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More on inhomogeneous Diophantine
approximation

par CHRISTOPHER G. PINNER

RESUME. Pour un nombre irrationnel a et un nombre réel v, on
considere la constante d’approximation non-homogene

M(a,7) :=liminf |n||jna — ]|
|n]—o0

en rapport avec le développement en fraction continue négatif
semi-régulier de o
= —
a1 -7

G2—ga T

et un a-développement adéquat de v. Nous donnons une majora-
tion de

pla) := sup M(a,7),
YE€Z+aZ

dans le cas ou « est mal approximé, qui s’avére fine lorsque les
quotients partiels a; sont presque tous pairs et supérieurs ou égaux
a 4. Lorsque le développement de a est de période 1, on décrit
entierement le spectre des valeurs prises par

L(a) :={M(a,7) : Y€ Z+aZ},

au-dessus du premier point d’accumulation.

ABSTRACT. For an irrational real number a and real number v
we consider the inhomogeneous approximation constant

M(a,v) := liminf |n|||na — ]|
|nj—o00
via the semi-regular negative continued fraction expansion of a

o= — -
G———T1—

a2= g

and an appropriate alpha-expansion of 7. We give an upper bound
on the case of worst inhomogeneous approximation,

p(a):= sup M(a,7),
Y€Z+aZ

Manuscrit regu le 3 mai 2000.
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which is sharp when the partial quotients a; are almost all even
and at least four. When the negative expansion has period one
we give a complete description of the spectrum of values

L(a) := {M(a,y) : Y€ Z + oZ},
above the first limit point.

1. Introduction

For a fixed irrational, real number o and real vy in [0,1) one defines the
two-sided inhomogeneous approzimation constant

M(a,7) := liminf [n|||na - ]|,
In|—o0

where ||z|| denotes the distance from z to the nearest integer. The homo-
geneous case v = 0 is of course classical. Here we shall think of « as fixed
and 7y varying to obtain an inhomogeneous spectrum of values for o

L(a) :={M(a,y) : Y ¢ Z+ oZ}.

We shall say that v and ' are equivalent (with respect to a), denoted y~/,
if v = 4’ + na + m for some integers n, m, where clearly y~ + ' implies
that M(a,v) = M(o,~'). Historically there has been most interest in the
case of worst inhomogeneous approximation

p(a) := sup M (e, ),
770

particularly for quadratic a. It is conjectured that for quadratic « the value
of p(a) should always be isolated (this would follow from a quadratic forms
conjecture of Barnes-Swinnerton-Dyer [1], and may well be equivalent to
it). In our previous paper [5] we approached the computation of M(a,~)
via the regular continued fraction expansion of «, verifying the isolation of
p(c) when the regular expansion had period one or two, or the period all
even partial quotients. We show here how to alternatively use the negative
continued fraction expansion. The formulae and bounds obtained this way
are similar but simpler to work with (the absence of a sign alternation
making the expressions more symmetric). We are thus able to show the
isolation of p(«) for additional classes of quadratic a having straightforward
negative expansions. For example when the partial quotients are all even
and at least four we explicitly give the v achieving p(a) (see Theorem 2).
In Section 2 we give a complete description of the spectrum above the first
limit point when the negative expansion of a has period one (the structure
is similar to that of the traditional Lagrange spectrum). As an added
advantage the use of the negative expansion leads naturally to a separate
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consideration of the positive and negative integers, and hence to formulae
for the one-sided approximation constants;
Mi(a,7) = liminfn|jna — 7], M-(a,7) := Liminf n|||na —7l|.
By the negative expansion we mean that
1

a= T =: [0;a1, a2, as3,...]”,

1
agz — ...

ay —

as —

where the integers a; > 2 are generated by rounding up rather than round-
ing down in the continued fraction algorithm:

ap = {a}, apy1:= ! Qpt1 = ! 1
0 -— ) n+1 -— an ) n+l -— an an,

with corresponding convergents pp/qn = [0; a1, ...,a,]” given by

Pn+1 = Gp41Pn — Pn-1, Po =0, p_1=-1,

Gnt1 = Gn41Gn —qn-1, Q0 =1, ¢-1=0.
The negative expansion [0;a1,az,as,...]” can of course be thought of as a
reqular expansion where the partial quotients are alternately positive and
negative integers. Using van der Poorten style identities for dealing with
illegal partial quotients,

[...,a,b,¢,d,..] =[...;a,0,-1,1,-1,0,-b, —c, ...]
=..,a,0,1,-1,1,0,-b, —c,...],

and [...,q,0,b,..] =[...,a + b, ], to write

[-.ya,b,¢c,d,e,...] = [ ,a+1,-1,-b+1,—c,—d, —e,...]
=[ma+1,-2,2,.., (—2)”—1, (=1)%(c+1),(-1)"d, (~1)P, ....], etc.,
b-1

it is straightforward to switch between regular and negative expansions:

! ! ! ! ! ! !
[O, ay, aq,0as, 04,05, ag, a7, ]
=[0;a] +1,2,...,2,a5 + 2,2,...,2,af +2,2,...,2,a% + 2,...] .
N — N—— ——
al,—1 ay—1 ag—1

Writing

a; == [0;a5,0i-1,...,01] 7, @ =[0;ai41,0i42,...] 7,
it is readily seen that

Di=gqoa-pi=ay o, ¢=(@ @) "
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For a real number v < 1 we generate the coefficients b; in the alpha-
ezpansion of v by taking

Yo := {7}, bpy1:= l’)’_nJ y Yol :i= {7—"},
Qn

Qnp

so that
n o0

(1.1) {7} =) bDi_1 + mDp_1 = b:Diy
i=1 i=1

gives the unique expansion of v of the form Z;’il b;D;_1 such that

(i 0<b<a; -1,

(ii) the sequence of b; does not contain a block of the form b, = a; — 1,
with b; = a; — 2 for all j > ¢ or with by = a; — 1 for some k£ > ¢ and
bj=a;—2forany t <j <k.

We define the integers Qr = Qx(7,a) by

k
Q=) bigi1,

i=1
and parameters £ := Qk/qx so that
Qk =&k, |1Qka — 7| = W Dk-1,
with
0< fk?’)’k <L
We set
A(n) = AMn; ,7) = |n|||na —7]|.
In evaluating M, (a,<y) we shall frequently encounter
MQk) = &k kqkDic—1,
M@k + gk—1) = (& + @) (1 = %)ak D1,
and for M_(a,7)
M@k = (gk — gx-1)) = |1 — @ — &l|1 — ax — YelgxDi-1,
M@k — qk) = (1 = &) (o + V) gk Di—1-

To obtain more symmetrical expressions for these four functions it is often
convenient to replace the by by the sequence of integers tx, where

b = L(ak — 2+ t),
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and to define

dy = Z tj(gj-1/qk) = t,0k + t—10k0k—1 + tk—20kC—10k—2 + - ,
1<5<k

D;_,
df = Z tj (DZ 1) = tg+10k + tpt20k Q1 + T30k Q41042 + 000
i>k -

(use of the negative expansion avoiding a sign alternation in d; ). Hence

& =3 (1 - @ +d; — -(;—k)’ W= 5(1 - ax +df),
and as k — oo (and Dy_; — 0) we can replace A\(Qx), MQk + gk—1),
M@k — (gk — gk—1)) and M(Qk — gk) by
s1(k) == $(1 — @k + d ) (1 — g + df )qe Di—1,
s2(k) == (1 + T + di ) (1 + o — df )ax D1,
s3(k) := 311 — @ — di ||l — ax — & gk D1,
sa(k) := (1 + @ — d)(1 + ok + d )gx Di—1,

where
1

1 — ogay
Of course the ) are integers with the same parity as ax and —(a; — 2) <
tr < ar. We observe that

—(L—a) <d; <A +@), —(1-oax)<df <1+ a),

qxDy—1 =

with di > 1 — @y (respectively d,‘l' > 1 — o) iff the sequence tx,tx—1, ...
(respectively tx1,tk+2,...) takes the form ¢; = a; with ¢t; = a; — 2 for any
preceding t;. Notice that if ¢; # a; then the expansion of 1—a—y is obtained
by simply changing the signs of the ¢;, where M_(a,v) = M4 (a,1-a—7),
the sign change merely interchanging s;(k), s2(k) with s3(k), s4(k).

Theorem 1. For vy #0
M (a,7) = liminf min{\(Qx), M@k + gr-1)}
= lim inf min{s; (k), s2(k) }.
k—o0
If the alpha-expansion of v has b; = a; — 1 at most finitely many times then,
M_(e,v) = lim inf min{XNQx ~ (g ~ gk-1)), A(Qk — a)}
= lim inf min{s3(k), s4(k)},
k—o0
and
(1.2) M(a,y) = likm inf min{s; (k), s2(k), s3(k), s4(k)}.
—00
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We readily deduce the following bound on p(«);
Corollary 1. For vy # 0
max {o, @, (1 — ox)(1 — k) }
(1 — o)

M(a,7) < p*(a) := #liminf
k—00
In particular if liminf; o, a; = R > 3, then
1
1. M <lfi1-=
(13) @n<i(1-5)-

If the a; > 3 for almost all 4 then, since ax, @ < [0;3]™ + o(1),
1 — o) (1 — @)

(1 — axay)

When the a; are all even and at least four we can achieve this bound by
simply taking the ¢; = 0:

(1.4) p*(e) = ;lim inf(
k—o00

Theorem 2. Suppose that the negative expansion of o has a; even for
1> N. Then

(oo}
=Y 3(ai—2)Di_y =} (Dn_2— Dy_1)
i=N

has

(1 —op)(1 — )
M(a,v*) = lhrgg.}f A

In particular if the a; > 4 we have p(a) = M(a,v*) = p*(a). Moreover if
a is also quadratic,

(15) a = [01 Q1y++yGN~-1;QN5 -+ AN+r—1 ]_; 4< an+i < A7

then the value of p(a) is isolated with

Me) < (1-472T81) 7 (o)

for oy 2 0,7,

We note that the simplified bound (1.4) need not hold when a; = 2
infinitely often (so that the condition a; > 4 is needed here). For example
if for ¢ > 0 the ay42; = 2 with ay42;+1 > 4 even, then

1
1.6 a) = M(a,7**) = L liminf — = p*(a
(16)  pla) = M(e,7™) = gliminf 5 —— " = p"(a)

is larger than M (a,v*), where v** := Dy_o— %—DN_I corresponds to taking
tN+2i = aN+2i, EN+2i+1 = —2. Theorem 2 also shows that bound (1.3) can
not be improved when R is even (consider period R,2A with A — 00).

Finally, the following bound (useful in the explicit computations of Sec-
tion 2) shows that large |¢;| produce small values for M (a,7).
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Lemma 1. Suppose that v # 0. If ty = ay, infinitely often then

273
(L.7 M(a,7) < 1 11m mf—-——-—
) @) < R T g
otherwise
(1.8) M(a,y) < 1 hm mf(—lt—kl)ﬂ

oo (1— o)
2. Period One o
We suppose that o has a period one expansion
(2.5) a = [0;a1,...,an,8]7, a>4,
and set
6 :=[0;a]” = 2(a — Va2 - 4).
From Theorem 1 we can write
M(a,7) = {M*(a,7)/(1 — 6?)
and evaluate M*(a,~y) using the liminf of the slightly simpler functions
sik)=1-0+d;)(1-0+4d),
s3(k)=(1+0+d;)(1+60-4d),
s3(K) =1~ 6 d|[1 -0 - df],
si(k)=(1+0-d;)1+060+dy),
with
df = thp10 + trgob° + oo, df =10+ 167+

We define sets of v = Y 2, %(ai — 2 + t;)D;—; whose sequences t; are
eventually periodic:
When a is odd define

So := {v : t; periodic, period (-1,1)},
S_3:= {7y : t; periodic, period (-3,3)},
S_o:={y : t; periodic, period (-1,-1,1,1)},
S_1:= {v : t; periodic, period (-1,1,)(-1,1,)(-1,-1,1,1) },
Sk := {7 : t; periodic, period (-1,1,)(-1,-1,1,1,)¥}, k>1,
and when a is even
So := {7 : t; periodic, period 0},
S_1:={y : t; periodic, period (-2,2)},
Sk := {7y : t; periodic, period 0, (—2,2,)*}, k> 1.
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When a = 4 (as for a = /3) we interestingly obtain a second sequences of
~ with values also tending to the first limit point;
S_g:={y : t; periodic, period (a,—2)},
S_k—2:= {7y : t; periodic, period (a, -2, )(2, -2, )k}

We set
O := M(a,7), 7€ Sk.

Theorem 3. Suppose that o = [0;a1,...,an,a]|” with a > 4. Then p(a) =
do-
When a > 5 is odd the values of M(a,7), v # 0, greater than
2 05(1-0)2
51 (1-20+6%)" - gmr
AR ()

=1 (25—2)4 (1‘%)2 (1— (a-1)(af\/m)2>’

(5 =l a )
071 (1-6?) *(a+2)Va2 -4
2
5 (1-2+3) | - fasT
_ 1 = = y L Z 0,
A ) ‘(a+2)Va: -4
_ 62(1+6) | 2
PO .0 MY O
27 1-62 * e?Va? -4
T(1_ _a2y\ 2 6(1_9)2 22
(1-204+ 62+ CEAG)"_ SAIVISEN
and for k > 1
ak+101_p(1_p2)\ 2 6(1_0)2 k=22
1(1—29"‘02"‘9 (1(_1942).‘{;)0)) —0(1(4{020))2 (itg:k+z)
Ok =1 1-) ’

with O \, 000 as k — 0o, and M(a,~y) = 0k iff £y is in Sk.
If a > 6 is even, then the values of M(a,y), v # 0, greater than

2
1-8\° _ p2
5 .=l(1+0) o _1 a 1— 2
R 2 t\a+2 a2 -4/’
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are given by

0 4(1_02) [V
02
, 10 - 5 (a2 - 8)

o_1=1 =1 ,
SR ) ‘(a+2)VaZ -4

and for k > 1

with 0, \ 0o as k — 00, and M(a,v) = 6 iff £ is in Sk.
For a = 4 we have the additional values

1
6—2=Z

0 1-6% \*
=1 192
‘5—’6—2—21_92 (1—50 (1_02k+2) )’

with 6_g \ boo-

Since M(a,0) = /(1 — 6%) = 1/va? — 4 the exclusion of the homoge-
neous case v ~ 0 is only relevant when a < 7, with M(a,0) > p(a) when
a < 6 (with equality when a = 6). We note that d is actually a limit point
of limit points from below; for example if the expansion ¢; for «y consists of
blocks 0, (-2,2,)% or (—1,1,)(-=1,-1,1,1)%, with k; not eventually con-
stant and k = lim inf k; then M(a,v)  dc0 as k — 0o (with do, achieved if
k = oo, the limit points from taking the k; to have period k, with | — oo,
tending to do as kK — 00). When a = 5, the set S_3 has d_3 < o and so is
not included in the list. When a is odd the value of §_; actually lies between
01 and d9, otherwise the values are given in decreasing order. The value of
p(a) for odd a > 5 together with the optimal v can be deduced from paper
I of Barnes—Swinnerton-Dyer [1] (Theorem 1 for @ > 7 and Theorem 3 for
a = 5). Komatsu [4] has also evaluated M (a, ) for special values of 7y (in
the regular continued fraction these o of course have period two, 1,a — 2).
The remaining case a = 3 (corresponding to the golden ratio) has been
dealt with by Davenport [3], and by Cusick, Rockett and Sziisz [2] who
show a similar structure from p(a) = 1/(4v/5) (achieved with ¢; of period
(-=1,3,-1)) down to the first limit point 1/(10 4+ 2v/5), the intermediate
values corresponding to expansions with period (—1,3, —1,)*(1, —1).
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3. Proofs for Section 1

3.1. Proof of Theorem 1.
Observe that any positive integer n, gx—; < n < gk, has an expansion

k
n=Y zg1, %=1,
i=1

so that
k
')" = {na} = ZziDi—l
=1

gives the o expansion of {na}. This expansion amounts to taking zx =
|n/qk—-1], repeating this process for n — zxqx—1 and so on. We shall assume
that [|[na—7|| = £({na}—7) (since otherwise ||na—7|| = 1-({na}—-7) > v
or |[|[na —v|| =1+ ({na} —v) >1 -+ and |n|||na — v|| is unbounded).

We suppose that n # Qk so that z; # bs for some 1 < s < k with z; = b;
forany1 <j<s.

If z5; < bs then ||na — || = (bs — 25 + s — 74)Ds—1. Hence if s # k

k
n=Q;s+ (zs - bs)Qs—l + Z 2iGi-1 2> Qs + qr—1 — (as - 1)Qs—1 > Qs,
i=s+1

and

llna — || = (bs — 2 “"7.;)Ds—1 +1|1Qsa =l > [|@sa — Al

so that A(n) > A(Qs) (with the second inequality implying that Qs — oo
as n — oo if A(n) 4 o0o). Thus it is enough to consider s = k, in which
case

A(n) = (2kgk—1 + Qk—1) (b — 2k + V&) Di—1.
For 0 < zr < by this is clearly minimised for 2y = 0 or z; = b so that

A(n) > min{A(Q), M(Qk-1)}-
So suppose that z; > b; and

o
“na =l = (25 = bs)Ds—1 + Z (2 — b)) Di—1.
1=s+1

If s# kors=kandz >bs+2then n' =n— g has ||[n'a— 9| =
[[na — 7v|| = Dg—1 and A(n') < A(n). Hence we can assume that s = k,
zr=by+1and n = Qr + qx_1-

If the alpha-expansion of v has b; = a; — 1 at most finitely many times
then, since Y b;D;—1 + Y (a;i — 2 — b;)D;—1 = 1 — @, we know that —v is
equivalent to a gamma with b, = (a; —2— b;) for almost all . From this one
can readily deduce that M_(a,v) = M4 (a, —7) = liminfx_, o min{ A (Qx —
(g — ak-1)), MQk — ax) }- a



More on inhomogeneous Diophantine approzimation 549
3.2. Proof of Corollary 1.
Defining
(I-oag)(1—ag), ifdf<1-oarandd; <1-—a,
wi () = < ag, if df > 1— ay,
Ok, if d; >1 -1,
Corollary 1 follows from the more precise bound
(3.1) M(a,vy) < %liminfwk(a)quk_l.
k—o0
Ifdt <1-o0o,and d; <1- ay, then

min{s;(n),s3(n)} < v/s1(n)s3(n)
= 1gn D1 (1= @)% = (d7)2) " (1 - an)? - (¢5))?)
< %‘InDn—l(l —an)(1 - an).

1/2

Ifd; <1-ayanddf >1-a, then
1 1
53(n)s2(n) = JgnDn1(1 — (@ +d;)?)2(af — (1 - dF)?)2,
and in the same way if d; > 1 —@, and d} <1 — a, then

1

53(n)34(n) = 14 D1 (@ — (1= 7)) 2 (1 = (n +d)?)2.
Bound (1.3) is immediate from (1.4) and the observation that (1 — a;) <
(1 — ay@;) with @; = 1/(R — @;—1) > 1/R infinitely often. O

3.3. Proof of Theorem 2 and (1.6).

Assume that a; is even for ¢ > N. For 7y = v* or v** we have y~ —~ and
M (a,v) = liminfy_,o min{s;(k), s2(k)}. For v* we have tyy; = 0 giving
df,d; — 0 and

o 1o [ (L—@)(1—ak) (14+a)(1+ ax)
Mer7') = fimintmin{ 72, BB
.. (=)l —ag)
4 hIcI-I-l-)IoIo1 (1- O!kak)

Suppose now that « is also of the form (1.5). Notice that a; > 4 for
almost all ¢ gives oy, @; < [0;4]™ + o(1) = (2 — v/3 + 0(1)). Hence if 7 has

ti = a; infinitely often then (1.7) gives M(a,7v) < }limsup;_, e <

%M (c,7*). Hence we can assume that ¢; = a; at most finitely many times.
Set I := |5|. Suppose that v # £v*,0. Then, for each i =0, ..., — 1, there
will be infinitely n = ¢ (mod r) with ¢,, # 0 for some m withn—Il <m <n
orn+1 <m<n+1+1 (and t; = 0 for any j closer to n or n + 1
than m). Now if m < n then |d;|¢gn > 29m-1 — |d,,,_1|gm-1 > gm-1 and
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ldr| > @y - T > A=Y (likewise if m > n the |df| > A~(+1). Hence,
as in the proof of Corollary 1,

min{sl(n), 83(”)} < Z]fan _1(1 - an)(l - an)(l _ (d;:)2)%(1 _ (d,:)Q)%
< 1gnDn-1(1 = Tn)(1 = an)(1 — A2V,

and

1

T+l 2 . . —

z 1) nin Jm .(1 —@n)(1 — an)gnDn_1
n=qr+1i

M(a,y) <} (1 e

1
= (1 - A_2[%i]) 2 p(a).

Suppose now that ayt+2; = 2 and ay42i+1 > 4 for all ¢ > 0. For y**
we have dI-V+2i’d4I\-l+2i——l =1, dl_\’+2i—-1 — —ON+2i-1, dﬁ+2i — —QN+2i-
with an 42, @n2i-1 < [0,4,2]7 +0(1) = (2 — v2) + o(1), and writing
pi = Yqni2i-1DN42i-1,

SQ(N + 27 — 1) — i,
32(N -+ 2’i) > Sl(N + Zi) - ,ui(3 - 26N+2i—1)(1 - 2aN+2i) > pi + 0(1),
31(N + 27 — 1) — Hi(3 — 2aN+2,')(1 — 26N+2i—1) > i+ 0(1),
and M (a,v**) = liminf; o p; = p*(). a
3.4. Proof of Lemma 1.
Bound (1.7) follows at once from bound (3.1). Bound (1.8) follows on
observing (for ++v) that the minimum of
M@Qk) = qe—1Dr—1(bk + Ek—1) 1k,
MQk-1) = qr—1Dr—1&-1(bx + 1),
MQk-1 — @k—1) = @g-1Dg—1(bx + 1+ 1) (1 — &k—1),
M@k + k1) = qk—1Dp—1(1 + b + &x—1) (1 — %),

is certainly no more than

LMQk) + MQk—1) + M Qxk-1— k1) + MQx +r-1)) = 7(ak+1x)gk—1Dx1-
|

4. Proof of Theorem 3

4.1. Evaluating the k.
We evaluate 6; = 4(1 — 62)0;. Apart from the d_x, k > 2 when a = 4
(which have some t; = a) we can assume that

5% = lim inf min{s{(n), s3(n), s5(n), s5(n)}
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with
$i(n), 53(n) = (1=8:£d;)(1-0%d}), s3(n), 55(n) = (1+0+d; ) (1+0Fd}).

Except for _3, a odd, we have |d|,|d;| < 26 so that s3(n), sj(n) > (1-6)?
and we need only evaluate the sl(n),s3( )- For 7 in Sy with a even the
d},d;~0 and plainly J5 = (1 — 6)? (the largest possible value). For 7y
having t; of period (¢,—t), t = 1,2,3 we have {d;},d;}~ £ t0/(1 + 0)
and s}(n),s3(n)~(1 — 0)% — (t8/(1 + 6))?, giving the value of &3, a odd
and ¢*;, a even (and 0*5 < &% if a = 5). Whent = 3, a > 7 odd,
min{s}(n), sj(n)}~(1+ 0 — t8/(1 + 6))? is smaller and gives 6* 5.

Now if the t; have period 0,(—2,2,)* the smallest pair {d,,,d}} (and
smallest {—d,—d}}) are asymptotically

20(1 — 6%) 26%(1 — 6%)
{“ (1 +6)(1 — 62+1) (1 + 6)(1 — 62k+1) }

occurring when t, = 0 (or t,+1 = 0) giving the smallest sj(n) (or s3(n))
and the value claimed for 6,:, k > 1, when a is even.

For a > 5 odd and ¢* , 0 ,, 05, k > 1 we note that the values claimed are
certainly less than (1 —20+6%+63)? < 1-40+6602. Now if t,, tn41 = 1, -1
(or vice versa) then 8+62 > d;, —df > 6—6?—6° producing s}(n), s§(n) >
(1 -62-63%)(1—20—6% >1-20— 26 Hence it is enough to consider
si(n) when tp,tn41 = —1,—1 (for both v and its negative). For 6*, these
n have d},d; ~(—0 + 62)/(1 + 6%) and s}(n) gives the value claimed. For
+v in S_; these n have {d,,d}} asymptotic to

—0+6%+6%—-0*+65-6%+6" - 68
168 ’
—0+92—63+94—05+05+07—08}

1-68

with si(n) giving the value claimed for ¢*,. For the é;, £ > 1 when the
—1,-1 occurs in a block -1,1,-1,-1,1,1 or 1,1,—-1,—-1,1,—1 we have
{d,;,d}} tending to

[oucn-siee o)

1 — g%k+2 1 — 9%+2

with sj(n) asymptotically giving the value claimed for d;, with this cer-
tainly less that (1 — 26 + 6% + 65)2. When the —1, —1 occur inside blocks
1,1,-1,-1,1,1 we have d,; ,d;} > —0+ 0% +63 — 0% — 6° giving a larger and
hence irrelevant s%(n) > (1 — 20 + 6% + 3 — 6* — 65)2.

Finally we deal with the d_g, ¥ > 2 when a = 4. In this case we need
check s%(n), s3(n) for both v and its negative. If t, = a then d; > af —262,
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dt > —26 and s}(n) > (2 — 6 — 6%)(1 — 36) > 9 (likewise if t,41 = a, this
merely reversing the roles of d} and d;;). Moreover when ¢, = a we have
d; >0,d} <0and si(n) >1and when t,;; =a
s3(n) = 0(1 + (0 +d))(1 — (0 +dpy))-
Hence we can ignore the ¢, = a and when t,4; = a merely check s5(n). For
v in S_3 and ¢, 41 = a we have d;,d:+1~(—20+a02)/(1 —6?%) = —0 giving
*, = 0. For v with period 2, -2,a, -2, (2,-2,)*"! and t,41 = a we have

T 4 (a — 2)6%k+2
AT (1460) T (1 - 62k+2)

2
and s3(n) — 0 (1 - (0 - 123_;2‘9 - 12—0%’:%) ), the value claimed for 6%, _,.

For the negative of this —2,0, a,0, (—2,2,)¥~1 we have d, df~—26%/(1+
0) — 26%%+2/(1 — 9?%+2) asymptotically giving the same value. For the
remaining n with t,,t,4+1 # a we have |d;|,|d;}| < 20 and again we need
only consider sj(n). Now if t, = =2, tp,41 # a (or vice versa) the bounds
dy > =20+ a3 — 205 > —20 + 6%, d} > ab? — 20* > 0 give si(n) >
1 — 30 + 6% = 0 so these do not affect the value of 0% o O

4.2. Proof of the Theorem when q is odd.
Writing 6%, = 4(1 — 62)6, we suppose that v has M*(a,7y) > 6%,. We
note the rough bounds

6%(1 — 6)2
(1+62)2

and 6%, > (1 — 20 + 62 — 16)2. Now if 7 has ¢; = a infinitely often then,
from (1.7),

M*(a,7) <0 < 8% — (1 - 50 +56°) < &%, — 462,
and if |¢;] > 5 infinitely often, then from (1.8)
M*(a,7) < (a=5)0=1-50+6%2< & —6.

8 = (1—20 +6%)% - > (1-20+6%)?% 65> (1 - 40+ 56%)

Hence it is enough to consider v with t; = £1,+3 for all 7 (if we were only
interested in p(a) we could similarly rule out ¢; = £3 infinitely often).

Now if ¢, = —3 and t,4+1 < —1 (or vice versa) infinitely often, then
. 362 362
si(n) < (1—0—-0-&- 1_9) (1—-0—39+ 1_0)
and
362 \°
M*(a,y) < (1 —30+ 7 _0) - 62 < &%, — 62
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Similarly we can dismiss ¢; = 3, t;+; > 1 (by considering the negative
(I -a—7)). Soif {tn,tn+1} = {-3,1} then

s}(n) < (1—9+ I—%) (1-6-30+36%) < &%, — 6%

Likewise if {tn,tn+1} = {3,—1}. Hence apart from the period —3,3 ele-
ments of S_3 we can assume that ¢; = +1 for all .. We assume that v € Sy

so that v (or its negative) has infinitely many blocks t,,t,+1 = —1,—1
with sj(n) = (1 —20 + 6d,,_,)(1 — 20 + Od;';_i_l) Now we can rule out
blocks —1,-1,-1 and -1,1,-1,-1,1,—1 since t,42 = —1 would give

df, <0, d_ . £6/(1 —0) and sl(n) < (1-20)2+ 6% < &, and
tn-1,tn—2 = tn42,tnt3 = 1,—1 would give d},d; < 6 — 62+ 63/(1 - 6)
and si(n) < (1 —20 + 62— 63 +6*/(1 — 6))? < 6%,. Hence we can as-
sume the blocks —1,—1 and 1,1 occur inside blocks —1,1,1,—-1,—1,1 or
1,-1,-1,1,1,—1. Suppose that t,_1,...,¢n44 =1,—-1,—1,1,1, -1 then

si(n) = (1—20 + 6% +6%d;_,)(1— 20+ 6% +6° — 6* — 6*(—d},,))
s5(n+2) = (1 - 20+ 6%+ 6*(—d, ) (1 — 20 + 6° +93 -0t —0'd; ).
Now we can rule out blocks t,41,tn,th-1,...= -1,-1,1,—-1,—1,... or

-1,-1,1,-1,1,-1,-1,...or —1,-1,1,-1,1,-1,1, -1,
(or tn+2, tn+3, tnta, --- having the negative of these) since these would give
d =min{d,_,,—d} ,} < -0+6%-6%+6*-65+65/(1-0), and
min{s}(n),s3(n +2)} < (1 —20 + 6%+ 62d)(1 — 20 + 6% + 6% — 6* — 9%d)
<(1-20+6%+6%2—(0°—0"+0°—652 < 6z,.
Hence we can assume that the sequence t,41,t,,tn—1,... takes the form
-1,-1,1,1,...or —1,-1,1,-1,1,1,-1,-1, ...
or
-1,-1,1,-1,1,-1,1,1,-1, -1, ...

(and the t,49,tp43,... the form 1,1,-1,-1,...0r 1,1,-1,1,-1,-1,1,1, ...
orl,1,-1,1,-1,1,—-1,-1,1,1,...). Moreover if

tn+1,tn, w=-1,-1,1,-1,1,-1,...
and tp42,tp43,... #1,1,-1,1,-1,1,... then
d._, < —0+92—03+e4+05—96—97+08/(1—0), dt , < 0-62-03+6"+65,

and s}(n) < (1 -20+62+09/(1-0))%2— (6 -6*+6°—65—-07)? < 6%
Hence excluding the « in S_; with period —1,-1,1,-1,1,—-1,1,1 or its
negative, and the v in S_o with period —1,—-1,1,1, we can assume that
we have infinitely many blocks —1,1,—1 or 1, 1,1 with these contained



554 Christopher G. PINNER
in blocks 1,1,-1,-1,1,-1,1,1,-1,-1 or —-1,-1,1,1,-1,1,-1,-1,1,1.
Suppose that t,,...,t,45 = —1,-1,1,-1,1,1 then
si(n) = (1-20+06d;_;)(1 -20+6° — 6° + 6+ 6° — 6°(—d} ;)
syn+4)=(1-20+0(—d} ;)1 —20+6%—6%+6*+6° - 6°d,_,).
Now we can rule out d = min{d,_,, —d; s} < (0 + 6%)/(1 + 6?) else
min{s}(n),s3(n+4)} < (1-20+0d)(1—20+6% - 63 +6*+6°—6%d) < &%,
Hence we can assume that the sequence consists solely of blocks
1,-1,(1,1,-1,-1,)k

with k; > 1 (or solely of their negatives —1,1,(—1,—1,1,1,)%). Now if we
have a block ...tp—1|tp... of the form

“1,-1,1,1,(-1,-1,1,1)}-1,-1,1,-1,1,1,(-1,-1,1,1)k -1, -1,1, -1, ..
with [ > k£ > 0 then

6+6> _ ,
- < +al1 _p_p2 1 p3 4 pt
d,_; < 1_'_92+2t9 1-6-6°+6°+06%,
6 + 62
+ 4+4-4k 2
Gnps S~ 77z~ 2 (1-6-6%),
and
sttn) < (1-20+6%+ e -0) +209+4% (1 — 0 — 9%) + 202+ (1 + 9)
1= (1+62)
63(1 - )
_ 2 _ U —U)  5p94dky _ g p2
<1 20+6 i169 20°7**(1 -6 9))
<o — 2014k (91 —g 1) L=9 _ 1 L ov1 — 20167
=™ (1+62) )
This leaves only the periodic expansions of elements in Sk. O

4.3. Proof of the Theorem when a is even.
Suppose that M*(a,v) > &% where

. 20 262
00 = (l‘o‘m) (1“’+1+o)

20%(a —4) 203(1 + 6?)

=1 - 46 + 56° -

Ot +6 (1+6)?

We suppose first that all the ¢; = 0,+£2. We can certainly assume this
when a > 6 since if ¢; = a infinitely often then M*(a,v) < 8 and if |¢;| > 4
infinitely often M*(a,7) < (a —4)0 =1 — 40 + 62 < §¢, (when a = 4 we
consider separately the v with ¢; = a infinitely often). We can rule out
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infinitely blocks (tn,tn+1) = (=2, —2) (or their negative (2,2)) since these
give

262
-0

2
(4.1) si(n) < (1 —0-20+7 ) < (1-20)2 < 8%.

Also when t, = 0 we must have Id; bldrl < 20/(1 + 6) ruling out
blocks 0, (—2,2,)% —-2,0 or 0, (2, —2,)*2,0, since if d = min{+d,_;,+d}} <
—26/(1 + 0) then the minimum of
si(n) = (1 -0 - 0(=d,_1))(1 — 0 +df),
s3(n—1) = (1 —0—-0d7)(1 -0+ (=d,_,)),
s3(n) = (1 -0 -08d,_,)(1 -0+ (=dy)),
siln—1) = (1 -0 -0(=d7))(1 -0 +d7_,),

is certainly at most
(4.2) (1-6-0d)(1—-0+4d) <8,

Moreover if v does not have period 0 and t, = 0 then d;} and d,_, must be
of opposite signs, since if for example tp,tp41 = 0,—2 with d_; < 0 then
(using that df 3 < 20/(1+6) if t13 =0)

sin) < (1-6)(1-6-20+26%+ 20"
1 146

203(1 + 6%)

-1 2 _
=1-46+50 170

< 6%

Hence we can assume that the sequence of t; has period 0 or (—2,2) or con-
sists only of blocks 0, (2,2, )%, I; > 0 (or only of its negative 0, (2, —2,)%).

Now if we have a block ..., tn_1, tn, [tnt1, - = -, 0, (=2,2,)10, (-2, 2, )’co
with 0 <[ < k then
20 292k+1 20 402l+2
d+ 29214-1 =
nSTTre T ivee 1 <Tye” 17
and
262 2k 20  20%+1
1-6 -2(1-6 1-6-
si(n) < ( tire 2 )1+0)( T 1+0>
* 292k 2 2k+1 *
=8~ qrop (1-40+62+2(1 - 9)6%+) < o3,.

This leaves only the periodic elements of S.
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It remains to check the case a = 4 when < has ¢; = a infinitely often.
Observe that if ¢, = a then

sa(n) =001+ (0+dF))(1 - (0 +d;_y)),
s3(n=1)=0(1+ (0 +d,_,))1 - (0+dy)),
and we can assume that
202
1+6’

since otherwise the minimum of these is certainly no more than

2 o, 26 2\ .
o(1 d)<9(1 (0 ) | =%

Hence dj+1,dn+t2,... must take the form 0,-2,... or —=2,2,... or —2,aq,...
(since tpy1 = 2, OF tyy1 = 0,tn42 > 0 would give df > —263/(1 — 6) and
the1 = —2,tne2 < 0, would give df < —280 + a63). We can rule out blocks
(=2, —2) just as in (4.1). Hence condition (4.3) forces the (a,0, —2) to lie in-
side blocks t,, ..., tx = a,0, -2, (2, -2,)!0. But iftx = 0 and d,:', d,_,<1-6
then |df|, |d;_,| < 20/(1+6) just as in (4.2). So the a,0, —2 lie inside blocks
a,0,-2,(2,-2,)'0,a. Now if we have d, = a and d,1,dnt2,... = 0,-2,...
then d,_1,dp—2,... =0,—2,... (and vice versa) since d,—; = —2 would give
df > —20% d; | < —20 + af? and si(n — 1) < &%,. Hence, since going
from 7 to 1 — -y interchanges the blocks a,0, —2 and a,—2,2 (and fixes the
a,—2,a) we can assume that either v has period a, —2 or consists entirely
of blocks a,0,—2,(2,-2,)%0, I; > 0 (or its negative composed entirely of
blocks a, —2,2,(=2,2,)% — 2). Now if we had a block ....t,—1, |ts, ... of the
form

(4.3) d = max{|0 + d}1,10 + d_y |} < 0 -

ey @, 07 (_27 2? )k - 27 07 |a, 07 —2a (27 -27 )lO7 a,...
with [ < k then
20 gi+ak(2— (e +2)0 + 262)

12 "13p 1-6° ’
dt < _gf__03+2,(2_(a+2)0+202)
L ’

and

20°
* < L opit 1— “
34(n)_0(1+0 -2 b+ s+ T

<65 — 20572 (1-0-6%(1+6)) < d%.

202 206+2l )

This leaves only the periodic elements of S_x9)- O
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