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CONVERGENCE OF A STREAMLINE DIFFUSION FINITE ELEMENT METHOD
FOR SCALAR CONSERVATION LAWS WITH BOUNDARY CONDITIONS (*)

A. SZEPESSY ()

Communicated by R. TEMAM

Abstract. — A higher order accurate shock-capturing streamline diffusion finite element
method for general scalar conservation laws is analysed; convergence towards the unique
solution is proved for several space dimensions with initial and boundary conditions, using a
uniqueness theorem for measure valued solutions. Furthermore, some numerical results are
given.

Résumeé. — On démontre, pour des solutions approchées par la méthode d’éléments finis
« streamline diffusion », la convergence vers la solution exacte dans le cas dune loi de
conservation scalaire générale dans un domaine borné Q de R%, d =1, avec des conditions aux
limites sur la frontiére de Q. On utilise un théoréme d'unicité de la solution qui peut étre une
mesure. Finalement, quelques exemples numériques sont considérés.

0. INTRODUCTION

In this note convergence of a higher-order accurate shock-capturing
streamline diffusion finite element method (SC-method) is proved for
general scalar conservation laws in several space dimensions with initial and
boundary conditions, using the uniqueness theorem for measure valued
solutions in [Sz III]. This theorem, which is a generalization of the
corresponding result for the pure initial value problem by DiPerna [Di],
yields convergence in L,, 1 <p =< o0, towards the unique solution, for
approximate solutions of a scalar conservation law provided they are

(A) uniformly bounded in the L -norm,
(B) weakly consistent with all entropy inequalities,
(C) strongly consistent with the initial condition.

(*) Received December 1989,
(') INADA, Royal Institute of Technology, 10044 Stockholm, Suéde.
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750 A. SZEPESSY

In Section 3 the SC-method is proved to satisfy (A) and in Section 4 the
conditions (B) and (C) are verified. We note that the convergence proof
does not require estimates of the total variation, which are usually used
together with classical compactness arguments to prove convergence of
finite difference schemes. The only previous results for finite difference
methods applied to scalar conservation laws with boundary conditions are
given in [LR I] and [LR II], where convergence was obtained by classical
total variation estimates. We also remark that in the case of scalar
conservation laws in an unbounded domain, i.e. without boundary con-
ditions, one can replace the assumption (A) by « uniformly bounded in
L,norm, 1 < g < p » if the flux involved in the conservation law growths as
a polynomial of degree not more than p in infinity, see [Sz II].

We now give some background material on the SC-method. The
streamline diffusion method is a general finite element method for
hyperbolic problems which may be viewed as a certain combination of the
standard Galerkin method and a least squares method giving added stability
through the weighted least squares control of the residual. In the shock-
capturing variant artificial viscosity is added with the viscosity coefficient
depending locally on the residual and the mesh parameter 4. The effect of
the shock-capturing term is to add substantial artificial viscosity locally
where the solution is non smooth, which improves the quality of the
approximations near shock fronts compared to the streamline method. The
shock-capturing streamline diffusion method combines @ (A**'?) accuracy
for smooth solutions approximated by polvnomials of degree k, with good
stability obtained through the least squares control of the residual and the
shock-capturing artificial viscosity.

The resuli presented here extends to higher order elements the analysis of
SC-methods with piecewise linear elements initialized in [JSz I, JSz III] and
continued in [SzI]. In [JSz III] numerical results were presented for the
Euler equations in two space dimensions and convergence was established
for a Cauchy problem in one dimension for Burgers’ equation using the
theory of compensated compactness. Further, in [Sz I] convergence to the
unique solution was proved for a SC-method applied to a Cauchy problem
for a scalar conservation law in two space dimensions by using the
uniqueness result for measure valued solutions of DiPerna [Di].

In Section 5 the result of some numerical experiments are presented.

1. MEASURE VALUED SOLUTIONS WITH BOUNDARY CONDITION

In this section we recall some results for measure valued solutions of
scalar conservation laws with initial and boundary conditions given in -
[Sz III]. The proof of convergence of the finite element solutions will be
based on Theorem 1.1 below.

Let O be a bounded open set of RY with smooth boundary I' = 3Q with
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CONVERGENCE OF A STREAMLINE DIFFUSION 751

outward unit normal n. We consider for u: Q x R, —» R the conservation
law

d
(1.1 u, + ij(u)x}_zo in OxR,,
j=1
with initial condition
(1.2) u(.,0)=u, in Q,
and boundary condition: for all ke R, (X,7)e ' x R,

(1.3)
(sgn (u(x,t) —k) —sgn (a(x, 1) —k))(f(u(x,t)) - f(k)) .n(X) =0,

where f = (f1, .o f ) :R—> R% uy: Q@ 5> R and a:T x R, — R are given
smooth functions and the function sgn: R — R is defined by
_ x/|x|, if x%%0,
sen (x) {0 if x=0.
We remark that if fis linear, then (1.3) requires u to be equal to the given
boundary data a on the inflow boundary (where f'.n =< 0), but does not
impose any boundary condition on outflow boundaries (where /' . n = 0).

More generally, in [BLN] it is proved that solutions u#® of parabolic
regularizations of (1.1) defined by

d

ui + Y fj(us)xj =eAu® in OQxR,

j=1

u*(.,0) =u; on Q,
u®*=a on I'xR,

converge a.e. to a function ue BV (1 x R, ) as ¢ -0+, which is the
unique weak entropy satisfying solution (the BV-solution) of (1.1-1.3).
Moreover, the trace of u satisfies (1.3). Dubois and Le Floch [DL] have
pointed out that (1.3), in the case of one space dimension, is equivalent to u
being a solution of a certain Riemann problem on the boundary.

Let us now recall the concept of measure valued solution of (1.1-3) given
in [Sz ITI] which will be used to prove convergence of the finite element
method. Let then {u;} be a uniformly bounded sequence in L, (Q x R, ),
ie.,

(1.4) l0, oer,<Ks 7 =123,

(in the applications the u; will be approximate solutions of (1.1-1.3)). Then
aocordmg to Youngs theorem there exists, ¢f. [Di], [Ta], a subsequence,
which we still label {x;}, and an associated measurable measure valued
mapping v ,:Q x R, — Prob (R), such that

(1.5) supp v n< {A: [N =K}, ae, (x,1)eQxR,,

vol. 25, n* 6, 1991



752 A. SZEPESSY

and Vg € ¥(R) the L, (Q x R, ) weak star limit
(1.6a) g@;(.)) g() as j—-oo,

exists, where
(1.64)

g(x, z):J GO vy (N) = (Vi (V)Y , ae, (x,0)e XxR, .
R

Here Prob (R) is the space of all positive Borel measures on R of unit mass
and v, is measurable means that (v,, g) is measurable with respect to
ye Q x R, for each continuous function g. The mapping v is a Young
measure associated with the sequence {u;}.

To define measure valued solutions satisfying boundary conditions we
shall associate with a given Young measure v: Q x R, — Prob (R) satisfy-
ing (1.5), in general in a non unique way, a Young measure
yvy: I x R, — Prob (R), which we consider to be a «trace» of v on
I'x R,. For this purpose we introduce the change of coordinates
x - (X, y) for x in a neighbourhood of T":

(1.7) x=X-yn(x),
where (X, y)e I’ x (0, €), for some £ = 0.

LEMMA 1.1 [SzIII]: Let v:Q x R, - Prob (R) be a Young measure
associated with a sequence {u;} satisfying (1.4). Then there is a sequence
{yj€ (0,¢)}, where y; -0, and there is a measurable Young measure
yv:I'x R, — Prob (R) such that

Supp Yviz,y < {A: [N =K} ae, (Xt)elxR,,
and, for every g € € (R), the L(I' x R, ) weak star limit
<v(x(.,yj),.)a gn\)) = g@..), as j-ooo,
exists, i.e.

(18a) lim <V(x(f)yj)‘ 1) g ()\)> (] dsdt = J

j—oo JIxR, I'x R

3(%, 1) ¢ dsd,

+

for all ¢ € Li(I' x R, ), where ds is the Lebesgue measure on I, and
(1.85) g(x, 1) = J g dy v = (Wi d ),
R

for aee. (%x,t)e ' xR, .
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CONVERGENCE OF A STREAMLINE DIFFUSION 753

DEFINITION [SzIIl]: A Young measure v, associated to a sequence
{u;} which satisfies (1.4), is a measure valued solution (mv-solution) to (1.1-

1.3) if for all b € €4( x R.), &=0, and for all k € R, we have

(1.90) J (Vi IN=K[) &+ (Vi (580 (M —k)) X

R,

X ) =7 VoY= [ (i ) =1 00)

T'xR,
xn(X)dsgn (a—k)dsdt =0,
and
(1.956) lim J (Ve iy IN=up|) dx =0
t-0J0

Remark 1.1 : In general Lemma 1.1 associates with v a trace yv in a non-
unique way. However, in the proof of Theorem 1.1 in [Sz III] it is seen that
the expected value (yv(,, f(A)), which appears in the definition (1.9a), is
in fact uniquely defined. O

The following uniqueness result for mv-solutions is proved in [Sz III].

THEOREM 1.1 [Sz III] : Suppose that a Young measure v associated with
the sequence {u;} is a mv-solution to (1.1-1.3) and let w denote the unique
BV-solution of (1.1-1.3). Then

V(x’ H = Sw(x, ) a.e.,

i.e., v, reduces a.e. to the Dirac measure concentrated at w(x, t), and the
sequence {u;} converges strongly in L(Q x R ) tow.

2. FORMULATION OF THE FINITE ELEMENT METHOD

In Sections 2-4 we shall use Theorem 1.1 to prove strong convergence in
LI°° towards the unique BV-solution of (1.1-1.3) for the SC-method. First
we consider a one-dimensional problem, ie. we let Q =(0,1) and
I' =380 = {0,1}. The generalization to several dimensions is straight
forward, see Remark 2.2. We shall assume that there is a constant C such
that the smooth function f also satisfies

2.1 sup [f"(»)| <C.

y€R

vol. 25, n° 6, 1991



754 A. SZEPESSY

This is no essential restriction since the exact solution is bounded and thus
f(») may be modified for large |y| so as to satisfy (2.1). Below we denote
by C a positive constant independent of 4, not necessarily the same at each
occurrence.

Let us now introduce the finite element spaces of the SC-method for (1.1-
1.3). Let O =ty <tj<t,..<tjy=T be a sequence of time levels, set
I,=(t,t,,,) and introduce the «slabs» S, = Q x I, and sets Q, =
Qx {t,}. For h=0 and n=0, 1, 2, .. let 7, be a quasi-uniform
triangulation of S, into triangles K of diameter Ay ~ 4 with smallest angle
uniformly bounded away from zero and let K have one right angle if
KNT s @ (in the case of several space dimensions this is generalized to
mean that the set of space coordinates, of the vertices of K € T} such that
KNT % &, are the same for ¢t =1,,, and ¢t = t,). Define for a given
natural number k£ = 1

V= {ueHI(S,,):UlKEPk(K)aKe Th",v|er+ =0} ’

Vh= HV;,

n=0

where P, (K) denotes the set of polynomials of degree at most k on K. In
other words, V' consists of continuous piecewise polynomials on the slab
S,. Typically, ¢, ., — t, ~ & with the slab S, one element wide. To define the
shock-capturing modification also for k£ = 1, we divide each K e T} into
similar triangles K,., i=1, 2, 3, ..., k? and introduce fﬁ: {I{',-:i =
1,2, 3, ..,k KeT}},

i {veH'(S,,):v]I.(_ePl(Ki),i=1,...,k L KeThv|, . :o},
f/h: H f/;:.

n=0

We also introduce the usual nodal interpolation operators

w: [] €(S) > Vi,

n=0

#: [] €(S) - Vi,

n=0

where the degrees of freedom of ¥, and V), are the values at the vertices of
K; e T7.
We will seek an approximate solution
U, = U h +a 5

M2AN Modélisation mathématique et Analyse numérique
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CONVERGENCE OF A STREAMLINE DIFFUSION 755

where U, € V), and a: Q x R, is a smooth extension of a. Note that the

functions in ¥, and ¥, are zero on I" x R, and continuous in x and possibly

discontinuous in ¢ at the discrete time levels ¢,.

We shall need the following standard interpolation error estimate (2.2),
« super-approximation » result (2.3) and inverse estimate (2.4) (a proof of
(2.3) is given in the appendix).

LEMMA 2.1 : There are constants C such that for we W>?(w) N €(S,),
veV, n=0,1,2 ..
22a) |w—7w] o) = Ch®~"||w|| o) S = 1,...,k+1,

r=0, 1 s P=00,

(2.26)  [[w =W || gy < CB T T W s
r=0,1, lsk<k, p=2,
23a) |ow—w(ow)]| () S Ch'~"||v| L) wl o) 2

r=0,1> D=0,
k+1

(2.3b)  |ow — 7 (vw) “H'(.,,) = Clv| Lo (w) Z hi_'”w ||1-‘1"(,,,) >

i=1

k+1

23¢) Jow—m= (UW)"LZ(Q,,) =C ||.v "Lw(sn) zh

i=1

1
2
[|w ”H"'(sn)s p=2,

24a) ol grpgyy = Ch"||v||Lp(m) , r=0,..,k, l=p=o,
2.4b) |v| Ly < Ch=2P||v|| L(s): l=p=o,

where w =Q,, S,, KNQ, or KNS, for Ke T, and W*? is the usual
Sobolev space (here dot denotes semi norm and W52 = H®). The same
estimates hold if we replace w by #, ¥, by ¥, and k by 1.

The SC method for (1.1-1.3) can now be formulated as follows :
Find u, = U, + @ where U= U, € V', such that for n =0,1, 2, ...,

(2.5) J LU)Y(v+8(v, + f'(U+a)v,))dxdt +
S,

n

+J sl(U)VU.Vz‘)dxdt+J’ £,(U) U, b, dx dt
S, S,

n n

+J' (U, —U_)v,dx=0, YveVy,
Q,

n

vol. 25, n® 6, 1991



756 A. SZEPESSY
where
w=maw, YweV,,

L) =U,+f"(U+a)U,+g(U,x,t), g(U,x,t)y=f'"(U+a)a,+ a,,

sl(U)|KE§J IL(U)| (1 + |f'(U+ d)])dxdz/j dxdt, VKe T},
K K

eZ(U)|KEJ,(x)+§J |U, —U_| dx/ dx, VKe T},

KnQ, Kkna,

e if KN(TxR)#D

<

~~
&

N’
1

,VKeT,,
0 otherwise
v, (x, ) = lim v(x,t+s), U_(.,0) =u,.

s>0=x

Further 3, 3, g, ¢ are positive parameters satisfying

(2.6) 8=Ch, 5=Ch", 5=Ch®,
(h+3+3/h+8)e—>0 as h—0,

. 1
where the «o; are constants with %<o¢1 <2, z<o< 1. From now on

U = U, will denote a solution of (2.5).

Existence of a solution to (2.5) follows from a variant of Brouwer’s fixed
point theorem as in [Lil, [JS]L

Remark 2.1 : Comparing with the SC-method for the pure initial value
problem considered in [JSz III] and [SzI], we consider here an in-
homogeneous problem with source term g # 0, and the shock-capturing
term is accordingly modified to contain the total residual L (U). Further, we
add extra diffusion (Ju,,) on the elements next to the boundary

I' = 3Q. In [Sz I] we proved that the method (2.5) with k£ = 1 is accurate of

order O (h*?) for a corresponding linear conservation law with smooth exact

solution. This analysis easily extends to the method (2.5) in the nonlinear

case with k > 1 if the exact solution is smooth, giving accuracy O (h**'?)

away from the boundary (and O(A"*9?) in a neighbourhood of the

boundary) by using Lemma 3.4 below. O
The main result is the following.

THEOREM 2.1 : The functions u, = U, + @, where U, € V, satisfies (2.5),
converge strongly in LI°(Q x R, ) to the unique BV-solution of (1.1-1.3) as h
tends to zero.

M?AN Modélisation mathématique et Analyse numérique
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CONVERGENCE OF A STREAMLINE DIFFUSION 757

The proof is divided into Lemma 2.2 and Lemma 2.3, which are proved in
Sections 3 and 4, respectively.

LEMMA 2.2: There is a constant C such that the functions u, in
Theorem 2.1 satisfy

2.7 C, h=0.

”uh ” Lo (QxR,) =
LEMMA 2.3: There is a subsequence of the functions u, given in
Theorem 2.1 that generate an mv-solution v of (1.1-1.3).

Remark 2.2 : The proof of Theorem 2.1 extends with the following to a
general scalar conservation law in several dimensions yielding convergence
of the SC-method applied to the conservation law (1.1-1.3) with d = 1.

The only major modifications in the case with d > 1 occur in the proofs of
Lemma 3.2 and Lemma 3.3. In [SzI] the corresponding results are Lem-
ma 4.l and Lemma 4.2, and they are proved for d =2 for a special
triangulation of Q x {z,} into triangles K with one right angle and dividing
each prism K x (t,,t,, ) into three tetrahedrons. The proof of Lemma 4.2
in [SzI] easily extends to an element given by the d-simplex E,; =

d

{x e R:0=<x, Z X; = h} . In particular this proves Lemma 3.2 below for
i=1

elements which at ¢z = ¢, reduce to sets E,_| x {t,} (with the new constant

chp~? which does not change the analysis). For general triangulations with

d=1, Lemma 3.2 and 3.3 thus remain true for a SC-method if the shock-

capturing terms are defined by

Y j e (U)V'U.V'vdxdt,
getp VK

¥ J ex(U) VU .V v dx dt ,
K

Ke T}

with ¢; as before and where V' denotes the gradient calculated in the
orthonormal coordinates on E; which are given by the linear transformation

of K onto E; and V, is the space-gradient in orthonormal coordinates on

E,_ , which are given by the linear transformation of K N Q, onto
E;_ 1 x {t,}.

The localization result in Lemma 4.1 for d > 1 follows if we let the normal
coordinate y, which is defined in (1.7), play the role of « x ». Further, in the
super approximation result (4.12) requiring k£ + 1 = d/2, we can instead use
L, and L, bounds as in (4.10) combined with (2.34) in which case no
restrictions on 4 enter. O

vol. 25, n® 6, 1991



758 A. SZEPESSY

3. PROOF OF LEMMA 2.2

First we state and prove the following basic L, stability estimate.

LEMMA 3.1: For N =0, 1, 2, ..., we have

l(j (U_)de+%j (U+—U_)2dx)+
2 Qy 41 n=0vQ,
+8(J (U, + f* Ux)zdxdz> +J e1(U)|VU|” dx dt
sV K

+f e,(U) Uﬁdxdzsc(j u%dx+J g(O,x,t)zdxdt),
sV Q sV

N

where SV = U S, and integrals over SV are interpreted as a sum of integrals
n=0

over the S,.

Proof : Taking v = U in (2.5) we obtain

(3.1) 0= J LUYU +8(U, + f' Ux))dxdt+j (U, —U_)U, dx +
s, o,

+J sl(U)|V0|2dxdt+J e,(U) U2 dx dt
S’ii S

“n

=%(J (U_)de—f (U_)de+f (U+—U_)2dx>
Qn+l Qn 'Qn

+d j (U, + ' U dx dt + J el(U)|VU|2dxdt
s, 5

n

+ Jf e,(U) Ul dx dt + Jf (f'U, U+ gU)dxdt
Srl S’l

+af g(f' U+ U)dxdr .
S

n

Define now the function F,, for me N by
§

(3.2) Fm(s,x,t)=J ffw+a)ywhadw.
0

MZ2AN Modélisation mathématique et Analyse numérique
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CONVERGENCE OF A STREAMLINE DIFFUSION 759
We have by (2.1)

(3.3)

j iFl(U,x,t)dx—j JU(f’(w+ a)), w dw dx
o dx aJo

jf' U, Udx
Q

]

= I_ f fU(f'(w+ d))xwdwdx\sc [ Uldx .

| JaJo i Ja
Further by (2.1)

(CRD) |g(U, x, )| = C|U| + [9(0, x, )|,

so that by summing over n =0,1,2,..., N in (3.1), we get
1 N
3.5 = “ (U.Ydx+ Y j (U, -U_)ax+
2 n'1\’1.1 n=0 ‘Qn
+3 j (U, + f' U)%dx dt)
SN
+J el(U)IVU|2dxdz+J e,(U) U2 dx dt
sV sV

slj ugdx+C(J Uzdxdt+f (g(O,x,t))zdxdt>.
2)a sV sV

Also, for tN< t' SIN+1

t+
J Uz(x,z')dxzj U? dx—JN '2(U,U+1F1> dx dt =
Q o Iz dx
N +1

t+
=J v? dx—JN 20U, + f' U Udx dt
‘QN+I v

IN 41 v
—f ZJ (f'(w+ a)),wdwdxdt
t

0

IN 41
sj U2dx+d | (U +f' U)dxdt+ <C+%)J U?dx dt .
Oy 41 t

Sy

Hence, by a Gronwall inequality

(3.6) J Ux,t")dx<C (J U? dx + 3 J U, + 1" UX)dedz) )
[} Qy .1 Sy

vol. 25, n° 6, 1991



760 A. SZEPESSY

Letting now

N
Q

n=0 n

we then have by (3.5)
Wy, 1—Wy=<C (f ul dx + JN(g(O,x,z))zdxdt> + ChWy .
Q s .
Using a discrete Gronwall argument we get
3.7) hWNHsC(j ugdx+fN(g(o,x,z))2dxdz),
Q s

which together with (3.6) inserted into (3.5) proves the lemma. O
Now we turn to the proof of the L -estimate (2.6). This result will follow

by letting p tend to infinity in L,-estimates obtained by multiplication with

w(UP~1). First we give three prehmlnary results in Lemma 3.2-3.4.

LEMMA 3.2 : There is a positive constant c, independent of p such that for
p=2m m=12,3,..., andn=0,1,2, ..

-2
X =
w(KMn

(3.8) ch Y f e2()((U,)| 0,

Re®) Knn

< [ e (U) U (&(0P~ 1)), dx dr .

Js

n

The proof of this result is analogous to the proof of Lemma 4.2 in
[JSz III]. Further we have.

LEMMA 3.3: There is a constant ¢ >0 independent of p such that for
p=2m m=1,2,3,..., n=0,1,2, ..

(3.9) j ef(U)VU.V&(UP~ VY dxdt =
S
i

= Z j el(U)lVU] "U”L (K)dxdt.

E

Proof : Considering a triangle K € T,, and the three associated heights,

there is always one that stands on a side of the triangle. Choose this side and
the orthogonal height as coordinate directions (cf. fig. 3.1).

M?AN Modélisation mathématique et Analyse numérique
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CONVERGENCE OF A STREAMLINE DIFFUSION 761

Figure 3.1.

Since &, VU.V#&(UP~') and |VU| “U“L % 8¢ constant on K, it is

enough to prove that VU.V# (0P~ 1)>— [VUI lo|5~ A (K) Define the

function £, : SA{£37"2(1,1,1)} > R by

3=y =2 D+ O =308 = D))
(73 =71+ (72— o)) max (PP ~2 y8~% y§~?2

fp(J’1»J’2a y3) =

k]

where y;, y,, y; and y, are the values associated with the vertices and to the
point 2’, respectively, i.e. there is a B € [0, 1] such that

Vi=Byi+ (L -B)ys,
and

O' D =BG+ Q=B

We note that f, is continuous on S? so that by the definition of

f, we have VU.V# (0P~ 1)>mmf1,(y)|VU| ||U|L & We shall now
yeS

estimate min f,. Let us first assume that |y,| = max (|y;], |»2], |»3]) (we

SZ
may then assume that |y, — y3| < |y, — »(]|)- In this case we have
103 =2 O 2+ 98 D+ 0=y OB 2+ 0579
fp(.VI:yZ’yS)/"' 5 3 — =

(3 =200+ 0 —y2)) W
1 (72— »3)? . (y3 )1’-2 2=yl + (3 —»)’
A\ -+ (J’2 -y A\ 3=y’ + 0 —»3)

5 Y3 ”‘2> c
32(J’2 y3)©+ (1_—}’2—> /p_zj

Further, in the case when |y;| = max (|y|, |y, |»3])s
0 =) = 0P )= =B =B -y =¥,
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so that if also |y, — y| =< |y — y3|, then

1 s —yD0O8 ' =y H(1 - -B))
fp(yl’yZ’yS)B'S‘ (y3—-y1)2y§‘2

1 3
=25 (1-B(1-B) =5

and if |y, —y;| = |y — y3| (we still have |y;| = max (|y;|), then

_ 2 -2 -2 _ 2 _2 _9
fp(yl,yz,y3)zl(y3 Y AT+ )+ =) O "+ 04 )2

4 (D1 =y + =y ¥ 2
_1 (3 —y1) . (J’1 )P-Z 01—y + (3 —»1)°
A\ 3=y + 00— \»n O =32 + (2 — »3)*
1 ) »=y1\?"21 ¢
= — 1 —-—=— — =
35 03— »1)"+ ( 7 ) 75

This proves Lemma 3.3, since f,(y,)2, ¥3) is symmetric in y; and
V3. O

LEMMA 3.4 : There are constants ¢, C = 0 independent of p and h such that
forwe V,and Ke T,

(3.10) Vol gy =< 1Vl &)< € max Vel )
(311) ” W " Leo(f(i) = " w ||Lw(Ki) =C mgx "W "Lm(i(i) 4
i
kZ

12 -
G12 W3 oWt g <C?27 ¥ NIV 191, g,
i=1
p=123, ...

The same inequalities holds with V replaced by %, K by KNQ, and
K by K,NQ,.

Proof : First we note that w = ftw, so by standard interpolation estimates
we obtain the left inequality in (3.10). Further, the polynomial w|x has
coefficients which depend linearly on the nodal values of w ] ksi=1 .k 2

Therefore we can define w|gx using one nodal value together with
K=((k+1)(k+2)2-1 linearly independent differences
(B¢ ---» B ) = B of nodal values of vf/| £, These variables also determine
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w | &, In order to prove the right inequality in (3.10) we define the function
f:R¥\ {0} > R by

In the case when B =0 we have max jVwijj, &)= G and then (3.10) is
i 0 i

trivially true. Next, when max |[Vw||, (K_);éO we can define the new

variables (B, ...,B i) =B’ by B; = B;/|B|. Since the coefficients of the

polynomials Vw |4 and Vn‘)] %, depend linearly on B; and B = 0 implies

VW |g=Vw |,‘<,_ = 0 the function f(. ) is homogeneous of degree zero, i.e.

f(B) = f(B'"). Further we easily see that Vw and 1/Vw are continuous on
the compact set S ~!. This implies that there is a constant C such that
VWi, (k)= C max [ VW], &) which proves (3.10).

The inequality (3.11) follows as above taking now B equal to the nodal
values of w and defining f(B) = [w|,_ ) /max [[w] . &)

In order to prove (3.12) we first note that if max | =0 then

| w ” Lm(i(i)

(3.12) holds for all C =0. Next, we consider the case when

max W], k% 0. Dividing then the inequality (3.12) by

h~?max e (12.)) we may in the following assume that
i @ I

max | v ”Lm(fQ) = 1 and ¢ < diam (K,) < 1 for all K; = K. Suppose now that

k2
S0 2
(3.13) 'Zl LV 12 1917, gy =€
We shall prove that
(3.19) |Vw ||Lw(K) = Cpe..

Together with (3.11), (3.14) proves (3.12). To prove (3.14), we first note
that by (3.13)

. ~ 12 2 Lipf2+1 .
e = V0l gy IWIT gy = CPPUVRIT ) Vi
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