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CONVERGENCE OF SOME ADAPTIVE FEM-BEM COUPLING FOR ELLIPTIC
BUT POSSIBLY NONLINEAR INTERFACE PROBLEMS

MARKUS AURADA!, MICHAEL FEISCHL! AND DIRK PRAETORIUS!

Abstract. We consider the symmetric FEM-BEM coupling for the numerical solution of a (nonlinear)
interface problem for the 2D Laplacian. We introduce some new a posteriori error estimators based on
the (h — h/2)-error estimation strategy. In particular, these include the approximation error for the
boundary data, which allows to work with discrete boundary integral operators only. Using the concept
of estimator reduction, we prove that the proposed adaptive algorithm is convergent in the sense that
it drives the underlying error estimator to zero. Numerical experiments underline the reliability and
efficiency of the considered adaptive mesh-refinement.
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1. INTRODUCTION AND OVERVIEW

The (h — h/2)-error estimation strategy is a well-known technique for the a posteriori estimation of the error
in the energy norm ||u — we||; see [23] in the context of ordinary differential equations, and the overview article
of Bank [6] or the monograph [1], Chapter 5, in the context of the finite element method: let Xy be a discrete
subspace of the energy space H and let .)?g be its uniform refinement. With the corresponding Galerkin solutions
U, and Uy, the (h — h/2)-error estimator

ne = [[Ue = Ud| (L.1)

is a computable quantity [15] which can be used to estimate the error ||u—Uy||, where u € H denotes the exact
solution and where || - || denotes the energy norm on H.

For finite element methods (FEM), the energy norm, e.g., || - || = ||[V(-)||z2() provides local information,
which elements of the underlying mesh should be refined to decrease the error effectively. For boundary element
methods (BEM), the energy norm || - || is (equivalent to) a fractional order Sobolev norm and typically does not
provide a direct information, where the underlying mesh should be refined. In [20], localized variants of 7, were
introduced. In [18,19] the equivalence of 7, to hierarchical two-level error estimators from [24,28] and averaging
error estimators from [9-11] has been analyzed.
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Recently [21], convergence of some (h — h/2)-steered adaptive mesh-refinement has been proven for linear
model problems in the context of FEM and BEM. In [2,4], this result has been generalized to averaging type
error estimators and perturbed Galerkin schemes. The latter is important in the context of BEM, since the
involved integral operators can, in general, only be evaluated for discrete functions.

In this work, we introduce some (h — h/2)-type error estimators for the coupling of FEM and BEM. As
model problem, we consider an interface problem in two dimensions with a nonlinear inhomogeneous partial
differential equation (PDE) in the interior domain and a linear homogeneous PDE in the exterior domain.
We apply a symmetric coupling method [13,14] and the lowest-order Galerkin scheme to obtain a (nonlinear)
system of coupled FEM-BEM equations. For linear problems, the ideas from [18,19] can be used to prove that
the introduced error estimators are equivalent to the two-level error estimator from [27].

Using ideas from [2] and in addition to the seminal work [27], we include the approximation of the data to
deal with discrete integral operators only. Moreover, [27] proves that a saturation condition

lo = Upa]l < gflu— Ul (1.2)

for a sequence U, of discrete FEM-BEM solutions and with some uniform constant 0 < ¢ < 1, implies the
reliability of the two-level error estimator. On the other hand, this saturation condition already assumes linear
convergence of the discrete solutions obtained from an adaptive mesh-refining algorithm. In our work, we assume
that uniform refinement, i.e. the use of Uy instead of Uy in (1.2), guarantees a saturation condition. Under
this — compared to [27] — much weaker assumption, we prove that the introduced (h — h/2)-error estimator is
reliable and efficient up to data approximation terms, which are also controlled a posteriori. Finally, we prove
that the usual adaptive algorithm drives the error estimator (and hence the error) to zero. We stress that this
is the first convergence result available for adaptive schemes in the context of the FEM-BEM coupling.

The outline of the paper is as follows: in Section 2.1, we formulate our model problem, and the Galerkin
formulation is given in Section 2.2-2.3. Section 3.1 collects the properties of the local mesh-refinement used for
the numerical analysis. In Section 3.2, we introduce a computable data oscillation term osc,. We prove that oscy
provides the means to control the error introduced by the data approximation (Prop. 3.1). In Section 3.3, we
state and discuss the saturation assumption (3.13) and prove that the (h — h/2)-error estimator 7, from (1.1)
provides, up to osce, a lower and upper bound for the error ||u — Uy|| (Prop.3.7). As mentioned before, the
boundary contribution to the energy norm || - || cannot be used to steer an adaptive mesh-refinement. In the spirit
of [20], we introduce further estimators u, and fi; in Section 3.4, which are equivalent to 1, (Lem. 3.8) and which
can be used to steer an adaptive algorithm. Consequently (Thm. 3.9), these estimators provide, up to oscy, lower
and upper bounds for the error. Section 4 provides our version of the adaptive algorithm (Algorithm 4.4) and
proves convergence (Thm. 4.5). The first ingredient of our convergence proof is the observation that adaptive
mesh-refinement always leads to a convergent sequence of discrete solutions Uy, where the limit

Uso = elim Uy, (1.3)

however, does not necessarily coincide with the continuous solution u (Prop. 4.2). Second, we show that a
generalized variant (4.4)—(4.5) of the Dorfler marking [16] implies an estimator reduction estimate of the type

011 < 107 + C U1 — Ul (1.4)

with 97 := 17 + osc? and with certain f-independent constants 0 < x < 1 and C > 0 (Lem. 4.3). From the
a priori convergence (1.3) of ﬁg to some limit Uy, one may thus conclude convergence gy — 0 as £ — oo,
cf. [4]. Section 5 gives empirical evidence that the proposed adaptive algorithm is much superior to uniform
mesh-refinement with respect to both, experimental convergence rate and computational time. Finally, a short
appendix generalizes a result of [13] and proves that, without any further assumptions on the mesh-sizes, each
discrete space Xy admits a unique Galerkin solution Uy.
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2. CONTINUOUS PROBLEM AND GALERKIN FORMULATION

2.1. Model problem

We consider the nonlinear interface problem

—div(AVut) = f in Q=
—Au*t =0 in 2% .= R2\ (2,
uint _ uext = up on F, (21)

(AVU"t — Vust) .n = ¢y on I,

ext(

u®*(z) = O(log |z|) as |z| — oo.

Here, {2 is a bounded Lipschitz domain in R? with polygonal boundary I" := 042 and outer _unit normal vector
n. The given data satisfy f € L?(§2), ug € HY*(I'), and ¢y € H~'/?(I"). We recall that H~1(£2) is the dual
space of H'(£2) with respect to the L?(£2)-scalar product. The space H'/?(I") is precisely the space of all traces
of functions from H'(£2), and H~'/2(I") is the dual of H'/?(I") with respect to the L?(I")-scalar product.

As usual, (2.1) is understood in the weak sense, and the sought solutions satisfy u'™ € H'(f2) and u®* €
H} (02°%) = {v: 2% - R : VK C 2° compact v € H'(K)} with Vu®™* € L?(£2°*%). The (possibly
nonlinear) operator A : L2(2)? — L?(£2)? is strongly monotone and Lipschitz continuous, i.e. there holds

'mon || VU — Vw||L2(Q (AVv — AVw, Vv —Vuw),
{ | (2.2)

|AVv — AV’wHLz(Q) < Ciip (Vv — VU}HLz(Q),

for all v,w € H'(£2).
Problem (2.1) is equivalently stated via the symmetric FEM-BEM coupling, cf. e.g. [13], Theorem 1: find
(u,¢) € H := H'(2) x H™'/2(I") such that

{ (AVu, Vo), +{(Wu+ (R — 1) ¢, v) = (f, v) o + (¢o + Wuo, v) -,
(0,06 = (&= 3)u)p == (¥, (R=3)w)p.

for all (v,v) € H. Here, U denotes the simple-layer potential, R denotes the double-layer potential with adjoint
R, and 2 denotes the hypersingular integral operator. With

(2.3)

G(z) = —% log|z| for z € R*\{0} (2.4)

the fundamental solution of the 2D Laplacian, these integral operators formally read for x € I" as follows,

/F Gz — y) ¥(y) AT(y) (2.5)
/ By Gl — ) v(y) AT () (2.6)
(200)(2) = <01 | Dty Gl = 9) o) AT ) (27)

By continuous extension, these definitions provide linear boundary integral operators U €
L(H-Y2(); HY*(I)), & € LHY*I);HY*I)), and W € LHY*(');H Y2(I')) as well as
& € L(H Y2(I'); H-'2(I")). The reader is also referred to the monographs [25, 30, 31] for more details
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on these integral operators. By scaling of {2, we may assume that diam({2) < 1 to ensure the uniform ellipticity
of Y, i.e.

11131 /2(ry S (0, D), for all € H-V3(I).

The link between (2.1) and (2.3) is provided by u = u!™* and ¢ = Vu®** . n, and u* is then given by the third
Green’s formula

ut(z) = R(u — uo)(z) — V() for x € 2, (2.8)

where the potentials U and R formally denote the operators 2 and &, but are now evaluated in £2°** instead of I".

Note carefully that we do not use a notational difference for the function v € H'(£2) and its trace u € H'/?(I'),

for which we compute the boundary integrals 20u and (& — +)u in (2.3).

It is well-known that (2.3) is well-posed in the sense that it allows for a unique solution (u, ¢) € H. Since we
need some arguments from [13] below, we briefly recall the corresponding proof of [13], Corollary 2: first, the
second equation of (2.3) is equivalently written as

6= (ﬁ— %) (u — ug).

This identity may be used to eliminate ¢ in the first equation of (2.3). This gives rise to the exterior Dirichlet-
to-Neumann map (or: exterior Steklov-Poincaré operator)

G =W+ <ﬁ’ - %) DI (ﬁ— %) e L(HY*(I"); H=Y2(I)) (2.9)

which is elliptic, i.e, (Gv, v) 2 ||UH§{1/2(F) for all v € HY?(I"), see [13], Lemma 3.4, and Appendix A below.

Recall that H—1(£2) is the dual space of H(£2) with respect to the L2(£2)-scalar product. We define the (in
general nonlinear) operator

A:HY(Q2) - H () by Aw)v] = (AVu, Vo), + (Gu, v) (2.10)
and the right-hand side
LeH Y2) by Lv:= (f,v)gy+ (b0 +Wug, v)[ . (2.11)
Then, (2.3) is equivalently recast into the operator equation
Aw) =L in H (). (2.12)
The operator 2 is Lipschitz continuous and strongly monotone, i.e.
|| — le”f[—l((g) Slu—v|pie aswellas |ju— vaql(Q) S (QAu—Av, u—v),.

Consequently, the main theorem on strongly monotone operators [33], Section 25.4, proves that (2.12) and
thus (2.3) have a unique solution.

2.2. Galerkin discretization

Let 7; be a regular triangulation of {2 into compact triangles T; € 7y and & be a partition of the coupling
boundary I" into compact and piecewise affine line segments E; € &. Since {2 is polygonal, we assume that (2
as well as I" are exactly resolved by 7; and &. Let diam(w) denote the Euclidean diameter of a set w C R?. For
x €71 € Ty UE, we define the local mesh-width function by he(z) := diam(7).
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For the discretization, we use a conforming discretization with continuous and 7p-piecewise affine finite
elements in 2 and &p-piecewise constants on I, i.e. the discrete spaces read

Xo=8" () xP°(&) < HY Q) x HY*(I) =M. (2.13)

We stress that the analysis does not enforce any coupling of & and 7. In particular, we do not need to assume
that the boundary mesh & coincides with the restriction 7y| . However, for the ease of implementation, we will
consider & = Ty|p in the numerical experiments of Section 5.

The Galerkin formulation of (2.3) then reads as follows: find Uj = (U}, ®}) € &y such that

{ (AVU; , VVi) o + (WU + (R = 5) @5, Vo) o = (f, Vi) g + (b0 + Wuo, Vi), (2.14)
2.1

(W, VP} — (R=3) Uf), — (¥, (R=3)uo)p,

for all Vy = (Vo, %) € X.
To proof the unique solvability of (2.14), the analysis of [13], Section 3, mimics the proof of the continuous
case. Namely, (2.14) is equivalently rewritten in terms of a (in general nonlinear) operator equation

A,(Uy) = Ly in SYTy)*, (2.15)
where the nonlinear operator 2, reads
Ao : SHT) — SHTL)*, We(Up)[Vi] := (AVUe, VVi) o + (SeUs, Vi) -, (2.16)

cf. [13], Corollary 3. Here, &, denotes a discrete Dirichlet-to-Neumann map, which arises from the elimination
of &7 in the first equation of (2.14). It can be shown that &, is uniformly elliptic, where the constant depends
only on {2 but not on X, see Appendix A. As in the continuous case, this implies that the Lipschitz continuous
operator 2, is strongly monotone. Again, the main theorem on strongly monotone operators [33], Section 25.4,
proves the unique solvability of (2.15) and thus of (2.14).
Moreover, uniform ellipticity of &, implies that the unique discrete solution U} € A} is quasi optimal in the
sense of the Céa lemma
N .
fu =Tl < €y guin, flu = Vel (217)

where the constant C; > 0 depends only on (2, see [13], Corollary 3, resp. [33], Corollary 25.7. Here, the natural
energy norm on the energy space H is given by

1/2
vl = (1ol oy + 0 D) for v = (w) € 7. (218)
We stress that H associated with || - || is a Hilbert space, since ||[¢]yg := (¢, mw;/z defines an equivalent norm

on H-Y2(I).
2.3. Perturbed Galerkin discretization

The right-hand side of the discrete formulation (2.14) involves the evaluation of 2wy and Rug, which can
hardly be performed analytically. Moreover, so-called fast methods for boundary integral operators usually deal
with discrete functions, cf. [29]. Therefore, we propose to approximate at least the given boundary data ug €
H'/2(I") by appropriate discrete functions and proceed analogously to [2]: to that end and to provide below
a local measure for the approximation error, we assume additional regularity ug € H'(I"). According to the
Sobolev inequality in 1D, ug is continuous. Therefore, we may consider the nodal interpolant

Uoe i=1I{ug =Y _uo(2)¢; € S'(&), (2.19)

Jj=1
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where z; € I' denotes a node of £ and where (j is the associated £g-piecewise linear and continuous hat function,
i.e., Cj(zk) = 0,x. Now, the perturbed Galerkin formulation reads as follows: Find U, = (U, §¢) € X, such that

{ (AVUe, VVi) o + (WU + (R = 5) Pe, Vo) = (f 5 Va) g + (b0 +WUoe, Vo) - (2.20)

(W, Dby — (R~ 1) Us) - = — (@, (R—3) Vo),

for all Vi, = (V;, %) € Xy. Compared to (2.14), the only difference is that (2.20) involves the approximate data
Uop,¢ instead of ug on the right-hand side. Consequently, the same arguments as before prove that (2.20) has a
unique solution.

3. A POSTERIORI ERROR ESTIMATION

3.1. Local mesh-refinement

For the local refinement of the volume mesh 7;, we use newest vertex bisection, where marked triangles
T € 71, are refined by bisecs(T'). We refer to [32], Chapter 5, for details on newest vertex bisection. The mesh
'j:g is obtained from uniform bisecs-refinement of 7,. This ensures uniform shape regularity of the triangulations
7, and 7;. More precisely, the shape regularity constant

o(7;) := max {diam(T)?/|T| : T € T,} (3.1)
depends only on the initial mesh 7y, i.e.

max{sup o(7;),supo(7)} < C o (To), (3.2)
eN eN

where C' > depends only on the labelling of the reference edges in 7y. Furthermore, there holds nestedness of
the associated spaces

SHT) € SH(Tes1) € SUTL) € S (Tusr).-

For the local refinement of the boundary mesh &, we use bisection of the marked elements, i.e. marked elements
E € & are refined into two son elements with halved diameter. Since the error estimates below depend on the
local mesh-ratio (also called K-mesh constant)

k(&) == max {diam(E)/diam(E’) : E,E' € & with ENE" # 0}, (3.3)
one has to do some additional marking to ensure

sup k(&) < 2k(&), (3.4)
TeT,

cf. [2], Section 2.2, for details. The mesh &, is obtained from uniform refinement of &, whence k(&) = /{(E’g).

Alternatively, one may consider the boundary partition & := 7¢|r induced by the triangulation 7; of 2.
Then, marking of an element E € & means marking of certain edges of some triangles T' € 7, for newest vertex
bisection. We stress that this also guarantees that marked elements E are split into two son elements of half
length. Moreover, due to uniform shape regularity (3.2) of 7y, there automatically holds

sup k(&) < Ck(&), (3.5)
TeT,

with some constant C' > 0 which depends only on 7p.
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In any case, there again holds nestedness
PUTL) € PO(Te1) € PU(Te) € PO (Te4a).
Finally, we consider the discrete spaces X, := S*(7;) x P°(&) as well as X, = 8! (’j\}) X 730(52). We note that
XeC Xy CX C Xy CH,
where only the inclusions Xy C Xpy1, Xy C /'?g, and /'?g - )?K_H are mandatory for the analysis below.

3.2. A posteriori error control for data approximation

Instead of solving the non-perturbed Galerkin formulation (2.14) of the weak formulation (2.3), we solve
the perturbed Galerkin formulation (2.20) in practice. Put differently, U, = (Up,®y) € Xy is the Galerkin
approximation of the unique solution uy = (uy, ¢¢) € H of the perturbed formulation

{ <AVU(, VU>Q+<Qnue+ (ﬁ’_ %) Py, U>F = <f, U>Q—|-<¢0+QHU07[, ’U>F, (3 6)
(¢, Ve — (R=3) ue) = = (¥, (K= %) Vo), '

for all v = (v,) € H. In this section, we aim to verify a computable upper bound to control the approximation
errors |[u —ugf| and ||U; — Uy, stated in the following proposition.

Proposition 3.1. There holds the approrimation error estimate
Cy 107 = Ul < Jlu — | < Cs oscy, (3.7)
where
osce == ||hy"* (w0 — Uoe) | 21 (3.8)

Here, (-) denotes the arclength derivative along I'. The constant Cy > 0 depends only on §2, whereas C3 > 0
additionally depends on the K -mesh constant k(&y).

The proof of (3.7) is essentially based on the following stability result.

Lemma 3.2. Let u = (u,¢) € H be the ezact solution of (2.3) for given data (f,uo, o) € D := H=(0) x

HY2(I') x H-Y2(I'). Let u = (u,¢) € H be the exact solution of (2.3) for given data (f,%o,d0) € D. Let

U;,U; € X, be the respective Galerkin solutions of (2.14). Then,

O3 0F ~ T3l <l — 6l < Ca (15— Fllz=s oy + o — ol osaqry +ldo = dollg-vaqry) - (3.9)
where the constants Co, Cy > 0 depend only on §2.

Proof. We proceed as above in Section 2.1 to rewrite the weak formulations (2.3) for u and u. Note that the
second equations of both formulations are equivalently written as

p=20"" <ﬁ—%> (u—1ug) aswellas ¢ =L ! (ﬁ—%) (u—up) .

With the operator 2 from (2.10) and the right-hand sides L(-) € H~1(£2) defined by

L(fa UO,¢0)['U] = <fa U>Q + <¢0 —|—QHUO, U>[‘7
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the variational formulations (2.3) are equivalently recast into the operator equations

A(u) = L(f,uo, ¢o) resp. A(W) = L(f, o, do)-

As mentioned above, 2 is Lipschitz continuous and strongly monotone, whence bijective. Moreover, the inverse
of a strongly monotone operator is Lipschitz continuous since [|u — v|| g1 (o) S |[2u — leHf{,l(Q). This and the
continuity of & imply

lu— @l () S LS, w0, 60) — LS, B0, $0)ll -1
< = flg-1c0) + 1160 = oll-1/2(r) + 16 (uo — To) | zr-1/2(r)
S = fllg-10) + 1o = Goll -2y + llwo — Toll gz (ry.-

Next, the mapping properties of the integral operators U and K yield

~ 1 - ~
16 = ll-rary = |97 (8= 3 ) (=D = (w0 - 70
H-1/2(I")

Sl =@l gazry + [Jwo = ol grrzery-

Combining the latter two estimates and ||u — @l g1/2(p) < [Ju — @ 1 (), we obtain

lw =Gl S 1 = Fllg-1 () + 160 = Gollzz-12(ry + lluo = Toll g/ ry.
(£2)

This proves the upper estimate in (3.9).

To estimate ||Uj — INJ;M, we use the same type of arguments with the discrete operator 2l,. For instance, we
rewrite (2.14) as

{ (AVU} , VVi) o + (WU + (R = 3) D5, Vi) = (AVu, Vi) + (Wu+ (R — 3) 6, Vi) .,

(Ve, V&7 — (R—=3) Uf)p = (W, Vo= (R—3) w)p-,

for all Vy = (Vo, @;) € X,. With the discrete Steklov-Poincaré operator &, and the operator 2, this becomes
Q‘ZUE = L((U, ¢)a

with a certain right-hand side L,(u, ¢) € S*(7;)*. Replacing u = (u, ¢) by u = (u, ¢), we obtain the discrete
operator formulation for Uj. It is easily seen that Lipschitz continuity of the inverse of 2, thus yields

U7 = Ul () < I1Le(, @) = Le(@, 8) |51 7y < lu — ).
Using the discrete simple-layer potential, one additionally obtains
197 =S¢l -12(ry S U7 = Ul + e = 1)l < flu =)
Altogether, we thus see ||Uj — ﬁ;m < |lu — uf| and conclude the proof. O
The a posteriori error control of the approximation of uy by Uy is now done via an approximation result

from [8], Theorem 1. Our formulation in equation (3.10), taken from [19], Lemma 2.2, is a consequence of the
latter.
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Lemma 3.3. With Il' : HY(I') — S'(&) the nodal interpolation operator and II} : L*(I") — P°(&) the L*-
orthogonal projection, there holds I} (v') = (I}'v)’, where () denotes the arclength derivative. Moreover, there
holds the approrimation result

s llo = 1 Wl ary < "> (0 = IE0) 2y < gV |y for allv € HY(D), (3.10)
and the constant Cs > 0 depends only on I' and k(&y).
Proof of Proposition 3.1. According to Lemma 3.2, there holds

07 = Uell < llu = el < o — Uo.e

|H1/2 (ry-
By choice of the discrete approximation Uy = I, [ ug, the approximation estimate (3.10) yields
1/2
luo = Uo.ellarsracry S I1he'(wo = Uo.e) (-
This concludes the proof. O

3.3. Saturation assumption and (h — h/2)-error estimator

Let YA} and é\g be the uniform refinements of 7, and &y, respectively, and define
X, = SY(T)) x PU(&)).
In this section, we consider the canonical (h — h/2)-error estimators
n; = 0; ~ Ul and e = [T — Ugl]. (3.11)

Here, IAJ;, U, € X, are the Galerkin solutions of (2.14) and (2.20) with respect to the uniformly refined meshes.
We remark that due to the non-locality of || - ||g, the error estimator 7, does not provide any information where
to refine the boundary partition £. This will be different for the error estimators considered in the subsequent
section.

Lemma 3.4. There is a constant Cs > 0 which depends only on §2 such that
n; < Ce lu—Ug]. (3.12)
Under the so-called saturation assumption
lla = U7l < Csat Jlu — UE| (3.13)

with some (-independent constant 0 < Csay < 1, there holds

flu = U7l < (3.14)

1 *
—MNy-
- Csat ¢

Proof. To prove (3.12), we use U; € &y C /'?g and the quasi-optimality (2.17) applied for IAJ; € /'?g. This and
the triangle inequality yield

g < fla—=Ugll + fla = UZ|| < fla — UZ]|.
For the converse inequality, the triangle inequality and the saturation assumption (3.13) provide
lha = Uzl < fla = Ul + 77 < Csar llu = UF| + n;.

Rearranging the terms, we conclude (3.14). O
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Remark 3.5.

(a)

(b)

We remark that the saturation assumption (3.13) dates back to the early work [6], but may fail to hold in
general [7,17]. However, it essentially states that the numerical scheme has reached an asymptotic phase [20],
Section 5.2;

for model problems and lowest-order FEM, the saturation assumption (3.13) can be proven, if the given
data are sufficiently resolved. More precisely, [17] then states

llu = T7ll < Coat llu = U] + oscy,

so that small data oscillation implies the saturation assumption. This led to the incorporation of the data
resolution into the convergent (h— h/2)-estimator steered adaptive algorithm of [21], where 1, + osc is used
to drive the adaptive FE algorithm. One may expect that a result similar to that of [17] should also hold
for BEM or the FEM-BEM coupling. However, the non-locality of the involved boundary integral operators
imposes severe difficulties, and we expect that new mathematical techniques have to be developed;

the results of [17,21] mentioned before in (b) provide an additional reason why one should include the
resolution of the given data into the adaptive scheme and may consider discretized data Uy of ug. The
inclusion of data approximation terms for the approximation of ¢y and f into our analysis is easily possible,
but neglected for the ease of presentation;

formally, we stress that the saturation assumption (3.13) is not used for any arbitrary mesh 7, but only for
the sequence of meshes which are generated by the adaptive algorithm below, see Section 4.3. This might
be one reason why the saturation assumption (3.13) is usually observed in numerical experiments [20, 21].

Lemma 3.6. There is a constant C7 > 0 which depends only on 2 and k(&), such that

ne <y + Crosce  as well as  n; < ng+ Croscy. (3.15)

Proof. The triangle inequality and Proposition 3.1 prove

e <+ 105 — Ul + Uf — U] < 05 + 205 oscy.

The converse inequality follows along the same lines. O

Proposition 3.7. There is a constant Cs > 0 which depends only on 2 and k(&) such that

Cq ' ne < lu = Ug|| + oscy. (3.16)

Under the saturation assumption (3.13), there is a constant Cy > 0 such that

Co ! flu = U]l < e + oscy. (3.17)

Besides 2 and k(&y), the constant Cy > 0 depends only on 0 < Csar < 1.

Proof. The proof is a consequence of Lemmas 3.4 and 3.6. For instance, there holds

ne S +osce S flu—Ug|| +osce S flu— Uell + [[Ue — Ul + osce S flu — Uel| + osce.

This proves (3.16), and (3.17) follows along the same lines. O
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3.4. Further (h — h/2)-type error estimators

Let ﬁg = (ﬁg,@g) c /'?g be the Galerkin solution of (2.20) with respect to /'?g. In addition to the error
estimator 7, from (3.11), we introduce two further error estimators. First,

~ 1/2 ~ 1/2
pe = (IV Q= I)Tell3a(ay + I (0 = T)BellFery) (3.18)

where I}’ : C(£2) — S*(7;) denotes the nodal interpolation operator and where 11} : L?(I") — P°(&,) denotes
the L2(I")-orthogonal projection. Second,

- ~ ~ 1/2
jic = (100 = TV Tellfeqey + 10y > (1 = TD)BellFery) (3.19)

where IT{? : L*(£2) — P°(7;) denotes the L?(£2)-orthogonal projection.
The local contributions of py and jip are denoted by

(T = ||V = I)U|32py resp. Fie(T)? = (1 = T2)VT |35 (3.20)
for triangles T € 7y and by
pe(E)? = Jig(E)? = diam(E)|| (1 — I )P4 |32 ) (3.21)

for line segments F € &. Note that this definition results in

iE= S P+ Y welB)? and =3 T+ Y (B (3.22)

TeT, Ecé&, TeT, Ecé,
The following lemma provides certain equivalences of the introduced error estimators.
Lemma 3.8. There are constants Cig, C11,C12 > 0 such that
Crot 11e(T) < 1ie(T) < pe(T)  for all T € Ty (3.23)
as well as
Cr' e <me < Cripre and g < Cho Jie- (3.24)

The constant C1p > 1 depends only on the shape regularity constant o(7y). The constant C11 > 0 depends only
on 2, whereas C12 > 0 depends only on 2 and on k(&).

Proof. Since the orthogonal projection I7 zn is the 7y-elementwise best approximation operator, the estimate
1e(T) < pe(T) is obvious. The converse inequality follows from a scaling argument. In particular, there holds
Chp > 1. In view of (3.20)—(3.22), this also implies j1; < pg < Chofie.

Moreover, the local L?-best approximation properties of IT, KQ also proves

() < V(U = Udll32(ry < 10e = Uellf iy for all T € 7.

Using the &p-elementwise best approximation property of 17, [ and the local inverse estimate from [22], Theo-
rem 3.6, we obtain

1hy? (1 = DD L2y < 1By (@0 — o)l 120y S || B — Be|w,
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where the constant depends only on I" and an upper bound of £(&). The combination of the last two inequalities
proves fig S 1.

Finally, we aim at proving n; < pe. To that end, recall that U, solves (2.20) with Xp replaced by X,. This
allows to rewrite (2.20) in the form

(AVUr, VVi) g+ (WUe + (8 =3) @0, Vi) = (AVe, Vi) + (W0 + (K —1) &0, Vi)

(e, V@, — (R=3) Us) = (W0, VB, — (8—3) Ty )
for all Vy = (V;, %) € Xy. Replacing V, € Xy in this formulation by a general test function v € H, we obtain
a new variational formulation. By definition, Uy is the corresponding continuous solution. Put differently, Uy

is even a Galerkin approximation of ﬁg, and the formulation above is the related Galerkin orthogonality.
Consequently, quasi-optimality (2.17) of the Galerkin scheme proves

n; = [|Ue = Uel* < Juin, U - Vil < 10 = I Vel o) + 11 = 1)@

Note that (1 —1 KQ )e = 0 for each constant function ¢ € R. Therefore, a scaling argument yields
(L = I2)Uell gy S IV = IE)Uel| 12y = pe(T).
Finally, it is an approximation result from [9], Theorem 4.1, Lemma 4.3, that
10— 1) Bellw < g (1 = T )Pl ooy,

where the constant depends only on I, see also [18], Lemma 2.1. The combination of the last three estimates
thus yields 1, < pe and concludes the proof. g

Theorem 3.9. There is a constant C13 > 0 which depends only on 2, (&), and o(7y) such that

Ot e < Jlu — Uy + osce. (3.25)
Under the saturation assumption (3.13), there is a constant C14 > 0 such that

Cry' lu = Ul < e + oscy. (3.26)

Besides 2 and k(&y), the constant C1q > 0 depends only on 0 < Csue < 1. The same estimates hold for fie
replacing .

Proof. The proof is an obvious consequence of Proposition 3.7 and the equivalence of the introduced error
estimators stated in Lemma 3.8. O

4. CONVERGENT ADAPTIVE COUPLING

4.1. A priori convergence of adaptive algorithms

Before we state the adaptive algorithm and prove convergence of which, we claim the a priori convergence of
adaptive mesh-refining algorithms. By this, we mean that the sequences U} and U, of discrete solutions always
tend to certain limits u’ and u., independently of how the mesh is actually refined. Note carefully, however,
that we do not claim that u coincides with one of the a prior:i limits u’_ or u..

To deal with the data approximation, we need the following convergence result, which will be applied for the
approximate data Uf , = (I uo) = IIf (uy) € H := L*(I'). A proof can be found in [4,12,26] or even in the
early work [5], Lemma 6.1.
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Lemma 4.1. Suppose that H is a Hilbert space and (Xy)een is a sequence of closed subspaces of H with
X C Xyq1. Let Py : H — Xy denote the orthogonal projection onto Xy. Then, for any x € H and xy := Pyx,
the limit zo := th xy € H exists.

— 00

Proposition 4.2. Let 7; and &; be a sequence of meshes with corresponding nested spaces
Xe C Xpy1.

Let U; € Xy and U, € X, be the corresponding Galerkin solutions of (2.14) and (2.20), respectively. Then,
there are limits U, Uso € H such that

lim s, — U} =0 = lim [lux — Uell. (4.1)
{— 00 l— 00

Proof of a priori convergence of Uj. We define the space X, as the closure of | J,2, X;. Then, X, is a closed
subspace of H which thus admits a unique Galerkin solution u?, € X of (2.14), see Appendix A. Arguing as
in the proof of Lemma 3.8, we see that Uj € &} is also a Galerkin approximation of u}, and that there holds
the Céa lemma

o, ~ U3l S gnin, s, ~ Vel
Let ¢ > 0. By definition of X, we find some index ¢y € N and some function V,, € Xy, such that |Ju}, —
V|l < e. From nestedness of Xy, we infer

% = U7l S llul = Ve ll < €
for all £ > ¢y. This proves convergence ehjgo U; =ul. O
Proof of a priori convergence of Uy. In 1D, the nodal interpolation operator I} : H(I') — S'(&) and the L*-

orthogonal projection II}" : L?(I") — P°(&) are linked through the identity (I/v)" = Il (v'), ¢f. Lemma 3.3.
From nestedness P°(&;) € P°(Er11), one may thus derive that the L2-limit

g = lim U}, = lim II} (u}) € L*(I")
£— 00 ’ {— 00

exists, see Lemma 4.1. In particular, the sequence (U67 ¢)een of derivatives is a Cauchy sequence in L?(I"). Let
¢ > k. With the help of Lemma 3.3, we see

U0, = Uoellzrsracry = 100 = I Uosell gy S 10”10 = I Vo) N2y

1/2
= |hy 2 (U0 — U i) 22y

k,4— o0

S U — U llzzry 0.
Consequently, the sequence (Up¢)sen is a Cauchy sequence in H'/?(I") and thus convergent to some H'/2-limit

U0 00 = Zlggo Uo, € HY*(I).

We now consider an auxiliary problem, where we only replace ug in the variational formulation (2.3) and
its Galerkin discretization (2.14) by the obtained limit ug . This provides a sequence UL, € X of Galerkin
solutions. The already proven a priori convergence of U} applies to this auxiliary problem as well. Consequently,
the H-limit

Uy = Zlir&Ugo7€ eH
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exists. The triangle inequality proves
oo = Uell < fluce = UL ol + 0% ¢ — Uell-

The first summand is known to tend to zero by definition of us.. For the second summand, we apply Lemma 3.2
to see

* £—
1U%.c = Uell < lluo,oo = Uo,ell irrragry —— 0
by definition of ug . This concludes the proof. O

4.2. Marking criterion and estimator reduction

The marking is based on the Dérfler marking introduced in [16]. In view of Theorem 3.9, we consider the
following refinement indicator

9 we(T)? for =T €17y,
= 4.2
0c(7) {,ug(E)2 + osce(E)? forr=FE € &, (42)

where the local data oscillations read

osce(E)? = diam(FE) || (uo — U[70)/H%2(E) for E € &. (4.3)
By definition, there holds
07 = i +oscj = Z 00(7)2. (4.4)
TeTUE,

For an arbitrary but fixed parameter 6 € (0, 1), we then determine a set M, C 7, U &, of marked elements with

007 < D orlr). (4.5)

TEM,

Based on the Dorfler marking (4.5) and the mesh-refinement rule, we next prove the crucial estimator reduction
which is, however, not stated for g; but for g, = (i + osc?)'/2.

Lemma 4.3. There are constants k € (0,1) and Cy5 > 0 such that
071 < K07+ Cis U — Ul)?, (4.6)

where 9} := [if +osc?. The contraction constant r € (0,1) depends only on the adaptivity parameter 6 € (0, 1),
whereas the constant Ci5 > 0 additionally depends on 2 and k(&p).

Proof. Recall the identity Ug , = (I, Fug) = I} (uf). First, for arbitrary § > 0, the Young inequality proves
~ ~ 1/2 -~
071 = 10~ TE) VUi 2y + I3 (1= L) Pra 3
1/2
+ ||hei1(1 - Hﬁﬂ%“%?(r)
~ 1/2 ~
< (1+9) (I = IED)VTelFe o + 115 (0 = TE)Bel )
_ PN P 1/2 2 -~
+(1+67h (||VUZ+1 — VU320 + ||hz4/r1(@é+1 - Qse)H%z(r))

1/2
+ 5 = IE b 2e s
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where we have additionally used that all of the involved L?-orthogonal projections are even elementwise best
approximation operators. Second, for T' € 7, N M, holds

11 = ) VUl 720y = 0,
whereas for T' € 7,\ M, holds
(1= 1)V U720y < 7e(T)?

Note that < in the last estimate stems from the fact that an element T € 7,\\M; may be refined to avoid
hanging nodes, cf. Section 3.1. For E € & N M, holds

1/2 =~ 1/2 L 12
I3 (0= T )®el oy + 15 (= T gl Face) = 5 10 (1= T ol

% (ﬂg(E)2 + oscz(E)2) ,

IA

whereas for E € £\ M, holds
1/2 ~ 1/2 ~
Ihg5 (0= TE)Bell 32y + 103 (1= T )b ey < Fie(B)? + osce(E)?.
Third, the local estimates are used to obtain
1/2 1/2

IA—ITE ) VU T2 + Ihedy (1= TE)Pel Ty + Ty (1= I )uglZary

< > ﬂg(T)z—l-% > (B +osc(E)?)+ Y ((E)? + osci(E)?)

TE'T({\M({ EcEnNM, EEE@\M({
1
~ 2 ~ 2 2 ~ 2 ~ 2 2
<GP+ > (fie(E) + osci(B)?) — 3 ( o w4 > ()’ +oscu(E) ))
TeT, FEe&y TeT,NM, Ee&nMy

=5§—%< Sommre Y (ﬁg(E)2+OSCg(E)2)>.

TeTNM, EeEinM,

Fourth, we employ the marking strategy (4.5) and the local equivalence (3.23) to see

0o <007 < Y 0(r)*<Ci Y TP+ > (f(E)’+osc(E)?).
TEM, TeT,NMy Ec&EinNM,

From Cyg > 1, we thus infer

0or < Y. @+ Y (Fe(E)? + osc(E)?)
TeT,NM, Ee&EnMy

with 6 = 6/Chg € (0,1). We now combine all aforegoing estimates to see
071 < (1+6)1—0/2) 82 + (1 + 07 (1Tes1 — Uel3p ) + 103 (Pesr — @0)II3
Qi1 = 07 0+1 Ll H(52) 0+1\F A+ L2y ) -

Since (1 —6/2) < 1, we may choose 6 > 0 with  := (14 6)(1 — 6/2) < 1. Moreover, the local inverse estimate
from [22], Theorem 3.6, proves

1/2 /& -~ -~ -~
1hg2 (Ber — Bo)ll 2y S 1Besr — Pellow,

where the constant depends only on I" and an upper bound of k(&). Plugging this into the last estimate, we
finally end up with (4.6). O



1162 M. AURADA ET AL.

4.3. Convergent adaptive algorithm

We now consider the following adaptive algorithm. We stress that an adaptive algorithm does neither know
the a priori imit s = (too, Poo) NOT Voo = (Uso, Poo )-

Algorithm 4.4. INPUT: initial meshes (7, &p) for £ := 0, adaptivity parameter 6 € (0, 1).

(i) Generate uniformly refined meshes 70, Ev;

(ii) compute discrete solution ﬁg € /’?g;

(iii) compute refinement indicators g¢(7) for all T € T, U &p;

(iv) determine set M, C 7, U & which satisfies Dorfler marking (4.5);

(v) Mark triangles T € 7, N M, and boundary elements E € & N M, for refinement.
(vi) generate new meshes (7y41,Ep41), increase counter £ — ¢ + 1, and goto (i).

OuTPUT: sequence of error estimators (o¢)ren and discrete solutions (ﬁg)geN.
Theorem 4.5. Algorithm 4.4 enforces

zlirgo 0¢ = 0. (4.7)
Under the saturation assumption (3.13), this implies convergence

Jim (e, ¢) — (Te, )l = 0 = lim l(,6) — (Ue, @) (48)

Proof. The idea of the proof goes back to [4]. We combine the estimator reduction (4.6) with the a priori
convergence (4.1) and the estimator equivalence (3.24): first, we note that Lemma 4.3 provides an estimate of
the type

~2 ~2
Or11 <Ko+

with some constant x € (0,1). According to Proposition 4.2 applied for .5(\[, the nonnegative sequence oy =~
[Urs1 — Ug||? tends to zero. It is a consequence of elementary calculus that this implies estimator convergence

lim 5@ = 0.
£— o0

Now, the equivalence of gy ~ gy — as a consequence of Lemma 3.8 — concludes (4.7).
Under the saturation assumption (3.13), Proposition 3.7 states

{—
la — Ul < pe +o0scr < 00 —=0

and thus convergence of Uy to u. In this case, the quasi-optimality H|u—ﬁg Il < [lu—U,|| also predicts convergence
of Ug. O

Remark 4.6. It is a consequence of Theorem 4.5 that one obtains additional information on the a priori limits
from the proof of Proposition 4.2. For instance, limgosc, = 0 predicts ugoc = ug, whence u}, = u, and

~

U, = U if the latter denote the a priori limits of IAJ'} and ﬁg. Moreover, limy 1y = 0 implies limy 7, = 0 and
thus even Uy, = Uno.
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5. NUMERICAL EXPERIMENTS

In this section, we present three numerical examples from [13] to demonstrate the advantages of the proposed
adaptive FEM-BEM coupling and its superiority over uniform mesh-refinement. In all experiments, we prescribe
the exact solution (u"*, u®**) of the transmission problem (2.1), and the data (ug, ¢o, f) are computed thereof.
To simplify the implementation, we only consider the induced boundary partition & := Ty|p.

Note that the contribution ||¢ — @¢||s to the error |ju — Uy|| can hardly be computed analytically. However,
according to Proposition 3.1 and and the quasi optimality (2.17), there holds

u— Uyl <|la—Uj|| +oscy < ||lu—U, +  min -y, + osc
Il el I H e Sl |l (o) Epeepo(&)\léﬁ o|lw ¢

with u = (u, ¢) and Uy = (U, P¢). In all experiments, the exterior normal derivative has additional regularity
¢ € L*(I'). We may therefore proceed as in the proof of Lemma 3.8 to obtain

. 1/2 1/2
puin [l —Pelly < [I(1~ I )gllw S by (1 = T)el Loy < kg (6 = @0)ll 12y
¢€PO(Ee)

with I} : L*>(I") — P°(&) being the L2-orthogonal projection. Altogether, we see that

la = Uell S [lu— Uellai oy + 1hy"* (6 — o) | 2y + osce
=: errg(u) + erry(¢) + oscy (5.1)

provides an upper bound for the energy error. For a known exact solution u = (u, ), the latter bound is
computable at least by means of numerical quadrature and thus allows to monitor the decay of the error
independently of the saturation assumption. In the same spirit, the error estimator pu, is split into

e =D ne(T?+ Y pelB) =t pe(w)? + o). (5.2)

TeT, Ec&,

Recall that Theorem 3.9 predicts

pre(w) + pe(p) + osce S flu— Ul + osce S pue(u) + pre(@) + osce,

where the upper bound holds under the saturation assumption (3.13).

In the following, we plot the five quantities erry(u), erre(¢), pe(u), pe(¢), and osce from (5.1)—(5.2) over the
number N = #7; of triangles, where both axes are scaled logarithmically. We consider uniform mesh-refinement
T = Tz(umf) with Tz(umf) = ’f}_l, cf. Section 3.1, as well as adaptive mesh-refinement, where the sequence of

meshes 7, = Tz(adap) is generated by Algorithm 4.4 with # = 0.25. Note that a decay with slope —« indicates
some dependence O(N~%). For uniform meshes with mesh-size h, this corresponds to O(h%®). We stress that,
by theory, an overall slope of & = 1/2 is thus optimal with P1-finite elements.

For the adaptive mesh-refinement of Algorithm 4.4, recall that all integral operators have to be computed
with respect to the fine mesh 7;. Therefore, one usually takes the improved approximation Uy, € S*(7¢|r)
instead of Uy ¢ € S'(7z|r). Consequently, we then consider

osce = [lhy"* (wo — To,e)' 2y (5.3)

instead of oscy. We stress that all results of this paper hold with osc, replaced by 6sc, as well. Moreover, although
Uy is not needed by Algorithm 4.4, we nevertheless plot erry to give a fair comparison of uniform and adaptive
mesh-refinement.

Besides the experimental convergence rates, we plot erry(u), erre(d), pe(u), pe(d), and oscy (resp. 6s¢) over
the computational time ;.
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FIGURE 1. L-shaped (left) and Z-shaped domain (right) and initial triangulations 7y for the
numerical experiments.

e For uniform mesh-refinement, t, = téunif) is the time needed for ¢ uniform refinements of the initial mesh 7y

to obtain 7y, plus the time for building and solving the Galerkin system with respect to AXj.

For adaptive mesh-refinement, the mesh 7; depends on the entire history of preceding meshes (and solutions).
(adap) ,__ 0
1 =0.

Therefore, the computational time has to be defined differently, where ¢

(adap)

242P) 4 the sum of the time ty_, = elapsed in prior steps of the

e For adaptive mesh-refinement, ¢, = t§
adaptive algorithm, plus the time for generating the fine mesh ’ZAZ, building and solving the Galerkin system
with respect to Xy, computing the local contributions of the data oscillations 6s¢, and the error estimator
e, element marking, and local refinement of 7, to generate 7y 1.

Although this definition seems to favour uniform mesh-refinement, we think that it provides a fair comparison
between uniform and adaptive mesh-refinement.

All experiments are conducted by use of MATLAB (Release 2009b) running on a common 64 Bit Linux system
with 32 GB of RAM. Throughout, the occuring linear systems are solved by use of the MATLAB backslash
operator. For the computation of the boundary integral operators, we use the MATLAB BEM library HILBERT,
cf. [3]; see http://wuw.asc.tuwien.ac.at/abem/hilbert/

5.1. Linear problem on L-shaped domain

We consider the L-shaped domain visualized in Figure 1. With A : L2(£2)? — L2(£2)? being the identity, we
prescribe the exact solution of (2.1) as

u™(z,y) = r2/3sin (yp) in 2t

N N 1/2
u™'(z,y) = log <<x+ §> + (y+ §> > in £2°%¢,


http://www.asc.tuwien.ac.at/ abem/hilbert/
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error, op

—y— errg(u) —— crrg(u) %
—h— erry (o) —H— erry(9) <
= ACD)] —H= pp(w)
- ne(¢) - (@)
osc ()SCZ
107°L I ¢ | | L L ! 107° I I I
10° 10* 10° 10° 107 10° 10* 10°
number N of elements number N of elements

FIGURE 2. Estimators erry(u), errg(¢), pe(u) and pe(¢) from (5.1)—(5.2) as well as data oscilla-
tions oscy in linear experiment 5.1, plotted over the number N = #7; of triangles for uniform
(left) and adaptive mesh-refinement (right).

where (r, ) are the polar coordinates of (z,y) € R? with respect to (0,0). Clearly, the identity satisfies the
assumptions of our model problem, and the FEM-BEM coupling (2.3) is linear. Recall that (u, ¢) denotes the
exact solution of (2.3) and note that u = u™ € H'+2/375(0) for all £ > 0 has a generic singularity at the
reentrant corner, whereas ¢ = Vu®' - n is piecewise smooth.

In Figure 2, we plot the convergence of the error quantities from (5.1)—(5.2). Since the interior solution has a
generic singularity at the reentrant corner, uniform mesh-refinement leads to a suboptimal order of convergence
o = 1/3, i.e. we observe O(h?/3). For erry(u) and ie(u), this asymptotics is observed already on coarse meshes.
For erry(¢) and ue(¢), a preasymptotic phase occurs. For adaptive mesh-refinement, we observe the optimal
order of convergence aw = 1/2 for errg(u) and pg(u). Moreover, the terms erry(¢) and (@) even converge with
order & = 3/4 which is optimal for the approximation of a smooth function by piecewise constants with respect
to the H—/2(I")-norm.

Figure 3 provides comparisons between uniform and adaptive mesh-refinement. We plot

errg := (errg(u)® + erry(¢)* + 0503)1/2 and oy = (pe(u)® + pue(9)* + osc%)l/2 (5.5)

over the number N = #7, of elements as well as over the computational time. Both plots underline that the
proposed adaptive algorithm is much superior to uniform mesh-refinement.

5.2. Nonlinear problem on L-shaped domain
We consider the L-shaped domain visualized in Figure 1. We define
1
t)y=2+—— fort .
p(t) +1—|—t ort >0 (5.6)

and note that the derivative satisfies —1 < p/(¢) < 0. The nonlinear operator A is then defined by
A(z) = p(|z]) > for z € R2. (5.7)
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3 3
S a2 ~ a2 i
5100 1 § 10
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10°F — 10° 1
t erre —¥— erry, adaptive
8- « . —©— oy, adaptive
—©— ¢y, adaptive = 0
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10-42 ‘3 \4 ‘5 ‘e \7 : 10"_‘ ‘o \' ‘2 ‘a .
10 10 10 10 10 10 10 10 10 10 10 10 10
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F1cURrE 3. Comparison of uniform and adaptive mesh-refining in linear experiment 5.1, where
the error bound erry and the estimator g, from (5.5) are plotted over the number N = #7; of
triangles (left) and over the computational time (right).

We stress that A is strongly monotone and Lipschitz continuous on L?(£2). We prescribe the same solution (5.4)
as for the linear experiment from the previous section. The volume force f then reads
4 sin(2

F—5/3 (39)

f(@,y) = “97 m,

where (7, ) are the polar coordinates of (z,y) € R? with respect to (0,0).

The nonlinear system equivalent to (2.20) is solved by an undamped Newton method. In our implementation,
we computationally check that we are in the (quadratically convergent) asymptotic regime and stop the iteration
if the Euclidean norm of the Newton residual increases. — Note that theory predicts the decay of the residual
norms within the asymptotic regime. — For the initial mesh 7, the initial guess for the Newton scheme is
the constant function Ugo) = 1. For the generated meshes 7y, the initial guess is the preceding Galerkin
approximation, i.e. UEO) := Uy_1, which is prolongated to the discrete space Xj.

Figures 4 and 5 provide the experimental convergence results. The observations are the same as for the
linear experiment in Section 5.1. Figure 6 shows some adaptively generated meshes. We observe a strong mesh-
refinement towards the reentrant corner, where 4" is singular.

5.3. Nonlinear problem on Z-shaped domain

In the final example, 2 is the Z-shaped domain, shown in Figure 1. The exact solution reads

. 4 .
u™(z,y) =47 sin <?<p> in 27t

2 2 1/2
lo T+ ! +y+ 1 in (ext
g g ) 3 m )

(5.8)

u(x,y)
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- () —— (o)
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number N of elements number N of elements

FIGURE 4. Estimators erre(u), errg(¢), pe(u) and pe(¢) from (5.1)-(5.2) as well as data os-
cillations oscy in nonlinear experiment 5.2 on the L-shaped domain, plotted over the number
N = #7, of triangles for uniform (left) and adaptive mesh-refinement (right).

N
<
F E £ 10°)
2
o}
o
s 1 107°F
—f— erry —¥— erry, adaptive
- o —e— oy, adaptive
_e_ oy, adaptive —f— erry
—¥— erry, adaptive - o
L L L L 107 = L 5 L ; I 5 L . .
2 10° 10* 10° 10° 10 10 10 10 10 10 10

number N of elements computational time [sec]

FI1GURE 5. Comparison of uniform and adaptive mesh-refining in nonlinear experiment 5.2 on
the L-shaped domain, where the error bound erry and the estimator gy from (5.5) are plotted
over the number N = #7; of triangles (left) and over the computational time (right).
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FI1GURE 6. Adaptively generated meshes 7, in nonlinear experiment 5.2 on the L-shaped domain.

with (7, ¢) being the polar coordinates of (z,y) € R2. Again, u™™ € H'/7=¢(02) for all £ > 0 has a generic
singularity at the reentrant corner. With the nonlinear operator A from Section 5.2, the right-hand side f
becomes

—div(p(|Vu™ ) Vu'™) = f,

where o
4_87;13/7 sin(7 )

)= —3@r Gy g

Figures 7 and 8 provide the experimental convergence results. As before, the observations are the same as for
the linear experiment in Section 5.1. Figure 9 shows some adaptively generated meshes which show a strong
mesh-refinement towards the reentrant corner.

APPENDIX A. UNIFORM ELLIPTICITY OF DISCRETE DIRICHLET-TO-NEUMANN MAP

In [13], Section 3, it is proven that uniform ellipticity of the discrete Dirichlet-to-Neumann &, implies unique
solvability of the discrete problem (2.14) as well as the quasi-optimality (2.17) of discrete solutions. Moreover, [13]
prove that &y is uniformly elliptic if the mesh-width hg of the initial meshes 7y and & is sufficiently small. In
this appendix, we improve this result and prove that uniform ellipticity of &, holds without further restrictions
on the mesh, i.e. [13], Assumption 1, is not necessary.

To this end, we first recall the necessary definitions: let X, be a closed subspace of H'(£2) and Y, be a closed
subspace of H~/2(I'). We assume that the constant functions belong to Yz, i.e., 1 € Y,. With the integral
operators U, £, and 20, the trace operator v : H'(£2) — H'/?(I'), and the canonical inclusions

i Xp s HY(Q) and jo: Yy — H Y2(I),
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——  1p(9) - ne(e)
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FIGURE 7. Estimators erre(u), errg(¢), pe(u) and pe(¢) from (5.1)-(5.2) as well as data os-
cillations oscy in nonlinear Experiment 5.3 on the Z-shaped domain, plotted over the number
N = #7; of triangles for uniform (left) and adaptive mesh-refinement (right).
10° 10°
107 1 10t ]
N 3
- =
8 2
5 8
1072 1 1070 ]
—%— orry, adaptive —%— orry, adaptive
—©— oy adaptive —©— oy adaptive
—f— erry - oy
B % == ey
-3 10° I I I I
Y 1(‘;13 u‘)“ 12)5 1‘06 107 10" 10 10 10° 10° 10*

number N of elements

computational time [sec]

F1GURE 8. Comparison of uniform and adaptive mesh-refining in nonlinear experiment 5.3 on
the Z-shaped domain, where the error bound erry and the estimator gy from (5.5) are plotted
over the number N = #7; of triangles (left) and over the computational time (right).
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F1GURE 9. Adaptively generated meshes 7y in nonlinear experiment 5.3 on the Z-shaped domain.

we formally define the following discrete boundary integral operators

Vo :=73;Vje: Y, = Y/,
ﬁg = ]zﬁ’y?[ : X[ — }/;,
wg = i}y*ﬁﬁvig : X@ — X;

Moreover, we define some discrete identity
Ig = ];"Wf : X@ — Y[*

In analogy to (2.9), the discrete Dirichlet-to-Neumann map now reads

1 1
Sy =20, + <§IZ‘ —ﬁ;) 0, <§Ig —ﬁ@> :

0.25

The first elementary lemma states that 2, is continuous and elliptic and that neither of these bounds depend

on (Xy,Yy). In particular, B, is invertible, and &, is well-defined.

Lemma A.1. Let Cy4,C17 > 0 denote the ellipticity constant and the operator norm of the simple-layer poten-

tial 0. Then, there holds, for all @, € Yy,

1BePelly; < Cizl|Pell-1r2(ry  as well as (BePe, Pe) > Cuo |Dell 3121y

(A1)

In particular, the lemma of Lax-Milgram applies and proves that B, is an isomorphism. Moreover, with Cig :=

C16/C%, holds
(Ze, 0, Z0) > Cas | Za|fy for all Zy € Y7

(A.2)
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Proof. The elementary proof follows from j, @, = @¢ and ||j;|| = ||je|]| = 1 for the operator norms, and (A.2) is
an immediate consequence of (A.1). O

The following proposition is the main result of this appendix and obtained by boot-strapping of [13],
Lemma 3.6.

Proposition A.2. There is a constant Cs > 0 which depends only on §2 such that for all closed subspaces X
of H'(2) and Yy of H=Y/2(I") with 1 € Yy, there holds

(&:Uc, Ue) > Cro |IWUel| 312y for all Ue € X (A.3)

Proof. We aim at proving the following claim:

3C19 > OV(Xz,Ye)eeN with 1 €Y, V¢ € NVU, € X, <6(Ue, Ue) > Ch9 H’}/UgHil/Q(r). (A4)

By choosing the constant sequence of spaces (X, Yz), we see that (A.4) implies (A.3). To prove (A.4), we argue
by contradiction and assume that (A.4) is wrong, i.e.,

Ve > 03(Xy, Yy)eeny with 1 € Y, H e NIU, € X (SoUy, Up) < c|ng|\§,1/2(r).

For ¢ € N and ¢ = 1/¢, we may therefore choose some subspaces X, of H'(£2) and Y; of H~'/?(I") with 1 € Y,
as well as some Uy € X, such that

1
(&:Ue, Us) < 5 nUell 321y
In particular, this yields vU, # 0 and hence

with V= Ue

GVe, Vi) < =
< ) A

€ X, forall/eN. (A5)

|

Since (YVy)nen is bounded in H'/2(I'), we may assume — without loss of generality — that there holds weak
convergence

YV —wv e HY2(I') asl — oo. (A.6)

In the following, we will now show that 4V} converges to v even strongly in H'/2(I") and that v # 0 is constant.
First, the definition of &, and the f-independent ellipticity of ‘Bgl give

1 1
(&¢Ve, Vi) = WV, vVi) + <Q?[1 (5 I, — ﬁe) Ve, <§ I, — ﬁz) Vz>

1
= (WyVe, 7Ve) + Cus || (5 1 —ﬁé) Vel %

Note that the hypersingular integral operator is positive semi-definite. Therefore, the right-hand side is nonneg-
ative, and (A.5) proves that both terms on the right-hand side tend to zero. Note that the functional

HYY(I') = R,u — (Wu, u)
is continuous and convex, whence weakly lower semicontinuous. With (A.6), this implies

(Wv, v) < liem inf (W~ Ve, vVe) = 0.
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Consequently, the weak limit v € H'/?(I") is constant. This and (A.6) imply

1 {—o00 1
— | 7Vids —— — [ vds =w.
Ifl/r Ifl/r

Note that an equivalent norm on H'/?(I") is given by

o\ 1/2
) for u € HY2(I').

[ell /ey = llull := ((mu, ) +

/uds
r

We now define
Vi L / Vi d
We :=Ve — 7= [ vVeds.
|\l Jr
By definition, there holds
llwell? = (Wwe , we) = (WAVe, 4Vi) 25 0,

i.e. there holds strong convergence wy — 0 € H'/ 2(I'). Consequently, we now obtain

1
i
r

i.e. we have proven that vV} converges strongly to the constant v in H'/2(I"). In particular, the norm convergence
yields

/—
Ve = vl ey < llwell ey + T2 == 0,

vl grrzery = Zli{go Vel g2y = 1,

i.e. the limit of vV} is a constant v # 0.
Since v is constant, there holds v = —v /2, whence

1 1
0#U<1,1>=Zlirgo<jzl, (5—ﬁ>ww>:gg§o<1, (§Ie—ﬁz>w>,

where we have used that 1 € Y;. However, we have already observed above that

(- (srm) )

This contradiction concludes the proof. O

1 '
< lr-vrer (3 B = ) Vil =0
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