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STABILITY OF MICROSTRUCTURE FOR TETRAGONAL TO MONOCLINIC
MARTENSITIC TRANSFORMATIONS*

PAVEL BELIK! AND MITCHELL LUSKIN!

Abstract. We give an analysis of the stability and uniqueness of the simply laminated microstructure
for all three tetragonal to monochnic martensitic transformations The energy density for tetragonal
to monochnic transformations has four rotationally mmvariant wells since the transformation has four
variants One of these tetragonal to monochnic martensitic transformations corresponds to the shearing
of the rectangular side, one corresponds to the shearing of the square base, and one corresponds to
the shearing of the plane orthogonal to a diagonal in the square base We show that the simply
laminated microstructure 1s stable except for a class of special material parameters In each case that
the microstructure 1s stable, we derive error estimates for the finite element approximation
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1 INTRODUCTION

We use the geometnically nonhnear theory of martensite [2, 3,13, 28] to model tetragonal to monochnic
martensitic transformations In this theory, the energy density 1s mimimized on multiple energy wells SO(3)U; U

USO(3)Un where Uy, ,Un for N > 1 are symmetry-related transformation strains (variants) and SO(3)
15 the set of all 3 x 3 real orthogonal matrices with determinant equal to one For tetragonal to monochnic
transformations, there are four symmetry-related transformation strains (N = 4) [34,35] There are three
tetragonal to monoclimic martensitic transformations — one corresponds to shearing of a rectangular face, one
corresponds to shearing of the square base, and one corresponds to shearing of the plane orthogonal to the
diagonal of the square base For certain boundary constraints or loading conditions, the elastic energy of a
martensitic crystal 18 mmimized only by the fine-scale mixing of deformation gradients from distinct energy
wells The simplest example of such a microstructure 1s the laminate in which two compatible deformation
gradients oscillate 1 parallel layers of fine scale Much recent work has been done to describe more complex
microstructures by using the concept of the Young measure (2, 3,21, 36,37]

The stabihty theory that we use was first used to study the orthorhombic to monochmec transformation
(N = 2) [27] It was then extended to obtain results for the cubic to tetragonal transformation (V = 3) [23]
Most recently, the stabihity theory has been used to analyze a cubic to orthorhombic transformation (N = 6) [6]

Keywords and phrases Martensitic transformation, microstructure, nonconvex variational problem, simple laminate, tetragonal,
monoclinic, volume fraction, Young measure, finite element, error estimate
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In general, the analysis of stability is more difficult for transformations with N = 4 (such as the tetragonal to
monoclinic transformations studied in this paper) and N = 6 since the additional wells give the crystal more
freedom to deform without the cost of additional energy. In fact, we show here that there are special lattice
constants for which the simply laminated microstructure for the tetragonal to monoclinic transformation is not
stable.

The stability theory can also be used to analyze laminates with varying volume fraction [24] and conforming
and nonconforming finite element approximations [25,27]. We also note that the stability theory was used to
analyze the microstructure in ferromagnetic crystals [29]. Related results on the numerical analysis of nonconvex
variational problems can be found, for example, in [7~12,14-16,18,19, 22, 26, 30-33].

In this paper, we give an analysis of the stability of a laminated microstructure with infinitesimal length scale
that oscillates between two compatible variants. We show that for any other deformation satisfying the same
boundary conditions as the laminate, we can bound the pertubation of the volume fractions of the variants by
the pertubation of the bulk energy. This implies that the volume fractions of the variants for a deformation are
close to the volume fractions of the laminate if the bulk energy of the deformation is close to the bulk energy
of the laminate. This concept of stability can be applied directly to obtain results on the convergence of finite
element approximations and guarantees that any finite element solution with sufficiently small bulk energy gives
reliable approximations of the stable quantities such as volume fraction.

In Section 2, we describe the geometrically nonlinear theory of martensite. We refer the reader to [2.3] and to
the introductory article [28] for a more detailed discussion of the geometrically nonlinear theory of martensite.
We review the results given in [34,35] on the transformation strains and possible interfaces for tetragonal to
monoclinic transformations corresponding to the shearing of the square and rectangular faces, and we then give
the transformation strain and possible interfaces corresponding to the shearing of the plane orthogonal to a
diagonal in the square base.

In Section 3, we give the main results of this paper which give bounds on the volume fraction of the crystal
in which the deformation gradient is in energy wells that are not used in the laminate. These estimates are
used in Section 4 to establish a series of error bounds in terms of the elastic energy of deformations for the L2
approximation of the directional derivative of the limiting macroscopic deformation in any direction tangential
to the parallel layers of the laminate, for the L2 approximation of the limiting macroscopic deformation, for
the approximation of volume fractions of the participating martensitic variants, and for the approximation of
nonlinear integrals of deformation gradients. Finally, in Section 5 we give an application of the stability theory
to the finite element approximation of the simply laminated microstructure.

2. THE GEOMETRICALLY NONLINEAR MODEL

We use the austenitic tetragonal phase of the crystal at the transformation temperature as the reference
configuration  C R®, and we assume that € is a bounded domain with a Lipschitz continuous boundary 9.
We denote deformations by functions y : @ — R3 and corresponding deformation gradients by Vy :  — R3%3
where R3%3 denotes the set of all 3 x 3 real matrices.

We shall minimize the total energy

£y) = /Q $(Vy(z)) da

over an admissible class A of deformations, where ¢ : R3*3 — R is the free energy density per unit volume of
the reference configuration of the crystal at a fixed temperature below the transformation temperature.
We shall assume that the free energy density is frame-indifferent, that is,

#(RF) = ¢(F) for all F € R**® and R € SO(3). (2.1)
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We also assume that 1t inherits the symmetry of the austemitic phase of the crystal, so that
#(RTFR,) = ¢(F) for all F € R®*® and R, € G, (22)
where G = {R1, , Rg} C SO(3) 1s the symmetry group of the tetragonal phase given by

Rl - R(?T, 61), R2 = R(ﬂ', 62), R3 = R(7T, 63),
Ry = R(m,e1 +e2), Rs=R(mer —ez), (23)
R = R(’Il’/2, 63), R = R(37l‘/2, 63), Rg =1
In the above, {e,} 1s a rght handed, orthonormal basis for R® given by normalized lattice vectors for the
tetragonal phase, and R(«,v) denotes the rotation of o radians about v € R3, v # 0
We assume that the free energy density 1s mumimized at a transformation (Bain) strain Uy for the tetrag-

onal to monoclinic transformation We shall see that there then exist three other distinct symmetry-related
transformation strains (variants) Us, Us, Uy such that

{RIU\R, R, €G}={Uh, ,Us}

It also follows by the frame indifference (2 1) and the symmetry (2 2) of the energy density that the energy
density 1s mimimized on the union U of the four energy wells

U, =S0(3)U, = {RU, R e SO(3)} fore=1, ,4

By adding a constant, we may assume that the minimum value of ¢ 18 0 Finally, we shall assume that ¢ 1s
continuous and satisfies the growth condition

¢(F) > k|| F —=(F)|? for all F € R3*3, (24)
where k > 01s a constant and m R3*® — U/ 15 a projection defined by

|F—7(F)|| = mm ||F — G| for all F € R3*3 (25)
Geld

This projection exists for any F € R3*3 since the set U 1s compact

We now derive the transformation strains for the three tetragonal to monochnic transformations The reader
should note that this derivation itself 1s not used in the stability analysis given below, only the resulting
transformation strains described m (2 6), (2 7), and (2 8) will be used

Each of the two-fold rotations R; for [ =1, ,5 1n the tetragonal symmetry group determines a family of
transformation strains that corresponds to shearing in the plane orthogonal to the axis of the rotation For each

two-fold rotation R; for [ =1, , b, the transformation strains U fl) in the corresponding family satisfy [3,34,35]
{R,eG RTUPR, =U"®}={I, R}
The corresponding symmetry-related variants Uz(l), Uél), Uil) are then given by
{RIUPR. Roegy={U, .U}
The two-fold rotations R; and R; correspond to shearing of the rectangular faces and can be analyzed i1dentically

by symmetry The two-fold rotation R3 corresponds to shearing of the square base and must be treated as a
separate case The two-fold rotations R4 and Rs correspond to shearing the plane orthogonal to a diagonal
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of the square base and can also be analyzed identically by symmetry. Therefore, we need analyze only the
following three cases corresponding to Rz, R3, and Ry.

In Case 1, corresponding to R and shearing in the plane orthogonal to ez, the transformation strain U1(2)

and the symmetry-related transformation strains U2(2), §2), Uf) are given by
6, 0 064 01 0 —b,
v@ =0 6 o |, UP=( 0 6 o |,
6, 0 063 —04 0 63
(2.6)
6 0 0 6 O 0
uP =1 0 6 6|, UP=|o0 6 -6 |,
0 64 63 0 —6; 65

where 8, > 0 for+ =1, 2,3, 6, # 0, and 6,03 — 67 > 0. We shall assume without loss of generality that 6, > 0.
For Case 2, corresponding to R3 and shearing in the plane orthogonal to e3, the transformation strain U1(3)
and the symmetry-related transformation strains U2(3), Uéa), U, ,ig) are given by

o 84 0 , [ 61 —6. O
U =1 64 65 0 ) Ui = k 84 & 0 |,
0 0 & 0 0 6
(2.7)
2 S —64 0
U =6, 6 0|, UP=| -6, 6 0|,
0 0 6 0 0 6

where 6, > 0 for 2 =1, 2, 3, §4 # 0 and 6102 — 83 > 0. We shall assume without loss of generality that §; > &y
and 84 > 0.

In Case 3, corresponding to R4 and shearing in the plane orthogonal to e; + ey, the transformation strain
U1(4) and the symmetry-related transformation strains U2(4), U3(4) , Ufl) are given by

o N4 m N3 M4
U 1(4) = nm m -m ], U2(4) = -m m n |,
e —Ts 72 Yz N 72
(2.8)
m N3 N M —"Tm3 —T4
U;§4) = n3 M M , v = -m m -m |,
—MN4 N4 T2 —Ne —TNa M2

where 1 > 0, m2 > 0, n4 # 0, m +n3 > 0, and n2(n; —73) — 217 > 0. We shall assume without loss of generality
that 4 > 0 (Note that it follows from the preceding inequality that 11 +n2 — 73 > 0 and mn2 — 72 > 0; we will
use these inequalities in the proof of Theorem 3.1).

In what follows, we will omit the superscript in the notation for the transformation strain Uz(l) since the case
being considered will always be explicitly given.

There exists a continuous deformation y(z) € CO(R3; R3) such that (2, 28]

| QU, for all z such that z-n <,
Vy(z) = { U, for all z such that z-n > s,

where Q € SO(3), 1,7 € {1, ... ,4}, n € R%, n # 0, and s € R, if and only if there exists a € R® such that

QU,=U, +a®n. (2.9)
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Thus, if (2.9) holds for a # 0, then z n = s is an interface plane; and we say that the two wells U, = SO(3)U,
and U, = SO(3)U, are rank-one connected.

The following lemma (which is a special case of Proposition 2.2 in [4]) will be used to construct rank-one
connections for the tetragonal to monoclinic transformation that result from the two-fold rotations in the
symmetry group. This lemma can be verified by direct substitution into (2.9).

Lemma 2.1. Assume that U,, U, € R3*3 are positwe definite and symmetric, that there emsts a unit vector
m € R3, and a rotation R(m,m) € G such that

U, = R(m,m)TU, R(m, m). (2.10)

Then there exist ezactly two solutions to (2.9), up to the scaling of a and n by any nonzero constant p € R,
gwen by

a= 2 ———]_1 U = Q = R(m, U 'n)R(n, m)
= - -Um|, n=pm, = nfm, M),
P |1}J“1'm|2 ’ d J
and
a=pUm, n=-|m- , Q = R(m,a)R(m,m).
! p |U;m|?

The first solution given in Lemma 2.1 determines a type I tunn and the other solution determines a type II
tunn [2,38]. For either type of twin, we call the planes z - n = s tuan planes. If a twin is both a type I twin and
a type II twin, then it is said to be a compound tusn. The following easily proven identities give type I twins

and type II twins by the above lemma.

Lemma 2.2. The two-fold rotations defined wn (2.3) act on Uy, .

.., Uyg wn the follounng manner:

Case 1: R{UlRl = RgUle = UQ, R§U2R5 = U4,
RIU\R, = Uy, RIUzR4 = Us,
RIURy = Uy, R{U3R, = Us,
R§U1R5 = Us, RYUsR; = R§U3R3 = Uy,
RYU R, = Us, RTU4R, = U,.

Case 2: R{UlRl = RgUle = Ug, RZU2R4 = RgUQRs = U4,
RTU\Rs = U, RTU3R; = RTU3Ry = Uy,
RIU\Ry = RYULRs = Us, RgUgRg = Us,
RIU,R3 = Uy, R§U4R3 = Uy.

Case 3: RTUlRl = U4, RgU2R3 = RZU2R4 = U4,
RTU Ry = Uy, RTU,Rs = Uy,
RIU1Rs = RTUR; = U3, RIU3Ry = Uy,
RTURy = U, RTU3R4 = Us,
RTU,R, = Us, RTU4Rs = Uy.

We next use the above lemma to give the following result classifying all possible rank-one connections for the

tetragonal to monoclinic transformations. We note that for Case 2 there exist rank-one connections that are
neither type I nor type II. The interfaces separating such rank-one connections are sometimes called doman
interfaces rather than twin interfaces [20], and we shall maintain this distinction below.
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Lemma 2.3. For Case 1, Case 2, and Case 3, we have:

1. For each v € {1, ... ,4}, the energy well U, 1s not rank-one connected to tself.
2. For any i,j € {1, ... ,4}, with 1 # 3, there are exactly two solutions to the turnning equation (2.9). The
characterization of the solutions to (2.9) s gwen wn Table 1 where
62 — 62 — 92 -4
€1 = 2 L 4 72 Czarctan(sl% 2,
[2(63 - 62 — 62)° + 463(61 + 64)?] ‘
and
_ 2mn3 — 03
2= o2 2]1/2
[(2771773 —n3)" +ng (m +n2 — ) ]
Alternatwvely,
1/2 1/2
cos ¢ [1 %4 -| 8 n |V1 — ]
- = — . 1 — —_— .
2 ’ 2
Tt oo e

Proof. There do not exist Ry, R; € SO(3) with Ry # R; and a, n € R®, a, n # 0 such that [2,28]
Ri=Ry+a®n.

Hence, for each 2 € {1, ... ,4}, the energy well U, is not rank-one connected to itself.

By Lemma 2.2, all of the interfaces in Case 1 and Case 3 and all but the (¢,7) = (1,4) or (z,7) = (2,3)
interfaces of Case 2 satisfy (2.10). Hence, Lemma 2.1 can be applied to obtain the solutions to (2.9).

To compute the interface normals for (z,7) = (1,4) or (1,7) = (2, 3) in Case 2, we recall from Lemma 5 in [28]
that n = (u1, 42,0), n # 0, is an interface normal if and only if

|Uv| = |U,v|
for v = (—pa2, 1,0). a
In the following, we will be interested in a simple laminate. We fix 2,7 € {1, ... ,4} with ¢« # j, and @, a,
and n with a, n # 0 that satisfy the interface equation
QU,=U, +a®n. (2.11)
For any fixed A # 0, 1, we denote
Fy=2QU,+(1-NU,=U, + X a®n. (2.12)

Then we have the following lemma.
Lemma 2.4. For any ) ¢ (0,1), we have that Fx ¢ U.

Proof. 1t is proved in Lemma 2.3 of [6] that F) ¢ U if (2,7) is a type I or type II twin. This proves the theorem
in Case 1 and Case 3.
We next consider Case 2. If F € U, then

AQU, + (1 — N)U, = RU;
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TABLE 1 Characterization of the solutions to (2 9)

CASE (2,7) TYPE OF TWIN INTERFACE NORMALS
(1,2) compound ny =e;
compound ng = e3
(3,4) compound ny = eg
compound ng = e3
(]., 3) I €1 — €2
CASE 1 Il (—e1,—€1,1/1 — 262)
(1’ 4) I e1 + ez
I (—€1,€1,/1 — 2€%)
(2, 3) I €1+ e
1I (€1, —€1,/1 — 2¢2)
(2, 4) I €1 — €y
II (61,61,\/1—26%)
(1,2) compound ny = ey
compound e1
(1,3) compound n] =e; — e
compound e+ e2
(2,4) compound ny =e; + e
CASE 2 compound e1 — €y
(3,4) compound ny =e;
compound €
(1,4) domain (cos —g‘, —sin %, 0)
domain (sin %, cos §,0)
(2,3) domain (cos %, s 3, 0)
domain (sin %, — cos g, 0)
1,2) i e
I (62,0, —/1 — €2)
(1,3) compound ny =es
compound ng = €1 — €3
(1, 4) 1 €1
CASE 3 i (0,2, /1 —€2)
(2, 3) 1 ()
1 (0, —e2, /1 — €2)
(2,4) compound ny =e3
compound ng =e1 + e
(3,4) I e
1 (62,0, /1 — €2)

for some 2 # j and k € {1,

669

,4} Then by the nterface equation (2 11) we have

QU, + (1 —Na®n = RUy, (213)
U, +Xa®n= RUg

If Kk =1 or k = ), then (2 13) umphes that the energy well U, or U, 1s rank-one connected to itself This
contradicts Lemma 2 3 If k£ 5 2 and k # 3, then (2 13) implies that an interface normal for (z,7) 1s the same
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as an interface normal for (2, k) and (7, k). This contradicts the table of interface normals for Case 2 given in
Lemma 2.3. a

We shall assume that the energy density ¢(F) satisfies the growth condition
#(F) > C1||F||P = Cy for all F e R3*3,
where Cy and C; are positive constants independent of F' € R3%3 and where we assume p > 3 to ensure that

deformations with finite energy are uniformly continuous [1]. We can then denote the set of deformations of
finite energy by

W? = {y e CO(4R%): / #(Vy(z)) dz < oo},
Q
and we can define the set A of admissible deformations as
A={ye we . y(z) = yo(z) for all z € 9N} (2.14)
where
yo(z) = Fhz forallz € Q.

We can prove the following lemma by constructing laminates with length scale converging to zero whose defor-
mation gradients oscillate with volume fraction A at QU, and 1 — X at U, [12,28].

Lemma 2.5. Let A be defined as in (2.14). Then the total energy E(y) satisfies
inf £(y) =0.
Inf £(y)
3. REDUCTION TO THE APPROXIMATE MIXTURE OF TWO STRAINS

Recall the definitions (2.5) and (2.14) of 7 and A, respectively. For each k € {1, ... ,4} and each y € A, we
define

Q(y) = {z € Q: n(Vy(x)) € Ux}

and the volume fraction with respect to the k-th energy well U, to be

__ meas Qi (y)
Te(y) = meas )
Since every z € 2 is in Qk(y) for some k& € {1, ... ,4}, we have that
4
d my)=1 forallye A (3.1)

By the rank-one connection (2.11) and the definition of F
Fx=2QU,+(1-\NU, =U, + X a®n, (3.2)
we have that

|Fyw| = |U,w| = |U,w| for all w € R®, w-n =0. (3.3)
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Since det(QU,) = det U, > 0, we have that Uj_la -n = 0. Hence, we have that
Cof F = (CotU,) (I — An® U, *a) (3.4)

where the cofactor of a nonsingular A € R3*2 is defined by Cof A = (det A)A~T. We then obtain from (3.4)
that

|(Cof Fy)w| = |(Cof U,)w| = |(Cof U, )w| for all w € R3, w - Uj_la =0. (3.5)

We next recall that since the subdeterminant of the gradient is a null-Lagrangian [17], we have for y € A that

/Vy(w) dmz/F)‘ dz,
Q Q

(36)
/ Cof Vy(z) dz = / Cof F dx.
Q Q
Finally, we note that it follows from (2.4) that
/ IVy(z) — 7 (Vy(2))|® dz < ™ 1E(y) for all y € A. 3.7)
Q

The following result is proved in more detail in [6] for the cubic to orthorhombic transformation. In the estimates
below, C will denote a generic positive constant that is independent of y € A and is allowed to change from
equation to equation.

Lemma 3.1. Gwen 1,7 € {1,...,4}, @ € SO(8), and a,n € R, a,n # 0 satisfying the turnning equa-
ton (2.11), there exists a constant C > 0 such that for anyy € A

nw) = Y ) (IFawl® - [Uswl?)

< Zz’(]y)l/? forallw eR®, |w|=1, w-n=0, (3.8)
p2(y;w) = kZ 7(y) [| Cof (Fx)w|* — |(Cof Ux)w|?]

< ;[;(y)1/2 + 5(y)] foralweR3, |w|=1, w-U, 'a=0. (3.9)

Proof. We have by (3.1) and (3.6) that for any w € R® with |w| =1

4
pr(yw) =Y 7i(y) (IFaw]® — |Usw|?)

=

- me;sQ /Q [lFA"”F - |7T(Vy($))w|2] dz

=~ et /Q‘ (B = n(Oy@)]w| do (3.10)
 meas 0 /Q [Vy(z) = n(Vy(z))]w - Faw dz

< oo /. [99(@) — (Vy(a))] w- Frw da.
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We obtain from the Cauchy-Schwarz inequality and the above mequality (3 7) that

[ 1V(@) = n(Vy(@)lw Frw da| < CE@)?
Q
So, 1t follows from (3 10) that for all w € R® with |w| =1
Py, w) = ZTk (IBxwl? = |Usw|?) < CE(y)*? 311)

The result (3 8) then follows from the above mequality (3 11) and (3 3)
Next, we obtain similar estimates for the cofactor We have from (3 1) and (3 6) that for any w € R3, |w| =1,

p2(y,w) = Zrk ) [I( |(Cof Fx)w|? — |(Cof Uy)w] ]

|(Cof Fa)w|? — |(Cof n(Vy(@))w|?| da

2

meas

- meisQ /Q [Cof Vy(z) — Cof n(Vy(z))]w (Cof Fy)w dx

/[Cony(:z:) Cof n(Vy(z))]w (Cof Fx)w dz

Letting F(z) = Vy(z) for z € Q, we have that F(z) = (Fgi(z)) € L2(Q,R3*3®) Now 7(Vy(z)) € U for all z € £,
so if we set P(z) = n(Vy(z)) for z € Q we have that P(z) = (Px(z)) 1s uniformly bounded 1n L*=°(Q, R3*3) for
all y € A We have for any k, [, p, g € {1,2,3} that

FyiFpqg — PraPpg = (Frt — Pri)Ppq + Pri(Fpq — Ppq) + (Fki — Prt)(Fpg — Pg)

Hence, we have by the Cauchy-Schwarz inequality and (3 7) that

/Q | (Cot Vy(z) — Cof m(Vy(@))] | dz < O [£w)/2 + £(v)] (3 13)

Thus, we have from (3 12) and (3 13) that

4
p2(y,w) = ;Tk(y) [1(Cof Fa)w|* — [(Cof Uy)wl?] (314

<C [6(y)1/2 + s(y)] for all w € R3, |w| =1

The result (3 9) then follows from the above inequality (3 14) and (3 5) d

We will use Lemma 3 1 to establish the following imnequahty for all material parameters not satisfying certan
1dentities

n(y) < C [5@)1/2 + g(y)] forallke {1, ,4\{s,s}andallye A (3 15)
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We will also give conditions on the material parameters 6,, §,, and 7, under which this inequality cannot be
established. This, in turn, will lead to uniqueness or nonuniqueness of the Young measures associated with
energy minimizing sequences of deformations, which we discuss in the next section.

Theorem 3.1. Assume that ¢ satisfies (2.1), (2.2), and (2.4), Fx 1s defined as i (2.12) with A € (0,1), and
A 1s defined by (2.14).
Case 1A: Suppose (1,7) wn the defination of F determanes either of the compound twins with n = n,.
Then (3.15) holds for all the parameters 0,, except those that satisfy

63 (63 +03) = (6:05 — 03)", (3.16)

wn whach case (3.15) does not hold for A =1/2.
Case 1B: Suppose (1,7) wmn the definition of F) determanes either of the compound twins with n = no.
Then (3.15) holds for all the parameters 6,, except those that satisfy

03 = 0% + 63, (3.17)

wn whach case (3.15) does not hold for A =1/2.

Case 1C: Suppose (1,7) and n wn the definition of Fy determane any of the remawning type I or type II tunns.
Then (3.15) holds for all the parameters 6,.

Case 2A: Suppose (1,7) n the defination of Fy determunes any of the four compound turns with n = n.
Then (3.15) holds for all the parameters §,.

Case 2B: Suppose (1,3) wn the definition of F determines any other tunn than those in Case 2A above.
Then (3.15) does not hold for any choice of the parameters 9,.

Case 3A: Suppose (2,7) wn the definition of Fy determanes esther of the compound twins with n = n,.
Then (3.15) holds for all the parameters 7,, except those that satisfy

2mns = n;, (3.18)

wm which case (3.15) does not hold for A = 1/2.
Case 3B: Suppose (1,7) wn the definition of Fy determines any other twwn than those in Case 3A above.
Then (3.15) holds for any choice of the parameters 7,.

Proof. Case 1A. Assume that (2,7) = (1,2) and n = e;. Since this is a compound twin, it follows from
Lemma 2.1 that U, 'a is parallel to e3. Let s,t € R be such that w = (s,¢,0)7 has unit length. Then using
Lemma 3.1 we have

payiw) = (s2 =) (03 (63 +63) — (6105 — 03)°) [rs(v) + a()]

C lew) 2 +£w)] .

IN

If (3.16) does not hold, then we can choose s and t such that
2 _ 42y (p2 (p2 4 p2 2\2
(52— 1) (63 (63 + 63) — (0105 — 63)°) > 0.
Therefore,
m3(y) + Tay) < C [E(@)2 + E(y)} for 63 (63 + 67) # (6265 - 63)"

Let us now assume that (3.16) holds. We show that if A = 1/2, then we can construct a sequence {y,} C A of
deformations whose energy converges to 0, but the volume fractions 73(y,) and 74(y,) converge to 1/2.
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Using Lemma 2 1 and the transformation matrices (2 6), we obtain after a series of calculations that
26 s
@= T 0
3T0y 65

o 294(91 +03) >0

where

Using the fact that

F\=Uz+ da®ey,

we obtain
o(N) 0 (2x-1)¢6
FIF)\ = 0 62 0
2x—-1)& 0 62 +62
where
2 2 ?
0’()\) = 01 + 64 + 4)\()\ — 1)0%T9z

Recall that R¥U; Rs = Us and R¥UsR5 = Uy, so that
QU —Us=0a®e;
18 equivalent to
QUs —Us=—-Rsa® ey
with Q = RTQRs Setting

Gx = MQUs + (1 — \)Uy = RFF\Rs,

62 0 0
Gfay=1| o (N 2 x-1s |,

0 2A\-1)6 6%+62

we have

and we conclude that
GTGy=FFIFy, ifandonlyf XA=1/2 and o(\) = 62

However, 1t 15 easy to check that (1/2) = 63 1s equivalent to (3 16) Therefore, if (3 16) holds, then F}/ =
QG, /2 for some @ € SO(3), and hence we can construct a sequence of deformations {y,} C A with £(y,) — 0
such that the volume fractions 73(y,) — 1/2 and 74(yn) — 1/2 [12,28] This proves that (3 15) cannot be
proven if A =1/2 and (3 16) holds

The proof for case (1,7) = (3,4) and n = e, follows by symmetry since RZ Uy Rs = Us and RIUyRs = Uy
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Case 1B. Consider the case (2,7) = (1,2) and n = e3. Let s,t¢ € R be such that w = (s,¢,0)7 has unit
length Then we have

ply;w) = (s°—t%) (65 + 62 — 03) [r3(y) + 1a(y)]
CE(y)'/?

IN

which leads to
m3(y) + 1a(y) < CEW)Y?  for 62 # 62 + 62

Proceeding now as 1n the previous part, we can define G = RgFAR5 which corresponds to the compound twin
with (z,7) = (3,4) and n = e3, and again we conclude that

GYGy = F{F, ifand only if X=1/2and (3.17) holds,

leading again to a sequence of deformations {y,} C A with £(y,) — 0 and the volume fractions 73(yn) — 1/2
and 74(yn) — 1/2.

The proof for case (2,7) = (3,4) and n = e3 again follows by symmetry since RZ U1 Rs = Us and REUxRs =
Uy.

Case 1C. Consider first the case (z,7) = (1,3) and n = e; — ea. Let s,¢ € R be such that w = (s, s,¢)7 has
unit length and st > 0. Then we have since 6 > 0 that

pi(y;w) = 4sta[ra(y) + Ta(y))
< CEy)?,

leading to
72(y) + 1a(y) < CE(y)'/%.
Next let (z,7) = (1,3) and n = (—e1, —€1,1/1 — 2¢2). Since this is a type II twin, it follows from Lemma 2.1

that U3_1a is parallel to e; — ea. Let s, € R be such that w = (s, s,t)7 has unit length and st < 0. Then we
have

p2(y;w) = —4st663 [ra(y) + 1a(y)]
Clew)? +ew),

AN

leading to

() +7aly) < C [EW)2 +E@)].-

The proof for cases (1,7) = (1,4), (2,7) = (2,3), and (z,7) = (2,4) follows from symmetry since RY U1 R, = U,
and RgU;;Rz = U4, R{UlRl = U2 and R{UgRl - U3, and RgUle = U2 and R?;U:;Rg = U4.
Case 2A. Assume first that (z,7) = (1,2) and n = e2. We evaluate p1(y; e1) to get

[r3(y) + 7a(y)] (63 — 63)
CE(y)/?,

Il

p1(y;e1)

IN
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leading to

73(y) + Ta(y) < CE(W)'?,
since we assumed 61 > d >0

The proof for case (z,7) = (3,4) and n = e; follows by symmetry since RI U1 Ry = Us and RTUxRy = Uy
Assume next that (2,7) = (1,3) and n = e; — e2 Let w = (e; + e3)/v2 Then

It

[T2(y) + 74(y)] 204 (61 + 62)
CE(y)'/?

p1(y, w)

IA

leading to

T2(y) + 1a(y) < CE(Y)*/?

The proof for case (z,7) = (2,4) and n = e; + ez follows by symmetry since RT Uy Ry = Uz and RTUsR; = Uy

Case 2B. In this case, the energy wells given by the transformation matrices in (2 7) are essentially two-
dimensional, so the results given by Bhattacharya and Dolzmann i Example 7 3 in [5] give a proof of the
assertion 1n Case 2B For completeness, we give a modified version of their proof here

We set 6 = det U, and consider the set C of symmetric positive definite matrices with determinant equal to
82, of the form

Cn Cia 0
C=]| C2 Cy O
0 0 &2

Then there 1s a one-to-one correspondence between C and R? given by
C — (C11 — C2,2Cy3), (319)
and we shall implicitly assume this correspondence in what follows Under this map,

UP e (67 = 03,204(61 + 82)), U3 > (87 — 63, —264(61 + 82))
U3z > (85 — 63,264(61 + 62)) UZ — (83 — 0%, —204(51 + 62))

Similarly as for the energy wells U,, we define rank-one connections between sets V; = SO(3)V; and Vo = SO(3)V;
where V4, Vo € R3*3 We say that V; and V, are rank-one connected if there exist Q € SO(3), a € R3, a # 0,
and n € R3, n # 0, such that

RQVe=Vi+a®n

Note that if detV; = detVa, then V; 'a n = 0 and det(AQVa + (1 — \)V3) = detV; Note also that if V4
and V5 are symmetric positive definite, we can 1dentify V; with V2 and Vs with Vi and, abusing the language
shightly, talk about rank-one connections between V> and V2, and i particular, between elements of C, or,
correspondingly, between poimnts in R? under the 1dentification (3 19)

Consider now two distinct symmetric positive definite matrices A, B such that A2, B2 € C It then follows
from Lemma 5 1n [28] that there exist two rank-one connections

RB=A+a®n
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FIGURE 2. The curves of rank-one connections for compound twins with n = ny must lie in
the mterior of D

such that n-e3 = a-e3 = 0, and Q = R(«, e3) for some a € R. This implies that A='a-n = 0, and we can write
QB = A(I+snt®n)
for some s € R, where n* = R(7/2,e3) n. Thus,

B*=A?+s(A%t @n+n® A%nt) + 2|AntPn®n (3.20)
and we conclude that two matrices in C are rank-one connected if and only if they lie on a quadratic curve
parametrized by (3.20) for s € R.

We define the vertex of a parabola to be its point of maximum curvature. We also define its axis to be the

half-lne interior to the parabola that extends from the vertex to infinity. Writing n = |n|(cos,sin6,0) and
letting A = A% and B = B2, we have

Bi1 — Boy = Ay — Aoy + s]n|2 (214112 — (fin + /122) sin 20) + .32|n|2lAnll2 cos 20,

2B15 = 2415 + 2s[n|? (/122 cos?f — Ay sin® 0) + s%|n|%|Ant|? sin 26
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J ’
|

G 2

U, G
FIGURE 3. There is a curve of rank-one connections through any G € D that intersects two of
the parabolic curves that bound D.

FIGURE 4. The curve of rank-one connections for domain interfaces must lie in the interior of D.

where |An1|? > 0. It can be seen that in the (C1; — Ca2,2C)2)-plane this curve is a parabola with axis in the
direction (cos26,sin 20) We note that this curve cannot cross any point G € C twice since otherwise G would
be rank-one connected to itself. We can also see that this curve does not degenerate since

(2A12 - (2111 + 1‘122) sin 29) sin 20 # 2 (17122 cos? 6 — Ay sin® 9) cos 20,

for any positive definite matrix A € C. Therefore, the four rank-one connections from Case 2A corresponding
to compound twins with n = n; (see Lemma 2.3 for definition of n;) determine a closed curve through the
U2,1=1,...,4, in the (C1; — C22,2C12)-plane consisting of four parabolic segments bulging out of the domain
D they are bounding (see Fig. 1).

The other four compound twins with n = ny determine parabolas through the corresponding U2 with
axes pointing in the opposite direction to the axis of the curve of rank-one connections corresponding to its
compound twin system for n = n;. We claim that their vertices (thus the whole segments joining U? to sz for
the corresponding ¢ and 7) lie in D. Assume this is not so, that is, assume that there exists a compound twin
determined by U, and U, with n = no such that the vertex of the corresponding parabola does not lie in D. We
visualize this example in Figure 2 for the parabolic curve of rank-one connections connecting U? and UZ with
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ng = e; + ey corresponding by Lemma 2.1 to
(Us + Aaz ® n2)T (Us + daz @ ng) € C
where

U3_1’I'L2

ng=-e;+e ay = 2———"
2 1 2 2 lUs—l’n,zlz

- U3n2 .

In this case, we suppose that the parabola intersects the curve of rank-one connections connecting U2 and U3
with n; = e; + e at a point

G1 = (Us + dag ®n2) T (Us + Xag ® np) € C
for 0 < A < 1. For an admissible space of deformations
A={ye W?:y(z) = yo(z) for all z € N}

where

yo(z) = Gz forallz € Q,

we can then construct a sequence of laminated deformations {y,} C A with £(y,) — 0 such that the volume
fractions 71 (yn) — A # 0 and 73(y,) — 1 — A # 0. This contradicts the result in Case 2A that since Gy lies on
the curve of rank-one connections connecting U2 and U? with n; = e; + ez we must have that 71(y,) — 0 and
73(yn) — 0.

Next, we let G € C be a point in the interior of D, and we then construct a sequence of deformations {y,} C A
for

A= {yeW?:y(z) = yo(z) for all z € 80}
where
yo(z) =VGz forallz € Q,

such that £(y,) — 0 and 7x(yn) 7 0 for each k € {1, ... ,4}. This result then provides a proof of Case 2B for
the four compound twin families with 7 = ny. We define F = v/G and let

Fy=F(I+ vt ®v)

for some v € R3, v # 0. This determines a rank-one curve passing through G that intersects the boundary of
D at two points G and G2. If we choose v as in Figure 3 such that the axis of the parabola is in the direction
U2 — G for some i = 1, ... ,4, then we know that the two intersections G; and G lie on different parabolic
segments of the boundary of D. We can now construct a sequence of deformations {y,} C A such that £(y,) — 0
and 7x(yn) 7 0 for those k for which U? participates in the rank-one connections for the parabolic segments
on the boundary of D corresponding to G; and G,. By rotating v we see that we can construct a sequence
{yn} C A such that £(y,) — 0 and 7% (y,) # O for every k € {1, ... ,4}.

Finally, if we show that the parabolic segments of rank-one connections extending from UZ to U2 and from
U2 to U2 also lie in D, the proof will be complete. However, if this were not so, there would exist a curve of
rank-one connections passing through a point G on a parabolic segment of the boundary of D, a point G; in
the interior of D, and a point G on one of the parabolic segments of rank-one connections extending from U2
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to U2 or from UZ to U2 (see Figure 4) However, we can see as above that this violates the result m Case 2A
for the boundary segment

Case 3A. Assume that (2,7) = (1,3) and n = e3 Let w = (s,t,0)T for s, € R be of umt length Then we
have

p1(y,w) = 4st(2mnz —n;) [r2(y) + 14(y)]
< CE@y)'?

Choosing the sign of st to be the same as that of 27,13 — 17, we conclude that

ma(y) + 7a(y) < CEW)Y?  for 2mms # 3

Assume now that 2m;m3 = 17 After a series of calculations, we then find that

25 m — 173
a=——o | —(m~-m)
(m +n3) —2m4
and
(m + 773)2 0 (2A-1)6
FTF) = 0 (m+ms)?  —(2X—1)5
2x-1)6 —-(2x—-1)5 o(N)
where
G =mna(m+mn2—m3)>0
and
) = 12 4207 + 8A — 1) — O
o(A) =12 + 272 + 8A(A — 1) ———
( ) 2 Ny (7’1 + 773)2

Recalling that RZU; Ry = Uy and RYUsRy = Uy, we define G, = RYF\Ry as m the pioof for Case 1 and
conclude that Gr{/zGl /2= F17}2F1 2 when (3 18) holds Therefore we can construct a sequence of deformations
{yn} C A with E(y,) — 0 and the volume fractions 72(y,) — 1/2 and 74(yn) — 1/2

The proof for case (1,7) = (2,4) and n = e3 follows by symmetry since R¥ U1 Ry = Uy and RJUsRy = Uy

Case 3B. Consider first the case (z,7) = (1,3) and n = e; — ez Since this 1s a compound twin, we have that
Us 1o 1s parallel to es Let s,t € R be such that w = (s,t,0)T has umt length and st < 0 We then have that

p2(y,w) = —dst(2(mmz —n2)(mens +n3) + ni(m +n3)?) [r2(y) + 7a(¥)]
< Clew? +ew)

Since we have n;m2 — 12 > 0, it follows that
ma(y) +7a(y) < C [EW)? + E)]

The proof for case (z,7) = (2,4) and n = e; + e follows by symmetry since R3 U; Ry = U and R Uz Ry = Uy
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Consider the case (2,7) = (1,2) and the type I interface n = e3. Let s,¢ € R be such that w = (s,0,t)T has
unit length and st > 0. We then have since 6 > 0 that

pi(y;w) = 4sta[ra(y) + 7a(y)]
< CEw)Y?,

leading to
3(y) +7aly) < CE(y)'/2.
Consider next the case (2,7) = (1,2) and the type II interface n = (g2,0,—+/1 — €3). Since this is a type II

twin, we have that U, 'a is parallel to es. Let s,t € R be such that w = (5,0,t)T has unit length and st < 0.
We then have that

p(y;w) = —4sts(m +n3)? [13(y) + 7a(v)]
Cew 2 +Ew)],

IN

leading to

73(y) +7a(y) < C [EW)? + EW)]

The proof for the interfaces for cases (z,7) = (1,4), (2,7) = (2,3), and (2,7) = (3,4) follows by symmetry since
RTU\Ry = U, and RIUsRy = Uy, R¥U1R; = Uy and RYUsR; = Us, and RYU1R3 = Us and R U, R3 = Uy.

O
4. THE STABILITY AND UNIQUENESS OF THE MICROSTRUCTURE
In the previous section, we proved the estimate
me(y) < C [5(3,)1/2 + S(y)] for ke {1,...,41\{t,7} and all y € A, (4.1)

for all of the tetragonal to monoclinic transformations except when the lattice parameters satisfy the identities
given in Theorem 3.1. We recall that

A={yeW?:y(x) = yo(z) for z € Q}
where
yo(z) = AQU, + (1 — \)U, |z for all z € Q.

The results in this section for the tetragonal to monoclinic transformations can be deduced from the inequality
(4.1) by the identical arguments used to deduce the results from (4.1) for the cubic to orthorhombic case [6]
by making the obvious modifications in the argument to change N = 6 to N = 4. For this reason, we state the
results given in this section without proof.

We also recall that the energy density ¢ is minimized on the union U of the four energy wells

U, =S0(3)U, ={RU, : R € SO(3)} fore=1,...,4,
and that ¢ is continuous and satisfies the growth condition

$(F) > k||F — 7(F)||? for all F € R3*3,
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We shall also assume that the lattice parameters do not satisfy the identities given in Lemma 3.1 so that the
inequality (4.1) holds.

Our first theorem in this section gives estimates for the derivative of the limiting macroscopic deformation
y in any direction tangential to the parallel layers of the laminate, for the 12 approximation of the limiting
macroscopic deformation, and for the weak convergence of the limiting macroscopic deformation.

Theorem 4.1. (1) For any w € R® such that w-n =0 and |w| = 1, we have
/ [[Vy(z) — Vyo(z)] w|® dz < C [S(y)lm + S(y)] for all y € A.
Q

(2) We have

/Q ly(z) — 2/0(115)|2 dz<C [S(y)l/2 + S(y)] for all y € A.

(8) For any Lipschitz domawn w C Q, there exists a constant C = C(w) > 0 such that

HJ(; [Vy(z) — Vyo(z)] dfl?” <C [c‘,'(y)l/8 + £(y)1/2] for all y € A.

The following corollary shows that the deformation gradients of energy-minimizing sequences of deformations
must oscillate with a length scale that converges to zero.

Corollary 4.1. There does not exist any y € A such that
E(y) = mi .
(y) = min £(2)
For fixed 7,7 € {1, ... ,4} with 2 # 7, we can definc a projection m,, : R¥*3 — 14, Ul by

IF —my(F)]| = min [|F-G| forall Fe R3%3,

We also define the operators © : R3*3 — SO(3) and II : R3*® — {QU,, U, } by the unique decomposition
Ty (F) = O(F)II(F)  for all F € R¥*3.

The following theorem proves that the deformation gradients of energy-minimizing sequences of deformations
must oscillate between QU, and U,.

Theorem 4.2. We have
[ 195(@) ~M@y@)I* do < C [6@) 2 +£w)]  forally € A
Q

For any subset w C 2, p > 0, and y € A, we define the sets

wy(y) = {2z € w: (Vy(z)) = QU. and ||Vy(z) — QU.|| < p},
wi(y) = {z € w: I(Vy(z)) = U, and ||Vy(z) - U,|| < p}.

The next theorem demonstrates that the deformation gradients of energy-minimizing sequences of deformations
must oscillate with local volume fraction A at QU, and local volume fraction 1 — A at U,. It also demonstrates
that the Young measure for this problem is unique [3,28] and is given by

v=MAgu, + (1 — )\)5[}3.
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Theorem 4.3. For any Lipschatz domawn w C Q and any p > 0, there exists a constant C = C(w, p) > 0 such
that for all y € A

et )W) - n| < [ew)e + £w ).

meas w meas w

meas w*
Wy) ,\| .

We now denote by V the Sobolev space of all measurable functions f : © x R3*3 — R such that
2
71 = [ { essup V@ Pl +192(e)nP + zf(x>2} do < %,
Q | Lrer

where zf : @ — R is defined by
2§(z) = f(z,QU,) — f(z,U,)  forallz € Q.

The final theorem in this section gives an estimate for the weak convergence of nonlinear functions of the
deformation gradient.

Theorem 4.4. We have

[ 176 9u() - P QU + (1= 0@, 0 da

< C|fllv [ (y)l/“ +&( y)1/2] forall f €V and all y € A.

5. THE FINITE ELEMENT APPROXIMATION OF MICROSTRUCTURE

The simplest finite element approximation of the variational problem

)

is given by

inf &(vp)

v EAp

where A;, is a finite-dimensional subspace of A defined for h € (0, ho] for some hg > 0. The following approxi-
mation theorem for the energy can be proven for the most widely used Py, or Q type conforming finite elements
on quasi-regular meshes, in particular for the P; linear elements defined on tetrahedra and the Q; trilinear
elements defined on rectangular parallelepipeds [6,12,23-25,27,28].

Theorem 5.1. For each h € (0, hy), there exists yp € Ajp such that
E(yr) = min &(zn) < ChY/2, (5.1)
ZrR €A

For the remainder of this section, we agam recall that the energy density ¢ is minimized on the union U of
the four energy wells

U, =SO3)U, = {RU, : R € SO(3)} fort=1,...,4,
and that ¢ is continuous and satisfies the growth condition

¢(F) > & ||F — n(F)||? for all F € R3%3,
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We shall also assume that the lattice parameters do not satisfy the identities given in Lemma 3.1 so that the
results of the previous section hold. In this case, the following corollaries for the finite element approximation
follow directly from the above estimate for the approximation of the energy (5.1). We assume below that
yn € Ap is a finite element approximation satisfying the quasi-optimality condition

E(yn) <o inf &E(z) (5.2)

zp€Ap

for some constant ¢ > 1 independent of A.

Corollary 5.1.
(1) There ezists a positive constant C such that for any yn € Ap satisfying (5.2) we have

/Q|yh($) — yo(z)|? dz < ChY/*
and
/:z [Vyn(®) — (Vyn())||* dz < ChY™.
(2) For any w € R® such that w-n =0 and |w| = 1, we have
/Q [Vyn(@) — Vyo(@)] w|* dz < Ch!*

for any yn, € An satisfying (5.2).

(3) If w C Q is a Lipschitz domain, then there exists a constant C = C(w) > 0 such that for any yn € Apn
satisfying (5.2) we have

< ChM18,

[ 1Vn(z) - Vio(a) do

Corollary 5.2. (1) If w C Q is a Lipschitz domain and p > 0, then there exists a constant C = C(w, p) > 0
such that for any yn € Ap, satisfying (5.2)

i ' j !
measwy(yn) /\] L memsenlun) )y < omirs,
meas w meas w

(2) We have

\ [ 156 Vun(a) ~ 07, QU + (1= N U] da] < Ol

for any f € V and any yn € Ap satisfying (5.2).
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