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STOCHASTIC HOMOGENIZATION
OF NONCONVEX INTEGRAL FUNCTIONALS (*)

K. MEssaouDI (}) and G. MICHAILLE (!)

Communicated by A. BENSOUSSAN

Abstract. — Almost sure epiconvergence of a sequence of random integral functionals is
studied without convexity assumption. We give a proof by using an Ergodic theorem and recover
and make precise the result of S. Miiller in the periodic case. Finally, we study the asymptotic
behaviour of corresponding random primal and dual problems in the convex case.

Résumé. — Le probléme étudié dans cet article concerne I'épiconvergence presque sire
d’une suite de fonctionnelles intégrales aléatoires non nécessairement convexes. On présente
une méthode directe utilisant un théoréme ergodique, retrouvant ainsi et précisant un résultat
de S. Miiller obtenu dans le cas périodique. Finallement, dans le cas de fonctionnelles
convexes, on étudie la convergence presque sire des problémes aléatoires primaux et duaux
associés.

1. INTRODUCTION

In this paper, we propose a method to establish the almost sure
convergence, in a sense precised below, of a process (F,),.n With state
space (%, # (%)) where #B(F) is a suitable o-field on the class
& of the integral functionals G of the following form

G, A):= J g(x, Vu(x))dx.
A

We denote by A a bounded regular domain in RY u:A - R™is a vector
valued function defined in a Sobolev space, and g : RY x M™*¢ _, R runs in a
class of equicoercive and equibounded Carathéodory functions.

Given a probability space (2, G, P ) and a measurable map

F:(3,8)~ (¥, 2(F))

(*) Manuscript received May 25, 1993, revised July 7, 1993.
(") Laboratoire d’Analyse Convexe, Département de Mathématiques, Université Montpel-
lier II (France).
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330 K. MESSAOUDI, G. MICHAILLE

with

F(w) u, A):= [ f (@) (x, Vu(x)) dx,

VA

if the law of F possesses some ergodic and periodic properties, the process
(F ), e n defined by

F (o) (u, A):== J f(w) (81, Vu(x)) dx
A

n

epiconverges almost surely, when ¢, tends to O, towards a constant
F'™™ in . More precisely, there exists a subset 3’ in B with P (3') = 1
such that, for every « in 3, every bounded regular domain A

F™™(,,A)=171 —epilim F ()(., A)

n-— + o0

exists in W"? (A, R™) equipped with its weak topology 7 or with the strong
topology of L?(A, R™). The limit functional F™™ is given by

Fhom (M, A) . J‘ fhom (Vu) dx ,
A

where, for every matrix a of M™*¢

™) = inf x
neN*

E< ml—(m inf Unyf(w) x, a + Vu(x))dx, ue W§P(n¥, R’”)} )
Y denoting the unit cube 10, 1[¢ and E(. ) the probability average operator.
For the relevant notations and definitions, see part 2.

Under standard hypothesis on the subspace V of W' 7 (A, R™) and on the
map @ from W' ?(A, R™)into R, the variational properties of epiconvergence
lead to the almost sure convergence of inf {F (), A) + ®u);uc V}
towards min {F™™(w ), A) + ®(u);ue V}.

In this way, we generalize the results obtained by G. Dal Maso &
L. Modica [11], [12], K. Sab[14] in the stochastic convex case and
A. Braides [7] and S. Miiller [15] in the periodic non convex case. We give a
new proof, establishing the lower bound and the upper bound in the
epiconvergence process, by means of an ergodic theorem which seems to be
firstly used in the calculus of variation by G. Dal Maso & L. Modica [12] in
connection with compactness method. By showing that the infima with
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STOCHASTIC HOMOGENIZATION 331

respect to n in the above expression of f™™ is actually a limit — which
follows from the Ackoglu & Krengel ergodic theorem — we slighty improve
the result of S. Miiller in the determinist case.

This nonconvex approach finds its motivation in non linear elasticity
where f (w ) is the stored energy density of a composite material with random
inclusions. With additional assumptions upon the probability space
(2, B, P)in view to overcome the lack of coerciveness, the homogenization
of functionals related to an elastic material with holes and fissures distributed
at random could be treated with the same technique. Nevertheless, let us
point out that our method requires an equiboundedness property on
f(w) and thus, the class & is not a correct model to describe functionals
energy in non linear elasticity (see also S. Miiller [15]). Homogenization of
functionals, even polyconvex, taking their values in RU {+ o0}, seems to
be an open problem.

In the convex case, we study the asymptotic behaviour of random Primal-
Dual optimization problems associated with (F,),.n. More precisely, in
view to obtain the structural equation o € 3f™™(e(u)), where

e(u):= % (Vu + Vu'), which links the weaks limits ¢ and u of the solutions

of primal and dual problems associated with F,(w), we consider again an
almost sure epiconvergence process but now upon the sequence of classical
perturbation of F ,(w ), which provides the almost sure weak convergence of
corresponding saddle points sequence towards saddle point of the
homogenized Lagrangian problem.

Let us clarify the plan of this paper. In the next part, we give the definition
and main properties about epiconvergence. In theorem 2.3, we recall the
useful almost sure convergence result of M. Ackoglu & U. Krengel [1] about
superadditive set function processes. Part 3 is devoted to the definition and
properties of the homogenized density f™°™. In part 4, we prove the almost
sure epiconvergence of the sequence (F ), by means of two lemmas : the
upper bound in lemma 4.2, the lower bound in lemma 4.4. In corollary 4.5,
we establish the almost sure convergence of optimization problems associat-
ed with (F,),cn- Part5 is devoted to the description of some examples of
non homegenous random functions f (@ ) which are a model of stored energy
density for material with random inclusions and for which our results can be
applied. Finally, in part 6, in a convex situation, we study the asymptotic
behaviour of random dual optimization problems.

2. NOTATIONS AND PRELIMINARY RESULTS

For m, d in N*, M™*? denotes the space of m x d matrices a = @ ) j
i=1,...,m; j=1, .. d equipped with the euclidean Hilbert Schmidt
product a : b = trace (&' b). In what follows, we shall denote indifferently
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332 K. MESSAOUDI, G. MICHAILLE

the norms in R™ and M™ > (@ is the set of all open bounded subset of
R? with Lipschitz boundary. Classically, for 1 <p <+ 00 and A in
O, we define the two Banach spaces

LP(A, R™) = {u:A —-R";u= (), uelPFA),i=1, .., m}

3

ou;

WhP(A, R™) = {u e (A, R™); a——e LPQA)i=1,.., m}
X
J

respectively equipped with the two norms

1

p
|ulg, 4= (J |u(x)|"dx> ool =
A
1

= <J |u(x)|1’dx+f |Vu(x)|pdx)p ,
A A

U;

where Vu denotes the matrix valued distribution

xji.j

W§ P (A, R™)is the closed subspace of W7 (A, R™) of the functions with null
trace on the boundary A of A. Wi;7(R? R™) is the space of vector valued
functions u, measurable in R¢ and satisfying the following condition : every
x € R? possesses a neighborhood A such that the restriction of u in
A belongs to W74, R™).

a, B bein% two given positive constants, we define the subset & of the
prodict RW";J)(Rd’ Rx0 as follows : G belongs to & iff there exists a function
g from R? x M™*4 into R, measurable with respect to its first variable, and a
positive constant L such that, for every a, b in M™*? and x a.e.

alal?P =g a)=B(1+ |al?) 2.1)
lg, a) =g, b)Y <L + |a|?P~ '+ |b]P" ") |a—-b|, (2.2)
with, for every A in @ and « in W”(R% R™)
G(u, A) = ( g(x, Vu(x)) dx .
JA

In the class &, for every z € Z¢ and every r e R**, we shall need to
consider the two following operators 7, and p, :

TZG(u,A)==G('rZu,z+A)=J g(x +z, Vu(x))dx, 2.3)
A
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STOCHASTIC HOMOGENIZATION 333
1 X
PG A)=G (pur+a) = | g( % vuw) dx,
A

1
where 7, u(x)=u(x —z) and p, u(x) = - u(rx).
For every a € M™*?, [, denotes the linear vector valued function whose
gradient is a, and we set, for every A in ¢ and G in &

MG, a)=inf {(Gu+1, A);ueWyP@4, R™)} .

We shall use, in the sequel, the following elementary properties.
PROPOSITION 2.1 :

Mp,G,ay  H1aGA)
meas (4) meas ( lA)

-

(i1) there exists a positive constant L' depending only on L, «
B and p, such that, for every a and b in M™**

J”A(G, a) ﬂA(G, b)

meas (A) meas (A)

®

b ﬂA(TzGaa)z‘ﬂA-pz(G’ a)a

)

<L'(1+[al”" '+ |b|P~ ") |a-b].

Proof : 1t is straightforward to check (i). We only prove (ii). For every
M4 (G, a)

meas (A)

Let 7 >0 and u,e W§P(A,R™) such  that m(b)=

1
m (Guy, + 1, A)—m).

a in M™*¢ let us set m(a) =

Using (2.2) and Holder’s inequality, we obtain

m@a)—-m@)=<

sm(c;(u,,+1a,A)_G(un+1,,,A)+ )
g@:(_A)L |9 Cx, Vi, (x) + @) — g (x, Vu, (x) + b)| dx
*"FaZ(T)

<la-b] (W L A+ |a+ Vu, ()]

p-1

£
+|b+V P-lyr-1 4 ) T B
I Uy GO0 . + neas (A)
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334 K. MESSAOUDI, G. MICHAILLE

p-1

! [ (1+|a|1’+(b("+[b+Vu,,(x)|”)dx)
vA

=CL lq—b[ <meas )

_n_
meas (A)
2.4)

where C is a constant depending only on p. On the other hand, by (2.1)

1

v p <"
|6+ Vu, (x)|” dx  meas (A)

1
- VA
meas (A) L Gluy +1p A)

sé (m(b)+L)

meas (A)

<E p —7’__
T a+ 12| )+ameas A)’

From (2.4) and after making » tends to O, it follows
m@)—m®)<L'|b—a| (L+ |a|P~'+ |b|P71).

Where L' depends only on p, a and B, which ends the proof. W

The following notion of convergence has been studied in a more general
setting, and, for overview, we refer to H. Attouch [2], G. Dal Maso &
L. Modica [11] and their bibliographies. In our case the definition is

DEFINITION 2.2 : Let { G, G,n— + oo} be a sequence of functionals
mapping WhP(A, R™) into R U {+ o0} and let T denote the strong topology
of L’ (A, R™) on the space W"P(A, R™). We say that G, -epiconverges to
G at v in Wl“"(A, R™) (or I" converges, according to [10] iff the two
following sentences hold :

(i) there exists a sequence (v,),cn of W“P(A, R™), 7-converging to
v such, that

G @) = lim sup G,(v,),

n-—» + 0
(ii) for every sequence (V,),cn, T-cOnverging to v in WP (A, R™),

G@)=liminf G,(v,).
n—++xQ
When this property holds for every v in W“?(A, R™), G, is said to be
r-epiconvergent to G in WhP(A, R™). It is straightforward to show that
G, T-epiconverges to G iff

T —epilimsup G, <G <7 — epiliminf G,
n—+o N+ 00
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STOCHASTIC HOMOGENIZATION 335

where

7 — epi lim sup G,(v) := min {lim sup G, (v,) ;v = 7 — lim vn} ,

n—-+ o n— + o0 n

7 — epi lim inf G, (v) := min {lim inf G,(v,);v =7 — lim, v,,} .
n— + o0

n— + o

Under appropriate technical assumptions, epiconvergence is stable by
continuous perturbation and implies the convergence of minimizers, pre-
cisely we have

PROPOSITION 2.3 : Assume that (G,) T-epiconverges to G and let @ be a -
continuous functional from W"" (A, R™) into R. Then G, + @ T-epiconver-
gesto G+ P.

Moreover if {u,, neN}, u,e W-P(A, R") is rrelatively compact in
WY P(A, R™) and satisfies

G,(u,) + @ u,) <inf {G,(u) + ®u);ue W-?@A, R")} +¢,.
Then any vcluster point u of {u,, n € N} is a minimizer of (G + ¢ ) and

lim Inf {G,(v) + ¢ (@);ve WP(A, R™)} =G )+ ¢ (u).

n— + o

For a proof, see for instance, H. Attouch [2]. It is a classical result that every
7 epilimit is 7-lower semicontinuous (see also H. Attouch [2]) so that, if
G, possesses an epilimit G which is an integral functionals whose integrand
g satisfies the growth condition (2.1), g is necessary quasiconvex (see for
instance J. M. Ball & F. Murat [5] and C. B. Morrey Jr. [14]).

Let us give now few definitions and results abour Ergodic Theory. Let
(2, G, P) be any probability space and (7,),cz¢ a group of P-preserving
transformations on (X, G), that is to say

(i) 7, is G-measurable,

(ii) P o 7,(E) = E, for every E in G and every z in Z¢,

(iii) 7, o7, =7,,,, 7_, =77, for every z and ¢ in Z%.

In addition, if every set E in G satisfying for every z € Z, 7,(E) = E, has a
probability 0 or 1, (7,),. 4 is said to be Ergodic. A sufficient condition to

ensure Ergodicity of (7,),. ¢ is the following mixing property : for every
E and F in G

lim P(r,ENF)=P([E)P(F).

|z] -+

We denote by J the set of intervals [x, y[ where x and y belong to

vol. 28, n° 3, 1994



336 K. MESSAOUDI, G. MICHAILLE

Z“ and consider a set function & from J into L' (3, G, P ) verifying the three
conditions :

(i) & is superadditive, that is, for every A € J such that there exists a
finite family (A;);.; of disjoint sets in J whose union A belongs to
J, then

yA(')BZyA.-(’)’

iel
(il) & is covariant, that is, for every A € J, every z € VA
Lhse=FL o7,

1
meas (A)

(iii) sup{ f K, dP, A€ I, meas (A)#0} < + o0.
p>
Following M. A. Ackoglu & U. Krengel [1], & is called a discrete
superadditive process. If — & is superadditive, & is said subadditive. The
following useful almost sure convergence result holds (see M. A. Ackoglu &

U. Krengel [1] theorem (2.4), Lemma (3.4) and Remark p. 59) :

1
THEOREM 2.4 : When n tends to + o, — & 10, nft cOnverges almost surely.
n

Moreover, if (7,),crz¢ is Ergodic, we have, almost surely :
. 1 1

im — F o pp@w) = su 4 (

no+o N neN* R

I
2]
=
lsv!
0y
~
O
=
=
R
—~
-
e

wriere E{ . ) denoies the probability average operator.

3. DEFINITION OF THE PROCESS {F", F™; no 4+ o }

We denote by £ () the trace on & of the product o-field of
1, d m
RW“”p(R P REx @, that is, the smallest o-field on & such that all the evaluation

maps
G—>G(u,A),ue WeP(RL, R, Ae0
are (#(Z ), B(R)) measurable, 4 (R) denoting the Borel o-field of R.

The following property is a direct consequence of the definition of
B(F ).

PROPOSITION 3.1: For every z in Z and v in R*™*, 7, and p, are
measurable from (¥, B(F)) into itself.
We define now the process {F,,n—+o}. (X, 6, P) is a given
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probability space and F a given measurable map

F: (38> (F, B(F))
w—F(w)

where

F(o) W, A) = J flw) (x, Vu(x))dx.
A

Conditions on f under which the map F is measurable are well known and
will be examined later in section 5.

We assume that (7,),.,¢ defined in (2.3) is a group of w preserving
transformations on the probability space (¥, # (&), n) where u is the
probability image P o F~! of P in & (or the law of F). Following G. Dal
Maso & L.Modica[12], we shall summarize these properties upon
F by saying that F is a random integral functional, periodic in law and
ergodic.

Finally, {¢,, n— + oo} being a given sequence in R* * which tends to O,
we define the process {F,, n— + oo} as follows

F,:(2,B8)> (F, B(F))

w.—>FEn(a))

where

F,(0)@uA)= J' fw) (%,Vu(x)) dx
A n
=psnF(w)-

Note that the measurability of F, comes from proposition 3.1. In the next
part, we shall study, in the sense precised in introduction, the asymptotic
behaviour of {F,, n — + o0 }. The main tool, to define the limit denoted by
FM™™  is the superadditive ergodic theorem 2.4 applied to the map
Aw— — M 4(., a)where A belongs to the set J of all open bounded intervals
lx, y[ in Z¢ (or equivalently to the set J). Let us give some properties of this
map.

PROPOSITION 3.2 : For every a in M™%, the map 4 (., a) defined by
IS LNF, B(F), 1)
A Mu(., a)
is a discrete subadditive ergodic process in (¥, B(F ), n). Moreover
M4 ., a) satisfies the following equiboundedness property on
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338 K. MESSAOUDI, G. MICHAILLE

LYF, B(F) r)

| A 40, a)lLl(y,'@(y)’#) =B (1 + |a|?)meas (A).

Proof : We begin to establish the (# (% ), # (R)) measurability of the
map G — 4 4(G, a) for every A in 3. Noticing that u - Gu +[,, A)is a
continuous map from the separable space W' 7(A, R™) equipped with its
strong topology, into R, there exists a dense countable subset {i,, k € N} of
Wb P(A, R™) such that

M (G, a) = inf {G(u + 1, A)}

keN

= inf ¢ (G)
keN

where, from the definition of the o-field £ (&), the maps ¢,:
G — G (u, + 1,, A) are measurable.

The equiboundedness inequality is a straightforward consequence of the
upper growth condition (2.1). So .# 4(., a) belongs to LNF, B(F), n).

Let us prove the subadditivity. Let A € J such that there exists a finite
family (A;);c; of disjoint sets in J with A, cA, ie€l, and
meas (A\ U;.;4,)=0. For 7 =0, iel and GeZ, let
u, , € W§P(A;, R™) such that

G(ui, 7 + lm AI)S %A,(G, a) + 7

i

and define u, in Wy ?(A, R™) by setting u, =u; , on A;,. We get
MG, a)<=Gu,, A)
= Z G g A
iel
= Z My (G, a)+ n Card (1)
iefl
and subadditivity is obtained as 7 tends to 0. Covariance property has been
already proved in proposition 2.1 (i). W

We are now in position to define an integral functional F™™ in
& which will be the expected limit.

COROLLARY 3.3 : There exists a subset 3' of Sin GwithP (3')=1and a
function f*™: M™*? R such that, for all w in 3', all cube Q in
R? and all a in M™ >4

M o (F (w),
foongy. oF (@), @)

ot o meas (tQ)
. My(F(.) a)
nlenhf,g {E( meas (nY) )}

where E(. ) denotes the average operator with respect to the probability

I
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STOCHASTIC HOMOGENIZATION 339

measure P. Moreover ™™ satisfies (2.1) and (2.2) with L' defined in
proposition 2.1.

Proof : First step. We assume that a belongs to the subset M'™*? of
matrices in M™*? with rational entries.

Combining proposition 3.2, theorem 2.4 with the probability space
(F, B(F), n), for every a in M'™*4 we obtain the existence of a set
E, in #(F) with w(E,)=1 and a real f™™(a) such that, for all
G inE,

My (G, a)
hom 1 nY
@)= nETw meas (nY)
. 'ﬂnY(Hs a)
- nlenlf* [J‘? meas (ﬂY) dll’ (H)} ’

Setting 3' = F’1< m Eﬂ), we obtain, from above
aeM,mxd

M y(F(w),
fom(g) = lim A (). a)

nos 400 meas (nY)
3.1
— inf E e%n}'(p(' )s a) ( )
a nlenN* { ( meas (HY) )}

for every a in M'"*“ and » in 3.

Let O be any open cube in RY with side » and, fqr every ¢ in
R**, setk” =1[ty]—-1, k' =[tn]+ 1, and consider Q7 =k~ (¥ + z),
0" =k* (Y + z') the two cubes such that z, z' € Z¢, Q- < tQ = Q. Thanks
to the inequality

MyF(w),a)< Mg(F(w),a)+ B(l + |a|”)meas (A\B)
whenever Bc A in ¢ and noticing that meas (tQ) is equivalent to

meas (k" Y) and meas (k- Y) whenever ¢ tends to + oo, we get, from (3.1)
and the covariance property,

M F , a Mo (F ,
Mm@y = lim eryE( o) a) g P @) @
t > 4 00 meas (tQ) to+0 meas (1Q)
i sup K0 F (@) @)
- ,_Hmp meas (tQ)

ﬂk---Y(F (Tz’ w)’ a)
meas (¢Q)

= h

t > + o0

= /™" (a)

for every a in M mxd and w in %', which concludes this first step.
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Second step. We extend the result of previous step to every a in
M™*4_In that follows, o will be a fixed element of 3. Using Proposition 2.1
and above step, it is clear that "™ satisfies the locally Lipschitz condition
(2.2) with the new constant L’ for every @ and b in M'™* . So, by a classical
argument, one can extend f™™ to M™*? by setting, for every r in
M™*4 fPomGy .. lim  f"™(a,) where {a,, n — + 0} is any sequence in

n—+ o
M'™*? converging towards r. It is straightforward to check that this
extension verifies the same condition (2.2).
On the other hand, from

ﬂtQ(F ((() )7 r)
meas (tQ)

fhom(r)_ = 'fhom(r)_fhom(an)l

%tQ(F (w )7 an)
meas (tQ)
MF(w), a,) MoF (), r)

meas (tQ)  meas Q)

+ | f"™(a,) -

3

using proposition 2.1 (ii) for the last term and going to the limit in
a, towards r, in ¢ towards + oo, we get
MyF (w), r)

hom _ .
ey = lim meas (tQ)

t >+
which concludes this step.
Third step. It remains to prove that f"™ satisfies the growth condition

(2.1). The upper bound is just a consequence of the proposition 3.2. For the

lower bound, using (2.1) and the convexity of r— |r|?, we get

Mo (F (w), r)>
meas (tQ)

= a inf {m J;g la + Vux)|? dx, u e W§PQ, R’")}
= alal?

which gives our result after going to the limit in . W
We can now define the integral functional F™™ in the class & by

Fhomy, A) = f Fom(Vu(x)) dx .
A
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4. ALMOST SURE EPICONVERGENCE OF THE PROCESS {Fm FM:n_ + o}

THEOREM 4.1 : Let 3' be the subset of 3 with P (3') = 1 defined in the
previous section. For all win 3' and all A in O, we have

Fhm(.  A)y=7—epilim F, (w)(.,A)

n-»+ o0

in W-P (A, R™) equipped with its weak topology 7, or the strong topology of
IP(A, R™).

We shall give the proof with 7 denoting the strong topology of
L?(A, R™). From the lower growth condition (2.1) and the compact
embedding from W7 (A, R™) into L” (A, R™), we can easily conclude in the
other case.

The proof of theorem 4.1 will be established by means of two lemmas : the
upper bound in the definition of epiconvergence is proved in lemma 4.2, the
lower bound in lemma 4.4, lemma 4.3 being just a simple technical lemma.
In all what follows,  denotes a fixed element of 3.

LEMMA 4.2 : For every A in (0, every u in WP (A, R™)
F™™ (4, A)< epilim inf F ,(w )(u, A),

n-+ o
that is to say, for every sequence {u,,, n— + o } , T — converging
towards u,

F™(y, A) < lim inf F (@ )(u,, A).

n— +
Proof of lemma 4.2.

First step. A is an open cube Q and u is defined by u(x)=1,(x),
a € M™* % 1t is convenient and involves no loss of generality, to assume that
u, — 1, belongs to W(I)"’(Q, R™) (see for instance S. Miiller [15] or G. Dal
Maso & L. Modica [10], [11]). In this case, by definition of F™™, by
corollary 3.3 and proposition 2.1 (i), we get

F™"(u, Q) = meas (Q) f""(a)
ML QF (0),a)

€n

=meas (Q) lim

"=*%  meas (1Q>
&

n

. ./”Q(Fn(w)’a)
=meas Q) lim — oy

< lim inf F (@ )(u,, Q)

n— + o

which ends the first step.
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Second step. We assume that Ae @ and u = [,
For n = 0, there exists a finite family (Q,); ¢;(,) of disjoint open cubes

include in A, such that meas {A\ |_J Q;) < 7. Since fhom satisfies the
iel(n)
growth condition (2.1), we get

Frmu, Ay< Y F™™u, Q)+ nB (1 + |al?).

iel(n)

Using previous step, superadditivity and non decreasing properties of the set
function B+ 7 — epiliminf ¥, (w )(., B) (see H. Attouch [2], pp. 156-

n— +

157), we obtain

F'™(u, A) < Y 7 —epiliminfF,(«)u, Q)+ nB (1 + [a]?)
iel(n) n— + o

<7 —epiliminf F (w)(u, A)+nB8(1 + |a|?)

n— + 0

and we conclude by letting 7 tends to O.

Third step. A € O and u € W"?(A, R™). We use the density of piecewise
affine continuous function in W7 (4, R™) (see I. Ekeland & R. Temam [13])
and the previous step.

Let u, u, in Wh?(A, R™) such that u = 7 — lim u, For n =0, there

n— + o
cxist a finite partition (4;); c; of A with A; € 0, and u,, in WH7(A;, R™) such
that |u—u,| ,=m and such that its restriction u
A

i

q, i 1s affine on

Setv, ,=u, + u, — u and denote by v, , ; its restriction to A;. By using
the second step, we get, for every i € /
u, ;=7— lim v, ., in LP(A;, R™)
n— + oo
Fomy, ., A) =<liminf F (), , ;, A).
n-— + o

After summation over i, with superadditivity of lim inf, we obtain

Ff"(u,, A)y<liminf F (0)(@, ,, A). “4.1

n-++

On the other hand, by (2.2)
F,(0)@, ,,A)<F, (0)u, A)+

+LJ 1+ |V1,tn(x)|"_1 + |Vun,,,(x)|P_1)|Vu,l(x)— Vo, ,(x)| dx
4 ‘
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