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FINITE ELEMENT APPROXIMATION FOR DEGENERATE PARABOLIC
EQUATIONS. AN APPLICATION OF NONLINEAR SEMIGROUP THEORY

AKIRA Mi1zUTANI!, NORIKAZU SAITO? AND TAKASHI SUZUKI®

Abstract. Finite element approximation for degenerate parabolic equations is considered. We pro-
pose a semidiscrete scheme provided with order-preserving and L! contraction properties, making use
of piecewise linear trial functions and the lumping mass technique. Those properties allow us to apply
nonlinear semigroup theory, and the wellposedness and stability in L' and L, respectively, of the
scheme are established. Under certain hypotheses on the data, we also derive L! convergence without
any convergence rate. The validity of theoretical results is confirmed by numerical examples.
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1. INTRODUCTION

This paper is concerned with the finite element method applied to the initial-boundary value problem for
degenerate parabolic equation,
ug—Af(u) =0 in Qx (0,7),

flu)=0 on 09 x (0,7, (1.1)

u|t=0 = U’O(x) on Qa
where Q@ C R", n =1, 2,3, denotes a bounded domain with the Lipschitz boundary 92, T' an arbitrary positive

constant, and f a non-decreasing continuous function defined on R satisfying f(0) = 0.
Problem (1.1) describes, for instance, the flow of homogeneous fluid in porous media if

flu) =ulu"™ (1.2)

with v > 1, the fast diffusion if (1.2) with 0 < < 1, and the two phase Stefan problem in enthalpy formulation if

afu+1) (w<-1)
flw)=40 (-l<u<1l) (1.3)
Blu=1) (u=1)

with «, 8 > 0. See, for more detail [14,15,32].
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L' theory to (1.1) was developed in early 1970’s in use of nonlinear semigroups. To summarise it, we set
X = L'(9) and introduce operators L and A in X by Lv = —Awv for v € D(L) = {v € Wy''(Q) | Lv € X}
and Av = Lf(v) for v € D(A) = {v € X | f(v) € D(L)}, respectively. Then, problem (1.1) is reduced to the
nonlinear evolution equation

d
d—? +Au=0  with u(0)=1uo (1.4)

in X. Brezis-Strauss [6] proved that the operator —A is m-dissipative in X. This means that

[o =0l 1) < llv =2+ AAv — AAD| 1 (g (1.5)

holds for v, € D(A) and A > 0, and also R(I + A\A) = L'(Q) = D(A). Then, theory of Crandall-Liggett [12]
guarantees the generation of semigroup {S (t)}tZO on X by

S(t) = s-lim (1 + %A) - (1.6)

m— 00

and u(t) = S(t)ug is regarded as the solution to (1.4). Another important property of A is the order-preserving,
that is,

g>§ = (I+XA)"tg> (T +X14)7 1. (1.7)

Relations (1.5) and (1.7) are summarised as

v = ﬁ]-l-HLl(Q) < |[[lv =0+ Ao - AAQA)]-}-HLl(Q) (1.8)
for v, € D(A), where [v], = max{0,v}. This implies
IS0 =SBl || 1) < l[lwo = dial ]| o (L9)

by (1.6), where ug, g € X and t € [0,7]. Inequality (1.9) means that {S(t)},~, is an order-preserving and L*
contraction semigroup on X. B
L°° stability of the resolvent,

H(I+ )‘A)ilgHLoc(Q) S ||9||Loe(Q); (1'10)

is also proven in [6], where g € X N L>°(Q2) and A > 0. This implies L*> stability of the semigroup
1S @)uoll oo ) < w0l Lo e - (1.11)

where up € X N L>°(Q) and ¢ € [0, 7.

So far, several schemes of time discretization have been examined. In fact, those structures of the problem,
particularly (1.6), justify the backward difference approximation to (1.1), which was studied by [28]. Another
scheme was obtained by the use of the nonlinear Chernoff formula of [5], where solution at each discrete time
level is approximated by a linear elliptic equation. This approach was taken first by [3]. Whereas L! framework
was employed in [3,28], L? error estimates were obtained by [20,26,27] for modified schemes of [3]. Those works
were done in the literature of porous media or that of Stefan problems. For fast diffusion problems, we refer to
[23,24].

On the other hand, for porous media and Stefan problems, fully discrete schemes where the space variable
was discretized by finite element methods were also studied by many authors; [10,13,21, 30,31, 34, 36]. Some of
them gave error analysis in the H ! framework. We will mention a few remarks on such schemes in the next
section, after having presented our scheme.
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The present paper deals with a spatial discretization for (1.1), that is,

duy,
dt

+ Ahuh =0 with uh|t:O = UOh,

where Ay, up, and ugp, stand for the finite element approximations of A, u, and ug, respectively.

Our purposes are twofold. Firstly, we introduce the spatial discretization A; of A which preserves above
mentioned properties. It can be done by making use of piecewise linear trial functions and the lumping mass
technique, if a family of the triangulation {7} of ©, h > 0 being the discretization parameter, is of acute type
(the definition will be recalled in Sect. 3). Actually, in Sections 2 and 3, we introduce A, and prove that Ay,
satisfies the discrete analogue of (1.8) in a suitable Banach space X}, respectively. From this, we immediately
obtain the nonlinear semigroup {5y (¢) }+>0 on X}, which is generated by —Aj, and satisfies the discrete analogue
of (1.9). Moreover, as will be mentioned in Section 4, Ay and Sy, (t) are L stable as well as A and S(t) are so.

The second purpose of this paper is to make error analysis. The goal of this end is to derive

lim sup ||[up(t) —u(t)]|;1,0y =0. 1.12
i sup [ (0) = w01 o (112)

Our main theorem (Th. 7.1) shows that (1.12) is valid, for example, if Q C R? is convex, ug is continuous on
with the value zero on 99, f is strictly increasing, and {7} is provided with acuteness and quasi-uniformity.
Further an extension of Theorem 7.1 to the case where f is nondecreasing is also discussed (Prop. 7.1 and
Lem. 7.2). However we have no error estimates and they will be studied in subsequent works. Proof of (1.12)
follows the principle that the convergence of semigroup is a consequence of that of resolvents. Thus, Sections 5-7
are devoted to the proof of the convergence of the resolvent, the Yosida approximation, and the semigroup,
respectively.

Finally, in Section 8, we present results of numerical experiments for the porous media nonlinearity. The
time discretization makes use of the forward difference formula. We observe that L' convergence of numerical
solutions really takes place.

At this stage, we clarify our motivation of this work. As was mentioned above, several physical phenomena
are modelled by (1.1), and therefore order-preserving and L' contraction properties are essential requirements
from not only mathematical but also physical points of view. Consequently we are interested in discrete schemes
which preserve such properties of the original problem. However it seems that little effort has been made in
this direction. The first contribution of this paper is to give an discrete scheme enjoying a discrete version of
order-preserving and L' contraction properties for a general nondecreasing f. Moreover our presented scheme
is well suited for an actual computation. The second contribution is a convergence result of the form (1.12).
Our result can be applied to porous media and fast diffusion nonlinearities (1.2). Especially we do not know
any convergence results for a spatial discretization to the fast diffusion problem at present. On the other hand,
for the Stefan nonlinearity (1.3), our convergence result may be restrictive, since f and wy are assumed to
be strictly increasing and continuous, respectively. The main interest here is to reveal a general nature of
convergence rather than to go into details under specific assumptions on f. The convergence result itself is
to be expected from semigroup theory. But, as is well-known, fundamental theorems in nonlinear semigroup
theory were established by quite technical and somewhat tricky arguments. Therefore, it is not obvious that
the similar argument works for discrete problems. For example, the effect of perturbation on f causes a new
issue which have not appeared in the continuous problem (see Rem. 7.1). Thus, in the present paper, we will
develop a discrete nonlinear semigroup theory. Also we note that, concerning the regularity of solutions, we only
have u(t) € X and f(u(t)) € Wy'' (Q), even if ug is continuous. Our argument does not require any redundant
assumptions on the regularity of solutions.

Recently some of the authors and their colleague published the monograph [17], where finite element ap-
proximation to (1.1) on flat torus with uniform triangulation is studied. Some lemmas and theorems described
below are proven similarly, but we shall give them for completeness. Furthermore, the method of [17] for the
convergence of resolvent is restrictive, and we shall provide new arguments here.
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We follow the standard notation of [1]. We put || - ||, = || - || Lr(q) for p € [1,00]. The space W3™"(2) stands
for the closure in W™P(Q) of C§° (), the set of C* functions with compact supports in 2. We write H™(2)
and HF'(Q) instead of W™2(Q) and WJ"?(Q), respectively, for m > 0. The standard inner product of L(Q)
is denoted by (-, ). Furthermore we set

W = {v e C(Q)] v|aa = 0}. (1.13)
Generic positive constants depending on ) are denoted by C, C7, and so forth. If it is necessary to specify
the dependence on other parameters, say 1, 72, - --, then we write C'(2,v1,72,---). We shall use the same

symbol I to indicate the identity operator on any space.

2. FINITE ELEMENT APPROXIMATION

For the sake of simplicity, in what follows, we suppose that {2 is an n-dimensional polyhedron. We take a
family of triangulations {7} = {7x}nj0 defined on €2, where each element o € 7, is a closed simplex. The
maximum side length of all elements in 7}, is denoted by h. We take the piecewise linear approximation, putting

Xn={x€ W/ xis linear on o for each o € 7p,}.
Let Ij, be the set of vertices of o € 7}, belonging to 2. For a € I, the function w, € X}, is defined by

v — 1 (ata)
“ 10 (atbely\ {a}).

Then, {w, | a € I} forms a basis of X}, and the interpolation operator 7, : W — X}, is defined by

TRV = Z v(a)wg.

a€ly

Each a € I, takes barycentric domain D,. See [17], p. 203 for its precise definition. Let

- 1 (z € D,)
Wa () = {0 (z € 0\ D,),

and denote by X, the vector space spanned by {@W, | a € I}. The linear transformation M, : X;, — Xh,
referred to as the lumping operator, is defined through w, — w,. Sometimes, we shall write %, for Mpxn,
where xp, € Xp.

The semidiscrete scheme studied in this paper is to solve u;, € C1([0, T]; X},) satisfying

d _ .
T (@n, o) + (Vrnf (up),Vor) =0 with (ur(0),v) = (uon,vn) (2.1)
for any v, € X, where ug, € X, is an appropriate approximation of ugp € X. In order to convert (2.1) to
the operator theoretic form, we introduce the following operators. Let L : X, — X} be the finite element
approximation L defined by

(Luxn,vn) = (VXh, VUn)
for xn,vn € Xp. Let Mj - X1 — X, be the adjoint operator of M), associated with the L? inner product, and
set

Kh = M;;Mh : Xh — X}l.
Then (2.1) is expressed as

duh

Khﬁ —+ L;ﬂrhf(uh) =0 with Uh(o) = UOoh- (22)
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The operator My, is invertible in X, and hence K, ' = M, *(M;)~! is well-defined. Therefore, scheme (2.2) is

equivalent to

d
é%4n&mh:0 with  un(0) = uon (2.3)

in X}, where
Ahv = K}leh’/Thf(’U)
is defined for v € W.
We here describe some examples of ugp, € Xp:

uon = Prug (if ug € LQ(Q));
uon = Rpug (lf ug € Hol(Q)),
Upp, = THUQ (if up € W),

where Ry, : H}(Q) — X, and Py, : L?(Q) — X, denote the Ritz and the orthogonal projection operators. They
are defined by

(V(v — Rpv),Vxn) =0 (xn € Xp) (2.4)
and

(v—="Pav,xn) =0 (xn € Xn), (2.5)

respectively. Further, if wug € WO1 ’1(9), we can apply Scott and Zhang’s interpolation operator
II; WOI’I(Q) — X, and take ugp, = Ipug. (For the precise definition of II,, see [35]. A version of such
interpolation is described in [4].) In convergence analysis presented below, we assume uy € W and take
Uop = TRHUQ.

Before concluding this section, we state a remark on another finite element scheme to (1.4). From the L2
theoretical point of view, it may be natural to take
%(uh, 'Uh) + (Vf(uh), Vvh) =0 with (Uh(()), ’Uh) = (UOha ’Uh) (26)
for v, € X},. In this case, the operator theoretic representation reads

% + Lthf(uh) =0 with uh(O) = UQh-
If f is locally Lipschitz continuous, scheme (2.6) is well-defined, because then vy, € X, implies f(v) € H}(Q).
Namely, in this case (2.6) is conforming and was studied by [21, 30,31, 34] including its time discretizations.
Based on the energy method, they discussed the stability, convergence, and error estimate in the L? norm for
the porous media and the Stefan nonlinearities.

However, the linear part Ly R; does not have such properties as (3.8), (3.9) and (3.10) given below. Thus,
in general, v, € X, — —LpRipf(vy) € X is not m-dissipative. This means that, even if an approximate
solution converges to the original one, it is not certain that the approximate solution has order-preserving
and L' contraction properties. On the contrary, —Aj, is m-dissipative as will be shown in the next section.

3. WELLPOSEDNESS

We pose on {73} that

(H1) Acuteness. Given o € Ty, a vertex Py C o, and the opposite face FF C o to Py, let S be a plane
including F'. Then the foot of the perpendicular from Py to S is always included in F'.

Remark 3.1. If n = 1, (H1) always holds. If n = 2, it is equivalent to saying that each o € 7}, is a right or
an acute triangle. Generally, it corresponds to the non-negative type of Ciarlet and Raviart [9] or acuteness of
Fujii [16].

This section is devoted to the proof of the following theorem, which is a discrete analogue of (1.8).
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Theorem 3.1. Assume that (H1) holds. Then we have
HMh’/Th[Uh — ﬁh]+”1 < ||Mh’/Th [’Uh — Op + )\Ahvh — )\Ah@h]-‘rHl R (31)

for vp, O € Xp, and X > 0. Furthermore, it holds that R(I + AAp) = Xp,.

This assures the unique solvability of (2.3). In fact, X}, forms a Banach space equipped with the norm

Il = /Q My x| (3.2)

for xp € Xp. Theorem 3.1 means that —A;, is m-dissipative in X} with respect to this norm. Therefore, from
the generation theorem of [12], scheme (2.3) is uniquely solvable globally in time and the solution is given as
up(t) = Sp(t)uon, where

t —m
Sp(t) = lim (I—l— —Ah) . (3.3)
m—0oQ m

Combining (3.1) with (3.3), we deduce

[11Sh(t)uon — Sk(t)ton]+ |1, < [l[won — Gonl+ly (3.4)
for wop, tion, € X, and ¢ € [0,T]. Therefore, it holds that

uon > ton, = Su(t)uon > Sn(t)ton
In particular, Sy (t)upn > 0 follows from wug, > 0 and it holds that
1Sk ()uonlly , < lluonlly -

At this stage, we assume that

(H2) Regularity. There is a positive constant v4 independent of & such that
p(o) = rid(o)

for any o € 7, where p(0) and d(o) indicate diameters of the inscribing and the circumscribing balls of o,
respectively.

Under such a reasonable assumption, we have a constant C' > 0 independent of h satisfying

CH ally < lxallyp < Cllxally (3.5)

for xn € Xj. Hence, by (3.4), we obtain
| [Sn(t)vn — Su(t)on] ||, < C||lon —bnl, |, -
Remark 3.2. Inequalities (3.5) follows from
CH Ixnllpr oy < IMamn Ixlllr o) < Clixallipiey  (xn € Xa). (3.6)

for any o € 7;,. Because {73} is regular, inequality (3.6) is reduced to the case 0 = &, where & denotes the
canonical reference element. The linear functions on ¢ form a finite dimensional vector space Y. The desired
estimate holds because Y is isometric to an Euclidean space, and any two norms on Y are equivalent to each
other. We also have

15K xnllp + 1K xally < Clixall,  (xn € Xa, 1< p < o0). (3.7)
under (H2). See [17], p.174.



FINITE ELEMENT APPROXIMATION FOR DEGENERATE PARABOLIC EQUATIONS 761

Before stating the proof of Theorem 3.1, we collect some inequalities concerning linear part K, 'Ly, which
hold under (H1). They are shown in [17], Sect. 5.1 and the proof is omitted here. First, discrete maximum
principle

max (I + MK, ' Ly) " oy, < max mp[vp] 4 (3.8)
Q Q

holds, where v, € X}, and A > 0. Here, well-definedness of (I + AK;th)_l : X, — X, is included. It follows
from (3.8) that
0<w,€Xp A>0 = (I +A\K; 'Ly,) o, > 0. (3.9)

Next, discrete L' contraction property is expressed as

0<vp,e€Xp, A>0 = /Mh(l—l—)\Kh_th)_l’UhS/Mh’Uh. (310)
Q Q

The proof of (3.8) and (3.10) is explicitly mentioned for the case n = 2 in [17]. However, the other cases
n = 1,3 can be done similarly under the assumption (H1). In (3.9) and (3.10), contribution of mass lumping
is essential for A > 0. If the consistent mass is employed, then (3.9) is restricted to the range 0 < h?/)\ < 1,
while property (3.10) is not certain to hold. See Ciarlet-Raviart [9] and Fujii [16] for the former fact.

Thanks to (3.9) and (3.10), we can prove the following inequality, which is comparable to Kato’s one of [22].

Lemma 3.1. Assume that (H1) holds. Then we have

/ My, [(K;thﬂhv) sgn™ v] >0 (3.11)
Q

forve W, where

Proof. First, we show that

/Mhﬂh |:(I+>\K};1Lh)71’l)h}+ g/MhTrh [Uh]+ (312)
Q Q
holds for v, € Xj, and A > 0. In fact, taking

v =7 fon), =+ Z vp(a)wg, (3.13)

aeI;fr

we have 0 < v € X, and vy, = v, — vy, where I = {a € I, | £vp(a) > 0} and [ - |3 = max{0,+ - }. This
implies (I + AK;th)_l vf > 0 by (3.9), and hence

(T+ AR L) o] < (MK L) o
Jr
Because 7, and M}, are order-preserving, we have
My [(1+ MG L)~ o] < My (1 4+ ARG La) ™ o
+

which implies

/ Mh’/Th {(I+)\K}71Lh)71vh} S / .Z\fh’l);lr
Q + Q
by (3.10). This means (3.12).
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Given v € W, we take vy, = mpv and up, = (I + EKh_th)il vy, for € > 0. Because of
Vp — Up = € (I+ EK;th)_l K}Zth’Uh,

we have

5/ Mpymp, K(I + EKgth)_l K;thvh) -sgn™ ’uh} = [ Mym, [(vh —up) -sgn® Uh}
Q Q
= /Mh’/Th [Uh]Jr*/MhTrh [’U,h~SgIl+ ’Uh]
Q Q

/Q Myrn [on],, — /Q My [un],

Y

The right-hand side is non-negative by (3.12), and hence
/ My, {((1 -+ EKh_th)il Kh_th”Uh) . SgnJr Uh:| > 0.
Q
Making € | 0, we have

/ MhTrh [(K;thvh) ~sgn+’uh] Z 0.
Q

Hence noting

T, (7) . sgn*v) = Z n(a)w, = mp (7) . sgn*whv)
aEI;Lﬁ{ﬂ'h’UZO}
for any n € W, we obtain (3.11). The proof is complete. O

Now we give the following.

Proof of Theorem 3.1. To prove (3.1), we show more generally that
| My [ — 0] ||, < ||Mamn [v— 04+ AApv — AAR8] ||, , (3.14)

where v,0 € W and A > 0. To this end, we suppose that f is strictly increasing. Otherwise, we replace f by
fe(u) = f(u) + eu and make € | 0. Putting g = v + AK;thﬂhf(v) and § =0+ AK;thﬂhf(f)), we get that

Hthh [v— 6]+|‘1 = /QMmrh [(v—10)-sgnt (v—10)]
= /QMhWh [((g—g)-sgn™ (v—10)]

f)\/ Mymy, [(Ky ' Lymy (f (v) = f(9))) - sgn® (v —9)] .
Q

Here, we have sgn™ w = sgn™ (v —©) holds for w = f(v) — f(0) € W, because f is strictly increasing. Therefore,
(3.11) guarantees that

/ Mymp [(K;thwh (f(v) = f(9))) - sgn™ (v —10)] = / K, ', [K;thﬂhw -sgnt w] > 0.
Q Q

This leads to
Mimnlo =Ll < | M [(a =) -sen® (0 =9)]

< /QMhﬂ'h [g—g]+ = HMhﬂ'h [U_ﬁ'i_)‘Ah’U_)‘Ahﬁ]-i-Hl’

and hence (3.1) follows.
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Now we prove the maximality (I +AAp) X, = X, for A > 0. Namely, given g, € X}, we show the existence of
vy € X}, satisfying v, + AApvp = gp. In fact, T = I + AAj, is a continuous mapping on X, a finite dimensional
vector space provided with the norm [ - ||, ;. In use of (3.1) we can take an open ball O C X}, sufficiently large
such that g, & T (00) for any A > 0. We may suppose that g, € O. Then the topological degree deg (T, gn, O)
is well-defined and its homotopy invariance implies

deg (T)\aghao) = deg (Iagha O) =1
This means that g, € Th(O), and the proof is complete. O

4. L STABILITY
This section is devoted to the L°° stability of approximate solutions. Precisely, we show the following.
Theorem 4.1. Under the assumption (H1), it holds that
1S (t)uonl oo < lluonllo » (4.1)
where uop, € Xy, and t € [0,T].

Note that, as will be verified at the end of this section, (4.1) gives

(T +AAR) gl < llgnlls s (4.2)

for g, € Xp, A > 0.

To prove Theorem 4.1, we make use of the nonlinear Chernoff formula, taking a finite element analogue of
the time-discretization scheme of [3]. For the moment, we suppose that f is locally Lipschitz continuous. Let
> 0 be the Lipschitz constant of f on [—M, M], where M = ||uop||oo for uon € Xp. We take 7 = T/N for
N € N and put t,, = m7 for 0 < m < N. Then, we introduce the regularizing parameter s, > 0 satisfying

lims,; =0 and Ll <1, (4.3)
710 Sr

and take {w] (tm)}N_o C X), by

Wi (tmr1) = wh(tm) <1 —e Lh) T f (W (tm)) = 0

T Sr

with w] (0) = uop, where {e’SKﬁlL’l}szo denotes the linear semigroup in X, generated by Kh_th. We extend

w} (tm) to all t € [0,T] as

W] (tm) (b1 <t <tm, 1 <m < N)

Wi () = {“’71(0) (t=0) . (4.4)

The following lemma is proven similarly to [3].

Lemma 4.1. In addition to the basic assumption on f, suppose that f is locally Lipschitz continuous on R.
Then wj (t) € X}, is well-defined for all t € [0,T], and moreover

lim sup [Jwy(t) — Sk(t)uonll,, =0 (4.5)
710 tefo,T] ’

for uop, € Xp,.
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Proof. We have the formula
wy (tm) = F(7)™ uon,

where -
o1
Fu(r)én = on + — |e7 " Frmif (6n) =7 f (0n)] - (4.6)
Since, by p7/s; < 1, the mapping r — r — (7/s.) f(r) is non-increasing, we have
T T T
—M — —f(=M) < uon — —mnf(uon) <M — —F(M). (4.7)

On the other hand, (3.8) implies 0 < (I + )\K,?th)_l Uf < maxﬁvf for v, € X, and A > 0 with v}ﬂf c Xy
defined by (3.13). In particular,

max (1 + )\K;th)_l mhlv]+ < maxmy[v]4
Q )

holds for any v € W and A > 0. Then, the linear semigroup theory guarantees that

max e=sKy ' Ln mhlv]+ < maxmy[v]+
Q

Q

for any s > 0 and v € W. Therefore, noting that f(—M) < mp, f(uon) < f(M), we can deduce

F(=M) < e En iy, f(ugn) < f(M). (4.8)

Inequalities (4.7) and (4.8) imply

T [ s k-1
—Mﬁwﬁ(h):uwﬁ-s— e s K Iy f(uon) — o f (uon) | < M,

T

which means || F},(7)uonl|| o, < M. Therefore, we get by an induction that

e (b oo < ol - (4.9)

This allows us to assume that f is Lipschitz continuous with Lipschitz constant p in R by replacing f(u) by
f(£M) for +u > M. Then, r — f(r) and r — r — (7/s;) f(r) are non-decreasing on R, and it follows that

T

(r—s) = = (f(r) = fs))| = [r — 5| (4.10)

Sr

i 1 (r) = ()] +

for r,s € R. On the other hand, from (3.1) and (3.3) applied to f(u) = u, we have

He_sK < ol lly

1
h L;Lﬂ.h[,u]_"_Hl .

for v € W. This, together with (4.10), gives that

T

[ Fn(T)én — Fn(T)¢nlly

IN

Sr

i 1f (6n) — f (wn)llyp + H(ash =) = - (Fen) = Fow)|
én — ¥nllyp (4.11)

for (ﬁm”(/)h c Xy
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Now we shall show (4.5). It is a consequence of the Chernoff formula, Theorem 3.1 of [5]. Namely, it suffices
to prove that

i | 1420 = B on = (14 240) 0 (1.12)

for ¢, € Xj, and A > 0. For this purpose, we put

1
o= (40 on = [T+ 2= Fr)] 6 oL =+ 2= Bl o

Then, we have

A
¢ =Yy + =
-

(I = Fu(7)) ¢y,
and

on == (14 2) 07— ) + 2 (Bu(rhon — Falip).

Therefore, inequality (4.11) gives that

A T T A T
<1 " ;) 6% = Ynlli < 6n = Skl + = 107 = vnlly s

and hence
lh = Ynllyp < l1én — dRll1 1 - (4.13)

Inequality (4.13) provides an a priori estimate and hence the existence of ] follows similarly to the proof of
Theorem 3.1.
Finally, by (4.6), we have

AT o gt
$h =tn— [e o f(n) — T f (n)
and hence
i ¢f, = gn + ARG L f (V) = U+ AAnton = on.
Thus, we get (4.12) by (4.13) and the proof is complete. O

Now, we give the following.

Proof of Theorem 4.1. If f is locally Lipschitz continuous, then we have (4.5) and (4.9), which implies (4.1) by
dim X, < +oo0.

If this is not the case, we take the Yosida approximation, a family {f)} converging to f locally uniformly as
A | 0. Namely, in use of the maximal monotone graph 3 = f~!, we define the inverse function of f, as

1

fretb=s -+ (4.14)

which is non-decreasing, f1(0) = 0, and locally Lipschitz continuous. Let A}v = L7, fx(v). Then it generates
the semigroup {57 (t)};>0 in X}, satisfying

[|S% Buon]| . < luonlls

for ugp, € X}, and t € [0,T]. Making A | 0, we obtain (4.1) by dim X}, < 4oo0. O



766 A. MIZUTANI ET AL.

We proceed to the proof of (4.2). For this end, we take the duality map F' : X; — Xj, regarding X, as a
closed subspace of L (). Namely, for vy, xn € X}, it holds that

2 2
Xn € F(vn) <= (vn, xn) = |lvnlls = Ixalls

where (-, -) denotes the pairing between X, and X}, and || - ||, the operator norm. See Miyadera [29], e.g., for
the existence of such an operator. Then, by making use of (4.1), it holds that

<<%) vh,xh> = %{<Sh(7—)vhaxh> — (vn, xn) }

= 2{Suron, x) — onl.}

1
< —USh(m)vnllee = llvnlloe lxall, <0

A

for v, € X, 7 > 0, and xp, € F(vn). Hence, by making 7 | 0, we obtain (A,vp, xn) < 0 for v, € Xj and
Xh € F(vy). The general theory of the duality map, say Corollary 2.7 of [29], guarantees that

llgnlloe < (14 AAR) gnllo

for any gp € Xp, and A > 0. Thus we establish (4.2).

5. CONVERGENCE OF RESOLVENT

Convergence of semigroup follows from that of resolvent. We assume the following condition concerning the
domain 2 C R™:
(D) If n = 3 the Dirichlet problem

—Aw=g in €, w=0 on JN

admits the elliptic estimate
lwllwzp@) < Cpllgll,

for p € (1, ), where pp > n = 3.
As for the triangulation, we suppose

(H3) Inverse inequality. There is a positive constant v» independent of h such that
d(a) Z I/Qh
for any o € 7p,.
This section is devoted to the

Theorem 5.1. IfQ is convex and provided with the property (D) (if n =3), {71} satisfies (H1), (H2) and (H3),
and f is strictly increasing, then it holds that

tm [(T+XA) " g — (I +AAp) " tmag| =0, (5.1)

where g € W and A > 0.
Several remarks are in order.

Remark 5.1. The family of triangulation {7} satisfying (H2) and (H3) is often called quasi-uniform.
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Remark 5.2. Convexity of 2 C R™ assures
L™YL3(Q)) Cc H}(Q) N H*(Q) C W. (5.2)

In fact, the second inclusion is a consequence of Sobolev’s embedding theorem by n = 1,2,3. On the other
hand, the first inclusion follows from the elliptic regularity of the Green operator of L. See [19].

Remark 5.3. Rannacher and Scott [33] showed that if n = 2, Q is convex, and {7} satisfies (H2) and (H3),
then the following estimate holds for the Ritz operator Ry defined by (2.4). That is, there is hg > 0 such that

”RthWLP(Q) <C ”w”lep(Q) (5.3)

for any w € H(Q) N WHP(Q), 0 < h < hg, and p € [2,00]. (See also [17] for the proof.) By virtue of
Theorem 7.5.3 of Brenner and Scott [4], on the other hand, the same conclusion follows if n = 3,  is provided
with (D), and {7} satisfies (H2) and (H3).

For later use, it is sufficient for (5.3) to hold with some p > n. It is obvious for n = 1, because we can take
p = 2 then. Namely, assumptions on 2 are reduced to (5.2) and (5.3) with some p > n.

Remark 5.4. Condition (D) is fulfilled, when all edges and all vertices of a polyhedron Q C R? are small
enough not to produce singularities. See, for a more complete description, Theorems 8.2.1.2 and 8.2.2.8 of

Grisvard [19].

Remark 5.5. Given g € W and u = (I + AA)~1g, we have
flw)=A"1L7 (g—u)eWw

by (1.10) and (5.2). Therefore, if f is strictly increasing, then u € W follows.
First, we show the following.

Lemma 5.1. Let A > 0, g € W, and up, = (I + MAp) " 'mng. Then, under the assumptions of the previous
theorem, the family {uy} is relatively compact as h | 0 in W.

Proof. Recall up, = (I + AAp) tmpg with A > 0 and g € W. We shall show that any & > 0 admits § > 0 and
hi1 > 0 such that

O0<h<hy, 2,ycQ, l[r—yl<d = |un(z) —unly)| <e. (5.4)

Then, Ascoli-Arzela’s theorem assures that any {uhj} with h; | 0 admits a subsequence, uniformly converging
on Q. Thus, the lemma is proven.
In fact, we have

1
Lymn f(up) = XKh(Trhg — up). (5.5)

Putting ¢, = A" K, (mhg — up) € X, C W, we take w satisfying

—Aw=¢p, in Q with w=0 on 9.
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Because ¢p = Ly f (up,) holds, we obtain Ryw = p, f (up,). By virtue of (5.3), (5.2), (3.7), and (4.2), it follows
for p > n that

i f @il < Cp Wl < C - Cp lwll g2 e
< C Gy Cllgnlly = X7'Cp 1K (mng — un)l
< A'C) Imng — unll,
<AL 1912 |lmng — unll
< A2 (lmngll o + [lunllo0)
< 227100 1902 gl o

for 0 < h < hg. Here and henceforth, || denotes the n dimensional volume of . Therefore, by Morrey’s
inequality, there is a constant C' = C(A, g,, ho) such that

|0 f (un () = 7 f (un(y))] < C |z —y|*

for 0 < h < hg and z,y € Q, where o = 1 —n/p > 0.
Let By, be the set of nodal points of 7;, belonging to 92, and put I, = I, U By,. Since mp, f (un(x)) = f(un(z))
for z € I}, we have ~
|f(un(@1)) = f(un(z2))| < C'lzr — 22| (5.6)
for xr1,T2 € Th.
Let 0 € 7, and V(o) be the set of vertices of o. Because up, € X, we have T,z € V(o) such that

up(T) = maxup, and up(z) = min up,.
[ea (e

This implies
max f(up) = f(un(7))  and min f(up) = f(un(z))

because f is non-decreasing. Therefore, if z,y € o we have by (5.6) that
|f (un(@)) = flun®)] < flun(@) = flun(z)) < ClT — 2| < Cr™. (5.7)

We shall combine (5.6) and (5.7) in the following way. Namely, given =,y € Q in |z — y| < h, we take 01,09 € T,
satisfying « € o1 and y € o5. We also take 1 € V(01) and 23 € V(02). Then, we get from those inequalities
that

|f (un(z)) = Flun(y))| < [f(un(x)) = f(un(z1))]
+1f (1)) = fun(z2))| + | (un(22)) — f(un(y))]
< tha + é |I1 — I2|a + éha
< 2Ch* + C |z — 2| + |z — y| + |y — z2])* < 5Ch.
Finally, f is continuous and strictly increasing, the inverse function f~! is uniformly continuous on
[— 19l > 19/l o]- Because of [lup||, < ||lg]l,, each € > 0 admits §; > 0 such that

[f(un(2)) = flun(y))| <01 = Jun(x) —un(y)| <e (5.8)

for z,y € Q. Those relations (5.8) and (5.8) imply (5.4) and the proof is complete.

We also make use of the following lemma, where Pj, denotes the L? orthogonal projection defined by (2.5).
For the proof, see that of Theorems 1.12 and 5.4 in [17]. We note that those results hold even if € is not convex,
or (D) does not hold.



FINITE ELEMENT APPROXIMATION FOR DEGENERATE PARABOLIC EQUATIONS 769

Lemma 5.2. Suppose (H2) and (H3), and take

g€ {1, min <2, %)) : (5.9)

IXnllwra) < ClILaxnllpiq) (5.10)
| L, " K Py e (5.11)

Then it holds that

HLl(Q),leq(Q

and

| Ly Kn Pov — =0, (5.12)

-1
L UHWLQ(Q)
where x, € Xp and v € L' ().

Now we can give the

Proof of Theorem 5.1. Given A > 0 and g € W, we put g, = g and
up = (14 AAL) " gn. (5.13)
In use of (5.5), (3.7), and (4.2), we get

ILnnf (un)lly = A7 1 En(mhg = un)lly < A7'Cllmng — unlly
A0 (Imngll o + llunlloo)
22711 gl -

INIA

Therefore, we have |7, f(un)| .o < C by (5.10), where ¢ is taken from (5.9).

From this inequality and Lemma 5.1, any h; | 0 admits {h}} C {h;}, w € Wha(Q), and u € Cy(Q) satisfying

mnf(up) — w  weakly in Whe(Q)
wnf(up) — w ae in Q B
Up — U uniformly on €

as h=h} | 0.
Here, we show that
w= f(u) ae (5.14)

holds by Egorov’s theorem. In fact, given € > 0, we have a measurable set 2. C Q satisfying |Q\ Q.| < € and
up, — u uniformly on .. This implies 7y, f (un) — f(u) uniformly on 2., because f(u) is continuous on § and

17 f (un) = f)ll L o) < 31F(un) = f(W)ll e, + I = D ()]l Lo,

follows from
mnf(un) = f(u) = (mp = I) (f(un) — f(u)) + (f(un) = f(u) + (mn — 1) f(u).

Hence we deduce w = f(u) a.e. on €., and therefore (5.14) follows. Thus, we have
mnf(un) — flu)  weakly in Wh4(Q) (5.15)

as h=nh; | 0.
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On the other hand, we have by (5.11) and (5.12) that

125 K = L™y < (2 B Po (= w) [ gyag + |23 K Pave = L |y,
< Cllun = ully + || Ly KnPau = L~"ul| 0,

< Cl - fun —ullo + || Ly, ' KnPru— L™ |0, — 0 (5.16)

and similarly,
||L}:1thh - LilQHWl,q —0 (5.17)
as h = h% | 0. Writing (5.13) as L Kpup, + A f (un) = Ly, ' Kpgn, we obtain L™ u+ Af(u) = L™'g by (5.15),
(5.16), and (5.17). This means u = (I + AA) ™" g and the proof is complete. O

6. CONVERGENCE OF YOSIDA APPROXIMATION

Throughout this and the following sections, supposing
ug € W,

we take
Uop — TRUQ.

Relation (1.12) is referred to as a convergence of the semigroup. To show this result, we make use of the Yosida
approximation. Since —A is an m-dissipative operator in X = L!(Q), we can apply the abstract theory. See
Miyadera [29] for the proof of the following facts.

First, the Yosida approximation of A is defined by Ay = A~Y(I —Jy), where A > 0 and Jy, = (I +XA)~L. Tt is
(2/\)-Lipschitz continuous in X, because Jy is a contraction. Furthermore — A} is m-dissipative in X. Hence,
it generates a contraction semigroup and, for uy € X, we have a unique solution uy € C1([0,T]; X) to

d

% + A =0  with  ux(0) = up. (6.1)
The Yosida approximation Ajp » of the approximate operator A is also defined similarly in X;,. We have
Apy = AT = Jpn) with Jpx = (I + AAp)~!. We note that A, \ has the same properties on X, equipped
with the norm || - ||, , as those for Ay on X with || - ||;. It is (2/A)-Lipschitz continuous and —Ap x is m-
dissipative. We have a unique up » € C*([0,7]; X3) satisfying

d
t;};’/\ + Apaupy =0 with uh7)\(0) = TRUQ- (6.2)

This section is devoted to the following.

Lemma 6.1. Suppose that Q is convex and is provided with the property (D) if n = 3, that {7} satisfies (H1),
(H2) and (H3), and that f is strictly increasing. Given A > 0 and ug € W, let ux and up,x be the solutions
to (6.1) and (6.2), respectively. Then, it holds that

lim sup [lupa(t) —ur(®)|l, =0. (6.3)
h10 tef0,1]

There is a technical difficulty to prove the above lemma. That is, it is not obvious that uy(t) € W follows from
ug € W in spite that uy(t) € L*°(Q) actually follows from uy € L>(€2). This causes a problem because the
interpolation operator 5, works only to continuous functions. To avoid such an issue, we take time discretizations
and derive an analogous result first.
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Taking 7 = T/N with N € N, we introduce the backward difference approximation to (6.1):

uf (tmt1) — ul (tm) i =
- 4 A3 (tma) =0 (0<m < N) (6.9

u;\ (0) = U,
where t,, = m7. It is defined only at a discrete time level t,,, and the extension to the continuous time interval
[0,T] is given by
(0 t=0
() = {w ) (=0

U (tm) (tmo1 <t <tm, 1 <m < N).

The backward difference approximation is also taken to (6.2):

up A (Emt1) — uf \(tm)

+ Apauj \(tmi1) =0 (0<m < N)

- (6.5)
ug,/\(()) = TThUQ
and the extension uj, ,(¢) to the continuous time interval is defined similarly.
Remark 6.1. The relation u = (I + 7Ay) " 1g is equivalent to
A A
<—+1>u =g+ Jhu (6.6)
T T
and hence
A A A
(1+2) bl = 2hall < [+ 20| =l <
T T T o

follows from (4.2). This implies |lu||,, < |9l that is, L> stability of Ay described as

(T +74x) gl <9l -

On the other hand, relation (6.6) reads
A A
u:u—i—;(u—g)—i—)\Lf (u—|— ;(u—g))

and hence Lf (u+ 2(u — g)) € L>(9Q) follows from u, g € L°°(). This relation implies u € W if g € W and f
is strictly increasing, in the similar way as Remark 5.5. In particular, ul(tm,) = (I + 7Ax) " uo € W follows
from ug € W. On the other hand, it is obvious that

up \(tm) = (I +7Ap\)" " Thuo € Xp.

Under those preparations, first we show the following
Lemma 6.2. Let u}(t) and uj \(t) be the solutions to (6.4) and (6.5), respectively, where 7> 0, A > 0, and

ug € W. Then, under the same assumptions of Lemma 6.1, it holds that

I su [uh A () — w3 (B)]], = 0. (6.7)
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Proof. By the associative law of operators, we calculate as
U;J\(tm) — uK(tm) = (I + TAhy)\)_m TRUQY — (I + TA,\)_m Ug
= (I +7A)) "mpuo — (I +7A5) " up

+ Z [ I+TA)\ (mil)(I*FTAhy)\)il
=1

— (I + TA,\)_(m_l—H)(I + TAh,,\)_(l_l):| TRUQ- (68)
Because (I +7A))~! is a contraction in X, it holds that

H(I+TAA) v— (I +74,)7" L S lv =21 (6.9)

for v, v € X. This implies
(1 +7AxN) " mhuo — (I +7AX)"uoll1 < [[(7n — Duoll, -

On the other hand, the L' norm of the third term of the right-hand side of (6.8) is estimated from above by

Z H [(I—l— TAA) (I + TAh,A)_l — (I + TAh,,\)_(l_l)} 7ThuOH1

H (1 +7Ay) — (I + 7Ap)] (I +7Ap) " 7rhu0H1

I
NE

N
Il
N

H [AA (1+7An) " — Apa(1+ TAM)*Z} 7rhu0H1

I
M:

N
I
A

(Il + IQ) )

A
\‘
NgE

-~
I
A

where

= H [A)\(I+TA}17)\)7[ — A)\(I+TA,\)7Z} 7Th’LLQH1, I, = H [A,\(I—I—TA,\)il — Ah,,\(I+TAh,,\)7l} 7Th’LLQH1.

In use of the (2/A)-Lipschitz continuity of Ay, we get

I < A+ 7407 = (T +7A) ] mauol|

<

I BSIRN

(||(I+7Ah ,\) mrug — (I +7AN)” uOH1 + || I-i—TA)\) ug — (1+7A))~ ﬂ'hu0|| )
which, together with (6.9), leads to

2
1 < 5 (k) = w @), + i = Duoll, )
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To estimate Is, we note that

[A,\(I%»TA,\)il — Ahy)\(I+TAh7)\)7q Thug = Ay I+TA,\)_l TRUug — Ax (I+TA,\)_ZU

I+TA,\)7Z ThUy — A)\ (I+TA,\)7 ()
{(I—I—TA,\)_l Ug — (I+TAh7)\)_l7ThUJO}

- < {J/\ (I +740) " g — Ty (I +745) 7" Fhuo}
_A)\(I—I—TA,\) FhUQ—A)\(I—f—TA,\) UQ

1
+ - {I+TA,\) ug — (I +7Ap ) 'mauo}

1 _
— X [J,\ — Jh,,\ﬂ'h] (I+TAA) lUQ

1 _ _
— X {J}L)\ﬂ'h(l —I—TA,\) luo — Jh,,\(l-i-TAh,,\) lﬂhuO} .
We have 5
| Ax(T 4+ 74)) " 'mhug — Ax (T +743) oy < XH(M — Duo|hx

as before. Moreover we obtain by (3.5)

C
H {Tpamn(L+7AN) ug — Jpa (I + TAp2) 'mpuo || < XHMUT\(tz) —up ()]

1

because Jj, x is a contraction in X} with respect to || - ||, ,. Those relations yield

c
< 5 (1 = ol + [[uf s (0) = S (@), + maukt) = uf 2], + 1(x = Tnam k@), )

We can summarise the above relations as

CT & t
(|ufr(tm) = ul(tm)]|, < ~ Z |up A (t) —ui ()|, +C <1 + X) [[(m — Duol| o

Cr

m m

T T

+ = 2 Mm = Dl @)l + Z (Ix = Jpamn)ux (b)), -
1= =1

—

Now applying the discrete Gronwall’s lemma, we obtain

T
sup ||uj \(t) — f\(t)Hl < exp(CT/N) [C (1 + X) |(7n — 1)uo|| o
te[0,T]

N

C

T Z Th — 1)u>\(tl ”1 )\ Z H J/\ —Jn Aﬁh)u/\(tl)Hl
=1 =1

As is noted, up € W implies u}(¢;) € W. Therefore, the right-hand side tends to 0 as ~ | 0 by (5.1), and the
proof is complete. O
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Now we are able to state the

Proof of Lemma 6.1. Since the semigroup generated by Ay is a contraction on X, we have |lux()|; < |luoll;
and hence

2 2|t 4
[Axur(t) = Axua(s)lly < 5 llua(®) —ua(s)ll, < 5 / [ Axua(s)lly ds| < 5 [t = s] [|uoll, - (6.10)
‘We shall show that
27T
sup. [[u3(1) — un(t)]; < - lluoly (6.11)

t€[0,T]
holds. In fact, we have
u} (tm1) — ul(tm) + 7ANUL(Ems1) =0

and
tm+1
uA(th)fu)\(tm)Jr/ Axup(s) ds =0
tm

so that the error function €7 (¢,,) = uj (tm) — ua(tm) satisfies

(T4 T AU (tst) — (I + TAR)tun (bmsn) = o7 (tn) + /t " Ayua(s) — Axua(ts)] ds.

m

This, together with (6.9), implies
le” (tmr)lln < (1 +7AN) uX(Emy1) = (L4 7AN) ur(tmra)lly

tmt1
el + [ IAvuanen) = Avus(s)] ds

tm

and hence

O = 3 [ Iruste) ~ Aol s

ti—1
In use of (6.10) we obtain
— 4 7 2T
e (tm)ll; < Z VR Hu0||1 = )\—”; lluoll; »
which yields (6.11).
Similarly, we have
sup ([ (6) — wna@)],, < S5 Imuvoly
t€[0,7] ’ A ’
Therefore, it follows from (3.5) that
CTTt
sup.[Juna(t) ~ ur(l, < So” ol + sup_[[ufa(t) — uS(0)],
te[0,7] te[0,T]

Now, send h | 0 and then 7 | 0. Then, relation (6.3) follows from (6.7). O
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7. CONVERGENCE OF SEMIGROUP

We complete the proof of (1.12), one of the main result of the present paper.

Theorem 7.1. If Q is conver and is provided with (D) (in the case of n = 3), {Tn} satisfies (H1), (H2),
and (H3), and f is strictly increasing, then it holds that

lim sup |[|Sh(t)mhuo — S(t)uoll; =0, (7.1)
h10 ¢efo,T]
where ug € W.
We begin with the following.
Lemma 7.1. We have
||K,1_1Lh7th’1HLQ(Q%LQ(Q) <C. (7.2)

Proof. Let Ry, and Py, be the Ritz and the orthogonal projection operators defined as (2.4) and (2.5), respectively.
Then it holds that L; ' P, = R, L' and hence

Lh’lThL71 =Ly (’/Th — Rh) Lt + P, = LRy, (’/Th — ].) Lt + Py. (73)
We also have
[VRyo|l, < OVl (7.4)
for v € H}(Q) and
(= 1) 0lly + B IV (= D) vlly < Ch? [|v]| g2 g (7.5)

for v € H}(Q) N H%(Q). Furthermore, (H3) leads to
IVxally < Ch™ Ixall,

for xp, € Xp. See [17], Sect. 1.4 or [7] for those fundamental facts.
From the last fact, we have

|(Lnxns ¥n)] = |(Vxw, Vion)| < O [Vl 1l

for xp,¥n € Xy, and hence
[Laxnlly < Ch™H[[Vxally
for xn € Xp. This, together with (7.4) and (7.5), implies that

HLth (7Th — 1)L71U|‘2 < Ch™! HVRh (7Th — 1)L71U|‘2
< Ch™H|V (mn — 1) LMol
<ol
< C|vlly

1“”1{2(9)

for v € L?(2). As a result, by (7.3), we obtain
ILnmn L™ oll2 < Cllollz + [|v]l2

for v € L?(2). Therefore, (7.2) follows from HKh—1HL2( ) < C. d

Q),L2(Q
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Now we can state the
Proof of Theorem 7.1. It is made of two steps. Let ug € W.

Step 1. We show that the theorem is true under the additional assumption
f (ug) € H*(Q). (7.6)

In doing so, for A > 0, we introduce solutions ux(¢) and up x(¢) of (6.1) and (6.2), respectively, and show

2 [[ur(®) = u(®)ly < AT +2) [Lf )l (7.7)
sup e (t) = un(®)l , < SCWAT + ) [Lf ()l (7.8)

In fact, a formula below (4.5) of [29] assures
|80 = J Mo <200 4 2)12 | Au, < 2(VAE+ ) Aol

for Jy = (I + AA)~!. Similarly a formula above (3.49) of [29] reads as

| sn®uo = X o | < (VAE+ ) [ Auol,
Therefore, for ug € D(A),

15 (£)uo — Sx(B)uolly < 3(VAE+X) || Auoll, ,
which implies (7.7).

Similarly, we obtain

una(t) = un(®)ly , < 3(VAE+X) [|Anmauoll , - (7.9)
Here, we have by (7.2) that

lAnmnuolly y, < K5 Lunf (o),
< O || K Lymn L™ L (wo),
< C|Lf (w0

from the assumption. Combining this with (7.9), we get (7.8).
In use of (7.7) and (7.8), we have

sup [Jun(t) —u(t)ll; < sup |lun(t) —una@®)ll; + sup fluaa(t) —ux@)ll, + sup [lux(t) — u(t)[;
0<t<T te[0,T]

t€[0,T] 0<t<T
< sup funa(t) —ua(@)ll; + COVAT + A [[Lf (uo)ll, -
te[0,T]
Hence by (6.3)
tim sup_un(t) ~ u(®)ll, < € (VAT +A) | LF (o)l (7.10)
h10 ¢efo,T]

Then (7.1) follows by sending A | 0.
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Step 2. We deal with general ug € W. For this purpose, we recall that f is strictly increasing and set vo = f(ug).
We take a sequence {vj};.il C H%(Q) N'W satisfying |lv; — vol| ., — 0 as j — oo. Then, u; = f~*(v;) satisfies
that
fu;) € H*H(Q)NW and lim [Juj —uoll, =0,
Jj—o0

and, as saw in Step 1, we know

lim sup |[Sh(t)mhu; — S(t)u,ll, =0 (j=1,2,...).
h10 tefo,1]

On the other hand, by (1.9), (3.4) and (3.5), we have

[S(#)uo — Sn()mauolly < [1SE)uo — SE)u;ll, + 1S@)u; — Su(®)mnu;lly + [[Sn(t)mru; — Sp(t)mruoll,
< o —ujlly + [1S(@)u; = Sp(t)mnuslly + Cllwau; — whuolly
< (19[+ C) lluj — uoll o, + 1S@)us — Sp(t)mnusl, -

This leads to

sup |[Sh(t)mhuo — S(t)uolly < (12 4+ C) flu; —uoll, + sup [[Sa(t)mru; — S(E)usll; -
t€[0,T 0<t<T

Making h | 0 and then j — oo, we obtain (7.1) and the proof is complete. (I

We describe some observations on a generalization of Theorem 7.1.
Let A > 0 and 8\ be the Yosida regularization of 3 = f~!. Putting fy = 6;1, we introduce the semigroup
{S}(t)} generated by Ajv = Ly fr(v) (v EW).

Proposition 7.1. Suppose that the same assumptions on ) and {7} as that of Theorem 7.1 hold. Let ug € W
and suppose that there is {u;}52, C W such that

f(u;) € H*(Q) and jlglgo luj; — uolloo = 0. (7.11)

Furthermore, assume that there is a positive function ep(\) of A > 0 such that ep(X) — 0 as X\ | 0 which is
independent of h and that

sup 1S (&) — S () mnvlly < ex(VILF(v)]l2 (7.12)
te[0,T

for v e W with f(v) € H*(Q). (We note that (7.12) is comparable to (7.8).) Then we have (7.1), even if f is
not strictly increasing.

Remark 7.1. Unfortunately, it is not obvious that ep(A) in (7.12) really exists or not. In [11], Cockburn and
Gripenberg considered the case of 2 = R™ and derived an explicit continuous-dependence on f of solutions
to (1.4). However, the case of a bounded  is open, and it seems to be difficult to derive a corresponding
estimate for solutions to the discrete problem (2.3). It is an important and interesting open problem.

Before stating the proof of Proposition 7.1, we give a class (NI) of nonlineality f and inital data ug which
ensures the condition (7.11). Actually, (NI) contains porous media, fast diffusion and Stefan nonlinearlities.
(NI) For f € C(R) with f(0) = 0 and up € W, the following conditions are satisfied:
(i) There are {a}, with --- < a; < af < a;q < af, <--- and {b;}I"; such that f(s) = b; for all
s€Q;=(a;,a}) fori=1,...,m;

(ARt ]

m
(ii) f is strictly increasing on R\Q, where Q = U Qi;

i=1
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fla7) = f(s)
T s

(iii)  lim <oofori=1,...,m.
s—>aiii0 a

(iv) Every 0D;\0R is a finite number of hypersurfaces of class C!, where

D; = D;(ug) = {ac €0 af | <wup(w) < a;},

fori=1,...,m+ 1 with a¥; = =00 and a,,,; = co. (We note that 9D; N 92 = 0 if a;" | # 0 and
a; #0.)
Then we have the

Lemma 7.2. Let f € C(R) with f(0) = 0 and ug € W. If (NI) is satisfied, then there is {u;}52; C W
satisfying (7.11).

Proof. By (iv), we can take {u;}52; C W such that

f(uj)|5i € CY(D;)NH*(D;) and |ju; — uglec — 0 as j — oo.

Because of f(u;) =b; on {z € Q| a; < up(z) < a; }, we have f(u;) € H*(Q). O
We finally state the

Proof of Proposition 7.1. Let A > 0. We introduce the semigroup {S*(t)} generated by A*v = Lfy\(v) (v €
D(AM)). In [2], Bénilan et al. proved

lim sup |S(t)ug — S (t)ugl1 =0 (7.13)
A—0 te[0,T)

for all ug € X.
Since f) is strictly increasing with f3(0) = 0, we can apply Theorem 7.1 and obtain

lim sup [|S*(t)u; — Sp(t)mhusli =0, (A>0, j=1,2,...). (7.14)
hHOOStST

‘We observe that

sup ||Sp(t)mpu; — S(t)uj||, < sup ||Sh(t)7rhuj — S,’)(t)ﬂhujul
t€[0,7] t€[0,T]

+ sup ||S,)l‘(t)7rhuj - SA(t)ujul + sup ||S)‘(t)uj - S(t)ujH1 .
t€[0,T] t€[0,7]

This, together with (7.12) and (7.14), implies

lim sup [[Sh(t)mnu; — S(t)u;ll, < er(N|Lf(uy)llz + sup ||S*(E)u; — S(t)uy], -
h=0tel0,1) te[0,7]

Hence, from (7.13), we obtain

lim sup |[Sp(t)mhu; — S(t)usll, =0, (j=1,2,...)
h—0¢cio,17]

by sending A | 0.
Then, in virtue of (7.11), we can repeat the argument of Step 2 in the proof of Theorem 7.1 and establish (7.1). O
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TABLE 1. Relative L' error E;(N) and convergence rate ay.

v=15 v=3.0 v=06.0
N B ay Ey an Ey aN
8 || 0.0529 0.0320 0.1780

16 || 0.0153 1.78 | 0.0147 1.12 | 0.1542 0.21
32 (| 0.0041 1.90 | 0.0074 0.99 | 0.1290 0.26
64 {| 0.0010 1.99 | 0.0025 1.57 | 0.1090 0.24

8. NUMERICAL EXAMPLES

We assume that € is a unit square: 2 = {0 < 21 <1, 0 < 23 < 1}. We take 7}, as a uniform mesh composed
of 2N?2 equal right triangles for N € N; each sides of € is divided into N intervals of same length, and then
each small-square is decomposed into two equal triangles by a diagonal. Put h =1 /N. The time discretization

makes use of the forward difference formula. Namely we find {u] (t,,)}Y_, C X}, satisfying

T

u;rz (0) = ThrUO,

where N € N and 7 = T/N. We choose a sufficiently small 7 relative to h, (specifically we take 7 = h2/100,)
since we are interested in the effect of the space discretization on the accuracy of the scheme.
We recall that Barenblatt’s self-similar solution [18]

(v = D{(@1 = 1/2)2 + (w0, — 1/2)2}] 77
402 (t+ Tp) .

m@hm@@+n>“ﬂf

solves u; — Au” = 0 and u|pq = 0 with the initial data ug(z1,22) = u*(21,22,0) in a generalised sense. Here
a>0,Ty >0, and v > 1 are given constants. We compute the discrete relative L' error:

Ei(N) = (Z |Ua|> > |Ua = u(a, T,

a€ly a€ly

where we have put uj(T) = > Usw,. We may suppose that the effect of the time discretization is relatively
negligible because of 7 = h?/100, and assume that E;(N) = Ch® = CN~,
We estimate the rate of convergence a by
log Ey (N/2) —log Ey (N)
—ay = )
log 2

In Table 1, we compare the result taking v = 3/2,3, and 6. These results show that the L! convergence really
takes place. The shape of f affects the accuracy of the scheme. Especially, if the shape of f is like to a linear
function, our scheme has a high accuracy. We also observe that the rate of convergence continuity depends

on f.
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