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. MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
mﬂ MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol 32, n° 5, 1998, p 631 a 649)

FINITE VOLUME BOX SCHEMES ON TRIANGULAR MESHES (*)

B. COURBET (') and J. P. CROISILLE (?)

Abstract — We wntroduce a finite volume box scheme for equations in divergence form — div (¢(u)) = f, which 1s a generalization
of the box scheme of Keller As in Keller’s scheme, affine approximations both of the unknow u and of the flux ¢ are used in each cell Although
the scheme 1s not variationnal, finite element spaces are used. We emphasize the case where the approximation spaces are the nonconforming
P 1—space of Crouzeix-Raviart for the primary unknown u, and the dvergence conforming space of Raviart-Thomas for the flux ¢ We prove
an error estimate in the discrete energy seminorm for the Poisson problem Finally, some numerical results and implementation details are
given, proving that the scheme 1s effectively of second order. © Elsevier Paris

Key words Box-method - Box-scheme - Finite volume scheme - Fimte-element method - Mixed method - Raviart-Thomas element -
Crouzeix-Raviart element - Poisson problem
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Résumé — Nous wntroduisons un schéma boite de type volume fimi pour les équations sous forme divergence — div (p(u)) = f, qu
est une généralisation du schéma boite de Keller Comme dans le schéma de Keller, une approximation affine est utilisée dans chaque cellule,
a la fois pour I"inconnue u et pour le flux ¢ Bien que le schéma ne soit pas sous forme variationnelle, on utilise des espaces d’éléments
Jfimis Nous décrivons plus particulierement le cas ou les espaces d’approximation sont 1’espace P' non conforme de Crouzeix-Raviart pour
I'inconnue primale et l’espace div-conforme de Raviart-Thomas pour le flux ¢ Nous prouvons une estimation d’erreur en semi-norme
d’énergie discréte pour le probléme de Poisson Finalement, la nise en ceuvre de la méthode ainsy que quelques résultats numériques sont
présentés, prouvant qu’elle est effectivement d’ordre 2 © Elsevier Paris

1. INTRODUCTION

In a fundamental paper [17], H. B. Keller introduced the notion of box-scheme for parabolic equations. For an
equation in divergence form, the main idea is to take the average of the conserved quantities on boxes defined
from the mesh, in order to use only interface unknowns. The discretized equations form a so called compact
scheme, in the sense that the local stencil of dependence of the scheme is reduced to the local “box”.

The box-schemes of Keller have been applied by several authors [13, 18] to non-standard parabolic equations,
for example with moving boundaries, owning an integro-differential part, or involving constraints in some part
of the domain. The results clearly demonstrate that the box-schemes are at least as good in precision than standard
finite difference or finite element methods.

The box-schemes have been also used in some works 1n the 80’ for compressible flows computations (Euler
or Navier-Stokes equations). These schemes have indeed many interesting properties for the approximation of
complex flows. They are conservative and of good accuracy for stationary solutions on relatively poor meshes.
The matrices resulting from the discretization are compact and of simple structure on structured grids. Moreover,
there are no edge-gradient interpolation problems as in the cell-centered finite-volume approach. We refer to
Casier, Deconinck, Hirsch [6], Wornom [24, 25], Wornom and Hafez [26], Chattot and Mallet [7], Courbet [9,
10], Noye [22].

The aim of this paper is to introduce in a rigorous way a class of finite volume box-schemes on triangular
meshes for equations in divergence form, like V. ¢ =f, where the flux ¢ is given by a closure relation like
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632 B COURBET and J. P. CROISILLE

¢ = F(u, Vu). The main interest of the new scheme is to allow an affine cell approximation both for the function
u and for the flux ¢, in the framework of a finite-volume method defined onto the primary mesh. This is clearly
an important property when the closure model is complex. A typical example is when a large variation of the
diffusion coefficients occurs within a cell, for example in boundary layers. The basic principles of the scheme are,
firstly to remark that choosing the boxes as the primary triangular mesh gives the good number of equations [8],
secondly to introduce a formulation mixing two types of standard finite element spaces: the nonconforming
P! element of Crouzeix-Raviart [11] for the primary unknown, and the divergence-conforming element of
Raviart-Thomas of least order (RT,)) for the gradient [23]. The resulting scheme seems to be new. In particular,
it is different from the classical mixed finite element approximation [23], which is variationnal, and insures the
equality between unknowns and equations by a Babuska-Brezzi condition. It is also different from the box-scheme
of Bank and Rose [1], also studied by Hackbusch [15]. This latter scheme remains basically variationnal and
requires the construction of boxes as a dual mesh of the primary one. This is also the case in the covolume
approach of Nicolaides [19, 20, 21]. Let us point out finally the recent works by Farhloul and Fortin [14], and
by Baranger, Maitre, Oudin [2] on the connection between finite volume and mixed finite element methods. See
also the work by Emonot [12].

In the present paper, we restrict ourself to the presentation of the scheme onto the Poisson problem, i.e. when
¢ = Vu. The outline is as follows. After the introduction of the scheme in Section 2, we study in some details
the particular case where the discrete spaces are the nonconforming P! space and the RT,, space in Section 3. An
error estimate in the energy semi-norm is derived. Finally we give in Section 4 some implementation details
together with some numerical results, before to conclude in Section 5.

2. THE PRINCIPLE OF THE SCHEME

Let us introduce the scheme on the Poisson equation

{—Au:f in Q,
@ \u:0 onto 042 ,

where 2 < R? is a bounded domain. The equation can be recasted in the mixed form with unknowns # and
p=Vu.

V.p+f=0 inQ
2) p—Vu=0 inQ
u=0 onto 942 .

The problems (1) and (2) are equivalent and have a unique solution (u,p) € (H(l)(.Q) NH(Q), (H 1(Q)z)
when fe L?(Q) and when Q is convex or has a smooth boundary. Let J, be a mesh consisting of triangles K,
such that Q= U K with max d(K)p(K) < C, where C is a constant independent of h, and d(K),

p(K) are the dlameter of K and the diameter of the inscribed circle in K. We suppose that d( K) < h. We note
|K| the area of K, A=A U A, the set of the edges of J, constitued of the internal edges A, and the boundary
edges A,. The number of tn'angles is NE. The number of internal edges, boundary edges are NA,, NA, and the total
number of edges is NA =NA + NA,.

We approximate u by u, and p by p,, where u, € V,, and p, € Q,, V, and Q, being approximation spaces of
finite element type. The consistency with (2) is not ensured in variationnal form but by the equations

(3a) (V.p, +f1,)=0 VKe T,
3) (3b) (p,—Vu,,1,)=0 VKe J,
(3¢) u,=0 on 3Q2 .
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FINITE VOLUME BOX SCHEMES 633

(3) is a finite volume method in that the trial functions 1l are indicatrices of the cells K € J,. The equation (3a)
can be rewritten as

“4) f py-v+ |K|fx=0,
oK

J. fis the average of f(x) on the triangle K. Thus, (3a) appears as a conservation law. Moreover
K

where f; = %l
the equation (3b) ensures in a weak sense the equality of Vu, and p, in the triangle K.

3. THE CASE V, = NON CONFORMING P', @, =RT,

3.1. The approximation spaces

We present in this section the standard approximation spaces of our scheme namely that where V, is the non
conforming P’ finite-element space of Crouzeix-Raviart, and Q, the Raviart-Thomas space of least order (denoted
RT,). Recall that both spaces occur in classical finite element approximations of the Poisson equation, but not
simultaneously. The non-conforming P! space is introduced in [11] for the Stokes problem, and can be used for
the Poisson equation. No approximation of Vu is required. On the other hand, the space RT} is introduced in [23]
for the approximation of Vu in the Poisson equation in mixed formulation, but the Babuska-Brezzi condition
requires the Po-approximation of u (i.e. constant in each triangle). For a good synthesis on these approximations,
we refer to Braess [3], Brenner and Scott [4], Brezzi and Fortin [5].

Let us recall the definition of these two spaces. The space V, is defined by

V,={v,/NK e J,,v,|x € P,(K),v,is continuous at the middle of each e € 9K} .

In other words, if a € dK; N 3K, is an edge of I, and m, the middle point of a, v, |, (m,) = v,|,(m,). We
denote by (p,(x)), . 4 the canonical basis of V,, that is, the dual basis of the global degrees of freedom L, defined
by (L, v,)=v,(m,). We have (L,pAx))=0, for a, a’e A. If u(x)= X u,p,(x), the restriction of
u, to the triangle K is given by acd

uh('x)lK: 2 uepe(x) ?

eec 9K

where p,(x) =1 -2 Ai(x), Ay(x) being the barycentric coordinate of x with respect to the vertex S, opposite
to e in the triangle K. Note that Vp (x) = |_K— v,

Moreover, we denote by V, , the subspace of the u, € V, such that u, = 0 for each edge a € A,.
The space Q, is defined by

0,={g,(x)e H, (2)VKe T, q,(x)|xe RT,(K)}

1

x
where, for each Ke J,, RT(K)= PO(K)2 + Py(K) l: 2] (dimRT,(K)=3). The constraint
x

g,(x) e Hy (L) is equivalent to the continuity of the normal component g,.v, through each edge
a=K NnK, If a=e in K| and a=¢"in K,, we have

) gh|K1(x).ge+gh|K2(x).ge,=0, Vxe a.

vol. 32, n° 5, 1998



634 B COURBET and J P CROISILLE

195

Vet

Figure 1. — A triangle of J, .

The global degrees of freedom of Q, are the linear forms L, a € A, defined by the circulation of g, along the
edge a

(L,q,)= f g, - v, do (circulation of g, along the edge a) .

a

The canonical basis of Q, (dual basis of ((L,), . ,) is given by
Ea(x) = BK] e(x) HKI(X) - BKZ; e’(x) ]le(x) 5

where a is oriented from K, towards K,, a=e¢ in K, a=¢"in K, Note that this orientation of a gives
v, =V, For each K€ J,, and each e € 9K, the polynome P , is defined by
1

1
X —)Cs

1 1 .2
_IfK,e(x)=—2|K| l:xz_xgjl, Vx=(x,x")e K.

1
: . |a] . ‘
Moreover, if g, € Q, is globally decomposed onto the basis (P,), . , in the form

Note that, for xe a, P (x).v,=
2,(x)= > q,P(x),
ac A

M? AN Modélisation mathématique et Analyse numérique
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FINITE VOLUME BOX SCHEMES 635
then the local decomposition of g,(x) |, onto (P ), . s« is
3.(x) 1= 2 4. P (%)
ee 3K

where g, = g,k . if the global orientation of e is from K = K, towards K,, and g, = — ¢,(x . in the opposite
case.

Finally, g,(x) |, admits also a useful representation in the form ([2])
(©) . (%) |x =gk + |K[(V . g,)g Pe(x)

where g, = [_Il(l J;( g, (V.q,)g is the constant value of V.g, in K, and P,(x) is the polynome of first order

2
ee oK X —Xg

x' = x;
EK(x):%Efe(x)=2|1—K|[ g], Vxe K.

3.2. The discrete system

Let us describe now the discrete Poisson equation obtained in the case where V), is the non conforming P! space
and Q, is the R7T-space. Let u, € V, and p, € Q, have the local decomposition on each K € T,

u(x)= >, u,p(x), p(x)= EKP,,,EZ(X)'
e oK ee 8.

Equation (3a) gives for K e J,

(7a) 0=j p.-v+ |K|fy= >, p,+ |K|fx (NEequations) .
oK

ee K

Equation (3b) gives

eec dK

Osz(gh—Vuh) = E peJ.KBZ(x) - ufJ.Kfo(x)'

e
Recalling that Vpe(x)=|’—K||—32 and denoting QZ=J P(x), N,=|e| v, we get, for each Ke 7,
K

(7b) 0= > [p,Q —uN,] (2NEequations).
ee oK
Note that since
S =] 3 rw=3] peo=o.
ee K Kee 0K K

we have 0, =—(Q, + Q, ). Moreover we have > N, =0. Finally the Dirichlet boundary condition gives,
3 ! 2 ec ok ¢
for each a € 302

(7¢) O=u,.

a

vol. 32, n° 5, 1998



636 B. COURBET and J. P. CROISILLE

More generally, we will consider boundary conditions of the form, for a € A,,

0=(B, ,u,) +(B, .p,) (NA,equations),

a, u’

where B Ba’p are linear forms onto V,, O, such that at least one of B

a, u’

B » is different from O. For example,
a mixed boundary condition on the edge a € A, gives

a, u’ a,

(7d) ma ua + ga p(l = na

where (m,, £,) # (0,0). A Neumann boundary condition is given by m_ =0, £, = 1. By counting the edges
of I, we have

3NE=> > 1=2> 1+ > 1=2NA-NA,.
K ee 9K ec A, ec A,

Thus, we get the relation between the number of triangles NE, the total number of edges NA, and the number of
boundary edges NA,

(8) 3NE+ NA,=2NA.

The number of unknowns (u,, p,), . 4 i equal to the number of the equations (7a), (7b), (7c).
We note finally that the relation (6) gives the following representation of p,(x) in each triangle K

© gh(x)=VuK—|K|fK£K(x),

where we note VuK:—Il<— KVuh.
Summarizing the discrete system (7a, b, c), we get the discrete problem: Find u,(x)= X u,p(x),
ac A

p(x) = EApafa(x) such that

[Zpe+]K|fK=0 VKe J,
ee oK
10 > [r.Q.-uN1=0 VKeJ,
ec 0K
u,=0 Vae A,.

Note finally the following elementary result, linking the 3 vectors (Q,), . ,x and (N,), . .« (see fig. I for the
notations)

cotan 0,. I_V_e) .

1
cotan 0 N, — 5

NSl

Qe:%(cotant?eﬂe—

3.3. Numerical analysis

This section is devoted to the numerical analysis of the problem (1) approximated by the discrete system (10).
The main tools are those of the finite element method, although the framework is not of variational type.
Let us introduce some standard notations.

12
|u|0_Q=|:fu2(x)dx:| for ue L*(Q)
12 ‘
U], 0= [f |D™ u(x)lzdx] for ue H"(Q)

12
Hulith:<ZJAK|Vu12dx> for ue H(Q)® V,.

K

M? AN Modélisation mathématique et Analyse numérique
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FINITE VOLUME BOX SCHEMES 637

The first observation is

LEMMA 1 [11]: The discrete energy semi-norm |\v,|l, is a norm onto the space
V, o=1{v,€ V, v,=00n0d2}.

Proof: Letv, € V,  such that ||v,[|, = 0. The gradient of v, is zero in each cell K € J,. Hence v, is constant
in each K. Since v, is continuous at the middle of each edge a of ¥, and v, =0 onto 9£2, we deduce that
v,=0in Q. =

The first result is the existence and uniqueness of the discrete problem (10).
THEOREM 1: The discrete problem (10) has a unique solution (u,,p,) € V, (X Q,.

Proof: The problem (10) in (u,, p,) € V, (X Q, is linear, and the number of unknowns is equal to the number
of equations. Hence, it is sufficient to prove that f=0 implies u, =p, =0. The relation (9) gives that
p,(x) is a constant ¢, in each K€ I, and that ¢, = Vu,. Hence

|Bh|3,.(2: ; |K]| ICK|2:; |K| cg - Vg
=2f p(x).Vu,(x)dx
X VK

= ; LK(Q,,(x) v(x)) u(x) do — LV () u(x) dx.

since V.p,(x)|g=f¢x=0, and u,=0 on 9%,

|palo, 0 = }K‘, LK(&(x) - v(x)) w(x) do

= 2 j(Eh,l'Za)uh,l_(Bh,Z'l)a)uh,2’

ae A,

where A, is the set of the internal edges and the edge a is oriented from K| towards K,. Denoting by p, the constant
value of p, (x).v,=p, ,(x).y, for x € a, one has

2
IBhlo,Qz EAPaf (”h,l_ uh,2):O

by definition of V,. Therefore ¢, = Vu,=0 for each K, hence |lu,||,=0 and by Lemma 1, u,=0.

|
Before proving an error estimate, note the two following stability estimates:

PROPOSITION 1: If (u,,p,) € Vh,() X Q, is the solution of (10), then there exists C, independent of h, s.t.

11) 1) Ml < [2alo,o < CCIu, L + RIflo, 0)
(12) (ii) !Iehllhﬁﬁlflo,g-

vol. 32, n° 5, 1998
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Proof: (i) The equality (3b) gives VuK:TIl{—[ J. p,(x) dx, hence
K

EARDILALINEEDY L () dx= B, ]G o -

Moreover (9) gives

IBth,KS “uh”h,K+ || [fl lfka,K'

We have

1
41K |*

2 1142 2 242

|Prlo.x = J.K(x —xg)" + (X = x5) = 4[K|

where p, is the gyration radius of K. By noting that the regularity assumption on the mesh insures the existence
_ p i . .

of C, independent of A, such that s%pl—KﬁT < C and since |fy| < ’—K}T Iflo x» We get by summation on

KeJ,

|Eh|o,g = ( :;uh”h_'_hlflO,Q)

where C =max (2%, C2'%).
(il) Again (9) gives

Vo, (x) | = |K| f VP .

Thus
2 2 21,12 2
lp, Il = ; VD, 1o,k = ; | K|Sl | VPklo, & -
Noting that ]V£K|§‘ x= 2—|-11? we obtain
1 1
lalli=5 2 K| fil* <5 floe ™
2 & 2
Our second main result is an error estimate in the discrete energy norm || ||,. Let u € H> N H(l) be the solution

of the Poisson problem (1) with fe L*(2). We consider also p(x) e H'(2)? defined by p(x) =Vu(x). For
U, v e H' & V, we define

a(u,v)zzf Vu.Vu

the bilinear form associated with | [, o. On H(div, 2) = {pe Lz(Q)2 IV.pe 1,2(!2)} we define the
semi-norm

Ieliv,g;:fQ(V-e)z dx

M? AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



FINITE VOLUME BOX SCHEMES 639

associated with the bilinear form

b(p. q) :L(V .p)(V.g)dx.

THEOREM 2: There exist constants C = C(£2) > 0 independent of h such that

(i) lu—w,ll, < Chiul, o
(ii) lB—Bhlo,Q = Ch|”|2,9
(i) |2 = Phlaw.o < Chlu|; o -

Proof of (i): We follow a classical strategy. We have for any v, € V, ,
lu—w,l, < lu—v,ll,+ llu,—v,0,
(13) lu, — v, ll5 = a(u, — v, u, —v,)
=a(u,—u,u,—v,)+a(u—v,u,—v,).
Thus

| < su |aCu, — u, u, —v,)|
=L T T, o,

”uh_vh +||M—Uh“h

and (13) gives

la(uh—u,wh)|
14 u—ul, <2 inf Ju-v,l,+ sup ———0——
(14) “ h“h l’hevhuh h!|h w,e V, o ”Wh“h

Since the space V, , contains the standard P'-Lagrange finite element space, the classical interpolation estimates
gives inf |lu—v,|l, < C(2) hlu|, o It remains to estimate the second term. We have
Uh€ Vio o

(15) a,(u, —u,w,) = > U Vu, . Vw, —J. Vu. thjl .
K [Vx K
Vu, is constant on each K, and by (3b) its value is p, , = ﬁf p,(x) dx. Thus
K
f Vu,.Vw, = f p(x) . Vw,(x) dx
K K

=- J;V p(x)w(x)+ J.aKwh(x)gh(x) .v(x)do.

(3a) gives jV.gh(x) +f(x)=0. Thus the value of the constant V.p,(x) in K is —f, where
K

L :
Jx= K] J‘K f- Therefore

f Vuh.th=J. wah(x)+J. w(x) p(x).v(x)do.
K K oK

vol 32, n° 5, 1998



640 B. COURBET and J. P. CROISILLE

Moreover

f Vu.th:j —Auwh+f %wh
K K

B J.wah " J.ak%wh '
Thus (15) can be rewritten as
(16) §K: fK[fK—f(x)] wy(x) dx + ; LK[mx) — Vu(x)] .y w'(x) do(x)
(1) (II)

Since J Jx —f(x) =0, one can subtract a constant value from w,(x) in each term of the first sum and rewrite
K
(I) as

(I)= ; J.K(fK —Ax)) (w,(x) —w,, ) dx.

Therefore
(D] = ; lfK_f|0,K|wh—wh,K 0,K

s ChLﬂo,Q“Wh“h

< Chlul, ollw,l, -

Consider now the sum (/) in (16). Each internal edge ¢ € 0K occurs two times in the sum with a vector

v changing of sign. On each boundary edge e, one has f w, do =0 since w, € V, . Thus, by subtracting the

e

function (IiTJ‘ (p(x) = Vu(x)) .y, da) w,(x), we do not change the sum. Its value is
a7 Ej [py(x) —Vu(x)].vyw,(x)do=
K oK

E E I[(Qh(x) —Vu(x)) .ye—ﬁf(gh(x) —Vu(x)) .L] w,(x) do .

K ee dK

We recall now the following result (Lemma 3 of [11]).

LEMMA 2: Let e € 3K, v, ¢p € H'(K), ve:Ttlf_If v(x) do, then

f o(v —v,)do| < Ch|g|, |v], &>
where C is independent of h.

M? AN Modélisation mathématique et Analyse numérique
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Applying this result to the right-hand side of (17) gives
|(IT)| < Ch ; 2, — V”|1,K1Wh|1,1( < Chip,— Vull iiw,l,,
and, using (12)
|| < Chl|flo 0+ |uly 0] Iwll, < 2 Chluly ollw,ll, -
Finally, there exists C > 0 independent of % such that

la(u, —u,w,)|

S
Wh€ Vho ” w, ”h

< [(D] + [UD)] < Chluly o .

Going back to (14), we obtain
lu—wll, < Chlu|, o
Proof of (ii): From the representation identity (9) of p,(x)|, we have

2(x) |g= Vu, - |K| fx Pe(x) and p(x)=Vu(x).
Thus

Bh(x) lK_E(x) lxzvuhyl(_vu(x) - IKlfKEK(x)

and

|2y, = Plo.x < |V, — Vulg o + | K| |fx| |Pxlo,x-

Pk

Pk C
2(K| <73 and el <

Since |Py|o = |flo. x» We deduce

1
lK' 1/2
(18) lpw —Blo,o < lw, —ull, + Chif]y o < Chlul, o,
where C stands for a constant independent of 4.

Proof of (iii): We suppose here that ue B (), or equivalently, fe H' (). Again by (9),
V.o, |e==|K| fx V.Px)=—f¢ and V.p=—-Ax). Thus,
|V.p, = V.plox=If—fglo.x < Chlf|, ¢ and, by summation over the triangles K€ J, we obtain

(19) |V°Bh_v-2|o,gsChlﬂ1,QsCh|“|3,g~ u

Since V, , @ H (1) we can’t deduce directly from Theorem 2(i) an error estimate in the L? norm by the Poincaré
inequality. We propose a regularity assumption on the triangulation J,, which is sufficient to insure such an
inequality.

Hypothesis (H): There exists a disjoint cover of J, by a set of N, connected slabs %, where each slab %, is
made of N, , triangles, with at least one triangle in contact with the boundary 9€2. Moreover

(H1) N=0(}).
(H2) sup N, , = O( %) .

This hypothesis can be read as a type of structuration of J,. The triangulation of figure 2 satisfies this hypothesis.
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LEMMA 3: Under the hypothesis (H) on the triangulation ¥ ,, there exists C(£) >0 such that for
ue Hy® Vio

[#lo.0 < C(2) {lull,,.

Proof: Since this inequality is true for u € H (Poincaré inequality), it is sufficient to prove it foru € V, . Let
u €V, o For each x € #,, consider the path y C %, y being defined by [xp, x,] U [x;, %,] U ...[xy,y ¥] where
the x, are mid-edge pomts of the triangles of %, and where X, € 02 N A,

By definition of V, ,, u, /y is piecewise afﬁne and continuous; hence

N(x)-1

[u(x)| < 2 IV“K| |x - X |+ |VuN(x)| |x — XN(x)

1=1

N,

twh
Chz |VuK|

Jj=1

Taking the L norm of u on A, gives

Nl,ll
4lo,5, < Ch|Z]"" 3 | Vi

B,

Figure 2. — A triangulation 7, satisfying the hypothesis (H) with N, = l; N,y =%; M=1.
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Since N, = 0(;11-) by (H1), we have |%,| = O(h) and the Cauchy-Schwarz inequality yields

N, 172
onee St
j=1

Moreover N, , = 0( ) (hypothesis H2), hence

1
h
|"‘|o,ea,s C””Hh,.@,‘

Summation over the slabs 28, yields the conclusion since the £, are a disjoint cover of J,. ®
Theorem 2(i) and Lemma 2 allow the L? error estimate

COROLLARY 1: Under the hypothesis (H) on the mesh J,, there exists C independent of h such that

| _uhIO,Q < Chl"‘lz,rz-

N

Figure 3. — A path joining x € K to 2.

4. NUMERICAL RESULTS

4.1. Implementation

We present in this section the principle of the implementation of the discrete system (10). We call

U= (u,), . 4 the vector of the components of u,(x) onto the P! non-conforming global basis p (x) (see § 3.1).
We define also Uy and Py the vectors of the local components in the cell X of u,(x) and p,(x).

T T
UK = [uelv U, ue3] s PK = [pel’ b, pez] s
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