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EXPONENTIAL CONVERGENCE OF hp QUADRATURE
FOR INTEGRAL OPERATORS WITH GEVREY KERNELS

ALEXEY CHERNOV!, TOBIAS VON PETERSDORFF? AND CHRISTOPH SCHWAB?

Abstract. Galerkin discretizations of integral equations in R? require the evaluation of integrals
I = fs<1> fs(2) g(z,y)dydx where S §@ are d-simplices and g has a singularity at * = y. We assume
that g is Gevrey smooth for x # y and satisfies bounds for the derivatives which allow algebraic
singularities at @ = y. This holds for kernel functions commonly occurring in integral equations. We
construct a family of quadrature rules Qx using N function evaluations of g which achieves exponential
convergence | — Qn| < Cexp(—rN"”) with constants 7,y > 0.
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1. INTRODUCTION

The numerical solution of singular integral equations

(Ku)(x) := e(x)u(x) + . K(z,y)u(y)dy = f(z) forallz € Q

for an unknown function v in a polyhedron or on its boundary © C R? is a basic problem in engineering. For
integral operators K which are bounded, linear K : V' — V', the weak formulation of Ku = f reads:

find weV: (v,Ku)= (v, f) YveV.

Here, V denotes a suitable separable Hilbert space, V' its dual and (-, -) indicates the V' x V' duality pairing.
Problems of this type arise, for example, in the boundary reduction of linear, elliptic boundary value problems
(e.g. [8,13,14,19]) or in Dirichlet forms for Markov Processes with jumps (e.g. [10]). Typically, the kernel
function K (x,y) is smooth for x # y, but possibly becomes strongly singular at = = y; in this case, integration
with respect to K (x,y) must be interpreted in a suitable sense (e.g. [15]).

Keywords and phrases. Numerical integration, hypersingular integrals, integral equations, Gevrey regularity, exponential
convergence.

1 Hausdorff Center for Mathematics and Institute for Numerical Simulation, University of Bonn, Endenicher Allee 60,
53115 Bonn, Germany.

2 Department of Mathematics, University of Maryland, College Park, MD 20742, USA.

3 Seminar fiir Angewandte Mathematik, ETH Ziirich, 8092 Ziirich, Switzerland. schwab@sam.math.ethz.ch

Article published by EDP Sciences © EDP Sciences, SMAI 2010


http://dx.doi.org/10.1051/m2an/2010061
http://www.esaim-m2an.org
http://www.edpsciences.org

388 A. CHERNOV ET AL.

A common approximation method for these equations is Galerkin approximation: one restricts the above
weak formulation to a space V;, C V of piecewise polynomials on a mesh of simplices on 2 of width h > 0
spanned by a basis ¢?. Then one has to compute the elements of the stiffness matrix

Ay = / K (9" (4) 6! (x)dy da.
zeQ Jye

As the basis functions qﬁ?(m) are piecewise polynomials on simplices, this amounts to computing integrals of the

type
1= ] Keweeweyde= [ gy (1.1)
zeSM) Jyes®) zeSM) JyeSs®)

where S S() are closed simplices of the mesh and v(z),w(y) are smooth (e.g. analytic) functions. If the
original domain €2 is curved, or a manifold in a higher dimensional space (e.g. the boundary of a polyhedron
in R9*1) one can use parameterizations and also has to compute integrals of the type (1.1) where the functions
v,w may include parameterization mappings and Jacobians, but still are piecewise smooth functions on the
mesh of simplices.

Note that the kernel function K (x, y) may be nonintegrable (i.e. hypersingular or Cauchy singular) so that the
integrand g(z,) in (1.1) is not in L'(S™ x.S®)). The integral in (1.1) has therefore to be interpreted in a suitable
sense: prior to numerical integration, methods for “regularizing” the integral A;; resulting in an integrand g(z, y)
which belongs to L'(S™) x S()) must be employed. There are, roughly speaking three basic approaches for
regularization of integral equations with nonintegrable kernels: (i) exploit antisymmetry resp. parity of the most
singular part of K: this implies a cancellation of the divergent parts of the integral and ensures the existence
of the integrals in (1.1) in the sense of Cauchy principal value. Such antisymmetry properties of the kernel
functions K(z,y) in (1.1) appear in all integral equations obtained from boundary reduction of second order,
strongly elliptic boundary value problems (e.g. [19], Chap. 5, and [8] or the exposition in [11]); (ii) formally
perform integration by parts (e.g. [7,12,15] and, in particular [16], Chap. 5.6); or (iii) subtract terms from the
functions ¢; and ¢; (e.g., [17], Props. 4 and 5).

In the end one still obtains integrals of the type (1.1) where v, w are smooth, the function g(z,y) is smooth
for  # y and singular for z =y, but g € L'(S™M x §)).

The main difficulty in implementing Galerkin methods for integral operators is the numerical approximation
of the integrals (1.1) since the integrand is nonsmooth if S NS £ {}.

In most applications the functions v, w are analytic and satisfy estimates of the type

ID"v(z)| < AgAlw1 (1.2)

and the functions K(z,y) and g(z,y) can be written as F'(z,y,y — x) where F' satisfies an estimate (e.g. [8],
Chap. 9)

(D" F(,y,2)] < Ap Ayt [z 10 (1.3)
with the multiindices v € Ngd, vy = (Vadt1,---,V34) and « > k — 2d if S1) N S@ s k-dimensional with
k€ {0,...,d} (note that this implies g € L*(S™ x §))). This is in fact the case for strongly elliptic boundary
integral operators on boundaries of polyhedra (e.g. [8]) or, more generally, on piecewise smooth open or closed
d-manifolds in R*+1.

The efficient accurate numerical evaluation of integrals (1.1) with integrand functions g(x,y) which become
singular at @ = y has attracted considerable attention over the years. In the (important) special case when
the singularity order « in (1.3), (1.4) equal @« = —1 > k — 2d (as is the case e.g. for K(z,y) given by the
Coulomb potential), the singularity can be removed completely by a (degenerate) coordinate transformation
(see [6] for the case k = d = 2,3 and [21] for k = d = 2). In these cases, Gaussian quadrature rules applied to
the transformed integrands yield approximations which converge exponentially in terms of N, the number of
quadrature nodes [21].
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In boundary element methods on surfaces in R? the singularity order « is always integer so that the above
mentioned variable substitution described in [19], Chapter 5, can be applied. In integral equations which involve
fundamental solutions of second order elliptic operators in R?, however, F(z,y, z) ~ log||z|| as z — 0 may occur.
This case is not covered by the variable substitutions [6,21], but is contained in the assumptions (1.3) with oo =
—e with arbitrary small € > 0. In integral operators arising in integrodifferential generators of Markov processes
with jumps such as Levy processes, noninteger o may occur (see, e.g., [10,17]). In option pricing applications
from finance, higher dimensions than d = 3 are also common (see, e.g., [17]). Although in applications from
engineering and the sciences, the kernel functions K (z,y) are analytic in the sense that the estimate (1.3) holds,
we shall present a quadrature error analysis for Gevrey regular kernel functions K(z,y), of Gevrey class with
index § > 1 which have been considered e.g. in [1,2]. These functions satisfy estimates (1.2), (1.3), however
with the term v!in (1.2), (1.3) replaced by (1!)%:

DY F(z,y,2)| < AgAYT (1)° |||min (e w10 (1.4)

Analytic functions correspond to the case 6 = 1. FE.g., the usual C'*° cutoff functions are not analytic, but
only in a Gevrey class with § > 1, see (6.2). This allows to treat more general problems involving Gevrey
pseudodifferential operators investigated e.g. in [1], discretization methods of “generalized Finite Element type”
where the basis functions ¢! of V}, are constructed with Gevrey-class cutoff functions or Gevrey partitions of
unity.

It turns out in practice that the efficient approximation of the singular integrals is a difficult, because the
convergence rates of standard (e.g. Gaussian) quadratures with N points deteriorate for integrand functions
with a singularity, (e.g. [5] for an analysis of this).

Most methods in the literature rely on a very specific form of the kernel function K (z,y) or geometry of S @),
Our proposed method has the advantage that it only uses pointwise evaluations of g(x,y) (no antiderivatives
needed), works for all integrands with (1.4) (which includes noninteger singularity orders and logarithmic
singularities), and uses the same algorithm in all dimensions d and all possible cases how the two simplices
SM | S may touch.

We will construct families of variable order, composite quadrature methods Qpn of the form Qy =
Z;VZI w;g(xj,y;) with N integrand evaluations such that, as N — oo, exponential convergence of the quad-
rature error is realized, i.e. we show for the integral I defined in (1.1) with integrand g(z,y) satisfying (1.3)
or (1.4) the asymptotic error estimate

I — Qx| < Cexp(—rN") (L5)

with constants C,r,y > 0 depending on Ay, A1, , 8, d. Specifically, we prove for the quadrature of integrals (1.1)
over the integration domains S x §2) ¢ R?? with integrand function g(z, %) satisfying (1.4) with 6 > 1 the
error bound (1.5) with v = 1/(1+2d§). This allows, using estimates for the impact of the quadrature error upon
the asymptotic accuracy of the Galerkin scheme as, e.g. in [19], Chapter 4.2, to obtain fully discrete h-version
Boundary Element Methods on polygonal and polyhedral domains with analytic, possibly curved, sides, at a
complexity which is, up to terms logarithmic in the number of degrees of freedom, not larger than the total
number of degrees of freedom on the boundary.

In the context of hp-discretizations of strongly elliptic boundary integral equations which converge at an
exponential rate in terms of the number of degrees of freedom (e.g. [23] and the references there), our quadrature
methods imply ezponential convergence in terms of the total work for all integral equations arising in engineering
practice.

We assume that the mesh of simplices is shape regular, but not necessarily quasi uniform. This allows mesh
refinement toward a point in the h-version and hp-version, and includes the meshes generated by standard
adaptive methods. Anisotropic mesh refinement (e.g. with long and thin elements) is excluded, however.

In our case the kernel function only becomes singular for y —a = 0. In the numerical solution of Kolmogoroff
equations for Markov processes with jumps arising, for example, in mathematical finance occur kernel functions
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with anisotropic singularities which can also become singular for y; — x; = 0. This case is not treated here but
the techniques developed herein can be suitably modified to deal with these cases (see, e.g. [25]).

We want to note that the same techniques also apply to other types of singular integrals, e.g. volume potentials
applied to a function, or pointwise evaluation of a potential (e.g. in collocation methods).

The main idea of the quadrature in [20] is that 1D Gaussian quadrature converges exponentially if the inte-
gration interval is away from the singularity. If the integrand is singular at an endpoint, one can compensate
for this by geometric refinement. Here we generalize the results of [20] in two directions: first, we establish
exponential convergence rates for singular integrands with merely Gevrey regularity outside the compact sup-
port, and second, we address the treatment of double integrals (1.1) which arise in Galerkin discretizations of
singular integral equations.

The paper is organized as follows: In Section 2 we prove convergence rates (1.5) with v = 1/(1 + ¢) for
Gevrey class G° functions with an endpoint singularity (functions in G® without endpoint singularity yield
v = 1/6) on the domain [0, 1] and also for tensor product quadrature on [0,1]%. In the case of two simplices
S, 8(2) which do not touch one can obtain exponential convergence by simply using Gaussian integration in
a suitable way. If the two simplices touch we give a sequence of transformations which isolate the singularity
of the integrand in exactly one coordinate direction while preserving Gevrey regularity in the remaining 2d — 1
coordinates. We then apply a tensor product quadrature consisting of the composite Gauss quadrature from
Section 2 in the singular coordinate direction and a (2d — 1)-fold tensor product Gauss-Legendre quadrature
in the remaining directions. The transformations and the resulting quadrature algorithm are described in
Section 3. Section 4 proves the Gevrey regularity of the resulting transformed integrands and gives the main
theorem about exponential convergence (1.5) of our quadrature algorithm. In Section 5 we consider an integral
as in (1.1) with parallelotopes (images of cubes under affine maps) C1), C®) instead of the simplices S(1), S(2).
In this case we obtain similar results. In Section 6 we give an example with § > 1 for an integral over [0, 1],
and examples for integrals over S x S ¢ R?? with d = 2,3. The examples indicate that the asymptotic
convergence estimates (1.5) are sharp.

1.1. Definitions and notations

Let N denote the set of positive integers and Ng := NU {0}. For a multiindex v € N¢ we use the standard

v
notations |v| = Zle v, vl = H?zl vl and DY f(x) = ﬁf(x) for a function f: Q — R with Q C R<.
7t ... 0z
For z € R? we let ||z := ||z, = (32 :c?)l/Q. In integrals we write
/ flx)da for / f(z)day ... dzg.
€N e
Consider a subset N = {nq,...,ni} of {1,...,d} with ny < ... < ni. We will use the notation zy :=

()
J

(Tnyse ey 2n,) and #N := k. For x € R? we define z(") € R? by « ;N)

We write z > 0 for a vector x iff z; > 0 for all j.

=gxjforje N,z "’ :=0forj ¢ N.

We will now introduce the spaces G® of Gevrey functions and G‘]S\}a of Gevrey functions with a singularity:

Definition 1.1. Let D c R? be a closed bounded set and § > 1. A function f:D—Risin G5(D) iff there
exist Ag, A1 > 0 so that

Vz € D, Vv € N: D" f(x)] < Ag Al (11)° (1.6)

(i.e., the estimate holds uniformly on D).
Let « e R, N C{1,...,d}. A function f: D — Risin G‘;\’,‘)‘(D) iff there exist Ag, A1 > 0 so that

Va € D with 2y # 0, Vv € NZ: DY f(x)] < AgAlT (11)? ||y |t Ion s (1.7)
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A function f € G%*(D) may have a singularity at y = 0. E.g., the function f(z) = ||zn|* g(z) + h(z) with
a € R and g,h € GO(D) satisfies f € G%*(D). In the case N = {1,...,d} we will write G>*(D) := G%*(D).

For sets D; C N¢ we write D= Dy U...U D, it D;ND; ={} for all ¢, .

For functions f,g: Q@ — R we will write f ~ g if there exists ¢, C' > 0 such that cg(z) < f(z) < Cg(x) for all
x e Q.

Let ¥ : R" — R". We denote the absolute value of the Jacobian determinant of ¥ by

Jy = |det(DW)]. (1.8)

2. QUADRATURE OF GEVREY FUNCTIONS WITH SINGULARITIES ON INTERVALS

2.1. Introduction

We consider a function g € C°((a,b)) N L'((a,b)) on an interval (a,b) and want to approximate the integral

Ig:= /abg(:n)d:c.

Definition 2.1. We denote by @,g the Gauss-Legendre quadrature approximation of Zg with n quadrature
points for the interval [a, b]. If the interval is not clear from the context we will also write QL? bl g and Z@tlg.

First assume that g is analytic on the closed interval [a, b], i.e., g € G*([a, b]). Then it is well known (e.g., [24])
that there is exponential convergence: there exist C;r > 0 so that for all n € N

|Zg — Qng| < Cexp(—rn).

We consider two generalizations where g € C*°((a,b)) but may not be analytic on [a, b]:

(1) for g € G%([a,b]) with § > 1 we will obtain for n-point Gauss-Legendre quadrature @, on (0,1)
exponential convergence rates of the form |Zg — Q,g| < Cexp(—rn'/%);

(2) for the interval [a,b] = [0,1] assume that g has an algebraic singularity at 0 in the sense that g €
G%>%([0,1]) with 6 > 1, a > —1. For § = 1 it is known that Gaussian quadrature converges in this case
only with an algebraic rate O(n=2(@*t1) see, e.g., [5]. In order to achieve exponential convergence we will
use a geometric subdivision with m = O(nl/ %) subintervals and then use composite Gauss quadrature
with n nodes on each subinterval. Then the quadrature error is bounded by Cexp(—rN 1/ (1+5)) where
N is the total number of quadrature points.

Therefore we always obtain an error bound C exp(—rN”) with 8 > 0, but we pay for larger values of § or the
presence of a singularity with a smaller exponent [3.

2.2. Convergence of Gauss-Legendre quadrature for Gevrey integrands

The classical error estimate for Gauss-Legendre quadrature uses the derivative g™ . This formula can be

used to prove exponential convergence of @, ¢ if ¢ is analytic in a sufficiently large neighborhood of [a, b]. In order
to prove exponential convergence for g € G'([a,b]) (g analytic in a neighborhood of [a,b]) and g € G°([a,b])
with § > 1 (where g may not be analytic) we need an estimate which allows to use lower order derivatives:

Lemma 2.2. Letn € N and k € {2,3,...,2n — 1}. Then we have for g € C*(|a,b])

32 (b—a\"" 1
Zg - Quil < 7 1.
29 Q"9|—15( 2 ) &—Dn— k) 117 e
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Proof. We first consider [a,b] = [—1,1]. Then Theorem 4.5 in [24] gives

= 1 H (k)H
g
15 (k — 1)(2n — k)F—1 .

|Zg — Qng| <

using || f(z)/(1 — :L'2)1/2||1 <7 || f]lo- A linear change of variables gives the result for general [a, b]. O

We now assume that g € G°([a,b]) with Gevrey index § > 1, and consider the convergence of Gauss
quadrature @, g.

Theorem 2.3. Assume that g € G([a,b]) with § > 1 and constants Ag, Ay in (1.6). Let p:= Ay(b—a)/2. For
0=1let
Ty := 2log {p_l +vV1+ p_Q} (2.1)
and for § > 1 let
e =0p /0. (2.2)
Then for any r < r. there exists C' > 0 depending only on r, p and § such that for alln € N

1Zg — Qngl < Ao(b — a)Cexp ( - rnl/‘s). (2.3)

Proof. In the case § = 1 we consider §(z) := g(% + z%) and see from its Taylor series that g is analytic

2
in U :={z € C|dist(z,[-1,1]) < p~'} and |§(z)| < Ao/ (1 — pdist(z,[-1,1])) for z € U. For s > 1 let E;
denote the open ellipse Es := {(z +271)/2 | 2 € C, |2| < s} with foci £1 where the sum of its semiaxes is s.
The largest ellipse E; contained in U is E,, with s, := p~1 4 /1 + p~2. By Theorem 4.5 in [24] we then obtain
that for any s € (1, s.)

b—a _ ~ — ~ —2n
Tlotlg — Qf’b]y} = }I[ by - Qb 1’”9‘ < (b—a)M.Cys™? (2.4)
where M, :=sup,cp_|§(2)] < Ao/(1 —p(s —s71)/2) < oo as (s, — s, ')/2 = p~!. This gives (2.1), (2.3).

In the case § > 1let B, := [Zg — Qng|. Then Lemma 2.2, (1.6) and the Stirling estimate k! < 1.1(27k)"/2kFe—*
give for any k € {2,3,...,2n — 1}

32 (b—a\"" 1
E, < =|(— Ao Af (k1)°
= 15< 2 ) (k—1)(2n — k)k-17° 1k
b—a32 b—a ;| k2020 —k) koK K/2(m — k) [ kS \"
< |4 ZC110(2m)d?] A - = 2.5
= [0 7 15 %) H 17y ¢ k—1  @n-kF 7 k-1 20— ) %%
s \k
where p := A;%5% 7% = pe™®. We now want to choose k such that f(k) := <fo_ék) is small. Let k =

e (n/p)Y/? and k = |k|. If k <n and k > 1 we have

7)< (gkz‘s)k < (2) =

Ifrk>nweletk:=n. Ask>n < n < (e‘sﬁ)_l/(‘s_l) we obtain f(k) = pn0—1n < e=9"  Note that
k<2 <= n < 2%j occurs only for n < Cj , so that we still have f(k) < ¢5,e7°" for n € N.

Finally we note that the term % in (2.5) grows at most algebraically in n and can therefore be
absorbed in (2.3) by using r < 7. O
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2.3. Composite Gauss quadrature for singularity at endpoint of interval
We now consider the interval [a,b] = [0, 1] and an integrand g(z) which may be singular at 0 in the sense

that g € G%([0,1]) with § > 1 and o > —1. Note that o > —1 implies g € L*([0, 1]).
Let m € N and o € (0,1). We define the geometric subdivision [0,1] =I; U...U I, with

I :==[07,077" forj=1,....m—1; Ly :=[0,0™71]. (2.6)

We then define two types of composite Gauss quadrature rules on this subdivision:

Definition 2.4. For m,n € N and o € (0,1) let I; be given by (2.6). We define the constant order composite
Gauss rule
m
Qn,m,ag = ZQ»{ljg' (27)
j=1
For 6 > 1 we define the wvariable order composite Gauss rule by

n(m+1—75)° ) = .
n; = [%—‘ forj=1,...,m; Qn,m,0.69 = Z Qfgjg. (2.8)
j=1

We will write @y, for results which hold for both @, = Qn.m.o and Qpn.m = Qn,m.o,s-

The constant order rule @, m,» uses n Gauss points on each subinterval and has hence a total of N = mn
quadrature points. The variable order rule Q) m, o5 uses n; = n Gauss points on the rightmost interval I, and
a decreasing number of Gauss points towards 0. The total number of quadrature points is N = 2721 n; ~
nm/(d+ 1).

Theorem 2.5. Assume that g € G>*([0,1]) with§ > 1, a > —1. Let o € (0,1), b > 0. Then the constant order

1/8

composite rule Qpn m,o with m = [bn ] has a total number of evaluation points N = O(n““rl) and there exist

C,r,7" > 0 such that for alln € N
IZg — Qnm.og| < Cexp(—r’nl/‘g) < Cexp(—er/(1+5)). (2.9)

Proof. Define & := min{a,2}. Then g € G%* = g € G*%. An interval I; = [07,077!] with j < m has length
¢; =09 (0! — 1) and we have with Ay ; := Ago’%, Ay := Ao~/

Veel; Vk>2 |DFg(z)] < Ao AY (R!)°. (2.10)

We now apply Theorem 2.3 to fo g. Note that in the proof of Theorem 2.3 only derivatives ¢(¥) with k& > 2
were used and that the constants C,r in (2.3) depend only on 6 and p = Ay j¢;/2 = A1(c™! —1)/2. As p is

independent of 7 we obtain with the same C,r >0 for j=1,...,m—1
IThg—Qligl < Ag jt;C exp(—rn*/?) = Ago? @V (671 — 1)C exp(—rnt/?) (2.11)
! ol -1
‘Iljg — Q,I{g| < AOmCexp(—rnl/‘s) (212)
j=1
where we could add the geometric series for j = 1,...,00 as @ > —1 = %1 € (0,1).

For j = m we let ag := min(,0) > —1 and f(z) := Apa®, then [g(z)| < f(z) and |Qimg| < QL f.
Remark 4 in [5] shows that Q%= f converges as n — oo and QI f < ¢, Z7™ f. Hence

oM~ 1

< (14 cop) I f = c/ zdg = gm0t (2.13)
0

T g — Qg +lQug

<|z'g
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Combining this with (2.12) gives

m
|Ig o Qn,m,ag| < Z |1-Ijg _ Q"I{g‘ § Cl exp(frnl/é) + C//O_(’mfl)(aoJrl)_
Jj=1

Choosing m = {bnl/‘s] then gives (2.9). O

Remark 2.6. Note that we have to know the value of the Gevrey parameter § to obtain the rate
Cexp(—rNY0+9)  If we do not know the value of § we can choose m = cn (as in the case § = 1) and
obtain N = O(n?) and

|Zg — Qnmg| < exp(—rnl/‘s) + " exp(—r'm) < C eXp(—le/(%))

which is worse than C exp(—rN/(1+9) for § > 1 (but still gives exponential convergence).
We now consider the convergence rate of the variable order composite Gauss rule.

Theorem 2.7. Assume that g € G®*([0,1]) with § > 1, a > —1. Let o € (0,1), b > 0. Then the variable order

composite rule Qpn m,o5 wWith m = (bnl/ﬂ has a total number of evaluation points N = O(nH‘rl) and there
exist C,r,r’" > 0 such that for alln € N

1Zg — Quom.o.59] < Cexp(—r'n'/?) < Cexp(—rNY/1+9), (2.14)
Proof. We proceed as in the proof of Theorem 2.5 and obtain for j = 1,...,m —1 using n; > nm =0 (m+1—j)°
Tlig— Qfgjg < Ago? @t (g7t —1)C eXp(—rn;/é) < co?@ D exp (—rnl/‘sm_l(m +1- j)) =E; (2.15)
Ey = co®lexp(—rn'/?), Ep_1 = co MDD oxp(—pnt/92m™1) < co(m—D(E+D),
As E; is of the form F; = ag’ we have
m—1
E; <(m-1) max 1Ej < (m—1)max{Ey, Ep—1} < C(m — 1) max {exp(—rnl/‘s),am(a"'l)} . (2.16)

j=1,...,m—
i=1 J )

For j = m we use (2.13). Combining this with (2.11), (2.16) yields
m ~
|Ig o Qn,m,mﬁgl < Z ‘Iljg _ injg‘ < C(m -1) maX{eXp(—rnl/é), Um(aJrl)} + Co™(@o+1)
j=1
and using bn'/% < m < bn'/? +1 gives |Zg — Qu.m.o.59] < Cpr exp(—1'nt/%) with v/ < r. O
2.4. Tensor product quadrature on [0,1]¢

Proposition 2.8. Letd €N, § > 1, a > —1 and assume g € G?’f}i([o, 1]9). Let o € (0,1), b> 0, m = [bn'/?]
and Qn,m as in Definition 2.4. Then there exist C,r, 7" > 0 such that for alln € N

‘ / 9(0)d¢ = Qum @ Qn @ - @ Qy g| < Cexp(—rnt/®) < C exp(—r' NV 4+, (2.17)
¢elo,1]¢ —_

d—1 times

Here N = (307", nj)nt~t = O(n4+37") is the total number of quadrature points.
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Proof. We use induction over d. For d = 1 the result is given by Theorem 2.5. For d > 2 we let (' :=
(Cla s 7<d71) and define §(</) = Qng(Cla ')7 h(Cd) = f(le[oﬁl]d—l g(C)dC/ Then

/ g(C)dC_Qn7m®Qn®"'®Qng:(/ g(cl)dcl_Qn,m®Qn®"'®Qn§)
¢elo,1]¢ —_— ¢refo,1]d-1 N

d—1 times d—2 times

+ (/Cl h(Ca)dCa — th) =Ty +T5. (2.18)

a=0

For T we note that ‘Dﬁg((')‘ < maxe,eo,1) ‘D(B’O)g(g‘” as @, has positive weights with sum 1. Hence g €
G?’lo}i([(), 1]%) implies § € G?f}([(), 1]4-1) and the induction assumption gives |T1| < C exp(—rn'/?).

For T5 we note that

| Dh(¢a)| < / D08 g(¢) a¢’ < / ApAF (R G d¢” < Ao Af(k1)?
¢efo, 14t ¢refoa]e-t
so that h € G°([0,1]). Hence Theorem 2.3 gives |Tz| < Cexp(—rn'/%). O

Remark 2.9. In the case of g € G([0,1]%) with d € N, § > 1 we can use standard tensor product Gaussian
quadrature and obtain in the same way the result

‘ /C 0.1 9(O)dC—Qr® - RQng| < Cexp(frnl/é) < Cexp(fT/Nl/(‘Sd))
€[o,1 N ——.

d times

where N = n? is the total number of quadrature points.

3. QUADRATURE OF SINGULAR FUNCTIONS ON SIMPLICES

3.1. Introduction

We want to compute the integral

1= ] semdyds (3.1)
zeSM) JyeS®@)

where we make the following assumptions:

Assumption 3.1. S, S@) c R are d-dimensional closed simplices with positive volume. Moreover, S NS
is either empty, or a k-dimensional simplex side with k € {0,...,d}, i.e., the convex hull of k4+1 common vertices
of SM, 83,

Assumption 3.1 is satisfied if SU) are simplices in a regular finite element mesh.

Assumption 3.2. The function g(x,y) can be written as g(x,y) = F(x,y,y —x) with F € G?;;lﬂ 3d}(5(1) X
S % (8@ — SWY) with § > 1, a € R: There exist Ag, Ay so that for all B = (Bs, By, B.) € N4, x € SU),
ye S, s es® s

|DﬁF(;L', Y, Z)‘ < AOA|13\(6|)6 Hszin(a*mzLO) .
If SM N S@) is nonempty we assume o > k — 2d, this implies g € L' (S x §(3)).
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We want to rewrite this integral in the form of nested one-dimensional integrals. Then we will approximate
the one-dimensional integrals either by Gauss quadrature or by composite Gauss quadrature. To this end, we
define the standard simplex in R? by

Sa={(z1,...,2q) |2; >0, 21+ ...+ 24 <1} (3.2)

Let us denote the vertices of SU) by v0:0 . @D et k) .= Gk — 400 for j =1,2and k=1,...,d.
We define A0 := (w(j’l), L wPd) € R9% and use the change of variables from 2z € SU) iy € S@) to u,v € Sy
given by

=010 4 AWy, y =020 4 Ay (3.3)
yielding
G(u,v) =g (U(I’O) + AWy, (20 4 A(Q)’u) ‘det AP det AD (3.4)

I:/ / g(x,y)dy dz :/ / G(u,v)dv du. (3.5)
zeSM) Jyes®@) u€Sy JvESY

If the intersection SV NS®? is empty the simplices have a distance D > 0. Then the new integrand G(u,v)
is Gevrey regular on Sy x Sy. Using the coordinates & = (1 —uj — ... — uj—1) tu; for j = 1,...,d we have

u=V(¢) = (&,1-&)&,...,(1=&) ... (1 —&-1)&q) and Jy(€) = H?;ll(l — ;)47 so that
= / / Glemande,  G(&n) = GV, D) Ju(€)Tu(n).
€€0,1]¢ Jnelo,1)4

We can now use Gaussian quadrature and obtain exponential convergence:

Proposition 3.3. The function G satisfies G € G°([0,1]2%). As a consequence we have for the quadrature error
with C,r >0

I-Q,® --® Qn(é) < Cexp(—rn'/?) = Cexp(—er/(%d)).
Proof. The result follows from Corollary 4.9 in the next section and Remark 2.9. O

Note that for a shape regular finite element mesh we have D > ¢max{diam S diam S(Q)} with fixed c,
even for non-quasi uniform meshes. Hence we obtain a uniform r > 0 for the convergence.

If the intersection S(V) N S?) is nonempty and k-dimensional with k € {0,...,d} we can number the
vertices of the simplices so that v(17) = v(29) for j =0,... k, v #£ 029 for j =k+1,...,d. We now want
to describe the regularity of the function G given by (3.4).

Remember that g(z,y) = F(z,y,y—x) with F' € Go (SM, 82 53 — §(M). Hence we have in (3.5)

{2d+1,...,3d}

Gu,v)=c-F (0(1,0) + AWy, v 4 ARy AR)y — A(l)u) (3.6)
as v(19) = (20 Moreover, the first k columns of A1), A®) coincide so that AY) = (B, BY)) with B € R*¥F,
B € R&*=k) Let ¢ := (uy,...,ug) ", @:= (Ugs1,...,uq)" and similarly for v, then (3.3) gives

z =010 4+ Ba+ BWy, y =00 4 Bo + B@yp, (3.7)
y—z=A%y— AWy = Bt —a) + B®v - BWq, (3.8)

By a closed cone we denote a closed subset X of R? with the property z € X = ax € X for all @ > 0. For
u®, . ul™ € R? we define cone{u™ ... u(™} = {ciu® + ... 4+ cpul™ | ¢; >0}
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Proposition 3.4. Let X,Y be closed cones in R with X N'Y = {0}. Then there exists cx y > 0 such that
2 2 2
veeX vyeV: o —yl® = exy (2l + Iyll) -

Proof. Let X1 = {x € X | ||z|| = 1} and Y} defined analogously. Since X; x Y7 is compact and X1 NY; = {}
the inner product (z,y) has on X7 X Y7 a maximum 1 — & with ¢ > 0. Now let « € X and y € Y. Then

(z,y) < (L=e)[lz] ly]| and
2 2 2 2 2 2 2
= ylI” = lzI” = 2(z,y) + lylI” = [[«|” = 20 — &) l=[ fly ]l + ]l Zf:‘(IIﬂfII +||y||)

. 2 2
using 2 [l ly[| < [l«]” + f[y]I"- -

We define the closed cones
V= span{w(l’l), cee w(l’k)}, XM .= cone{w(l’k"’l), . ,w(l’d)}, xX@ .= cone{w@’k"’l)7 e ,w(Q’d)}
and have that SU) ¢ v 4V 4+ X0 for j =1,2. Let z € SO, 3 € S, then (3.7) gives the decompositions
z =10 4 20 4 41 y =00 4 y0) 42 2@ = Ba, M .=BWVg, 4O .=Bs y? .= By

with (@ 4@ e vV, 20 e XU 42 ¢ X By the assumptions on the simplices SM), S we have X1 N
(V+X®) = {0} and V N X® = {0}, hence Proposition 3.4 yields

2 2 2
= af? = (o 450 —20) [ 2o (@ — (@ @) e )
([ + = -+ =)

2 2
Iy =l = ¢ (186 - ) + 50|+ 80 ) = ¢ (1o -l + i+ l?)  (39)

since the columns of B, B, B®) are linearly independent. We assumed that g(x

z,y) = F(z,y,y — x) with
Fedy (S x 82 x (8 — §MY) 50 (3.6) gives G(u,v) = H(u,v,0 — i, 1,0

{2d+1,...,3d} ) with

H(u,v,&,n,():=c-F 0 AWy (1.0) 4 A(%,Bg + B(Q)C — B(l)n . 3.10
n

Let w := B¢+ B@ ¢ — BWy, then (3.9) gives ||w|| > ¢||(€,7,¢)|. Hence we obtain with 3 = (Bu» Bos Be, By B)
D7 H (u, 0,60, Q)] < Ao AT (81)? [l ™™ PP < g AT (81|16, m, 7 IR
so that
G(u,v) = H(u,v,0 — 4,0, 0), HEG{Qd-}-l Ad—k} (Sa % Sa x (Sk— Sk) X Sq—r X Sa—k) - (3.11)

Our goal is to rewrite integral I as

I—/ G(u,v)dvdu = /
uESy JVESy Z 0,1]2
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so that the new integrands satisfy G € G?’ﬁ([O, 124), i.e., G4(C) is only singular with respect to ¢; at ¢; = 0.
This will allow us to use composite Gauss quadrature for (7, and standard Gauss quadrature for the variables

G2y -5 Gad-

We will first derive some useful tools, and then state the transformations and their properties.

3.2. Tools
The standard simplex (3.2) can be parameterized by (z1,...,24) as follows:
j—1
xesd@»xjelog—zxi] forj=1,...,d. (3.12)
i=1

1 17&71 17&717...714,1
/ flz)de = / / . / f(z)dzq ... droda;. (3.13)
€Sy z1=0 Jx2=0 xq=0

Here we allow in parameterizations that the bounds for a variable depend on previous variables (so that we
can write integrals as nested one-dimensional integrals). In the sequel we will leave integrals in the form
fl, es, (z)dz, it is then implicitly understood that they can be expressed as an iterated integral using (3.13).

For a vector v = (vy,...,v;) we will use the notations v’ := (v1,...,v5-1), Zj v =v1+...FUg, Oy 1= 1—2]. vj.
We now define a pyramid P(B) € R? with base B: Consider a (d— 1) dimensional hyperplane not containing 0
and let B be a subset. Then define

P(B) :={sxz|s€0,1], x € B}. (3.14)

With a parameterization B = {(2/,q(2")) | 2’ € B’} with B’ C R9~! and an affine function ¢ we can write

1
= / ! d—1 3./
/:EGP(B) f(:E)d:c B /s:O /L’GB’ f(S (l‘ ,q(x )))5 dz’ ds.

E.g., we have Sy = P(Bgy) with the base

Ba:={(21,...,2a) | 2; 20, Y =1} ={(x1,..., 241,121 —...~za_1) | (x1,...,74-1) € Sa_1}. (3.15)
J

This gives another parameterization for Sy:

1
dz = " op)) s e ds. .
/:CESd f(z)dz /s:O /;C’ESdl f(s(@,oum))s 7' ds (3.16)

We will also encounter integrals over a domain P(B,, x S,,) C R™*™: In this case we obtain with z € R™, y € R"
that

1
/ f(z,y)dydz = / / / f(s(@ om,y))s™ tdy da’ ds. (3.17)
(z,y)EP (B X Sn) s=0Ja'€Spm_1 JYES,

We now consider a Cartesian product of m pyramids and split it into m pyramids:

Proposition 3.5. Let D = P(B)) X ... X P(B(y)) € RUT+dm where By is a (d; — 1)-dimensional base
in R%. Then B

D=D,U...UD;, meas(D; N D;) = 0, i,j€{1l,...,m}, i#j (3.18)
where D;j = P(B(j)) with

B(]) = P(B(l)) X ... X P(B(j,l)) X B(j) X P(B(jJrl)) X ... X P(B(m)) (319)
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Proof. We have P(B;) := {tWz) | t0) € [0,1], ) € B;} and D = D, U...U D,, with
Dy = {(t(l)m(l), ot My 1 0) € [0, 1], 29 € Byj), maxtV) = t(l)}
J

= {5 (20,22, g |5 € 0,1], 49 € [0,1], 2 € Byg) =P (B x P(Bay) X -+ x P(Bmy)
(3.20)

and correspondingly for Ds,...,Dy,. ([

We apply for (z,y) € Sgq x Sq the transformation (z,y) = (x,2 + 2) with z =y —x € Sqg— Sq and © € Sy
such that y =z + 2z € Sy: let Ay :=Sq— Sq and E4(z) := SqN (Sq — z), then

SaxSq={(zr,x+2)|z€ A4, x € Eq(2)}.

The idea of introducing the coordinates z = y — = goes back to [9] in dimension d = 1 and was extended to the
case of boundary integral operators on surfaces in R? in [18]; see also Chapter 5 of [19] for an account of this.
Note that Fq(z) is always similar to Sg: we have x € Eg4(z) iff

xp > max{0,—z;} and ij <1—max {0, Zz]} (3.21)
J J

Note that this yields a parameterization with the variables x1, ..., x4 where the lower bound for each variable
is given by the left inequality, and the upper bound (in terms of the previous variables) by the right inequality.
Recall the definitions of zx and ™) for N € {1,...,d} and = € R? from section 1.1.

We now show that we can split Ay into pyramids Aﬁ M\N = P(B]j\a M\ )+ This is illustrated in Figure 1 for

d =2 and d = 3 dimensions. In the algorithm we will use the bases B]J{[ M\N for all subsets NV C M. Note that

we can visualize these bases flattened into R%~! as shown in Figure 2 for d = 3,4. For #N = j equation (3.24)
shows that B]J{[ M\N is a Cartesian product of a j-dimensional simplex and a d — j — 1-dimensional simplex.

Consider the case d = 4: For j = 0 we have (j) = 1 base which is (0-simplex) x (3-simplex) (tetrahedron), for

j =1 we have (4) = 4 bases which are (1-simplex) x (2-simplex) (prisms), for j = 2 we have (;) = 6 bases which
4
3

1
are (2-simplex) x (1-simplex) (prisms), for j = 3 we have (
(tetrahedra).

Lemma 3.6. We have with M = {1,...,d}

) = 4 bases which are (3-simplex) x (O-simplex)

Ad = U AN,M\N; ANf’N+ = {Z € Ad | ZN- < 0, ZN+ > 0} = {Z | ZN- € *S#N—, ZN+ € S#N+}~
NCM
(3.22)
If N ={}
z€Ap,ay =81 = Eaz)=(1-2—...—2a)Sa
IfN =M

z € A{l,...,d},{} =954 - Ed(z) = —z+ (1 + 21+ ...+ Zd)Sd.
If N #{} and N # M we have that Ay yp\n is a Cartesian product of two pyramids with bases xn € —Byn
and ryp N € Buan\ny- Hence we can split it into two pyramids using An y\n = AE Y Ay M\N where

AN ye = {2 €Ay N+ | 20,2 20} = {s2 | 2n- € ~tByn—, z2n+ € Byn+is,t €[0,1]} = P(BY_ )
(3.23)

B]J{[,7N+ = {LL‘ | TN- S *S#N—, TN+ c B#N+} (324)
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1k
+
A{1}y(2)
- +
A(1 142} A{},ﬁ 2}
<0 -
- : +
Auag Atz o1
A(Z},(ﬂ
1t
_{ 0 1
X X

1 2

FIGURE 1. The domain A4 = U U AN for d = 2 (left) and d = 3 (right, only
NCM oe{+,—}
labeled for o = +).

{1.2}

{2} {1}

{}

{2,3} {1,3}

{3}

FIGURE 2. The bases B?\}_M\N flattened into R4~! for d = 3 (left) and d = 4 (right) and labeled
with N. For d = 4 only 1 of 6 bases with #N = 2 and 1 of 4 bases with #N = 3 are shown
with dotted lines.

Ay yv = {2 €AN- N+ | X2 S0} = {s2| 2y~ € =Byn-, 2n+ €tByn+; s, €[0,1]} = P(By_ )

(3.25)
BJT/'*,N* = {l‘ | zn- € *B#Nf, TN+ € S#N*} (3.26)
z € AE,7N+ —  Eyz)=-2") 4 [1- Z(ZN+)j Sa (3.27)

J

€Ay = Ba(x)=—2N) 4+ |1+ (an-); | Sa (3.28)
j
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Proof. In (3.22) we split A, into the parts belonging to the 2¢ octants in R%. It remains to show the rightmost
equality in (3.22): If z € Sq — Sq with zy- < 0 and zy+ > 0 we have to show that } . (2y-); > —1 and
>_i(zn+); < 1. But if 2 =y — x with z,y € Sq we have with 2% := zy+ and correspondingly for z,y

IIEED DRSS /E LRI Ea
J J J J J

Yo=Y ey < 1Dy | - el <L
J J J J J

It is also clear that one can obtain all points 2~ € —Syy- and 2T € Sy y+ in this way by choosing z,y € Sg
as follows:
yn- =0, yn+ =27, ay-=-z", ay+=0.
For the right equality in (3.23) we use that 0, 2; > 0 <= > ,(-2;) < sz , and then we apply (3.20).
The statements about E4(z) follow in each case directly from (3 21) for z € A;,’]\H we have zy- < 0,
).

zy+ > 0, therefore z; > max{0, —z;} is equivalent to x > —2(NT) . We also have z; + ...+ 24 > 0, so
>ojr; < 1—max{0,> 2} is equivalent to > 2 <1—21 —...—2¢ =1—3 . (2n-); — >_;(2n+);. Therefore
v:=x+ 2N satisfies v > 0 and >-;vj <1—=3 :(2n+);. The other cases follow in the same way. O

Let A?}, =Apgm =S80 A =1} Ay g = Au =54 A M{} = {} and define
By ye(2) = =2+ [ 1) (ans); | Sa- (3.29)

J

Then we can state the result as follows:

/zesd /yeSd f(z,y)dydz = Z Z /ZGAG /QEEE" flz,z+ 2)dzdz. (3.30)

NCM oe{—,+} N,M\N N,M\N(Z)

This is a sum over 2¢ - 2 terms, but two of the A% M\n are empty so that only 291 — 2 terms remain. Recall
that all the domains A(JTV,M\N are pyramids in R? with apex in the origin. For z € A(JTV,M\N we use the

parameterization with the variables (s,t, zy-, zx+) from (3.23), (3.25) where (3.15) is used for zy-, zn+. For
x € EY M\N(z) we can simply use the variables x1, ..., z4.

3.3. Transformations

For z € R? we write x = (%, %) with & = (z1,...,2%) and # = (Tg41,- .., Td)-
From (3.5) we obtain the integral

Iz/ / G(z,y)dy dx, (3.31)
z€Sq JYESa

where G satisfies (3.11). Hence the function G is Gevrey smooth unless (§— &, &, 7) = 0, i.e., the singularity is in

the interior of the integration domain and affects all variables. We will now give a sequence of transformations

which yields an integrand §(¢) which is only singular with respect to ¢; at ¢(; = 0. We will state the Gevrey

regularity of the integrand after each transformation, but we postpone the proofs of these claims to Section 4.

Section 3.4 will describe the transformations in more detail and describe the resulting quadrature algorithm.
For the presentation, we recall that for v = (v1,...,v,;,) we defined o, ;=1 —v1 — ... — Uy
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Step 1: Transform (z,y) € Sq X Sq to (£,9,Z,Y) € Sa—k X Sa—k X Sk X Sk.

We see from (3.12) that (z,&) € Sy is equivalent to & € Sy_j, and & € 0;Sk. Hence we let & = 0;2 with
Z € Si and obtain for an integral over x € Sy

/ x)dx */ / 0T, 1) dza dz.
€Sy TESq—k JTESK
By applying this to (3.31) we obtain
-/ / [ | a@ispigddgs (3.32)
2€Sq—x JYESa—x JTESK JYESK

where g1 is Gevrey smooth unless ||(Z —

)
Step 2: Use z := y — & to transform (Z,y) € Sk X Sk to (2,Z) with Z € Ay, T € Eg(2).

Then
I 7/ / / / V(&7 + 2, 2,9) di dz dg dz. (3.33)
TESqg_k JYESqa_ JZEA) ;cEEk(z)

Now g2(2,Z,%,9) := g1(Z,% + 2,2, ) is Gevrey smooth unless ||(Z,Z,7)|| = 0. More precisely, we claim that

~—

92 € G{ ok 2k 1, ,2d}(Q

with Q:={(2,%) | 2 € Ak, & € Er(2)} X Sa—r X Sa—r.
We then apply (3.30) to split Ay into 2¥*1 —2 pyramids A%, AM\N With M ={1,...,k} we obtain an integral
over

(€,9,2,2) € Sak x Sak x Q=S4 xSarx |J |J {(23)|2€ A% 1w & € Bl pann(2)}
NCM oe{—,+}

Now

DN’U = Sd—k X Sd—k X A?V,M\N (334)
is a Cartesian product of m pyramids, with m =3 for 1 <k <d—-1, m=2for k=0and m =1 for k = d.
By Proposition 3.5 we can split D™ into m pyramids Div’” with base BiN’U, i=1,...,m, yielding an integral
over

m
(jagvgwi)esd—kxsd—kXQ: U U U {(.f,g,é,.f) | (jagwg)ED'LN,U7jEE7V,M\N(2)}'
i=1 NCM oce{—,+}

Note that by (3.27), (3.28) E¥, M\N( %) is an affine image of Sy, and we can parameterize it with X € Sj,.

Step 3: For w = (&,9,2) € Dﬁv’a use w = s-u with (s,u) € [0,1] X va’a

We have D7 ¢ RY with d = k + 2(d—k) = 2d — k. Note that the parameter s € [0, 1] satisfies s ~ ||w]|, and

that the determinant of the Jacobian gives a factor of sd=1 = §2d=k=1 Ve claim that the resulting integrands
g7 (s, u) satisfy
N,
g5 7" € G{1}( 3) (3.35)

with Q5 = {(s, X,V, Z,%) | s € 0,1], (X,Y,2) € B, & € B,y ny(sZ)} and @ =a +2d —k — 1.
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TABLE 1. Number K of integrals after transformation in (3.37).

dl k=0 k=1 k=2 k=3 k=4
1 2 2

2 2 6 6

3 2 6 18 14

4 2 6 18 42 30

Now we parameterize u € va’” using S X Si—j—1 X Sq—k X Sq—r or [0,1] X Sj X Sk_;_1 X Sq—r—1 X Sq—k
using affine mappings: The pyramid Div’a C R? has a (d~f 1)-dimensional base va’” C R, In (3.24) the
base Bj\', M\N of Aj\', M\N IS expressed with Syn X Bun . By (3.34), (3.19) we have for 1 <k < d — 1 with
m=3

Bt = Bd—kXSd—kXP(BJJ\}M\N% Bt = Sd—kXBd—kXP(BJJ\}M\N)v Bt = Sd—kxsd—kXB;\r]’M\N-

Let j = #N, then we parameterize Bj\', M\N with S; x By_; and P(Bj\', M\N) with [0,1] x S; X Bj—;. Finally

we use (3.15) to parameterize B; with S;_1. As we used affine mappings for the parameterization of u we claim

that we obtain the same Gevrey regularity as (3.35) on the new domain. Corresponding arguments apply for

A;V’M\N, and for the cases k =0, k = d.

Step 4. Use (3.12) to parameterize all simplices S, by [0, 1]P.
We therefore obtain with (; = s

3
= > X2 /< o gns V(€ (3.36)

NCM oe{—,+} j=1

We claim that we have Gevrey regularity
~ 5,a
dN,o,m € G{yl}([oa 1]2d)

since the parameterization only affected the “smooth variables” with numbers 2, ..., 2d.

In the case 1 <k < d— 1 we have in (3.34) m = 3 nontrivial factors, and we obtain for the integral a sum
of K = 3(2kt! — 2) terms.

In the case k = 0 there are no variables Z,# and there is no splitting of A4, and nothing to do in Step 2.
In (3.34) we have D7 = Sy . x Sy 4, i.e., m = 2 nontrivial factors. Hence we obtain for the integral a sum
of K = 2 terms.

In the case k = d equation (3.34) becomes D7 = AN an\N> 1-€., we have m = 1. We obtain for the integral
a sum of K = 2¥1 — 2 terms.
To summarize: The total number K of terms in the sum for the integral is

2 for k=0
K = {321 -2) forl1<k<d-1 (3.37)
ok+tl _ 9 for k = d.

Table 1 shows the number K for d =1,...,4.
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3.4. Detailed form of transformed integrals

Here we want to give the resulting integrals explicitly as nested one-dimensional integrals
b2(€1) boa(€1se-s€2a—1)
[ do(€)de.
§1=a1 JE2=az El) &2a=a24(&1,--,€2a—1)

Then we can introduce the variables (1, . . ., (g With §; = a; (&1, ..., &-1)+ (b (&1, ... =) —aj(&as -, €-1)) G
and obtain integrals in the form (3.36).

In Step 1 we have
91(%, 7, ,9) = G(osE, &, 047, §)0kop. (3.38)
In Step 2 we obtain I =3y D oeqo 3 IR ann With

ann _/ / / / 91(5, % + 5, %, 7) dF dz dy dz.
E€Sq_k JYESa—k J ZE zZ

A% MAN EY ]\/I\N(Z)
Note that Ay vy = =—AlL, v and Ey_ N+(=E) = ,z—l—EN+ ~- (£). Hence we have
Z€Sa—r JYESa—k NM\N ze ;M\N(—%)
with
f(2,2,2,9) = q(2, 2+ Z,2,9) + 1(T + 2, 7,2, 7). (3.39)

For strongly elliptic boundary integral equations resulting from boundary reduction of second order elliptic
boundary value problems, the strongest singularity in the integrand is antisymmetric as a function of z and
therefore eliminated in the function f, ¢f. [8], Chapter 7, [11], [19], Chapter 5.

Next we can group all sets N with the same number j of elements together and obtain with N; = {1,...,j},
NQZ{}, Rj ZM\N] = {j—i—l,,k} that

I=1Iy+...+1 (3.40)

Ij:/ / / / (3,7, &, ) di dz djj di
E€Sq_k JYESa—k Z€A+ IEE+ \Rj (Z)

and f; is a sum of ( ) terms: For N C M and a vector v € R¥ we define the permutation w = Pyv by

where

wy = (v1,...,0j) and wanN = (Vjy1,-..,v) with j = #N. Then
fj(27'%a'f7g) = Z f(PNZaPNj7jag)' (341)
NCcM
#N=j

Using the definition of £ N, R, (Z) we define
hj(gv‘fag) ::/ fj(gajajag)d-f:/ fj(ga_g(Nj) +02R,-£aj7?3)0§3.d‘% (342)
erNijj(E) FeSy J
and have

IjZ/ / / hj(i,.f,g)didgd.f.
$€Sq_k JHESa—r JZEAT,

Nj,Rj
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Note that the integration domain Sg_j X Sg_x X Aﬁh R, is a Cartesian product of pyramids, but Sy_j is empty

for d = k (no &,y variables), and A}j’ R, is empty for k=0 (no Z variable). Therefore I; is an integral over the
domain

Sdfk X Sdfk for k=0
Dj = Sdkasdkaij’Rj forlgkgdfl
A}%Rj for k = d.

We then use that the domain D; is a Cartesian product of m pyramids, with m =1 for k = d, m = 2 for k = 0,
m =3 for 1 <k <d—1 and can therefore be divided into m pyramids, yielding a sum of m terms for I;.

In Step 3 we parameterize the m integrals for I; in terms of [0, 1] or S,.

For the integrals over & € Sq_j and § € Sy_, we use (3.16) with outer variables s1, so respectively. By (3.25)
A;’M\N is a pyramid where the base is a Cartesian product of —Suy and By ). Therefore we can
apply (3.17) and obtain a nested integral with outer variable s3 and inner variables Zy, (Zyn\n)'-

Case 1 <k <d—1: We get

1 1 1
I = / / / (slsg)d_k_lséf*lGj(sl,52,53)d53d52d51 (3.43)
s1=0 Js2=0 Js53=0

Gj(51,52,83) 2:/ / / / hj
#'e€Sqg_p-1 /Y €Sa—r-1JiIN;ES; Eﬁjeskﬁ'q

x (53(—2%,514],,0%),sl(x',gj,),@(g',ag,)) dz, iy, dy'ds’  (3.44)
J

where expressions of the type Zy mean (Zn)’.
We use

1 1 1 1 11
/ / / G(s1, $2, s3)dszdsadsy = / 5?2 / / (G(s, st, su) + G(st, s, su) + G(st, su, s)) dudtds
$1=0 Js2=0 Js3=0 s=0 t=0 Ju=0

to split (3.43) into m = 3 terms as follows:

1
I = / s21F 1R (5)ds (3.45)
s=0

1 1
Fi(s) = /t—O td=k-1 /—0 (uk_lGj (s, 8t, su) +uF LG (st, s, 5u) + utF LGy (st su, s)) dudt. (3.46)

Case k = 0: Here we let I = Iy and have instead of (3.43)

1 1
Iy = / / (slsg)d*kflGo(sl,52)d52d51 (3.47)
51:0 52:0

Go(s1, 2) = / / ho (51(2, 73), 823, 7)) g i (3.48)
2'E€Sqg—k—1JYESd_k—-1

1 1 1 1 1
/ / G(s1, s2)dsads; :/ 5 / G(s,st)dt+/ G(st,s)dt |ds
51=0 Js2=0 5=0 t=0 t=0

With
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we split (3.47) into m = 2 terms to obtain (3.45) with

Fos) = /tzo 111 (Go (s, 5t) + Go (st 5)) dt. (3.49)

As there are no z, Z-variables, we have instead of (3.42) simply

Case k = d: Here m =1 and we have instead of (3.43)

1
Ij Z/ Sg_lGj(Sg)dS;J, (351)
83=0
G,(s3) == / / hj (335Nj,33(5;%j,a% )) dz}, dzy,. (3.52)
Zn;€-S; 23%, ESK_j_1 J
In this case we obtain (3.45) with

For our quadrature algorithm we will use composite Gauss quadrature @y, », with m = O(nl/ 5) for the outermost
variable s, and standard Gaussian quadrature @,, for all inner variables.

Remark 3.7. If we implement this algorithm directly in machine arithmetic there will be function evaluations
G(z,y) with ||z — y|| & 0™ <« 1 which will lead to subtractive cancellation if ¢™ is of the order of the machine
epsilon or less. To avoid subtractive cancellation, we should use G(z,y) = H(x,y,y — &, %, y) and evaluate H
instead of G: note that we have for given 2,9, z,

z :g—j ZO'g(j—f—Z) — 03T =0'g2+ (ijj —Zj:l]j).f.

We use instead of (3.38) the function g2(Z, Z, &, 9) = ¢1(Z, T + Z,&,9) and evaluate it in terms of H as
022, 3,9) i= H ((058,2), (03(F + 2),9), 032 + (D85 — X,05)8 &, §) ook, (3.54)

We replace (3.39) with
f(ga j) ja g) = 92(27 'ia 'fa g) + 92(_25 T + 2; j7 y) (355)
We now summarize the resulting quadrature algorithm:

e Sum over j =0,...,max{0,k — 1} in (3.40);
e Composite Gauss quadrature for s € [0, 1] in (3.45);
If 1 <k<d-—1: Gauss quadrature for (¢,u) € [0,1]? in (3.46)

o if k=0: Gauss quadrature for ¢ € [0,1] in (3.49)

if k=d: F} given by (3.53);
o If k <d—1: Gauss quadrature for (Z’,9') € Sg—k—1 X Sq—r—1 in (3.44), (3.48);
o Ifk>1:

— Gauss quadrature for (2n,, Zz ) € Sj X Sk—;—1 in (3.44), (3.52),

— Gauss quadrature for & € Sy in (3.42),

— sum over all j-element subsets N of {1,...k} in (3.41), sum in (3.55).
If £ =0: ho(2,9) :== 92(Z, 9);
g2 is defined in terms of H by (3.54).
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We can now count the number of quadrature points: For the integral over s € [0,1] we use composite
Gauss quadrature @y, with m = Cn'/% subintervals, see Definition 2.4. Note that we can either have the
constant order rule Qpm = @Qn,m,s or the variable order rule Qpnm = Qnm,s. In both cases we obtain
Ny = O(nm) = O(n1+1/6) quadrature points for the integral over s. For the remaining 2d — 1 directions we use
Gauss quadrature @, with n quadrature nodes. Since have a sum of K terms with K given by (3.37) the total
number of quadrature points is

N = KNn?~1 = KCop2d+1/s, (3.56)

Note that it is also possible to use for the singular integration a value n = c¢n instead of n, see the numerical
experiments in Section 6.

4. GEVREY REGULARITY UNDER COORDINATE TRANSFORMATIONS
AND CONVERGENCE OF QUADRATURE
4.1. Preliminaries

In the previous section we performed a series of transformations and obtained

I= G(z,y) dydz = §(¢)d 4.1
/x ), Gt v /< a0 (4.1)
with
9= > > N (4.2)
NCM oe{—,+} j=1

The main result of this section is given by Theorem 4.5. It shows that under suitable assumptions on the
integrand GG, the quadrature rule of tensor product type is applicable to the transformed function g and converges
exponentially fast to the exact value I of the integral.

The section is organized as follows. In Section 4.2 we formulate Theorem 4.2, which gives the necessary
regularity properties of the transformed function g. Then Theorem 4.5 is a corollary of Theorem 4.2 and
Proposition 2.8. In Section 4.3 we prove Theorem 4.2 and auxiliary Lemmas 4.7-4.10. Section 4.4 contains two
technical lemmas required in the proof of Lemma 4.7.

4.2. Main result

As in the previous section we split * = (&,%) with & := (x1,...,2%), & := (Tk41,...,2n) and similarly
y = (9,7). We make

Assumption 4.1. Let k € {0,...,d}, 0 > 1, a > k — 2d and assume G(z,y) = H(x,y,§ — &, &,9) with
H(z,y,6,1,C) € Glypiraary(¥)  where Q' i= 8y x Sy x (Sk — Sk) X Sar X Sa—s, (4.3)
i.e. 340, A1 > 0 independent of v := (v°,v*) € N3¢ x N24=F and (z,v,£,1,¢) € U such that
DGy Dby H (9,60, QO < Ao AV w1) (€, m, ¢ minCe= 7100, (4.4)

Note that Assumption 4.1 is satisfied if the integral I is defined by (3.1) where (i) the simplices S() and S(?)
satisfy Assumption 3.1 and (ii) the function g(z,y) in (3.1) satisfies Assumption 3.2. Then the function G(u,v)
in (3.4), (3.5) satisfies (3.11) and therefore Assumption 4.1.
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Theorem 4.2. Suppose G satisfies Assumption 4.1 and g is obtained from G by the sequence of the coordinate
transformations given by Steps 1-3 from the previous section. Then

3(Q) € GIR (0,17 with a=a+2d—k—1. (4.5)

Remark 4.3. Theorem 4.2 shows that the transformations in Section 3.3 isolate the singularity of the integrand
g(¢) in the coordinate direction (7, while preserving Gevrey regularity in the remaining coordinates. We remark
that in certain special cases when « is an integer (such as, e.g., in boundary integral equations stemming from
boundary reduction of second order elliptic boundary value problems), these transformations actually completely
remove the singularity. In this case, the assertion (4.5) of Theorem 4.2 can be strengthened to § € G?([0, 1]2%)
(generalizing the case d = 3 and o = —1,—2 in [19], Chap. 5).

The proof of Theorem 4.2 requires auxiliary Lemmas 4.7-4.10 and is given at the end of the section. Theo-
rem 4.2 allows an explicit construction of a quadrature rule for G on Sy x Sy, if G satisfies Assumption 4.1.

Definition 4.4. Let Q’g:‘iﬂ be the quadrature rule on S4 x Sy such that

MG = [Qun ® Qu ® -+ © Qulj (4.6)
~—_—_——
2d—1 times
where @y m is the quadrature rule in Definition 2.4, and g is given in (4.2). Note that Q. ., can be either

the constant order composite rule @, m» with o € (0,1), or the variable order composite rule Qy m.os With
€(0,1) and § > 1.

Theorem 4.5. Suppose G satisfies Assumption 4.1. Let b > 0 and m = [bnl/‘s]. Then there exist r,7',C >0
so that for allm € N

/ / g, y) dedy — 084 g| < Cexp(—rn'/?) = C exp(—r' N/ 24541 47)
x€Sq JYESa

where N = O(n2d+1/5) is the number of function evaluations in the quadrature rule Q’;ﬁn

Proof. The assertion of the theorem follows directly from Theorem 4.2 and Proposition 2.8. O

Remark 4.6. The quadrature rule Afl”‘fn given by (4.6) is 2d-fold tensor products rule applied to g(¢). Since
g(¢) is singular in ¢; and smooth in the remaining coordinates, the rule uses the composite Gauss rule @ m
in (7 and the standard Gauss rule @),, in the coordinates (s, ..., (24. In the special case mentioned in Remark 4.3
the integrand g is smooth in all coordinates (i, ...,(sq. Hence we can use instead of 4.6 the rule Qﬁ’fnG =
[Qn ® -+ ®Qy]g which uses standard Gauss quadrature for (i, ..., (2q. Then Remark 2.9 gives in place of (4.7)
the convergence rate

‘ / / g9(z,y) dedy — Q¥4 g| < Cexp(—rn!/?) = C exp(—r' N/ (24), (4.8)
z€Sq JyeSa '

4.3. Proof of the main result

We give the proof of Theorem 4.2. To this end, we set up some notation and then verify preservation of
Gevrey regularity under composition by establishing bounds on the growth of derivatives in three technical
lemmas. We recall 0z =1 -3, %;, oy =137,

91(2.9,%,9) = G(0a7, &, 05§, §)05 0, (4.9)
and
gQ(gaiajag) = gl(f,:eri,:E,g) (410)
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Assumption 4.1, (4.9) and (4.10) give

92(25j7j7g) = (HO¢)(27,f,$’g)U§U§7 Wlth (b(é,j’,f’g) = (Ui-f,5570@(55"'5),?37Ug(j‘f‘g)_ai-j’fa ) (411)

X

Lemma 4.7. Suppose H satisfies (4.4) and g2, ¢ are given by (4.11). Then
0225, 5,9) € G popen o (@) with Q={(2.7) |2 € Ay, T € B(5)} % Sucp % Sap,  (412)
i.e. 3Cy, 0y > 0 independent of v = (v°,v*) € NE x N2 and (2,%,2,9) € Q such that
DYDY 4 592(2, 8, 8, 5)| < CoCY ()| (3, &, ) im0, (4.13)

Proof. First we prove that the function H o ¢ satisfy the estimate (4.26) and then generalize this result for gs.
Recalling (4.3) and (4.9)—(4.11) we have Q C R??, Q' c R*~* ¢ : Q — Q' is a polynomial (4.11) and H : ' — R
is of class C* in the interior of Q'. Define s := (2,Z,%,9) € Q and t := ¢(s) € . We recall a multivariate
version of the formula of Faa di Bruno [3], which represents the chain rule for multivariate composite functions

l

v |V‘1n7l (7)
Dy H © ¢ Z Z 7]'75(1),---75(1)( iy H d)]l (4'14)

=1 Jise sl =1
( Bays 5By )EM”’L
2d,1 e )
Here fyj‘»l')j’(l) By A€ positive integers and the sum is taken over the set

j17"-7jl . . :
M, = Sty g1 €41,...,4d — k} and By + ...+ By = d B #0,i=1,...,1
! {(&1)7...,6@)) J1 Jed }and B, (1 = v and D) ¢ ) 1}5)

Note that ji,...,7 € N are integers and (1), ..., 8 € N2¢ are multiindices of the same length as v, i.e. 2d. Let
us consider the multiindex v and the associated differential operator DY. By grouping the derivatives w.r.t. 2
and w.r.t. (Z,&,9) in v we obtain

DY = DY (4.16)

(2,2,9)
which introduces a splitting of v = (v°,v*). Note that v° consists of k& components, since & € R¥ and v*
consists of 2d — k components, since ( #,7) € R?**=*_ In the same manner we decompose the multiindices

Buy= (3 Gy B(iy)s i =1,..., 1 such that

plo = plople (4.17)
z (2,2,9)
Let us consider every particular summand in (4.14). Assume that the sets j1,...,j; and By, -+, Bay are fixed.

We group j; and ;) with the same index ¢ and define

N = {(1.8w),--» U Bw)}

In what follows we obtain an upper bound for

B
D' )(qu, (s)]-
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Let us introduce a disjoint decomposition of the set of pairs N' = N7 U Ny U N3, where

N = {0 Ba) €N i €{1,...,2d} }
NQ = {(jivﬁ(i))e-/v:ji€{2d+17"'72d+k}}
Ns = {(UiBu) €N :jie{2d+k+1,...,4d — k}}

and let us split Vo = Mo g UN2 1 UN22 and N3 = N3 9 U N3 1, where

Najo {Gis Bay) € Na w181 + 180, = 3 or |65, = 2},
Noj == {0, By) € Na: (1851 = 0 and (187, = 1 or 2)) or (|87 = 1 and |5, = 1)},
Noo = {(ji,ﬂ(i)) €Ny : |5&)| =1and |5E})| = 0}

and

N3 { (i, Bay) € Ns 180y = Lor [B5)] = 2},
Nax = {GinBay) € Ns B3] = 0 and |55, | = 1}.
With the above notations we have
0, if (ji, Buiy) € Noo U N3

‘Dsﬁ(i>¢ji(5) < 1, if (4i, B)) € N1 UNy1 UN3 (4.18)

log —ozl, if (ji, Bu)) € Naa.

This gives
0, if Moo U Nso #{},

l

B ‘

H Do 0s(s ]._.[ ‘Dfm bj;(s)|, if NaoUN3o={}. (4.19)
=l (Ji:8(iy) EN2,1UN2 2UN3 1

Using (4.18) we obtain the upper bound

Di% ()< T |[DX%s ()| < log — oal#2.
(Ji,8(i)) EN2,1UN2 2UN3 1 (Ji:B())EN2,2
Note that [0y — oz = |3 ;& — >, 9;] < C||(,9)|| and thus by (4.19)
L 0, if Nojo UN30 # {},
H D (7)(;3]1( ) ) e . (420)
L Ol @ PIF22, i Nog UNGo = {}.
H satisfies (4.4) by assumption which yields
D8 HOL < A AL W) [taas,.aa (e #Ne#N00
(4.21)
< DAL W)P|(z. 5, || minte e #N50)
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since ||traq41,... aa—k} || = [[(05(T + 2) — 022, 2,9)| ~ ||(2,2,9)| by Lemma 4.12. Combining (4.20) and (4.21)

we obtain

DL, HOO

Jl

.....

l

[I

=1

0, if ./\/'2,0 UN37O 75 {}
Cll(&, 9)[|#N22, if Nao UNs o = {}

< CoCL)2|I(2, &, )| minto#Nan —# N2 2 =N 0 F# 2.2

Pa Ay A 5 5 27)||min(a— —
DIV, (5)| < A AL(11)0)|(Z, &, g) | min(e—#Ne #N3,0>,{

< CoCL(IN?||(2, &, g)||min(a=#Nen —#N5.1,0).

< CoCLUY | (2, 3, p||mintev10),
(4.22)
The last inequality holds, since [[(Z,Z, §)||c < 1; a+min(b,0) > min(a+0b,0) if a = 0; 5}, + ...+ ;) = v* and

#Nog +#N3,1 < Z 18| < V7).
(Ji,B(i)) EN2,1UN3,1

We have | < |v| and thus by (4.14) we have

|v]

v v - ~ 5~ )| min(a—|v* v|,m,l
DL 0 0))| < G G e 0 | Y )
=1 J1y-sd
( ﬁ<1>7-~-75l<1> )GM”

In order to estimate the double sum in parentheses we use the identity*

lv| l
d,l B
> WS s ULl = 3d(@d + 1)y, (4.24)
=1 Jiseees J i=1
( 5(11 77777 51(1) )EM“’L
yielding
v
[v].d,l vl
Z fyjaﬁ(l%"'aﬁ([)l! < (Bd+ DMpl. (4.25)
=1 Jiyeeesd
( 6(1;,.--,[;(1) >€M"’l

Inserting in (4.23) and using |v|! < (2d)/Iv!, which holds by the multinomial theorem we obtain

‘DZ(H 09)(s)| < CoC (W) (2, &, )| 1O, (4.26)

The estimate (4.13) follows, since oz = 1 — Zj Z; <1l,05=1- Zj 7; < 1 yielding

|Diofoy| < (d)?,  Vpe N,
and thus by the product rule
D ((H o ¢)(s)okoy)| < Y [DE(H 0 ¢)(s)] - |DL*(o%0y)| < max|DE(H o ¢)(s)| (d!)2"), (4.27)
pn<v
n<v

which together with (4.26) yields the asserted inequality (4.13). O

4M. Dauge, personal communication (2007).
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Lemma 4.8. Let q,¢ € N, Q € [-1,1]7 and Q' C [—1,1]¢". Suppose N C {1,...,min(q,¢)} and f € Gf\}a(Q).
Let W : Q' — Q be a polynomial of degree p such that for t = U(s) there holds ty = sy. Then

(i) f(s) = (fo)(s) € GR(); )
(¢4) If in addition ¢ = ¢ and Jy # 0 in the interior of V', then f(s) := (f o U)(s)Ju(s) € G?{,O‘(Q’).

Proof. We use the same technique as in the proof of Lemma 4.7. First we prove (7). Recall the formula of
Fad Di Bruno (4.14), (4.15) and consider a fixed set N := {(j1, 1)), - - -, (i, B)) }. Define

M ={(iBu) EN:jie N},  Na=N\AMN.
Further, define
Nig= {0, Bwy) €M Byl =1, and (Buy)j =1}, Nig:=N\ N
With the above definitions we have A" = N7 o U N7 1 U N3 and

07 if (.7175(1)) S N1,07
< ]-7 if (]’Laﬂ(z)) ENI,I?

Thus

‘Déh...tnm) DLW, (5)] < Ap ALY ]| #N0) < Ao AL ()7 s el (4.28)

i=1

since #N11 < |vn|. We recall (4.25) and get

‘D:u 0 W)(s)| < CoCL (11)? s | |min(er vl 0) (4.29)

or f e Gf\}a (©'). To show (i7) we note that ¥ is a polynomial and Jy # 0 in the interior of € yield that Jy is
a polynomial, thus

Je(p,r) > 0: |[DFJy(s)| <clp,r) YueN; Vse.
Hence, by the product rule

D2 F(s)] < " DE(f o W) (s)| - | DL T ()] < Coly ()’ ||| mintelonl 0 (4.30)
pv
yielding f € G (€). O

Corollary 4.9. Suppose f € G‘S(S(l) X 5(2)), where S, S®?) are simplices in R, Let ¢; : Sq — S be an
affine transformation to the reference simplex and 1 : [0,1]% — Sy be the parameterization of Sq by simplex
coordinates

Yi(x) =21, .., Ya(z) = zg(1 —21) ... (1 — 2g-1). (4.31)
Define U := (¢y 0, py 0 1) : [0,1]24 — SD) x S@) and f:= (f o U)Jy. Then f € G*([0,1]2).

Proof. Lemma 4.8 with N = {}. O
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Lemma 4.10. Suppose 1 < p < q are integers, B is a bounded subset of a (p — 1)-dimensional hyperplane not
containing 0, so that P(B) C RP, and Q C RY7P. Define N := {1,...,p} and suppose f(t) € G‘]S\}Q(P(B) x ),
ie. 3Ag, A1 > 0 independent of v € NE, and t € (P(B)\{0}) x Q such that
D" F(1)] < Ao Ay (w)° ] im0, (4.32)
Consider a nonlinear mapping A : [0,1] x B x Q — P(B) x Q,

(th cee 7tq) = A(C) = (4-17 C1C27 RS Clgpa gp-ﬁ-la ey Cq) (433)

Then Jy = P and f = (foA)(O)P ' e
of v € N{, and ¢ € (0,1] x B x Q such that

{1}([0, 1] x Bx Q) with & = a+p—1, i.e. 3Cy, C1 > 0 independent

D F(O)] < CoCy (1) Gy [rin(e w1200, (4.34)
Proof. The chain rule gives for t = A(()

(Dy, + Dty + ...+ Dy ) (1), i=1,
DZ(f o A)(Q) = (D) f(), i=2,...,p (4.35)
Df(t), i=p+1,....q
We abbreviate k, := vs + ... 4+ 1}, then

min(vi,Kk,)

DU M@ =D Do) = S () kg o). 4o

=0

The chain rule (4.35) and the multinomial theorem yield

vi—1 v sVq v 72‘ L Lp ”L
paT (D) = ( lu )“- D f (1),
n € Ng,
lul =1 —i

vi, = (U1, V2 + 2, oo Vp + s Vpgts - -5 Vg). (4.37)
By assumption f € G3*(P(B) x Q) vielding for 0 < i < min(v1, k.
N

Ky!

Ii —i v} “‘ min(a—k, —|u|,0)
— A AT W D0k )| g
(ko — )1 (4.38)

< ApAY )Gy i),

DL (D ()] <

where the last inequality holds, since || = 11 — i; a + min(b,0) > min(a + b,0) if a > 0;

Ky!

! ! ’ K e ’
e < () < (il — et < g ()
(ky —7)! (ky —17)! (ky —7)!

and

Cl S H<1(17<2a"'7<;0)” < 0(37Q) '<17
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where the constant C(B, ¢) > 0 is independent of ¢ and v. The estimate

min(vi,K,) .
v vy —1 vi—1 12
2 ( i ) 2 ( P ) G <Z( ) 4Gt +G)" T =C+at+ )"
i=0 w € N,
lpl=v1 —i
together with (4.36), (4.37) and (4.38) yields
[DEF o B)(O)] < Coly () inten . (4.39)
With similar arguments we obtain the asserted estimate for f(¢) = (f o A)(¢)¢P™ !
IDLFO = [DE(CE D2 (F o A)(Q)
min(vy,p—1) y ( ) )
1 7 —1 V1 —1,V2,...,Vq
< X (1) Ipa@ng g rene
=0 (4.40)
min(vy,p—1) v (p 1)[ 1 v|—i
1 - : p—1—1 v|—1i g ) min(a—v1+4,0)
< ; ( ; ) oo GO T (= il G e
< Ooé\lld(y!)éKl|min(a+p7171/1,0).
This finishes the proof. O
Proof of Theorem 4.2. We recall the sequence of transformations from the previous section
I :/ / G(z,y) dydz > ? Z >y / / 92(3, %, &,7) di dZ dy dz
©€8q JYESa J=I NCM oe{_ 4} @0HEDTT JGEET \\ n(2)
Step 3 / / ~ ~
g3(s,u, T) dZ duds
]Zl NZC;M UE{ZJr} (s,u)€[0,1]x BIN7 Jze€[0,1]*
Step 4 -
S B Gr (4.41)
¢elo,1]24
As asserted, the integrand G satisfies Assumption 4.1, hence a direct application of Lemma 4.7 yields
X o~ e~ 4,
92(2,%,2,9) € G{Lm,k,zkﬂ,...zd}(Q)’
m
with Q=] |J U {G229139.2) €D, 3€ B nnE)} (442

j=1NCM oce{—,+}

Further, we transform the simplex EF /.y to Sk by (3.29)
coordinates and denote the above transformation by w( 56 T,
the assumptions of Lemma 4.8(ii) are satisfied with ¢ = ¢/ = 2d, ¥ = and f = g, thus

gg(.f,g,é,.f) (92 © w)( )J’l/) € G 2d— k}(Q)a

.....

Q= UU U {@sz0)@9.2eD ic

J=1NCM oe{—,+}

and then to [0,1]* by introducing the simplex
). Clearly ¢ is a polynomial with Jy # 0 and

[0,1]%}.
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Recall that each D;V’U = P(B;V’U) is a pyramid. Hence the assumptions of Lemma 4.10 are satisfied with
p=2d—k,q=2d and f = g, yielding

m
g3(s,u, ) € Gfﬁ“d‘k‘l(ﬂ), o= U {Gud)lsel0.1), ue B, #e0,1]"}.
j=1NCM oe{—,+}

Note that BJN’U is a tensor product of simplices. We parameterize each of these simplices by the simplex
coordinates and obtain

3(¢) € G (0,17,

which follows directly from Lemma 4.8. O
4.4. Technical results

Finally we prove two technical lemmas. Lemma 4.11 is required in the proof of Lemmas 4.7 and 4.11 is used
in the proof of Lemma 4.12.

Lemma 4.11. For arbitrary x,y € [0,1]? there holds
[(@1 (L —z2),z2)| ~  [[(z1,32)]], (4.43)
[(@1(1 —22) —y1 (1 —y2), 2, 92) | ~  [[(z1 — y1, 22, 52) |- (4.44)

Proof. We prove the lemma for | - ||;. Considering (4.43) we note that ||(x1,z2)]1 < 2. Then

7 7123 1
@1, z2)ll 2 (@1 (L = @2), w2) 0 = 4| > Z||($17$2)||1 (4.45)
]

o=

(1 z2)[1s 21 <
and (4.43) follows. We prove (4.44) in several steps. On the one hand there holds
fr=a(l=22) =yl —y2) = (21 —y1)(1 = 22) —y1(z2 — 92), (4.46)

thus using the triangle inequality we have

1(f, 22, 92)|l1 < |o1 — ya| + 222 + 2y2 < 2[|(21 — y1, 22, y2) |11- (4.47)
On the order to show the reverse estimate we define z := |z1 — 1], yielding
If] = |2(1 = x2) — y1sign{z1 — y1 }(x2 — ¥2)] (4.48)

and consider the three following cases.
Consider the case (1 —y1)(z2 — y2) < 0. Then

z(1 — xg) — yysign{z1 —y1 }(x2 —y2) > 2(1 —a2) >0 (4.49)

and thus using (4.45)
1
I(Fs 2, 92) 1 2 2(1 = 22) + @2 +y2 2 7 [1(2, 22, 92) 1. (4.50)
Consider the case (1 — y1)(z2 — y2) > 0 and either z < x5 or z < yo. Then

1
I1(f,z2,92)[l1 > [[(0, 22, y2)([1 > §||(2,$27y2)||1- (4.51)
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Consider the case (1 — y1)(z2 — y2) > 0 and z > max{xs,y2}. Let us show that

|f1 > 2z — max{za, ya}. (4.52)
Indeed, if x5 > yo, then
1>y, z=x1—y1 >0, (1 —y1) — T1T2 = 2 — X1T2 > 2 — T2 > 0, (4.53)
which yields
If] = lx1 —y1 — 2122 + y1y2| = 21 — Y1 — T1%2 + Y1Y2 > 2 — Ta. (4.54)
Further, for zo < y5 we have
r <y,  z=yi—2120, (y1—21) —yiy2 =2 —Y1y2 > 2 —ya >0, (4.55)
which gives
Ifl=lz1 —y1 — 2122 +y1ye| =91 — 21 + 2172 —Y1Y2 > Y1 — 1 — Y1Y2 = 2 — Y2 (4.56)

and (4.52) holds true. Define v := min{xs, y2}, w := max{zs, y2}, then z > w and

1 1
1(fs 22,92l = I[(z —max{z2, y2}, 22, y2) 1 = |(z —w, v, 0)[[1 = 24+ = 5I(z,0,0) 1 = S (2,22, 92) [l (4.57)

o
The proof is complete. O

Lemma 4.12. Define oz := 1 — ||&||1. Then
(j,i) €S XSy — (O'j.f,.f) € Sy, (4.58)

Proof. Equivalence (4.58) follows directly from the definition of Sy. Define u := ||&[|1, v := ||§]|1. Note that
u,v € [0,1] and

o5 — o3, 5 )l = (1 — w3 — (1 — ), w, )]l (4.60)
Thus by Lemma 4.11 we obtain

7@ =929l = 2@ =g w)lh < (1 -0)7 - 1 =v)g,u,v)] < 2k ~ 7, u, )l = 2k[[(Z ~ 9,2, 9)]1.
(4.61)
O

5. SINGULAR INTEGRALS OVER PARALLELOTOPES IN R?

5.1. Introduction

We want to compute the integral over two d-dimensional parallelotopes (images of d-dimensional cubes under

affine transformations)
I =/ / g(z,y) dy dx
zcP) JycP(2)

where we make the following assumptions:

Assumption 5.1. PN P2 < Re gre d-dimensional closed parallelotopes with positive volume. Moreover,
PO N PR s either empty, or a k-dimensional parallelotope side with k € {0,...,d}.

This assumption is satisfied if PU) are parallelotopes in a regular finite element mesh.
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Assumption 5.2. The function g(x,y) can be written as g(x,y) = F(x,y,y — x) with F € G‘E;{;H 3d) (P x
P@) x (P® — PW)Y) where § > 1, a € R. If P N P s nonempty we assume o > k — 2d, this implies
g€ LY(PMW x PQ),

Let J := [0,1]. Then we can use a change of variables from x € POy e P? to u,v € J* with z =
10 4 AWMy, = (20 1 A@)y and obtain

I:/ / G(u,v)dvdu (5.1)
ueJd JveJd
with G(u,v) given by (3.4).

If the intersection P(Y) N P() is empty (i.e., the parallelotopes have a positive distance) we obtain as in
Proposition 3.3 that G € G°(J??) and [T — Q, @ -+ ® Q. (G)| < Cexp(—rn'/?).

If the intersection P N P is a k-dimensional parallelotope side with k € {0,...,d}, then we can choose
009 and AY) such that v19 = (29 and the first k& columns of AM, A®) coincide. Therefore we obtain as in
Section 3.1 that we can write G in the form

G(u,v) = H(u,v,0 — 4,0, 0)

Hu,0,6,0,0) € Gy aagy (F9x T4 [1,1]F x Jo=k x Ji=k) (5:2)
5.2. Transformations for cubes
(1) Let us first assume k > 1. We now use Z := § — & to transform (fc,g)) € JF x J* to (2,2) with
zeJk—JF =[-1,1F, & € F.(2) := J* N (J¥ — 2) so that for g1(,9,%,9) = G(2,9,%,7) we have

<

I—/ / / / 91(&,& + 2, %,9) dy dz dz d2. (5.3)
[=1,1)k JaeF,(2) JiceJd—k Jyegd— k

We now split [—1,1]* along the octants into 2% cubes: with M = {1,...,k} we have with Cy— n+ =
{z]2n- € [FLOPN, 2ye € [0,1]#V7)

—1.1F = |J Cwanw

NcM
(el0n-n+ = Fp(3)= =20 40,1 — 5] x ... x [0,1— %] = Fy- n+(2) (5.4)
and get
I= Z / / / / g1(2, & + 2,2, ) dy dz di d2 (5.5)
NCM 2eCN,M\N QA:EFN’IW\N(E) zeJd—k Jyejd-k
which is a sum over 2¥ terms. Note that go(2,2,%,9) = ¢1(&, 2+ 2, %, 9) is Gevrey unless ||(2, Z,9)|| = 0.

(2) We now note that w := (2,#,9) € Cyann X J*F x J¥F = DV C R? with d=Fk+2(d—k)=2d—k.
Then DV is a Cartesian product of m = 2d — k pyramids (since [0, 1] is a pyramid with base B = {1}).
By Proposition 3.5 we can split DY into m = 2d — k pyramids, yielding DY = DN U..- U DN

(3) We use the parameterizations (3.20) to transform each DY to [0,1]**%. Note that the parameter

s € [0,1] satisfies s ~ [Jw]||, and that the determinant of the Jacobian gives a factor of sd=1 = g2d—k—1,
We will finally obtain with {; = s
I=[ 00 0= 3 Y a0 (5.6)
¢elo,1]24

NCM j=1

where gy ; € G?ﬁ(JQd).
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TABLE 2. Number K of integrals after transformation in (5.7).

dl k=0 k=1 k=2 k=3 k=4
1 2 2

2 4 6 8

3 6 10 16 24

4 8 14 24 40 64

So far we assumed k£ > 1 so that we need to deal with the variables Z,§ in the intersection cube. In the case
k = 0 where the two original parallelotopes touch at a vertex there are no variables Z, ¢y and we obtain instead

of (5.3)
1= | s
zeJd Jygegd

Therefore we can skip step (1). In step (2) we split the domain D = J? x J? into m = 2d pyramids.
Therefore the total number K of terms we obtain is always

K =2%(2d — k). (5.7)

Table 2 shows K for d=1,...,4.
Note that in the case d = 1 both simplices and parallelotopes are just intervals, and we obtain the same
transformations.

5.3. Quadrature and error estimate
We defined the transformed integrand ¢ in (5.6). The main result of this section is the following theorem.
Theorem 5.3. Let k € {0,...,d}, 6§ > 1, a >k —2d. Suppose G satisfies (5.2) and gn ; are obtained from G

by the sequence of the coordinate transformations given by Steps 1-2 from the previous section. Then

9(Q) € GIR (), with a=a+2d—k—1,

i.e. 3Cy,C1 > 0 independent of v € N3¢ and ¢ € (0,1] x [0,1]?4! such that
ID¢G(C)] < CoCy W)™ E 0, G =a+2d— k- L.
Definition 5.4. Let Qﬁ:‘fn be the quadrature rule on J?¢ such that
2mG = [Qnm @ Qn - @ Qng,
—_—
2d—1 times
where @, is the quadrature rule in Definition 2.4 and g is given by (5.6).

k,d

nm 18 & corollary of Theorem 5.3 and Proposition 2.8:

The exponential convergence of the quadrature rule

Theorem 5.5. Let k € {0,...,d}, § > 1, a > k — 2d. Suppose G satisfies (5.2). Let b >0 and m = (bnl/ﬂ.
Then there exist r,7’',C > 0 so that for alln € N

‘ / / G(z,y) dydz — Q8% G| < Cexp(—rn'/?) < C exp(—r' N1/ (2d5+1)y
zeJd JyeJgd ’

where N = O(n2d+1/5) is the number of function evaluations in the quadrature rule Q’;ﬁn
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The proof of Theorem 5.3 is similar to the proof of Theorem 4.2 and requires the following auxiliary lemma.

Lemma 5.6. Let g2(2,%,%,9) = G(&,& + 2,%,7) and (5.2) holds true. Then
g2(2,2,%,7) € G‘Efwkzmlwzd}(Q’), Q= {(5%)2 € [-1,1F &€ Fp(2)} x J9F x gk,
i.e. 3Cy,C1 > 0 independent of v° € NE, v* € Ngdik and (2,%,2,7) € Q such that
DY D s 5y02(2.2,2.9)] < CoCy 1 o 1)) (2,2, g i1,
92(8) = (Ho ¢)(s), s:=(%,2,%,7).
Then the assumptions of Lemma 4.8 are satisfied with f = H, ¥ = ¢,
Q=T x JEx [~ x JEx JY Q= {(5,2)|2 € [-1,1]%, & € Fi(£)} x J4F x giF

and N such that ty = sy = (2,2, ) up to reordering of variables. O

Proof of Theorem 5.3. We recall the sequence of transformations

m
1= | Gy TSy
zeJd JyeJd

NCM j=1 (2,2,9

Stﬂ) 3 i R ]
=0 3> /CE[O,W n5(¢) dC.

NCM j=1

/ g92(2,2,%,9)dyde di dz
)EDY J2€FN am\ N (2)

Lemma 5.6 yields directly

92(2,8,%,9) € G poppr oy Qi={2€[-1L,1]F, & € Fu(2)} x J©F x Jik,

Further we transform ¢ : Fiy an\ny — J * by using parameterizations (5.4). The transformation 1) is a polynomial
and Jy # 0. Thus, assumptions of Lemma 4.8(ii) are satisfied with ¢ = ¢/ = 2d, ¥ = ¢ and f = g, hence

m

92,7, %, %) = (g2 0 ) (2, %, &, 9) Iy € G a_y (@, Q=) U {928 9.2) € DY, 3 € [0,1]"}.
j=1NCM

Furthermore, each Dj-v is a pyramid and might be written in the form P(J??=*~1). Hence the assumptions of

Lemma 4.10 are satisfied for every summand with p = 2d—k, B = J?¢=k=1 and Q = [0, 1]¥, hence by Lemma 4.8
5,a

QN,j(C) € G{l}(JQd)- u

6. NUMERICAL EXAMPLES

6.1. Gevrey functions on an interval

In the case of g € G%([a,b]) with § = 1 the function g is analytic in a neighborhood of [a,b], and the
exponential convergence |Zg — Qng| < Cexp(—rN) of Gaussian quadrature is known to be sharp.

The case g € G>*([0,1]) with § = 1, a > —1 corresponds to a function g which is analytic on (0, 1], but
may have an algebraic singularity at 0. The method of composite Gauss quadrature with geometric subdivision
was first used in [20] and yields |Zg — Qn.mg| < Cexp(—rN'/2) where m = [bn] with b as in Theorem 2.5
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logll-Q, | for fp with p=2, §=3/2
0 T T T T T

5} 4

_40 i i i i i i i
0

N1/5

FIGURE 3. log|Zf, — Qn fp| for function f, in (6.1) with p = 2, § = % and N = 1,...,250.
The horizontal axis is N/°, the line corresponds to |Zf, — Qn f,| = C exp(—rN/?).

and N = O(n?) denotes the total number of quadrature points. Note that the sinc method of Stenger [22] also
yields the convergence rate C'exp(—rN'/2). Tt is shown in [22] that this rate is optimal among all sequences of
quadrature formulas for a certain class of analytic functions on an interval with endpoint singularities.

In the case of a Gevrey function g € G°([a,b]) with § > 1 we obtain the rate |Zg — Qng| < C exp(—rN1/9).
We want to provide numerical evidence that this rate is sharp: We consider the function

exp(xz~?) forz >0
T) = 6.1
ole) {0 o (6.1)
with p > 0 on the interval [—1,1]. Then we have
fr€G(—1,1]) <= §>1+1/p (6.2)

see e.g. [2], p. 16. In Figure 3 we show N'/9 on the horizontal axis, and log |Zf, — Qnfp| on the vertical axis.

6.2. Integrals over simplices in R? and R3

Here we consider for d = 2, 3 the integral (3.5) with S®) = Sy and S = ((y1,..., Yk, —Yrt1,---> —Yya) |y € S4)
where k = 0,...,d, i.c., the intersection S N S3) = {(£,0,...,0) | & € Sg} is k-dimensional. Hence Assump-
tion 3.1 is satisfied.

We use the integrand

gy =ly—=z", a=k-2d+p (6.3)

with 3 > 0, i.e., the exponent is by 3 larger than the critical exponent k—2d where g ¢ L'(S™) x S()). Therefore
g(x,y) = F(x,y,y — x) with F(z,y,2) = ||z]|* and F € G%*(SM x @) x (§?) — §M))) with § = 1. Hence
Assumption 3.2 is satisfied. With & = (z1,...,2) and & = (¥41,...,2q4) we have G(z,y) = (g — Z,2 + 9)||*
and H(z,y,,2,9) = [|(¢,2 + 9)[|°.

In our numerical experiments we chose for each d and k the exponent « so that 8 = 1/7. We chose singularities
very close to the nonintegrable case for all k = 0,...,d as a tough test for our algorithm. In applications
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oA oA o

@ N = O

-8 Il Il Il Il Il
2 4 6 8 10 12 14 16 18 20 2 4
(# quadrature points)”5
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FIGURE 4. Relative errors |Qn — I] /I for d =2 (left) and d = 3 (right), with £ =0,...,d.

T
——&— evaluation with H
—&— evaluation with G

10 T

-10 L L

I
0 5 10 15 20 25 30

(# quadrature points)”5

FIGURE 5. Relative error |Qn — I| /I for naive evaluation of integrand G' and improved algo-
rithm evaluating H.

Qx

for integral equations one has a fixed integrand g(z,y) ~ || — y||™* with a.. > —d for all k, and one would have
B = a. — (k—2d) > d— k.

We use Gaussian quadrature with n nodes for each of the smooth variables (a,...,(2q. For the singular
variable (; we let n = 2n. We use a geometric mesh with ratio o = 0.1 and m = n subintervals, with 1,2,...,n
Gauss points on the subintervals. We use n =2,...,12ford =2 and n = 2,...,10 for d = 3.

In Figure 4 we show on the vertical axis the relative error |Qy — I| /I with a logarithmic scale, and on the

horizontal axis N1/ (24d+1) where .
N =K a(i+1) -p2dt

is the total number of quadrature points. The bound in Theorem 4.5 then corresponds to a straight line.

In implementation, particular attention must be paid to the numerical evaluation of the integrand as discussed
in Section 3.4, Remark 3.7. To illustrate Remark 3.7 numerically, we show results for d = 2 and k£ = 1 in Figure 5:
if we evaluate the function G(z,y) using (3.39) and (3.38) we encounter dramatic subtractive cancellation.
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If we use equations (3.55) and (3.54) to evaluate the function H the roundoff error does not affect the convergence
behavior. We conclude with remarking that the instability due to subtractive cancellation which is apparent in
Figure 5 is less pronounced for larger values of « in the integrand g(z,y) in (6.3).
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