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WEIGHTED ORBITAL INTBGRALS ON SL{2,R)

Rebecca A. Herb

Weighted orbital integrals appear in the adelic version of the Selberg trace formula.
They give tempered, but non-invariant, distributions on the local groups. In this paper the
general notion of Fourier transform for a non-invariant distribution is discussed. In the case
when the local group is SL(2,R) the full Fourier transform of the weighted orbital integral is
given. The formula is then interpreted in terms of known properties of weighted orbital
integrals.

Les inte’nales orbitales ; poids figurent dans la formula des traces de Selberg au cas
global. Ils donnent des distributions tempe're‘eo mais non invariantes. des groupes locals.
L'objet du ce travail est de donner des formules explicites pour la trmfome’e de Fourier des
integrales orbitales a poids lorsque le groupe local est SL(2,R) . II faut d'abord pre’ciser ia

notion de transformele de Fourier d'une distribution non invariante. Enfin on de’montre que la

’,
formule ve'riﬁe les propie'tea connues des integrales orbitales ; poids.
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R.A. HERB

§1. Introduction.

The adelic version of the Selberg trace formula for rank one groups involves a variety
of terms which yield interesting tempered distributions on the various local groups, in
particular, on real reductive Lie groups. The calculation of the Fourier transforms of these
distributions is an important aspect of the use of the trace formula in the theory of
automorphic forms.

There are two main types of distributions which must be studied. = The Fourier
transforms of the first type, ordinary orbital integrals. were calculated for semisimple Lie
groups of real rank one by Sally and Warner (61, and for groups of arbitrary rank by the
author [5b]. The second, and less understood, type of distributions are the so-called
weighted orbital integrals. For real groups. Arthur computed the Fourier transforms of these
weighted orbital integrals restricted to the space of cusp forms [1b.cl. His methods can be
generalized to include a larger class of functions in the case that the weighting is not as
severe as possible [5al. Finally, in the real rank one case. Warner has computed the Fourier
transform on K-biinvariant functions for a certain limit of weighted orbital integrals [71].

The results presented in this paper give the complete Fourier transform of the weighted
orbital integral and its associated singular counterpart for the case of SL(2,R) and represent
joint work with J. Arthur and P. Sally. In §2 notation and background information are given
and the Fourier inversion formula is stated for regular elements. A sketch of the proof is
given, but details will appear elsewhere. In §3 the inversion formula is interpreted in terms of
the general properties of weighted orbital integrals proved by Arthur. Also. tl’e Fourier

transform of the associated singular distribution is given.
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WEIGHTED ORBITAL INTEGRALS

§2. The Fourier Inversion Formula.

Let G = SL(2,R), the group of two-by-two matrices with real entries and determinant
one. We will need to consider the following subgroups of G :
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If x € G is decomposed according to the Iwasawa decomposition as x = kiia where
k €EK 7 EN, and a € A, define vix) = viii) = i loc(l*yz) if A= ﬁy as above. Then
v is left K and right A-invariant and is the weighting function used to define the weighted
orbital integral which occurs in the Selberg trace formula for SL(2.R). Thus for
f € C2(G) , the weighted orbital integral of f is the function on the Cartan subgroup

H= AIA defined by
2.1 Tetwh) = Je* - et j fixwhyx Ivixdx, ¥ € AL two.
G/A

Here dx is a suitably normalized G-invariant measure on the quotient space G/A. It will be

useful also to conQider the (unweighted) orbital integral or “invariant integral”
{2.2)  Fglxhy) = jet - e"tl IG/Af(xihtx’l)di. f E C2G). « € Aj tmo

The invariant integral was studied by Harish-Chandra and shown to have the following

properties (4a.b,c].
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R.A. HERB

(I-1) For fixed h € H = {vh, : ¥ € A, t = 0 3} the distribution
P(h): f —= <P(h)f> = Ff(h). f € C:(G), is tempered. That is, it extends continuously to the
Schwartz space C(G).

(I-2) The distributions F(h), h € H'. are invariant. That is. for any f € C(G) and
y € G, define ¥ € CG) by fYx) = fly x y™!). x € G. Then <Rh.f> = <F(h).f¥>.

(I-3) For fixed f € C(G), <« € AI. consider the function on R\{0) defined by
t Pf('«:t) = Ffﬁht). It is an even function and tends to zero as |t] = o,

Although initially defined only for t = 0 . it extends to a smooth function on all of R.

(I-4) There is a left and right invariant differential operator z on G so that
d2

m- Felxhy) = F_c(¥hy).

Arthur has established the following properties of the weighted orbital integral which are
similar to those of the invariant integral [1la,b,c.dl.

(W-1) PFor fixed h € H', the distribution T(h): f — <T(h).f> = Tf(hl is tempered.

(W-2) The distributions T(h). h € H', are not invariant. However. they are K-central. That
is, for k € K, <Th).> = <T(h).fk> for all f € C(G). Purther. there is a specific
non-invariant distribution TN(h). defined in terms of its Fourier transform. such that

T(h) - Ty(h) is invariant.

(W-3) Por fixed f € C(G). ¥ € Al t — Tr('tztl = Tf(iht) is an even function. tending

to zero at infinity. Although smooth for t w 0. it is badly behaved at t = (). To describe

more exactly its behavior at zero. define Sf('t:t) = 'rfu:n + log(l-e'Zt)Pf(i:t). Then

Sf('(:tb is continuous at t = 0 and its first derivative has well-defined one-sided limits at
. d d .

zero satisfyi lim Sel¥:t) - 1im Selw:t) = cfix) where ¢ is a constant. The
ng  lim g Sel 1= T S¢l

singular weighted orbital integral associated to wah‘i is defined by
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WEIGHTED ORBITAL INTEGRALS
2.3) Te¥) = 1im Sg(¥:t).
[( t-0 f‘

2
(W-4) :—:7 Tf(izt) = T‘W:t) + (sinh t)'z Ff('t:t) where 2z is the differential operator on
G appearing in (I-4).

For f € C'C'(G), there are two possible definitions of the Pourier transform of f.
namely the operator-valued and scalar-valued Fourier transforms. Let G denote the set of
equivalence classes of irreducible unitary representations of G. (We will make no distinction
between an equivalence class and a representation of that class.) For n € (’;’ fEe€ C:(G).
v the Hilbert

space of the representation mn. The operator-valued Fourier transform of f is the

define nif) = IG fix)rix) dx. Then n(f) is a trace class operator on X

operator-valued function on G defined by ¥f(n) = nif). The scalar-valued Fourier transform
is the complex-valued function on G given by fin) = tr mif).

Now if A is an invariant distribution on G. by the Fourier transform A of A
we mean a "distribution” on G satisfying A = A, € C:(G). A formula describing the
Fourier transform A is a Fourier inversion formula for A(f) . that is an expansion of A(f)
in terms of the distributional characters f — tr m(f). It typically would have the form
Af) = Ia tr n(f) dA(n) where dl\ is some measure on G. If A is a tempered
distribution, then d, should be supported on the tempered spectrum of G.

Por example, consider the tempered invariant distribution given by the invariant integral
F(h), h € H. Then the Fourier transform of F(h) is supported on the unitary principal
series of representations induced from the parabolic subgroup P = AIAN. For x € XI .
A ER . define nX} = IndS(y@ei*@1). Then

- )y
2.4) Fewnd = £ w0 [ o mn cos At a.
XEA, -®

(See (6] for details.)
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On the other hand, if A is a non-invariant distribution. it is no longer possible to
expand A(f) in terms of the invariant distributions tr n(f). n € G. Thus we must work
with the operator-valued Fourier transform of f and look for a “distribution® on G so that
FAE¥f) = Alf). The Fourier inversion formula in this case would be expected to take the
form A(f) = fa trl_'AAm)rl(f)}dA(nl where for each n € G. Ap(m)  is an operator on
Koo If A is invariant. Ap(m) would be scalar so that it pulls outside the trace. Of
course the operator Aptm) and the measure dA(m are not well-defined independently of
each other.

The Fourier transform of T(h), h € H', is supported on both the unitary principal series

and on Ed. the discrete series representations of G.
THBOREM. Let f be a K-finite function in C(G). ¥ € AI. t » 0. Then

Tevh) = - Je' - et £ e tvhtr nif)
neEG

L]
s S oxm [ eyt tr XA ax
N -

xEAI

L] . )
i g xmj e MMy oM, 07 InX N3 ax
-
XEAI

+ ntr n"o(ﬁ.

The first term in the formula is the discrete series contribution computed by Arthur in
[1b.c]l. For n € (‘;‘d. 6, denctes the character of n as a function on the regular
set of G. This term is invariant since it involves only tr ni(f).

The remaining three terms correspond to principal series representations. The first and
last of these are also invariant. The (scalar-valued) function ©,(t) is the solution of an

inhomogeneous second order differential equation coming from (W-4) It is given by the

integral formulas
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WEIGHTED ORBITAL INTEGRALS

©
o0 = j‘m sin AMu - |t]) cos Au (sinh W2 du, t w0 X wO
2.5)
® =1 " Msinh w2 du 0
=11 t) = - |t , t =0
ot = 330 J‘|:| o -1t *

The last term is a point mass at the principal series representation corresponding to the trivial
character of AI and X = 0. Note that the "n" preceding the trace is the number n ~
3.14.

The remaining term is the only non-invariant part of the formula. The induced
representations nX'* are viewed in the compact realization as acting on a fixed Hilbert
space KX for al X € R Then MX(X) denotes the operator on XX  which
intertwines ﬂx')‘ with the equivaient representation ,"X-)« = [ndg(x "] ei)‘ el
where P = A{Aﬁ. (The normalization of MX(N will be specified later.) M;(M denotes
the derivative with respect to )\ of this family of operators.

Although the Fourier transforms of orbital integrals can be computed directly for
arbitrary f € CZ2(G) by using character formulas on G and abelian harmonic analysis. the
non-invariance of the weighted orbital integrals requires a different approach. The Schwartz
function f is specialized to a matrix coefficient of a discrete series representation or a wave
packet corresponding to matrix coefficients of principal series representations. For such an f.
the differential equation and boundary conditions can be used to find an expression for Tflh).
which is then interpreted in terms of representations.

For example. suppose f is a matrix coefficient of a discrete series representation n.

Then f is an eigenfunction of the differential operator 2z and Pf =0 so that the

2
differential equation (W-4) satisfied by Tf becomes 2—,‘1‘,41:() = nz'l‘ft'c:t). Here n s
dt
an integer corresponding to the Harish-Chandra parameter for the discrete series representation
n. Since Tf(i:t) is smooth for t = 0. even, and decaying at infinity, there is a constant

clv.f) so that Tyw:t) = ctu:fle !t

Finally Sfi'(:t) = Tfﬁ:tl since Pf =0 and we
use the formula for the jump of the derivative at t =0 of Sglv:t) given in (W-3) to
conclude that - 2|njcl¥:f) = 2f(¥%) = 2X,(¥)fle). Here X (¥) is the character of A
which takes the value (-U™1 on the non-trivial element of A;.  But by the Plancherel
formula. fle) = |n|trntf). Thus cl¥:f) =- Xpl¥itr n(f). But

6 (¥h,) = [e' - e'tl’lxniﬂe"ml so that we have
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Tetwh) = - |e* - e7t| 6 _(¥h) tr mif).

This is the formula proved by Arthur. It agrees with the theorem in this situation since.

h

of orthogonality. all other terms are zero.

The matrix coefficients of discrete series representations span the space of cusp forms
of G. It remains to check the theorem- for functions in the subspace of the Schwartz space
orthogonal to the cusp forms. This is the space spanned by wave packets corresponding to
orincipal series representations.

For X €A. A €R nX} = Ind§(x 8 ¢ @ 1) can be realized on the Hilbert
space #X = {g € LZ(K) : gk¥) = Xx(¥)glk) for all ¥ € AI. k € KJ. For n € Z.
let  w, be the character of K given by wylty) = &in®, tg € K. Let 2x =
{n €2 : wye) = xt¥) for all ¥ € A;}. For X the trivial character of A} Zx is
the set of even integers. For X non-trivial, 2x is the set of odd integers. Then %X
has as basis {un :n € Zx). We wish to consider matrix coefficients of nX-} with
respect to this basis of KX. Because the distribution is K-central. only the diagonal entries
are needed. Thus for n € ZX' we define E(n:\:x) = <ﬂx'x(x)un.un>‘

Unfortunately, E(n:\) € C(G). Tn order to get an analogue of a matrix coefficient which
can be plugged into the distribution T(h), it is necessary to form wave packets. Thus for

a € C(R), the Schwartz space on R. n € ZX' we define

L]
a(ME(n:X:x)uX(XMX.

(2.6) fix) = flam:x) = I

Here ux(xbdl is the Plancherel measure corresponding to the representation nX-\,

Then f € C(G) and has the following properties [4c].
(P-1) For all “1-"2 € K. x €G. f(k] x kz) = wniklkz)ﬂx).
In particular fl¥x) = X(¥)(x) for all ¥ € Al x € G.

(P-2) The matrix of nx')‘(ﬂ , with respect to the basis {wn :n € Zx}. has only

one non-zero entry. For n € ZX‘
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WEIGHTED ORBITAL INTEGRALS

0 if m¢n ;
n*Miey, ={
[a(d) + a(-MJw, 1f n = m.

(P-3)  For X € AL X' = x. nXA¢) = 0.

(P-4) Combining (P-2) and (P-3) above,

. 0 ' ;
nnx'*m={ x'Fox
a(x) + a(-2), x' =x.

(P-5) Since E(n:\) is an eigenfunction of the differential operator z with eigenvalue

piA) = - 22 . f satisfies (zZf)la:n) = f(pa:n).

For f = fla:n) we will evaluate Tgh), h € H'. As a result of (P-1), since A[ is
central in G. it is clear that Tgl¥h) = X(¥)Tglh) for ¥ € A, t = 0. Thus it is
enough to study Tit:a:n) = Tghy), t = 0. Further, because T is an even function of t. it
suffices to compute Tit:amn), t > 0. The first step is to obtain an asymptotic formula for
Tit:a:n) as t — +ew.

Writing G/A as KN, using the invariance of f under K implied by (P-1), and a

standard change of variables for N. we write

Tit:an) = |eb - 7ty _[ j- f(kith, ik~ Ivim da dk
K IN

- -
Jet - et j fah st 3 logl + v8) dy

-
et [ 7 En 3 ooet + (1 - &2 dy
-w

® - tor.y.m byl -2ty-22
J’_. J'ﬁ- athu, (e Bln:h:ihy ) glog(1+(1-¢ 242y 2idndy.

To evaluate this expression as t —s + w we will use Harish-Chandra's asymptotic

formula for the Eisenstein integral [4a] and the following observations.

209



R.A. HERB

(A-]) As t— +w % log(l + (1 - e 242y — L log(1 + y2).

Write Hly) = i log(1l + yz) and let h(y) denote the element of A with diagonal
52 and 1700+ yH1/2. Then fph, = kivhhivhhyhy 'niyhh, where kiy) € K
and n(y) € N. Note that h;ln(y)ht — 1 a8 t = +w.

entries (1 + y

{A-2) As t = +w, E(n:x:ﬁyhtl — E(m:):kyhtyhhy) = wp(k(yDE(n:x:hiy)hy).
(A-3) As t = +u,

e"‘H(y”Eln:)‘:h(y)ht) — cn(MeiM"H(y” + cn(-Me"iM"H(y”A

Here cn(X) is the c-function which is the meromorphic continuation to the real axis of the

analytic function defined for ¢ € € with Im g <0 by
@7 e = j_: w (ktyhe'-1-HO) gy
Combining the above observations. we find that as t — <+,
T(t:a:n) = Rit:a:n) =
D J. ™

[

- ] . 2
. j J‘ atu_ (e~ M (anw (kyDe!=1-IMHOY gy dx gy,
S X L

athu_ (el e (o (kiyhe!=1TMBY) yiy) 4y gy
X

In order to simplify the expression for R(t:a:n) we change the order of integration and note
that I ° wn(k(y)be"n“m(y) Hiy) dy = ic:\(!X). Of course the integral is not convergent
for real -1. so that we must shift the \-integration into the appropriate half-plane in each
term to get convergence of the integral in y, and then shift back. In doing this we pick up a
residue at A=0. We also use the fact that for any n € ZX' ux()‘l =

cpM e =217 to obtain the formula
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2.8) Rizam) = i [ ° aageiMe) ae -n?
-

+ e M e, 0713 4

+ 2nal0IRes, _gic, (e (1.
-1 n even
The residue is computed to be { (See details in §3.)
0 n odd.

The above asymptotic arguments are clearly heuristic only. More precisely what we

actually prove is that

©
(2.9) Tit:a:n) - Rit:a:n) = 2 j’ alg(t:A:n) di

where ¢(A\:n) is a function of t satisfying 1liwm ¢(t:\:n) = 0 uniformly on compacta
[ % T

of A

By (W-4), T satisfies the differential equation
a? L2
d—-[ Ti(t:a:n) = T(t:pa:n) + (sinh t)"“F(t:a:n)
t
-2 ©
= T(t:pa:n) + 2(sinh t) I alX)cos At dX.
-"

2
Also. R clearly satisfies the differential equation d—--z- R(t:a:n) = Rit:pa:n). Thus e(X:n)
dt

must satisfy the equation
a? 2 2
(2.10) =g ®lt:Am) = - ACe(t:A:n) + cos At (sinh t)™°.
dt

But o)‘lt) as defined in (2.5) is the unique solution of this equation satisfying
lim Q)\(t) = 0. Thus for t > 0.

t=+te

T(t:a:n) = Rit:a:n) + 2 I ° aille, (t) di.
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To interpret this as a Fourier transform of Telhy) we note first that ¢,(t) is an

even function of A so that

L] - L _ L] ‘x
2 [~ aieyax = [ tawa-nie,wdx = [ 7 e nXNime, widn.

-—n -n
Also using a change of variables, we get

© -2na(0) n even
Rit:amn) = i I

[a(k)*a(-).)] e it C.(X)C ) ldx +
n n
0 n odd.

The c-functions cnIX) are the eigenvalues of the intertwining operators MXDJ In fact,

MX(Mun = cn(X)wn for n € Zx. But combining this with (P-2) we see that
cahe M7 ah) « a-n1 = M UM, 071X R,

Finally, in the case that n is even, 2a(0) = tr n’~°m. This gives all the non-zero terms in

" the theorem for t > 0.
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Obeervations

Recall the list (W-1) - (W-4) of general properties of weighted orbital integrals. While
some were used to derive the formula for Tgl¥h), f a wave packet, several of these
properties are independent of the proof. It is interesting to check that the formula obtained
does satisfy these conditions. In the course of doing this we will also derive a formula for the

Fourier transform of the singular distribution defined by (2.3). In particular, we will look at:

1 the genuinely non-invariant part of the distribution:
(2) the behavior of Tfl"ht) as |t| == o
3) the behavior of Tf('lht) as t — 0.

As in 82, let f = fla:n) be a wave packet corresponding to n € Z and a €

CIR). Then the Fourier inversion formula can be written for t = 0 as
©
@1 Tevh) = 2% [ amie,® dx
-
L ' -1 ' -1
«ixter [ 7 am cos At Lo e, 7!+ cpi-Ne (-n1711dx
~®

L 0 1)
« xt0 [ 7 am sin Arel Legtieg 7 < e t-hie -1 14
-"

2nx(¥)a(0) n even
+
{ 0 n odd.

In order to understand the properties of the Fourier transform. it is necessary to study

the c-functions. Using formulas of Cohn (2]

rerddsh
3.2 ¢\ = L

1
s - .
n r(“‘;‘“)r(”‘;‘ ny

Write dnﬂl = c;()«)cn()«rl. Then differentiating, we find that dn()d =i [M«;i) +

‘v!%’—l) - ML\%L’.E) - w(-i-)‘-;u-)] where Wwiz) .= F'@T(2"). The properties of v
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can be found in [3]. Like the gamma function, it has simple poles at z = 0.-1.-2..... It

also satisfies identities

w-1) wzel) = wiz) + L,
(w-2) Mi +7 - M% - z) = 1 tan(nz),
(¥-3) Wz) - w-z) = - 7 cot(ma) - 3.

Thus if n is even. the term %M-}lb contributes a simple pole at X =0 with
residue -1. The other terms are holomorphic for all A € R. If n is odd. we find using
(w-1) that all poles at %\ = 0 cancel.

In any case, the even combination d (\) + d (-\) will be well-behaved for all A €
R. Using the identities (V-2) and (¢-3) we find that

td,(\) - d (-] =

i1\ FRADN

i[-n coti=gd) - -37 + 7 tan(=32) - n tan( imhomn)

FL.2SS, LIS, .

Using elementary trigonometric identities we find that
A
n

- n+1
3.3) ).[dn(M - dn(~)JJ = -1+ (-1) TR 7%

Note that this shows that dn()J - dnt—)J depends only on whether n is even or odd.
This means that for x € 2[. M;(MMX(X)’I - M;(-MMX(-M'I is a scalar matrix. Thus

the only genuinely non-inva-iant part of the distribtuion Tthtl is the term

. 1%\
Tywh) =i T v f cos At trCM UMV InX-Nf)3 dn.
~ -.

x€a,

This is exactly the distribution defined by Arthur in [1d! and referred to in (W-2).
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We now check that lim Ti(t:a:n) = 0. It is easy to verify using the integral

t]=w

formula (2.5) for oxm that there is a constant ¢ such that for all t = 0, lcl(tH

L]
€ ¢ uniformly in A. Thus it is clear that for all a € C(R), a(d)e, (t) dx
T .. ae
- 0 as |t| = =
Since a(k)[dn(X) + dn(-x)] € L1R), the second term in (3.1) also tends to zero as 1]
—+ ®. The same holds for the third term if n is odd. However. for n even the pole of

dn().) at A =0 causes

lim J‘_: a() sin AJt] [d,00) - dy(-M)] dx = -2na(0).
This cancels the fourth term so that in any case 1lim Tglxh,) = 0.

Finally, we look at the behavior of Tf('dht;l‘a: t — 0. As in (W-3) we define
S(t:a:n) = T(t:a:n) + log(l-e'zt)l?(t:c:n). We wish to show that S is continuous at t = 0
and that its first derivative has jump 2f(e) at t = 0.

The second and fourth terms in (3.1) are smooth at t = 0. The third is continuous, but

because of the sin A|{t| term has a jump in its first derivative equal to

® = ® n+1 ® _da())
2 f_. ald) A [d ()-d (-X)1dA = -2 J'_. aMx + (-1™2n I_. T2

using (3.3).

To study the first term we combine it with the lo((l-e'ubl?(tza:nl =

1_a-2t * -
2 log(l-e )J al()\) cos At dA term to obtain 2 I al}) h)‘m dx  where h,(t) =
- -n

0, (t) + locﬂ-e'Zt) cos At. Using the differential equation and boundary behavior at infinity

2
. d 2 4l sin At =
of ‘X"’" we find that :T hx".’ = - hl“” - -—TF-T and :::. hx(t) = 0.

sin A(u-t) sin Au du.

{ ]
Thus we can write, for t > 0. hy(t) = -4 I o :
t e -
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It is now easy to check that 11; hy(t) = -4 I ”" )‘“ du is a convergent
ts

. . d ® sin Au nA _cosh n)\
integral, and that l1im Zrh,(t) = A —_du = oy - 1.
ti0 A J‘0 e¥ -1 sinh N

Although °x“’ is even, hx(t) is not because of the log(l - e'2t) term. However,

hx(-t) = h)‘(t) + 4t cos At. Thus 1lim h)‘(tl = lim h)‘(tl so that hx(t) is continuous
tt0 ti0

at t = 0. Also.
SE byl-t) = - Sr hy(t) - 4 cos At + 4At sin At so that
Lim S hyt) - 1im §e hy(t) = 2 1im G hy(t) + 4 = 20A cosh T , 5
ts0 tt0 t40
Combining this with the jump from the third term we find that
n+1l

lim g Sit:a:n) - lim J¢ S(t:am) = 2n J' Aa(n) £e2h TA_o (o1) ax
t40 tt0

{ 2n I ® Aa(l) tanh g-l d\ n even
-~

-
2n I Aa(x) coth J2 dx  n odd.
-

This is exactly the Fourier transform of f(e) given by the Plancherel theorem.
Finally, the singular weighted orbital integral studied by Arthur in [1b] s Tf(i) =

11; Sf(ih‘b. ¥ € Al' Using the above formulas we can write, for f € C(G).
Tt

° X
B4 T = - T oxptnn + T [ nkMe oo a
(Y X€EA T.

+ T xw J' " g™ ™) Mx(\l'l N dh o noe 00
XEAI - X

u
-e

- 2
where h(\) = 2 Io -:—‘3# du .
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