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A FORMULATION OF STOKES’S PROBLEM
AND THE LINEAR ELASTICITY EQUATIONS SUGGESTED
BY THE OLDROYD MODEL FOR VISCOELASTIC FLOW (*)

J. BARANGER (1), D. SANDRI (})

Communicated by R. TEMAM

Abstract. — We propose a three fields formulation of Stokes’s problem and the equations of
linear elasticity, allowing conforming finite element approximation and using only the classical
inf-sup condition relating velocity and pressure. No condition of this type is needed on the « non
Newtonian » extra stress tensor. For the linear elasticity equations this method gives uniform
results with respect to the compressibility.

Résumé. — On propose une formulation & trois champs du probléme de Stokes et des
équations de I’ élasticité linéaire, permettant des approximations par éléments finis conformes et
ne nécessitant que la classique condition inf-sup en vitesse pression a U'exclusion de toute
condition sur le tenseur « non Newtonien » des extra contraintes. Sur les équations de I’ élasticité
linéaire la méthode est uniforme par rapport a la compressibilité.

0. INTRODUCTION

A version of Stokes’s problem with three unknown fields : o extra stress
tensor, u velocity and p pressure has been used in numerical finite element
simulation, partly motivated by the study of viscoelastic fluids obeying
Maxwell constitutive equation. Finite element approximation of this prob-
lem are known (see [8]) to converge if two Babuska-Brezzi (BB) conditions
are satisfied : the classical one on (u, p) and an other one on (o, u).

Regarding the equation of linear isotropic elasticity the ability of the
method to perform independently of compressibility (particularly near the
incompressible limit) is a major concern. Recently a method has been
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332 J. BARANGER, D. SANDRI

proposed [12] to solve a three unknown fields version of the problem
(o extra stress, u displacement, p pressure) without the two BB conditions ;
but this necessitate the addition of least squares terms. In a sense the
(o, u, p) equations studied are of Maxwell type.

The purpose of this paper is to show that the use of a modified version of
the problem with three fields (o, u, p), suggested by the use of Oldroyd
model for viscoelastic fluids, allows to suppress the BB condition on
(o, u). This result applies to Stokes’s problem and the linear elasticity
equation uniformly with respect to the compressibility.

1. AN « OLDROYD VERSION » OF STOKES’S PROBLEM

We use the following notations : u velocity vector, p pressure, Vu gradient
velocity tensor ((Vu); = u; ;), d(u) = (1/2)(Vu + Vu') rate of strain ten-
sor, w(u) = (1/2)(Vu — Vu') vorticity tensor, o, stress tensor, f body
force, (V.o ), = i divergence of a tensor, o, time derivative of
ag.

The viscoelastic fluid is flowing in (2, bounded open domain in
RY with Lipschitzian boundary I" ; I is partitioned in I", and I'", with meas
(I'})) # 0; n is the outward unit normal to I".

For ae [-1, 1] one defines an objective derivative of a tensor
o by:

3,0

=0o,+W.V)o +g,(o, Vu)

at
Te

g.(o, Vu) = ow(u) —w(u) o —a(du) o + od(u)) .

¥ 7T P

We use ihe dimensioniess Reynoids number Re, Weissenberg number
We and a(a may be considered as the quotient of the retardation time by
the relaxation time or the part of viscoelastic viscosity in the total viscosity).

The equations of the Oldroyd model under consideration are obtained
from the momentum equation :

Re (u,+ w.V)u)—V.o,=f.

Writing o, = — pl + oy + o where o and oy are respectively the non
Newtonian and Newtonian part of the extra stress tensor o, + pl,
oy is defined by : oy = 2(1 — a ) d(u). Substituting oy in the momentum
equation one gets :

Re (u,+ @.V)u)-2(1 -a)V.du)+Vp—-V.o =f.

The non Newtonian extra stress tensor o satisfies the constitutive
equation :
9,0

o + We
ot

—2ad(u)=0. (1.0)
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ON THE OLDROYD MODEL FOR VISCOELASTIC FLOW 333

In the following we consider the case of a stationary creeping flow
(everything is independent of ¢ and (#.V)u is neglected). A numerical
method for a truly viscoelastic fluid (We > 0) must perform equally well in
the limit We = 0 in (1.0).

The equations for this case are :

oc-2adu)=0 in 2,
—V.oc-2Q-a)V.du)+Vp=f in £,
V.u=0 in 2,
u=0 on Iy,
(0 +2(1 —a)du)—pl).n=g on I,.

The third equation is the incompressibility condition and the last two are
boundary conditions.

We denote by (.,. )the L 2(.0) scalar product of functions, vectors and
tensors and by (., . ), the L*(I',) scalar product ; we also define :

T={r=(ry)sr;=r;7;€L*(R);1=<i,j<N},

V= {v:(vi);v,-eHl(.());v,-|F =0;1sisN} ,
Q0= {qeLz(());f q=0} if meas (I',) = 0; Q = L%(2)else.
N

<g, U> = (f: U) + (gv U)FZ'
Then the five equations above have the following weak formulation

(Oldroyd version of Stokes’s problem) :

Problem (SO) :
Find (o, u,p)e T xV x @ such that:

(o, 7)=2a(dum), v)=0 VreT, (1.1)
(o,d@)) +2(1 —a)dm),d@))— @, V.v)=<(l,v) YVYveV, (1.2)
V.u,q)=0 Vge Q. (1.3)

For some years the numerical solution of the viscoelastic problem (1.0)
(1.2) (1.3) with convenient boundary conditions on o was limited to
relatively small Weissenberg number because the hyperbolic character of
(1.0) was not taken into account. In the pioneering works [7] and [14] this
character was considered, suppressing the high Weissenberg number
problem. In [7] (1.0) is solved by a discontinuous FEM of Lesaint Raviart,
so o is approximated in a space T, of tensors with discontinuous
components ; in [14] it is solved by a continuous FEM, so o is approximated
in a space T, of tensors with continuous components.

vol. 26, n° 2, 1992



334 J. BARANGER, D. SANDRI

In both cases the study is made on the Maxwell model corresponding to
a = 1. The numerical analysis of the corresponding Stokes model ((SO)
with a@ = 1 better called SM !) has been made in [8].

Given finite element spaces T, <7, V,cV, Q,c Q, a finite element
approximation of problem (SO) is:

Problem (SO),:
Find (o, u,, py) e T, x V, x @, such that:

(op ) —2a(d(u), 74,) =0 Vr,eT,, (1.1),

(op, d(y)) + 2(1 — a)(d(uy), d(vy)) (1.2),
— @ Vv = v) Vv,eV,,

(V.oup q,) =0 Vg,€ Q- (1.3),

It is proved in [8] that when @ = 1 problem (SO), is well posed and that
its solution approximate the solution of problem (SO) if the following
conditions are satisfied :

C1 : Inf-sup condition on (u, p) :

. (V.vy, q4)
inf sup — " =8=0.
g€ Q) vEV, Ivhll Itho

C2 : Inf-sup condition on (o, u) : either d(V ) = T, (case of discontinuous
7,) Or «the number of interiors degrees of freedom for 7, in each
K is greater or equal to the number of all the degrees of freedom of
v, in each K » (case of continuous 7,).

We show in § 4 that the use of problem (SO), with 0 < @ < 1 (excluding
Maxwell case) allows to suppress condition (2 greatly enlarging the possible
choices of approximations for the viscoelastic non Newtonian extra stress
tensor o.

2. LINEAR COMPRESSIBLE AND INCOMPRESSIBLE ELASTICITY

We denote by o, the stress tensor, u# the displacement and
e(u) = (u; ; +u; ;)/2 the strain tensor. The elastic isotropic solid has a
reference configuration {2, open bounded domain in RY, (N =2o0r3),
with Lipschitzian boundary I' partitioned as in the preceding paragraph.
v denotes the Poisson ratio and u is the shear modulus. The constitutive
equation of linear isotropic elasticity is then :

O =2u{e)+ (w/(1-=2v))V.ul}.

We introduce a parameter ¢ = (1 — 2 »)/2 v = 0 and for £ = 0 the pressure

pby:
ep+V.u=0.
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ON THE OLDROYD MODEL FOR VISCOELASTIC FLOW 335

As suggested by problem (SO) we introduce a scaled « Newtonian » extra
stress tensor oy = 2(1 — a) e(u) and a scaled « non Newtonian » extra
stress tensor o = 2 ae(u) .

The momentum equation is then written :

—V.o-2(1-a)V.e)+Vp=Ff,

with f = = ! " where f’ is the body force.
The equations are :

o—-2acs(u)=0 in 2,
-V.o-2(1-a)V.e(u)+Vp=f in 2,
V.u+ep=0 in 2,
u=20 on I,
(c+2(1—a)em)—pl)y.n=g on I,.

Using the functional spaces 7, V, Q previously defined and with the obvious
formal change & := d, the five equations above have the following weak
formulation (Oldroyd version of linear elasticity) :

Problem (EO) :
Find (o, u, p)e T x V x @ such that:

(o, 7) =2 a(d(u), 7) = 0 VreT, 2.1)
(o,d®)) +2(1 —a)du),d@))— @, V.v)=(,v) VYveV, (2.2
(V-”v‘I)‘Fs(PaCI):O VQEQ. (2.3)

Problem (EO) is a generalisation of problem (SO), the last one being the
incompressible limit of the first one (¢ = 0 corresponding to v = 1/2). A
version of this problem with a = 1 has been introduced in [9, 11].

Given finite element spaces T, 7T, V,cV, Q,cQ we define an

approximate problem :

Problem (EO), :
Find (o, u,, p,) € T, x V, x Q, such that :

(o ) —2 a(d(u,), 7,) =0 Vr,eTy, 2.1,

(o, d(0,)) +2(1 — a)(d(uy), d(v,)) (2.2),
- (P V.v,)) =l vy Vo eV,

Voup, gp) + ey qn) =0 Vg, € Q. (2.3),

We show in § 4 that when 0 < a < 1 under the inf-sup condition C1 on
(u, p) only, problem (EO ), is well posed and approximate the solution of
problem (EO) uniformly with respect to ¢ € [0, g] (note that the incom-
pressible limit ¢ = O is included).

vol. 26, n° 2, 1992



336 J. BARANGER, D. SANDRI

Recent works have been dedicated to the development of FEM perform-
ing independently of compressibility for linear elasticity. Let us quote here
[6, 10, 12] where Galerkin least squares methods are used on (u, p),
(0> ) and (T = o + pl, p, u) models, [9, 11] where the same method
is applied to a four field (d, T, p, u) model (d = d(u)) is considered as an
independent variable) and [1, 16] where a non conforming approximation of
u is used, possibly with a post processing technique.

3. EXISTENCE AND UNIFORM CONTINUITY OF SOLUTIONS OF PROBLEM (EO)

We prove in this paragraph that problem (EO) admits a unique solution
x = (o, u, p) and that x is an uniformly continuous function of f with
respect to £. This prepare the uniform FE approximation result of § 4.

The space T of symmetric tensors with L (2 ) components is equiped with

7;; With associated norm

the scalar product (o, 7) = J o7 = o T

J
o o)
|7]y; V is equiped with the scalar product (u, v)y = (d(u), d(v)) with
associated norm |v|, = (d(u), d(x))"* which is a norm by Korn’s inequali-
ty; Q@ = L%(R) if meas (I',) # 0 is equiped with the usual scalar product
and Q = L3(2) if 'y = & is equiped with the quotient scalar product,
both denoted by (p, g) with associated norm |g]|,.
H =T xV x Q is equiped with the scalar product given by :

x=(o,u,p), y=(7,v,q),

(x,y)= (o, 1)+ (u,v)y + (©, q)
with corresponding norm | x|.
The variational formulation of problem (EO) can be written in the
following abstract form :

Problem (EO)':
Find x € H such that:
B(x,y)= (¥ y) VyeH, (3.1)
where B is the bilinear symmetric form :
B(x,y)= (o, 1) =2a(du), 7) -2 a(d({), o)
—4a(l - a)d),d®))
+2a(V.v,p)+2a(V.u,q)+2as(p, q) (3.2)
and where (¢',y) = —2 a(l,v) VyeH.
This formulation is obtained by multiplying equation (2.2) by —2 «,
equation (2.3) by 2 a and by adding the three equations obtained.

For the study of this variational formulation we use the following abstract
result [2] :
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THEOREM 3.1 : Let H be a real Hilbert space and ¥’ € H', topological dual
space of H, and let B be a bilinear form on H satisfying the following three
hypotheses :

(H1) There exists a constant m = 0 such that :
B(x,y)=snlx[llyll Vx,yeH.
(H2) There exists a constant v >0 such that :

sup B(x y)

=ylyl VyeH.
xeH ” “

(H3) There exists a constant y' =0 such that :

sup B(x’y)z'y'llxu VxeH.
yern IVl

Then problem (EO) has a unique solution xe€ H such that
lxll < Wy )€ ]l -

We remark that hypotheses (H2) and (H3) are equivalent when
B is symmetric.

We now show that these hypotheses are satisfied for the form
B, with constants independent of ¢ when ¢ € [0, &].

THEOREM 3.2 : The bilinear symmetric form B given by (3.2) satisfies the
hypothesis (H1) of Theorem 3.1 with constant independent of & for
¢ € [0, g] and the hypotheses (H2) and (H3) with constants independent of

E.
Proof :
HL) Bx, y)y=|ol,lrlg+2a|7|ylul,+2a|o|,|v],
+4a(l—a)lul |v],+2N"a|p]|,|v]
+2N1/2a'q|olu|1+2a£|plo Iqlo

= Co(1 + g)x Iyl >

with C independent of &, and then (H1) is satisfied with 7 = Cy(1 + &).
Before proving (H2) (H3) we recall the following result.

THEOREM 3.3 : For eachp € Q there existsav € V suchthatV .v = p and
|v|,<C|p|, withC independent of p . (3.3)

When I', = @ this result is a consequence of ([13], Corollary 2.4, p. 24).
We give below a sketch of the proof when meas (I7;) # 0.

vol. 26, n° 2, 1992



338 J. BARANGER, D. SANDRI

Let v, € V such that J V.v; >0 (v, exists because meas (I,) # 0) and

n
C1=J. V.v‘.
0

Let pe Q, we have p = p, + p, where p, = meas (2)! J p. Then
0

there exists a v,e€V such that UZI[‘ = 0 satisfying V.v,=p, and
|v2], = Ca|p2|, with C; independent of p. Then it is easy to check that :

v =2p;meas (2)C7'v; + (1 + meas (.Q)NC{2|vl|f)vz
satisfies :

| o= 101;
2

and
|v],<C|p|, with C independentofp .

The desired result is then a consequence of ([3], Theorem 0.1). O
Proof of (H3) : For each x € H select y € H such that:

T =0,
v=—u+ (172)C 2, (3.4)
9=pD,

where i satisfies V. & = p, || =<C|p|, with C independent of p.
Then
B(x,y)= (0, 0)-2a(du), o) +2a(du), o) - C *a(d®), o)
+4a(l —a)dm),du)—2C *a(l —a)(d(u), d(ir))
—2a(V.u,p)+C 2a(V.i,p)+2a(V.u,p)+2ase(p, p)

=|o|2+4a(l-a)|ul’+ QQac+aC H|pl2-C Lala|,lpl,

—2C ta(l—a)lul, Ipl,

1
=5 |a'|(2)+3a(1—a)|u|%

+ (2 aE + aC‘z—%aZC‘Z—a(l — a)c—z) |P|§

>%|a|g+3a(1—a)|u|f+ <%C_2(12+208) lpl5

= a| (o, u, P)II?, (3.5)
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ON THE OLDROYD MODEL FOR VISCOELASTIC FLOW 339

with @y = min {%, 3a(l — a), %C‘Zoﬂ} independent of e.
On the other hand :

c? . \?
Io P < leld+ (1ul,+ S 1al,) "+ 112

-1
<s|o|2+2\ul?+2 C_1 | 2+| |2
0 1 5 1Plo Plg
<lo|2+20u’+ (1+%>|p|g (because from (3.3) C ~' = V/N)

= (2+5 ) Ie. wpI?. (3.6)

From (3.5) and (3.6) we deduce that (H2) and (H3) are satisfied with :

Y =79 = ay(N/2 +2)" 12,

Remark 3.1 : We can also consider for a € [0, 1[ (including a = 0) the
non symmetric bilinear form B defined by :

B(x,y)= (o, 7) =2 a(d), 7) + (d®), o) + 2(1 — a@)(d(u), d@©))
-V.o,p)+(V.u,q)+ e, q),

then B satisfies also the continuity condition (H1) and the inf-sup conditions
(H2) (H3). We give the beginning of a proof, which can be adapted to the
discrete case, for (H2) and (H3):

(H3) Let x € H, select y € H such that:
T=0+2(aea—-1)¢,

o . 1N =2
v =2u—(1/5)C i,

qg=2p,

~~
W
~J
~

where ## is choosen as in (3.4) and where ¢ € T satisfies (¢, 7) =
(d(u), 7) V7 € T (in the continuous case ¢ = d(u) is the unique solution
because d(V ) = T). Then a straightforward computation gives (H3) with :

y' =Cs(l - a),
with C; independent of ¢ and «.
(H2) In the same way, let y € H; we take x € H such that :

ocg=47+40 a -1) ¢',
10v+C~ 20, (3.8)
10q,

u
p

vol. 26, n°2, 1992



340 J. BARANGER, D. SANDRI

where v’ and ¢’ are choosen in the same manner (relatively to
q, 7) as in (3.7), then we obtain (H2) with :

7=C4(1_a)’

with C, independent of o and e.
Then the inf-sup conditions are uniformly satisfied for a € [0, o],
ay < 1, including @ = O corresponding to the classical Stokes formulation.
In the same way it is possible to verify that inf-sup conditions are satisfied
with constants independent of a € [0, 1] and ¢ if we use the fact that
d(V)cT.

Remark 3.2 : The idea that there is no need of an inf-sup condition on
(o, u) provided 0 < a <1 can be seen on (SO) problem by using a non
symmetric global formulation without the pressure variable.

LetK = {veV;V.v =0} and consider the product space T x K. Then
problem (SO) is equivalent to :

Problem (SO)' :
Find (o, u) € K such that:

Ao, u), (7,0))=2a{l,v) V(r,v)eEK, (3.9

where A is the bilinear form :

Ao, u), (r,v)) = (o, 7) =2 a(du), 7)
+2a(d®), o) +4a(l —a)(d), d®)).

Semdln e PR e

hen it obvious that A is 1'\,—6111Pu\, and then from Lax & }v{ilgram Theorem,
(3.9) admits a unique solution (o, u) € K. Besides from theory of saddle-
point problem [3] it is easy to show that there exists a unique p € @ such that
(o, u, p) is the unique solution of (SO).

4. FINITE ELEMENT APPROXIMATION

Given a closed subspace H, — H, with equation (3.1) we associate the
discrete problem :

Find x, € H;, such that:

B(xp y,) = 0, yy) Vy,€H,. “.1n

Then the following result holds [2] :

THEOREM 4.1 : Assume that hypotheses of Theorem 3.1 are satisfied. Let
x € H be the solution of (3.1). Assume also the following :
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ON THE OLDROYD MODEL FOR VISCOELASTIC FLOW 341
(H2), There exists a constant v, >0 such that :

B (xh’ yh)
sup

———— = vlyull Yyi€eH,.
x, € Hy ”'xh”

(H3), There exists a constant y; =0 such that :

B (xy, y4)
sup 2 iV, € H, .
i€ H, 17l

Then equation (4.1) admits a unique solution x, € H, such that :
=1 '
lxpll < (v 112 ||H,

and we have :

ux—xhns(ul,) inf flx =yl -
Yo/ y,en,

Consider now three finite element subspaces T,<7, V,cV and
Q, < Q. Then problem (EO)’ is approximated by :

Problem (EO),:

Find x, = (o), wy, pp) € H, =T, x V, x Q, satisfying (4.1) with the
bilinear form B associated with problem (EO )’ and defined by (3.2).

The purpose of this section is to establish the following : problem
(EO ), has a unique solution x;, which converges in H uniformly with respect
to € € [0, g]towards the unique solution x of problem (EO )’, provided the
FEM satisfies a velocity-pressure inf-sup condition (note that no inf-sup
condition relating the viscoelastic extra stress and the velocity is needed).

This result is a consequence of Theorem 4.1 and the following :

THEOREM 4.2 : Assume that the following velocity-pressure inf-sup
condition holds :

V.v,,
inf  sup (———h—qi)aﬁ =0, 4.2)

9h€Qp VEV, lvhll ltho
with B independent of h, then the hypotheses (H2), and (H3), are satisfied
with constants independent of h and e.

Proof : The proof is analogous to the proof of Theorem 3.2 and it suffices
to check (H3),; this can be done in the following way :
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342 J BARANGER, D SANDRI

Let x, € H), select y, € H, such that :

Ty = Oy,
v, = —u, + (1/2) B2 iy,
qthh’

with @, € V, satisfying :

(V. qy) = O @) V9,€Q,,

Iahllsﬁkllplo'

The existence of i, is given by (4.2) and ([3], Theorem 0.1). Proceeding as
in Theorem 3.2 we obtain :

vy = v} = (N/2 + 2)~ " min {% 3 a(l _a),%,razaz} .o

Remark 4.1 : A discrete version of Remark 3.1 is valid.

Remark 4.2 : It is possible to build up a Galerkin least squares
formulation of problem (EO )’ following the ideas of [12]. Due to the fact
that @ < 1 the least squares terms are different.

In order to give an example of finite element spaces for which
convergence is obtained, we introduce the following notations: f2 is
assumed fo be polygonal in R% Let 3, = {K'} be a regular triangulation of
{2 by triangles. As usual s denotes the size of the mesh. Let P, (K) denote
the space of polynomials of degree less than or equal to k on K € 3. We
choose for H, :

Ty= {r€T; |, €P (K, Ke3), m=0

or
Ty = {rae TNCUDY ;14| e P(K), KeZ}, m=1,
Vi={vseV;vl,eP K}, Ke3}, k=1,

0, ={a,€Qiq,l,ePyK), KeZ}, €20,

Qu=1{0€0NC2);qil e PeK), KeZ}, =1,

Assume k=2, m=k—1, f=k—1and 0, cC%2). K I, =@, it’s a
known fact that under suitable hypotheses on %, the inf-sup condition (4.2)
is satisfied (see [13, 15, 17]). If meas (I',) # 0 it is possible, with an
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argument similar to the proof of Theorem 3.3, to show that this condition is
also satisfied for a reasonable mesh. Then combining Theorem 4.1 with
standard interpolation theory [4, 5] and assuming that o € H*(£2)%
ue H**1(2)* and p € H*(2), we get :

|0'—0h|0+ Iu_uhll'*' |p—ph|0$C(|0'|k+ Iu!k+1 + Iplk)hk;
with C independent of ¢ when ¢ € [0, g].

Remark 4.3 : In this example the approximation of p being continuous, if
we choose T, = C %(£2)* then from

o = (#/a)o — upl
and

e(u) = (12a)o,
we obtain a continuous approximation of o, and £(u) by :
|ow ~ ((wla) o) — upp D+ [e) — (112 a) o =<
<C'(Jo|, + ul, + Pl R,

with C' independent of ¢ when ¢ € [0, &].

Remark 4.4 : Other families of elements satisfying (4.2) are possible ; for
example the « Mini » Finite Element for the displacement with P, continu-
ous approximation for the pressure {13] and P, continuous or P discontinu-
ous approximation of the tensors, Finite Element using discontinuous
pressure [13], etc...

Remark 4.5 : When T, < C%(£2)*, problem (EO,)’ can be solved by a

fixed point method if @ < 1/2:

Given {(o,, u,, p,,)}"20 €H, (o u

n+l> Uns 1o Pns i) is defined by :

(o, d®)) +2(1 — @)(d(u,, ), d(©)) — @pop V.v)= (L, D) Vo EV,,

4.3)
(V'uru—l’ Q)+8(pn+l’ g)=0 VqEQ}n (4.4)

and
(oo 7)—2a(du,, ), 7)=0 V7reT,. “4.5)

Let (o, u,, p,) be the solution of problem (EO,). We deduce from
(4.4) and (4.5) that :

Elpn+l_ph|(2)$_(v'(un+1_uh)’pn+1_ph)s (4*6)

loni1—onlg=<2alu,,y — uyl 4.7

L
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Then from (4.3), (4.6) and (4.7) we obtain :

201 — a)|u, oy — |, <2 afu, —u, 4.8)

1

and then :
Lty o1 — ], = (a/(1 —a))y*! lug — ],

|opi1—oul, =2 a(al/(l —a))ytt |ug —uy], -

Otherwise (4.3) gives :

(pn+l —DPr V.v)= (a-n — T d(v))
+ 2(1 - a)(d(un+1 - uh)v d(ll)) Vv e Vh ’

and then if the discrete inf-sup condition (4.2) holds, we obtain :

lpn+1 _phlogﬁkl(‘o'n_ O-hl0+2(1 - a)lun+1—uhl1)

<4B la(al(l —a)) [1g — usl, -

Then for @ < 1/2 the convergence of the method is obtained. O

If an iterative method is used to solve (4.3) (4.4), the cost of the global
fixed point iteration will be approximately proportional to the cost of
solving (4.3) (4.4).
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