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CONVERGENCE ANALYSIS OF THE LOWEST ORDER WEAKLY PENALIZED
ADAPTIVE DISCONTINUOUS GALERKIN METHODS

THIRUPATHI GUDI! AND JOHNNY GUZMAN?

Abstract. In this article, we prove convergence of the weakly penalized adaptive discontinuous
Galerkin methods. Unlike other works, we derive the contraction property for various discontinuous
Galerkin methods only assuming the stabilizing parameters are large enough to stabilize the method.
A central idea in the analysis is to construct an auxiliary solution from the discontinuous Galerkin
solution by a simple post processing. Based on the auxiliary solution, we define the adaptive algorithm
which guides to the convergence of adaptive discontinuous Galerkin methods.

Mathematics Subject Classification. 65N30, 66N15.

Received September 11, 2012. Revised June 3, 2013
Published online April 1, 2014.

1. INTRODUCTION

The design of adaptive finite element methods based on reliable and efficient a posteriori error estimates has
been the subject in the past [2,6,7,13,32]. The adaptive finite element method consists typically the following
successive loops of the sequence

SOLVE — ESTIMATE — MARK — REFINE.

Convergence analysis of adaptive finite element methods has been initiated by Doérfler [24] who introduced
an important marking strategy. Subsequently important theoretical developments have been made by many
researchers. We refer to [20,29,30] for the work on conforming finite element methods, to [19,21] for the results
on mixed finite element methods, to [9,18] for the work on nonconforming methods and finally to [12,26, 27]
for discontinuous Galerkin methods. On the other hand, the optimality of adaptive finite element method is
derived in [11] for two dimensional problems and in [31] for high dimensional problems.

In this article, we focus on the low order adaptive discontinuous Galerkin (DG) methods. Karakashian and
Pascal [27] were the first to prove contraction properties for the symmetric interior penalty Galerkin (SIPG)
method. Therein, the authors have proved the contraction property for SIPG method under an interior node
property. Subsequently the interior node property is relaxed independently in the works of [12,26]. Moreover the
quasi-optimal convergence rates are derived in [12]. However, the common issue with the three articles [12,26,27]
is that the contraction property is derived assuming the penalty parameters are sufficiently large (i.e. larger than
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what is needed for stability of the method). In this article, we prove contraction properties for various symmetric
weakly penalized discontinuous Galerkin methods only assuming that the penalty parameters are large enough
to guarantee stability of the method. For example, in the case of the LDG method the stabilizing parameters
only have to be positive. This is achieved by a new marking strategy that uses an auxiliary solution obtained by
post-processing the discontinuous Galerkin solution which turns out to be the Crouzeix—Raviart non-conforming
approximation [23]. In fact, we borrow the marking strategies [9,18] that have been developed for non-conforming
methods and show that these are enough to contract the error of the entire DG approximation. We are able to do
this by using a result of Burman and Stamm [17] which shows that weakly penalized DG approximation can be
written as the Crouzeix—Raviart approximation plus a discontinuous part with zero averages across interfaces.
We show that the discontinuous part is controlled by data oscillations.

The weakly penalized method differ from classic DG methods in the fact that only the lower moments of the
jumps are penalized on interfaces of the triangulation. For example, for piecewise linear elements and the SIPG
method the penalty term looks like

> 1 [t

ec&, ¢

In contrast, in the weakly penalized case, one uses the term

> [ D) ()

ec&y

where we use the average of the jump He([[wh]}) = hi fe [wr]. Note that this is equivalent to using the midpoint
rule to evaluate the integrals fe [wr][ve], so the weakly penalized method is cheaper to implement. Weak
penalization has been used in weakly over penalized methods [14, 15]. Moreover, the weakly penalized DG
method considered here was already analyzed by Burman and Stamm [17] and by Ayuso and Zikatonov [5].
Burman and Stamm [17] gave an a priori error analysis and their results are crucial in our analysis. Ayuso and
Zikatanov [5] study the convergence of a multigrid algorithm for this method.

We consider the following model problem of finding u € H{(£2) such that
a(u,v) = (f,v) Yo € HY(RD), (1.1)

where

a(w,v) = (Vw, Vo) Yw, v € Hy(£2), (1.2)

and (-,-) denotes the L?({2) inner product. We assume that §2 C R? is a bounded domain with polygonal
boundary 9f2 and f € L*(12).

The rest of the article is organized as follows. In Section 2, we introduce the notation and preliminary results.
In Section 3, we recall the DG methods and corresponding stability results. In Section 4, we construct an
auxiliary solution by averaging the DG solution and there in we derive some useful properties and results for
the auxiliary solution. Section 5 is devoted to the convergence analysis of DG methods. Finally we conclude the
article in Section 6.
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2. NOTATION AND PRELIMINARIES

The following notation will be used throughout the article:

7T, = a face to face, shape regular simplicial triangulations of {2

T = a triangle of 7}, hr = diameter of T'

&} = set of all interior edges of 7y,

5}; = set of all boundary edges of 7},

En=EuU&

M = set of midpoints of the edges of T’

i

i = set of all midpoints of the edges in &},
Mz = set of all midpoints of the edges in 52
My =ML uMb

he = length of the edge e € &,

Vi, = piecewise (element-wise) gradient

P,.(T) = space of polynomials of degree less than or equal to m > 0 and defined on 7.
The discontinuous finite element space is defined by
v, = {Uh S LZ(Q) : Uh|T S Pl(T)}.

In the analysis below, we need the following Crouzeix—Raviart nonconforming space [23]:

Ver = {'Uh e Vp: /[[Uh]] ds=0 Vee 5h}7
e
and the following vector valued discrete space:
Wy, = {wh S LZ(Q)z : wh\T S [PO(T)]2}.
Define a broken Sobolev space
HY2,T;) ={ve L*(2): v =v|r € H(T) ¥V T €T}

For the DG methods, we require to define jump and mean of discontinuous functions. For any e € &, there
are two triangles 7y and T_ such that e = 0T NIT-. Let n_ be the unit normal of e pointing from 7_ to T,
and ny = —n_. (cf. Fig. 1). For any v € H'(£2,7},), we define the jump and mean of v on e by

1
[v] =v_n_ 4+ vins, and {v}} = E(v, + v4 ), respectively,

where vy = U|Ti. Similarly define for w € H'(£2,7)? the jump and mean of w on e € &} by

1
w]=w_ -n_4+wy - -ny, and fw}} = = (w_ + w4 ), respectively,
+ 2 +

where wy = w|r, .
For any edge e € 5}:, there is a triangle T € 7, such that e = 9T N 0f2. Let n, be the unit normal of e that
points outside T. For any v € H'(T'), we set on e € )

[v] = vne and {v}} = v,
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F1GURE 1. Two neighboring triangles 7 and T that share the edge e = 97_ N JTy with
initial node A and end node B and unit normal n.. The orientation of n, = n_ = —ny equals
the outer normal of T, and hence, points into 7 .

and for w € HY(T)?,

[w] = w - ne, and {w}} = w.
The discontinuous Galerkin methods use a lifting operator = : L?(&,)? — W), defined by
/ r(w) - rdr = — Z /w-{{r}}ds VT € Wh, (2.1)
2 ecéy €

and a local analogue 7. : L?(e)? — W}, defined by

/Qre(w) crdr = — /ew fr}ds VreW,. (2.2)

Let II. : L?(e) — R be the L2-projection onto constants defined by
1
. (v) = — /vds. (2.3)
he Jo

3. DISCONTINUOUS GALERKIN METHODS

We consider four stable and symmetric weakly penalized discontinuous Galerkin Methods namely, the IP (or
SIPG method) method [3,25,33], the LDG method [4,22], the method by Brezzi et al. [16] and the method
by Bassi et al. [8]. The original articles have considered the formulations using the penalty term with strong
jumps, we replace them here with weak jumps. The concept of stabilizing the DG formulation by weak jumps
was introduced in [14,15].

The bilinear form for the IP method [3,25,33] is defined by

Ap(wp,vp) = Z /Tth - Vo dz — Z {Vwp B vn] ds

TET, e€&, V¢

= /{{Vvh}}[[whﬂ ds+ Y hﬁe/ne([[wh]})ne([[vh]}). (3.1)

e€&y, ¢ ec&p

where o > 0 is the stabilizing parameter.
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TABLE 1. Conditions for a.

Method Condition on «

IP Method [3,25,33]  « satisfies (3.6)
LDG Method [4,22] a>0
Brezzi et al. [16] a>0
Bassi et al. [8] o> 3

The bilinear form for the LDG method [4,22] is defined by

n(wn,vn) = Y / V- Vopdo — Y / {VwrPlon]ds — / {Von ¥ [ws] ds

TET, e€&y, e

" /Q P () (T (D) + 3 / 17, ([un]) 17, ([on])-

ec&y
The bilinear form for the Brezzi et al. method [16] is defined by

W) = 3 / Vun - Vopdo — 3 / (Vo] ds — 3 / AV oY [wa] ds

TeT, ecéy ecéy,

" /Q (I (o)) (T ([o]) + 3 @ / re (T ([wn])re (ITe([en])-

ec&y

The bilinear form for the Bassi et al. method [8] is defined by

Ap(wp,vp) = Vwy, - Vo dac— Vwp } v ds— Vop }wn] ds
o) = 3 / v Vonde- 3 / (Vurblonlds = 32 / (Vo) [wn]
+ Te e([w ]] re (Ie(Jon]))-
pop / uD)re (11 ([on])

The DG method is to find u; € V}, such that
An(un,vn) = (fyvn)  Yop € Vi,

where Ay, is any of the bilinear form defined in (3.1)—(3.4).
It is proved in Lemma 1, [1] that the IP method is stable for any « satisfying

4
o > JI“I?T); p(ST),

757

(3.2)

(3.3)

(3.5)

(3.6)

where p(S7) is the spectral radius of the local stiffness matrix [S7]mn = (VaAm, Vi), where \,,,’s are barycen-

tric coordinates of T'. In Table 1, we present the condition on « for the above DG methods.
Define the mesh dependent norm

ollf ) = > / Vol dz + Y IL([v])* Vve H'(2,T,).
TeTy e€lp
The following lemma on the stability of the DG methods (3.5) is well-known [4].
Lemma 3.1. Assume that « satisfies the conditions in Table 1. Then, it holds that

CHUh”ih < Ah(vh,vh) Yoy € Vi
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4. AN AUXILIARY SOLUTION BY POST PROCESSING

Here we collect some results of the DG approximation that show how it is related to the Crouzeix—Raviart
approximation. Lemmas 4.1, 4.3, 4.5, were proved by Burman and Stamm [17].

Let up, € V4 be the solution of any of the DG methods (3.5). Define an auxiliary solution u} € Vor by the
following:

fur}(m,), it me € M}
up (me) == (4.1)
0, if me € MY,
In the following lemma, we establish an integral relation for u; and uj.
Lemma 4.1. For any v, € Vy,, it holds that
Z / Vuy, - Vo, do — Z /{{Vvh}}[[uhﬂ ds = Z / Vuy, - Vo, ds. (4.2)
TeT, ’ T ec&, V€ 7eT, /T
Proof. Using integration by parts, we find

3 /TV(uh—u;;).whdx: 3 /{{wh}}uuh—u;ﬂ as+ 3 /uwhﬂ{{uh—u;}}ds.

TET, e€Eh ecgl V¢
The definition of uj implies
3 / [Vonlfun — w} ds = 0,
e€&l ¢

3 [ 4V} up] ds =o.

ec&p V€
This completes the proof. O

In the following lemma, we estimate the error between u; and uj.

Lemma 4.2. It holds that

> (hz2lun = i ey + IV n = ui)ary ) < € Y He(fun])’

TeTy ec&y

Proof. The proof is an easy consequence of the following estimate: for any v, € P;(T), it holds that

”UhH%?(T)SC‘T‘ Z o (me)?. (4.3)
meEMr

The following identity is useful in our subsequent analysis. O
Lemma 4.3. It holds that

An(un — up, un — up,) = (f, un — up,)
Proof. Using (3.5), we find

An(up — ufy, un —upy) — (f,un — uy) = —Ap(uj, up — uj)
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It is remaining to show that Aj(u;,up —uj) = 0. Using the fact that II.(Ju;]) = 0 for all e € &, integration
by parts and (4.1), we obtain

Ap (uy,, up —up) = Z /TVuZ - V(up —up)dr — Z {Vug Bup, — up]ds

TeT), ec&p V€

[V Dfun — ui Bas

=0.
This completes the proof. O

In the following lemma, we estimate the error uj — uy by volume residual. It is crucial that the uj — uy, is
bounded only by an oscillation term for the contraction property to hold. Our bound is different from the bound
given by Burman and Stamm [17].

Lemma 4.4. Assume that « satisfies the conditions in Table 1. Then there exists some C* > 0 such that

lu, = unllfp < C* D B Fll720r)-
TeT,

Proof. Using Lemma 3.1, Lemma 4.3, Cauchy—Schwarz inequality, Lemma 4.2 and Young’s inequality, we find
Clluh —unllin < An(up — wn,up, —un) = (f, up — un)

1/2 1/2
< ( Z h2T|f|%2(T)> ( Z hy?|uj, — uh||2L2(T)>

TeTy TeTh

1/2 1/2
<C ( > h2T||f||2L2(T)) (Z He(ﬂuhﬂ)2>

TeT, ecéy,
< ¢ B2 2 - 2
< D B2 ey | + ellug, = unllf -
TeT),
We complete the proof by choosing e sufficiently small. O
Lemma 4.5. The auziliary solution uj satisfies
(Vrug, Vion) = (f,vn) VYon € Ver,
i.e, uy is the solution of the classical nonconforming method [23].

Proof. Using (3.5) for any v, € Vg, we find

> /TVuh-Vvhdx— > [{Vor}unl ds = (f,vn).

TeT,, ec&, V€

Then using (4.2), we complete the proof. O
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The following a posteriori error estimator is an easy consequence of Lemma 4.4 and the results in [18]:

Lemma 4.6. Let u and uy be the solutions of (1.1) and (3.5). Let uj, be the auxiliary solution defined in (4.1).
Then it holds that

1/2
IVi(u—un)llz2ey <C | D2 WISy + Y /he[[8UZ/38]]2d8 :
TeT, ec&) ¢
where 0/0s denotes the tangential derivative along the edge e.
Proof. First using triangle inequality
IVi(u —un)ll22) < IVa(u —up)llzz) + [Va(uh —un)lz2(),
and then using Lemma 4.4 and the results in [18], we complete the proof. g

5. CONVERGENCE OF ADAPTIVE DG METHODS

Let uj, € V3 be the solution of any of the DG method (3.5) and let u}; € Vor be the auxiliary solution
constructed in (4.1). Using Lemma 4.5, recall that u} is the solution of the Crouzeix-Raviart nonconforming
method and Lemma 4.4 implies that there exists a positive constant C* > 0 such that

i, = unllf + D He([un])* < C*[IRSIP,

ecéy

where hereafter || - |, = ||V}, - || and
Inf12 = > Bl
TeT),

Let 75, be the conforming refinement of 7y obtained by refining the all the marked elements in 7y that are
marked in the step MARK. The functions with A (resp. H) suffix corresponds to the mesh 7y, (resp. 7g ). Below,
we consider separately two different marking strategies that are introduced by Carstensen and Hoppe [18] and
by Becker et al. [9] and prove the error reduction for both the algorithms separately.
Marking by Carstensen and Hoppe [18]:

Given the universal constants with 0 < @, py < 1, the outcome of MARK is a set of edges M C Ep such that

oy /He[[au;/as]ﬁds <Y [ Holouj 051 as. (5.1)

ecgi, "€ eEMVE

The refined regular triangulation Ty, from REFINE generated by refining at least all the edges in M (and possibly
further edges to avoid hanging nodes) with the new mesh-size h < H is supposed to satisfy

P2||Hf||2L2(Q) < thH%z(Qy (5.2)

The results in Carstensen and Hoppe ([18], Thm. 1.1), imply that there exists 0 < p; < 1 and C; > 0 such that
lu—wuilli < prllu =il + CLllHfI%, (5:3)

IR fI? < pol H £ (5.4)

The results in (5.3)—(5.4) imply the following Q-linear convergence ([18], line 6 on page 254):

(Il = wpllf, + BllRSN?) < max{py, (1 + p2)/2} (Ilu — ui |7 + BIIHFI)

where 8 = 2C1 /(1 — p2).
In the following theorem, we derive the contraction property for the adaptive DG methods (3.5) using the
marking strategy by Carstensen and Hoppe (5.1).
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Theorem 5.1. Let the marking be done by (5.1). Then there exists v > 0 and 0 < p* < 1 such that
lu = unllf, + Y IBFI? < 0" (lu—umllf +IHF?) .
Proof. Let € > 0. Using triangle inequality and Young’s inequality, we find
lu—unllf +AFI* < 1+ €)llu—upllf + (1 + 1/€)lJun — uill +7IIAf]*
Using Lemma 4.4, we obtain
lu—unlli + Y IBFI? < A+ €)llu—wil; + (C* (1 +1/e) +7) [RfI.
Using the error reduction for uj (5.3), we find
lu—unllf, +IBfI? < X+ €)pr(lu = upllF + CLIHI?) + (CF(L+ 1/€) +) | S|
Again using triangle inequality, Young’s inequality and lemma 4.4, we find

lw—unl +YNRfIIP < (L4 €)pr((1+€)|lu—unlf + C*(L+1/e)| Hf||> + CL| Hf|]?)
+ (C*(1+ 1/€) +7)[|nf]?

Therefore

lu—unlly +ARfI? < (L4 €)°prllu—unlly + 1+ €)pr (C*(L+1/e) + C1) | H f|]?
+(C*@+1/e) + )L fI*

We now use (5.4) and find

lu—unlly + YIRFI? < 1+ €)°prllu —unl|F + (1 + €)p1 (C*(1+ 1/€) + C1) [|H f|?
+ (C*(1+ 1/e) +7)p2| H |

By simplifying

lu —unllz +AlIRfI* < (L +e)prllu —umlh
+ [T+ €)p1 (C* (1 +1/€) + C1) + (C*(L+1/€)) p2 + vp2] |HfII*.

Choosing ~ sufficiently large such that
[(1+€)p1(C*(1+1/€) +C1) + (C*(1+1/€))p2 +vp2] < (1 + p2)/2.
That is by choosing « such that
2[1+6e)pi(C (L +1/e)+ Cr) + (C* (1 +1/€))pa] /(1= p2) <,

we complete the proof by p* = min{(1 + €)%p1, (1 + p2)/2} and € such that (1 +€)?p; < 1.

761

O

Remark 5.2. The marking strategy by Carstensen and Hoppe in (5.1)—(5.2) is improved by Becker, Mao and
Shi [9] so that the optimal rate of convergence can be derived. Below, we prove the contraction property for DG

methods using Becker, Mao and Shi marking strategy.
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Marking by Becker, Mao and Shi [9]: Choose the parameters 0 < 0,0 < 1 and 7. Then the oul come of
MARK step is the set of edges or elements according to the following:
If HHfH%z(m < VZees;', [, Hc[0us;/0s]? ds, then mark a subset M C &}, with minimal cardinality such that

D / H,[0uy /052 ds < 3 [ Ho[owj /051 ds, (5.5)
ecgi, ¢ eEME
else find a subset My C Ty with minimal cardinality such that
o > HillflZry < Y HilflZer): (5.6)
TeTy TeM;

The result by Becker, Mao and Shi [9] is that there exist 0 < p < 1 and §* > 0 such that
lu =i Ik + BIRSI* < p(llu— uilZ + BIHLI?), (5.7)

for all # such that 8 > §*. Although, the result in Becker, Mao and Shi ([9], Thm. 4.1) states that this holds
for a 3 sufficiently large a careful inspection of their proof shows that such an inequality holds for all 3 > g*
with * sufficiently large [10].

Below, we prove the convergence of adaptive DG methods under the Becker, Mao and Shi marking (5.5)—(5.6).

Theorem 5.3. Suppose that the marking is done by (5.5)~(5.6). Then there exists v > 0 and 0 < p* < 1 such
that
lu = unlly + AR < p* (lu—unlf + VI HFIP) -

Proof. Let € > 0. Using triangle inequality and Young’s inequality, we find
lu = wnllz + ARSI < A+ )llu—uplli + (1 +1/e)Jun = uplli +vIIRfI*.
Using Lemma 4.4, we obtain
lu—unll +AAFI? < A+ )l —uilli + (C* (1 +1/€) + ) [P fII?,
or equivalently
= w2 + 4IRS < 1+ ) (Il = b} + (C°(U+1/e) ) /(1 + IR SI).
Assume that « is sufficiently large such that
(C*A+1/e)+7) /(1 +€) = > B~ (5.8)
Then, using (5.7) we arrive at
lu =i +ARFIP < A+ e)p(llu —ui Iz + BIHF]?).
Again using triangle inequality and Young’s inequality and Lemma 4.4, we find
lu—unllf +AfI* < L+ €)p [+ €)llu—unllf + C*(L+1/e)|HfI* + BIHf|?].-
Therefore

lu—unllz +ARFI* < A+ e)pllu —unlfr + 1+ )p(C*(1+1/e) + B) | H .
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First note that we can choose e sufficiently small such that (1 + €)2p < 1. Then the proof will be completed if
we can show that there is some 0 < py < 1 such that

(L+p(C*(L+1/) +6) < pa. (5.9)

with p* = min{(1 + €)?p, p2}.
Using (5.8) in (5.9),
(14 )pC*(1+1/¢)

(1+€)pC*(1+1/e)+ ) +pv < p27,
equivalently
(1+€)pC*(1+1/e) + (L+ E)é)lc:(el)+ 1/e) < (p2—p)7-
The proof is completed by choosing po such that p < ps < 1 and ~ sufficiently large. g

Remark 5.4. Using the triangle inequality and Lemma 4.4, we find

[ —unlln < llu—wuhlln + [lug, — unlln
< lu = uplln + ClIf-

Therefore the adaptive DG methods converge at least at the rate of adaptive nonconforming method. It was
shown that the adaptive algorithm of Becker, Mao and Shi [9] has optimal rate of convergence for the noncon-
forming method.

6. CONCLUSIONS AND FUTURE WORK

In this article, we have proved the contraction property for various symmetric discontinuous Galerkin (DG)
methods. Unlike in the existing works for strongly penalized DG methods, we prove the convergence of weakly
penalized adaptive DG methods without further assuming the stabilizing parameter is larger than what is
required for stability. Although the analysis in this article is restricted to the lowest order case, we hope that
similar ideas may be used in higher order cases. We remark that the convergence analysis of adaptive DG
methods using strong jumps is still open when the stabilizing parameter is chosen just according to the stability
of the method.

We would like to note that different markings can be used for which the contraction for the non-conforming
method holds. For example, we can use the marking by Mao et al. [28].

In a future work we will consider the more general equation

V(AVu)+b-Vu+cu=f.

In this case the corresponding post-processed solution u; will not be exactly the corresponding Crouzeix—Raviart
solution. Instead, it satisfies a perturbed problem where the perturbation can be controlled by volume residuals.
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