, ...,p, in S(g,) and an integer d>o0 such that

IT(HI<, 2, sup(+[IX[)1SX; o)

Sor all feC2(Q,).

We need some preliminary work. Fix a function o«eCP(R) such that
1) a(—t)=a(t), 2) 0<a<1, g) a(t)=1 if [¢|<1/2 and «(f)=o0 if [¢|>3/4 (teR).
Put o (t)=a(t—k) for any integer £ and let

B= 2  a.

— o <k<®

Fix ¢eR and select an integer k, such that |f{,—£k,|<1/2. Then e (f,)=1 and
therefore B(4,)>1. Moreover {o¢Supp «, unless |#,—k|<3/4. Since the closed
interval of length g/2 with ¢, at its center, can contain at most two integral points, it
is clear that

|(@7B/d"), - | <2sup](d™afdt™)]

for any integer m>o0. Therefore 1<p<2 everywhere and
sup |(d"B/dt™)| <2sup|(d™«[dt™)|<oco.
¢ 11
Put y,=a/B. Then it is clear that

sup (™ /dE™)]

is finite and independent of £. We denote it by ¢,.
Since o¢Supp o, if k=o0, it is clear that B=1 around the origin. Hence
B(s)=B(|s]*?) (seR) is a C*® function on R and

sup |(d"B/ds™)|=sup|(d/2tdt)"B|.

Since B=1 around zero, it is clear that

sup |£7P(d?B8/dt?)| <o
t
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for two integers p and ¢ (p>o0,¢>1). Hence it follows that
sup |(d"B/ds™)| < co.

Similarly if A,(s)=oy(]5|"®) (seR), one sees that A, is a function of class C*. Moreover
if k>o, it follows in the same way that

sup |(d" A, /ds™)| = sup | (d/2tdt)™ oy |

<sup|(d/2(t+k)dt)" o | <c,,
>0

where ¢, is a positive number independent of £.

Now put g(X)—8(|X[)=B(|X|1), &(X)= (| X[) = A|X|}) for Xeg and
k>o. Since Q :X—||X||® is a quadratic form on g, it is obvious that g and A, are C®
functions on g.

Lemma 44. — Let p be an element in S(g,) of degree <d. Then we can choose a number
¢,>0 such that

|8(X;5 2(p)| <q (1411 X]])7, | h(X5 0(p))| <gp(1 | X[])?

Jor Xeg and k>o.
One proves by an easy induction on d that there exist polynomial functions
g;(0<j<d) on g of degrees <d such that

a(X; 3(!)))=0<§<d9f(x)(di3/¢‘i)s=uxu-’

h(X50(p)=_ 2 q(X)(d"Ay/dsT),_ )

0<j<d

for Xeg and £>o0. Our assertion now follows immediately from the facts proved
above.

Put g,=h,/g (k=>0). Since g>1, g, is also of class C*.

Corollary. — We can choose ¢,>0 such that

|2u(X; ()] Zep (141 X]])?

. for Xeg and k>o.
This is obvious from Lemma 44 if we take into account the fact that g>1.
We now come to the proof of Lemma 43. Since «,(f)=o0 for k<o and ¢>o,

it follows that k2>:0gk =1. Fix feCr(Q,) and put f,=g,f. Then ’E‘o fo=f. Itisclear
that if Xe Su;;p &, then |[||X]||—k]|<3/4. Therefore f,=o0 if k is large. Hence

T(f)= 2 T(f).

k>0
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Define Q(s,t) and Q(¢) (0<s<f) for Q=Q, as in the beginning of § 17. Then
Supp f,CQ(k+1). Therefore, by Lemma 39, we can choose p,, ...,p, in S(g,) and
an integer v>o such that

ITURIS @+k Z_sup |o(p)f

for all feC2?(Q,) and all k>0. Moreover since ||X||>k—1 if XeSuppf;, it follows
that

(2+£)"**sup | 8(p) il <sup(3+ || X][)"*?| fu(X5 2(p) |-
Choose ¢;;, ¢;; in S(g,)(1<i<r, 1<j<s) such that
9(4s) (F,Fy) = ? 9(g5)F1. 0(gi) o (1<i<r)
for any two C® functions F,, F, on g. Then

| (X5 8(8)) |S§lgk(X; (g:)) || fX; 2(g5)) |

since f,=g,f Therefore there exist, from the corollary of Lemma 44, an integer d,>>0
and a number ¢>o0 such that

| (X5 () | < elx + (| XIN“Z|AK; 2(g5)) |
for all feC?(Q,), k>0, Xeg and 1<i<r. Hence
(2 + B+ *sup | ()il <3+ 2eDsup (1 + || X || o(g5)f |
where d=dy+v+2. Put
=33, (k+2)*<w.
Then it follows that
| TS Z I T < eoZ sup(x+ X[ 2(gh)f |

for feC?(Q,). This completes the proof of Lemma 43.

§ 19. COMPLETION OF THE PROOF OF LEMMA 29

As usual we identify g, with its dual under the Killing form. Call an element
peS(g,) real if p(X) is real for Xeg. Then we can select py, ..., p, in I(g,) such
that 1) p, is real and homogeneous of degree >1 and 2) I(g,)=GC[p;, ..., 5,]. Put

X)= X pX)? Xeg).
1=, 2 nX) (Xeq)

Lemma 45. — We can choose a number 3>0 such that ¢(X)<8 (Xegq) implies that XeQ,.

Suppose this is false. Then we can choose a sequence X,eg (k>1) such that
(X)) —~>o and X,¢Q,. Let Y, and Z, respectively be the semisimple and nilpotent
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components of X, (see § 3). Then Y,eCl(X§) from the corollary of Lemma 7.
Therefore ¢(Y,)=¢(X;). Since Q, is open and invariant and X, ¢Q,, itis clear that
Y, ¢Q,. Therefore ¢(Y,)=¢(X,)—>o0 and Y,¢Q,.

Let by, ..., b, be a maximal set of Cartan subalgebras of g, no two of which are
conjugate under G. Y,, being semisimple, lies in some Cartan subalgebra of g which
must be conjugate to f); for some j. Hence we can choose x,eG and an index j; such
that Yi"ef)ik. By choosing a subsequence we may assume that szYz"eb (k>1)
where § is a fixed Cartan subalgebra of g. Then ¢(H,)=g¢(Y,)—o0 and therefore it is
obvious that p(H,)—o for any pel(g,) which is homogeneous of degree >1. Now
define ¢;(1<j<n) in I(g,) by

. g z ) n—j
det(t—ad X)=¢ +lsjan1(X)t (Xeg),
where ¢ is an indeterminate. Then g; is homogeneous of positive degree and therefore
q,-(Hk)——>0. However

det(t—ad H)=t’a£[0(t—a(H)2) (Heb)

where /=dim § and « runs over all positive roots of (g, h). Therefore «(H,)—o for
every root o and hence H,—o. But then ||H,||<a if £ is large and therefore
Y,=x,"'H,eQ,, giving a contradiction with our earlier result. This proves Lemma 45.

Corollary 1. — There exists a C* function g on g such that :

1) g is invariant and Supp gCQ,;

2) g=1 around zero;

3) Jor any peS(g,), we can choose c,, m,>0 such that

|8(X5 0(p)) | <ep(1 + [ X[[)™ (Xeg).

Select a C® function F on R such that 1) F()=F(—t¢), 2) F@t)=1 if [¢|<3/3
and F(f)=o if |¢|>8/2 (teR). Put

g(X)=F(g(X)) (Xeg).

If XeSuppg, it is clear that ¢(X)<3/2 and therefore XeQ,. Moreover g(X)=1
if ¢(X)<8§/3. Fix p+o in S(g,) and let d=d%. Then it is clear that
8(X; 3(1)))=ogg(d’F/dti)t=q<X)Pf(X) (Xeg)

where p,; (0<j<d) aresuitable elementsin S(g,). Hence gobviously satisfies condition 3).

Corollary 2. — Let T be an invariant distribution on Q,. Then g*T is a tempered distri-
bution on g.

Put T,=g*T (k=1, 2). Then T,is an invariant distribution ong. We now apply
Lemma 43 to T;. So we can choose an integer d>o0 and elements p;eS(g,) (1<i<r)
such that

TS, B sup(x+[|X[D?LAX; o(4)]

1<i<lr
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for feC>(Q,). Therefore if feC?(g), we have
| To(f)] = T2 () S Zsup (1 + [ XA o(4)]
where f;=gf. Now select p;;, ¢;€S(g,) (1<i<r, 1<j<s) in such a way that
o(£:) (P192) = ? (b)) P1- 0(gij) P2 (1<i<r)
for any two C® functions ¢,, ¢, on g. Then
o(p)fi= S 0(pg. 2g,)f

Therefore, by condition 3) of Corollary 1 above, it is obvious that there exist ¢, m>o0
such that

ITg(f)ISGESUP(I-I- ||X||)d+"'|f(X; 3(%))[

for feC?(g). This proves that T, is tempered.

We can now complete the proof of Lemma 29. Since Q is an open neighborhood
of zero, we can choose a>o0 such that XeQ whenever ||X]||<a (Xeg). Therefore
Q,cQ. Now take f=g? where g is defined as in Corollary 1 of Lemma 45. Then
it follows from Corollary 2 above that f T is a tempered distribution on g. This proves
Lemma 29. ‘

§ 20. PROOF OF LEMMA 34

We shall now begin the proof of Lemma 34. Since any two norms on g are
equivalent, it is enough to consider the case when v(X)=||X]||(Xeg). The case /=0
being trivial, we assume /> 1 and use induction. For any (real-valued) linear function A
on g, let g, denote the space of all Xeg such that [H, X]=aH)X for all Hea.
We denote by E, the orthogonal projection of g on g,. Then g,={o} unless A=o0
or +a for some aeX. Since ad H is self-adjoint for Hea (see [g(%), Lemma 27%]),
the spaces g, and g, (A\+u) are mutually orthogonal. Therefore if

E,=2XE, E_=2XZE_
2EX

wex %

it is clear that E, +E +E_=1.
Let S denote the set {1,2, ...,{} and for any subset Q of S, let X, denote the set

of all aeX which are linear combinations of «; (:€Q)). Define ng= Z}: g, and let g
aE g

be the subalgebra of g generated by mg-6(ng). Then 6(gg)=g, and therefore
gqo=Tq+pq where Iy=1Fngy, pg=pngq.

Lemma 46. — gq is semisimple.

Let <X,Y>=—B(X,6(Y)) (X, Yeg) denote the scalar product in the Hilbert

space g and, for any linear function A on q, let H, denote the element in a such that
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<H, H,>=A(H) for all Hea. We know (see [3(d), Lemma g]) that if Xeg, and
[|X]]=1, then [6(X), X]=H,.

First we claim that g is reductive in g. Let U be any subspace of g such that
[aq>, UJCU. Since gq="0(gq), ad gq is a self-adjoint family of transformations in g [3(%),
Lemma 27]. Hence if V is the orthogonal complement of U in g, V is stable under ad g,.
This proves our assertion. Therefore gy =[gq, go] is semisimple. Now fix xeX, and
Xeg, with ||X]|[=1. Then [0(X), X]=H,eqq and therefore [H,, X]=a(H,)Xegy.
Since «(H,)=||H,|[*>o0, this proves that g,Cgy. However g is obviously stable
under 6 and so we conclude that 1¢4-6(1g)Cgq. But, in view of the definition of gg,
this implies that gg=gq. This proves that g, is semisimple.

Let Fy denote the orthogonal projection of g on go. We have seen above that
H,eangq for acXy. Put aQ:,-EQRH“i and let by denote the orthogonal complement
of ag in a. Then aQ=aEZZ RH,Cg,.

Lemma 47. — aq= ang:;. Moreover ¥ commutes with 6 and E, for any linear function )
on aq.

Let Hebg. Then «;(H)=<H, , H>=o0 (i€Q) and therefore a(H)=o0 for acX.
Hence H commutes with 1ng-6(ng) and therefore also with go. Since g, is semisimple,
it follows that gonby={0}. Therefore since aqCgq, it is obvious that angy=aq.

Let mgq be the set of all Xeg, such that [H, X]Jeg, for all Hea. Then mgq
is a subalgebra of gy which contains mng4-6(1g). Hence mg=g,. Therefore g, is
stable under ad H (Hea) and this implies that E,gqCgq for any linear function 2 on a.

This shows that Fy commutes with E,. Similarly since g is stable under 6, F, commutes
with 0.

Corollary. — agq is maximal abelian in py and agy=Fga.
Since go-+ng-+06(ng) is a subalgebra of g, it must contain g,. Therefore
X=E,X+ X E X+ 2 E_,X (Xegg)-
a € Zq a € Xq
Now suppose Xep, and it commutes with ag. Then
o=[H,X]= 2 «(HEX— 2 «HE_,X (Heag)
aE Xg a € Zg

and therefore a(H)E, ,X=o0 for Heaq and «cX,. But H,eqq for aeXy and
«(H,)=||H,|*>0. Hence E,,X=0 («eZy) and therefore X =E,Xeg,. This means
that Xegonp=a since a is Emaximal abelian in p. But then Xeangg=aq. This
proves that ag is maximal abelian in pg.

Since Fy commutes with 6 and E, and aCp, it is clear that FyaCpgng,. But
since aq is maximal abelian in py, pongy=aq. This proves that Fya=aq.

Let /o denote the number of elements in Q. Then dim aq=1[q. Let Ggand Ag
be the analytic subgroups of G corresponding to gq and aq respectively. If Q=+,
Lemma 34 holds for (gq, ag) instead of (g, a) by the induction hypothesis. Let A be the
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50 HARISH-CHANDRA

set of all heAq such that «log £)>o0 (¢€Q). Then we obviously have the following
result.

Lemma 48. — Assume that Q=+ S.  Then there exist numbers by, cq>1 with the following
properties.  Suppose Xegg, || X||<1 and heAf. Then we can choose X,egq, hyc Al such
that :

1) XP=Xp (| X|[<bg, 0L o(log hy)<ay(logh)  (:€Q),

2)  max exp(«;(log k)< eq(1 + || Xg*[l)e.

Let AT(Q) be the set of all h=eA™ such that o;(log £)=o0 (j¢Q). For any heA,
define

hq=exp( T o(log H)H,).
S

Then «;(log &)= a;(log k) (:€Q) and therefore logs—logk, commutes with gq SO
that X"=X"e (Xeg,). Moreover if heA*, itis clear that 1</kq<% and hoge AT (Q).

Corollary. — Suppose Xegq, IX||<1 and heA*(Q). Then we can choose X,€8q
and hye A1 (Q) such that

1) XP=XpE, [|X,]|<bg, 1<hy<h,

2)  max exp a;(log h)<cg(r +||Xge|) e

Put k’:exp(ngoci(log hFqH,). Then h'eA§ and (k)q=~h from the corollary
of Lemma 47. Hence X" =X" Choose heA§ and X,eg, such that the conditions
of Lemma 48 hold for (X, %', X,, k) in place of (X, &, X, h,). Then if we put y= (%)
all the conditions of the corollary are fulfilled.

For any ieS and Zeg, define

w(i:Z)= max ||E,Z]|
o(H)# 0

and let Q (Z) be the set of all {eS for which p(z : Z)>1. Moreover for any subset Q
of S, let £ denote the complement of £, in Z.

Lemma 49. — Let Z be an element of g. Then ||E,Z||<1 for every ae(Zqg)'.

Suppose ||E,Z||>1 for some «eX. We have to show that aeZyy,. Fix 1eS
such that «(H,)#0. Then

wli : Z)>||E,Z]|>1

and therefore i€Q (Z). Since this holds for every i for which «(H,)#o0, it is clear
that aeZyy.

Put Fy=1—F, for any subset Q of S. Fix Xeg and heA* and assume that
[|X]|<1. Put Q,=Q (X" and let s denote the number of elements in 2.

Lemma 50. — ||Fo, X*||<1+45" for any acA such that 1<a<h.

Let A be a linear function on a such that g,#{o}. Then

E}\ Xa-:e)\(l‘)g d)E)\ X..-
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Now a>1 and therefore A(loga)<o if A<o. Therefore since F commutes with E,
and E_, it is obvious that

|| (Eo+ E_)Fo, X*||<[(Ee + E_)X*||<[| X ]| <1.
On the other hand «(log a)<a«(log %) (x€X) since a<h. Therefore

’ all2 __ all2 h||2

B FoXelP= 3 |EXPS 2 [[BXP<s

from Lemma 49. Since
Fo X*=(E,+E,+E_)Fg X,
our assertion is now obvious.
Lemma 51. — For any () Q<S, select by and cy corresponding to Lemma 48 and define

= 12 | max =max ¢,.
bo=1+4s —)—Q?st, 6p=Tnax ¢q

Let Xeg, heAt and suppose that ||X||<1 and Q (XM +S. Then we can choose X,€g
and hye At such that

) X=X 1<he<h, [|Xol1<b;

2) max exp o(log k) <co(x+|| X[ .

Put Q;Q(X") Then X'=F,X"+F X" But since Fy commutes with Ad (%)
(Lemma 47), we have

Fo X" =(F X)"=Xbe

where X,=F X. Since Q<S, we can apply the corollary of Lemma 48 to (Xg, 4).
Hence we can choose X;eg, and /,c6A*"(Q) such that:

1) X’Cf!Q=X{l°9 ”X1l|_<_bq, 1<hy<hgy;

2)  max exp oy(log o) <eq(1-+ || XL
Then

Xh= Xl + Fo X" = (X, 4 Fg X")"
where hy=hhy'. Since 1<hy<hy<h, it follows that 1<#h,<h. Put
Xo=X, + Fy XM,
Then
[ Xl <HXa [+ [[FgXM || <bg + 1 +5<b,
from Lemma 50. Moreover
X=Xt =F X",
Therefore
[ [ <[ XP ] =1 X5 ]1-
Hence
max, exp o;(log hy) éq(x + || X[ e < ao(r + X5+

and so the lemma is proved.

(1) Q<S means that Q is a subset of S and Q *S.
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Put ¢=2'¢, and b=4,. Then in order to prove Lemma 34, itis obviously enough
to verify the following result.

Lemma 52. — Let Xeg and heAt and suppose ||X||<1. Then we can choose
Xoeq and hye At such that:

D XX, (]| <b 1 <<

2)  max exp o(log hy) <e(1 +|| X5 ]}

If Q(X"<S, our statement follows immediately from Lemma 51. So we may
assume that

w(@ : XM >1 (1 0.

Let Q be the set of all aeA* such that 1) 1<a<#k and 2) p(i:X)>1/2 (1<:i<I).
Obviously Q is a compact set containing .. Put

flag= 2 u(i: X9 (aeQ).

1<i<l

IA
IA

i

Then fis a continuous function on Q which must take its minimum at some point a,e(Q.
First suppose ay=1. Then 1€Q and therefore

p(t: X)>1/2 (1<:i<0).

Now fix ieS and choose a€X such that «(H;)#+o0 and ||E,X||>1/2. Then
” E+ Xhllzea(logh)” EGX“Z 2—1ea,~(logh).
Therefore
max ¢%18M <o || E, XP|| < 2| XA|.

Since 5>1 and c¢=2'¢,>>2, we can take X,=X and k,=#% in this case.

So now assume that gy+1. Then we claim that p(i:X*)=1/2 for some ¢.
For otherwise suppose w(i:X*)>1/2 for every i. Choose j such that «(log a,)+ 0.
Put a, =ay(exp(—ceH;)) where ¢ is a small positive number. If e is sufficiently small,
it is clear that «,eQ. Hence f(a,)> f(a,). On the other hand since

|| E X%]|| = ¢~ =*"[| E, X%|| (xeX),
it is clear that

(i« X%) <p(i : X*)

for every 7. Moreover ¢~ **™) <1 if «(H;)+ o(x€X) and thereforesince w(j: X%)>1/2,
it is obvious that
w(j X <u(j : X),

But this implies that f(a,)<f(4,) and so we get a contradiction. Hence p(: : X*)=1/2
for some 7 and therefore Q (X*)<S. But then by Lemma 51 we can choose X,eg
and a;eA* such that X*=X%, ||X,||<by, 1<a,<4q, and

mmax, exp a;(log ay) o1 +[| X3 )"
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Now put hy=hay"'a,. Then
Xh— (Xa.,)har‘ — (Xg,)harl — X’(;o
and therefore .
| XH| = [ Eg X |[exp «(log(ha,™")) (xeX).
Fix ieS. Then since wu(i:X*)>1/2, we can select xeX such that «(H,)#o0 and
[|[E,X%||>1/2. Therefore since 1<a,<h, we have
|[X*]| = 27" exp o;(log(ha,™")).
On the other hand
980 < g1+ || X ) o +[| X%
Therefore since hy=ha, 'a;, we get
IR < gy || XP| (1 || X]) 1,
But since 1<ay<#4, we have (see the proof of Lemma 50)
|| By X | <[] By X[ <[] XP]

and
[|(Eo+E_)X*||<[|X][|<1.
Therefore
X <1 4]|X|
and hence

€08 1) g, || XP|| (2 + | XA <o (x4 | XD
Since [|X,||<by=05, Lemma 51 (and therefore also Lemma 34) is proved.

§ 21. PROOF OF LEMMA 35

We have still to prove Lemma 35. Fix ¢>5>0 and let x; and X, (:>1) be
two sequences in G and g respectively such that ||X;||<é and x,X; converges to
some Yeqg. Wehave to prove that YeQ,. Let x,=kk} (k;, kieK;heAT). Replacing
(%, X,) by (k;h, kiX,) we may assume that x,=#kh. Moreover by selecting a
subsequence we can arrange that k,—£% and X;—>X (keK, Xeg). Then by replacing
(%, X;, Y) by (k7 1%, X;, £7Y), we are reduced to the case when k=1. Now

X{—Xi'=(1—Ad(k ) X7

Since X;*—>Y and k;—1, it is clear that |]X?"—X?i|| —o0. Hence X?‘—>Y.

By selecting a subsequence we can obviously arrange that the following condition
holds. There exists a subset Q of S such that o (log#) —¢ (4,€R) for jeQ and
a;(log &) =400 for j¢Q (1<j<I) as i—oo. Then it is clear that

E_ XN—¢®ogWE_ X, 50
for aeXy. Put
E=E0+ Z (Ea_l_E—a)
QEZQ
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and
b= > tH).
exp(iEQ ,Hj)
Then it is clear that

EXM > EX",
On the other hand if
E.= 2 E
+ aEE'Q e

we have

o

1=E+E, + EZ,E_
xE2q

Therefore since E_aX?" — 0 (x€Xy), we conclude that
(E+E,)X}l-Y.

Therefore Y=EY4E,Y and EY=EX" Now select Hea such that «(H)=o0
for jeQ and «(H)>o0 for j¢Q (1<j<I). Then a(H)>o0 for aeZy and therefore

Ad(exp(—tH))E,, Y >0
as t—-4oo. Put y,=(hexptH)™. Then
Y% =EX 4 (E, Y)%-EX

as {—>-+oo. Since ||EX||<||X||<b, it follows that ||Y%||<a if ¢ is sufficiently
large and positive. Therefore YeQ, and this proves Lemma 35.

The Institute for Advanced Study,
Princeton, New Jersey.
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