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AN INDISCRETE BIEBERBACH THEOREM:

FROM AMENABLE CAT(0) GROUPS TO TITS BUILDINGS

by Pierre-Emmanuel Caprace & Nicolas Monod

Abstract. — Non-positively curved spaces admitting a cocompact isometric action of an
amenable group are investigated. A classification is established under the assumption that
there is no global fixed point at infinity under the full isometry group. The visual boundary
is then a spherical building. When the ambient space is geodesically complete, it must be a
product of flats, symmetric spaces, biregular trees and Bruhat–Tits buildings.

We provide moreover a sufficient condition for a spherical building arising as the visual
boundary of a proper CAT(0) space to be Moufang, and deduce that an irreducible locally finite
Euclidean building of dimension > 2 is a Bruhat–Tits building if and only if its automorphism
group acts cocompactly and chamber-transitively at infinity.

Résumé (Bieberbach indiscret: des groupes CAT(0) moyennables aux immeubles de Tits)
Nous étudions les espaces à courbure négative qui admettent une action cocompacte d’un

groupe moyennable. Lorsque le groupe de toutes les isométries est sans point fixe global à
l’infini, une classification est établie ; le bord à l’infini est alors un immeuble sphérique. Si
en outre l’espace est géodésiquement complet, il s’agit nécessairement d’un produit de plats,
d’espaces symétriques, d’arbres bi-réguliers et d’immeubles de Bruhat–Tits.

Lorsqu’un immeuble sphérique apparaît comme bord d’un espace CAT(0) propre, nous pro-
posons un critère qui implique la condition de Moufang. Nous en déduisons qu’un immeuble
euclidien irréductible localement fini de dimension > 2 est de Bruhat–Tits si et seulement si
son groupe d’automorphismes est cocompact et opère transitivement sur les chambres à l’infini.
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334 P.-E. Caprace & N. Monod

1. Introduction

Quand le vent est au rire, quand le vent est au blé
Quand le vent est au Sud, écoutez-le chanter
Le plat pays qui est le mien.

(Jacques Brel, Le plat pays, 1962)

The meeting ground between non-positive curvature and amenability is shaped
by flatness. This principle emerged in the 1970s for Riemannian geometry [5], [20],
[27] and culminated in 1998 as a definitive metric statement: The flat Euclidean
spaces are the only geodesically complete locally compact CAT(0) spaces admitting a
proper cocompact isometric action of an amenable discrete group [2, Cor. C]. In par-
ticular, amenable discrete CAT(0) groups are all Bieberbach groups. Earlier versions
include [12, Th. 2] and [3].

However, as soon as we broaden our view from discrete to locally compact CAT(0)
groups, the landscape becomes much more scenic. To wit, symmetric spaces and
Bruhat–Tits buildings support a cocompact action of the corresponding minimal par-
abolic groups, which are amenable (indeed soluble-by-compact). A taxonomy was
missing, even in the classical case of Riemannian manifolds.

The main objective of this article is to establish the classification of geodesically
complete CAT(0) spaces without global fixed point at infinity that admit a cocom-
pact amenable group of isometries: they are all products of flats, symmetric spaces,
Bruhat–Tits buildings and trees (Theorem B below). The assumption that there be no
fixed point at infinity under the entire (typically non-amenable) group of isometries is
necessary. Otherwise, the variety of possible spaces becomes richer, even among man-
ifolds: uncountably many homogeneous non-positively curved manifolds that are not
symmetric spaces arise as soluble Lie groups endowed with an invariant Riemannian
metric of non-positive sectional curvature (see [24] and [6]).

In conclusion, we submit that symmetric spaces, buildings and trees are really
the next flattest CAT(0) spaces after Euclidean spaces: our result could be seen as a
non-discrete Bieberbach theorem. The associated full isometry groups are for instance
semi-simple algebraic groups with Kazhdan’s property; although being traditionally
viewed as “very non-amenable”, in the present geometric setting their salient property
is rather to contain a cocompact amenable subgroup.

Remark. — The threshold to flatness is situated slightly further than discreteness:
Corollary C of [2] holds more generally for unimodular amenable locally compact
groups, as shown by combining [2, MainTh.] with [17, Th.M].

The major part of this article will consist in establishing the classification at infin-
ity, as follows.
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An indiscrete Bieberbach theorem: from amenable CAT(0) groups to Tits buildings 335

Theorem A (Classification at infinity). — Let X be a proper CAT(0) space without a
global fixed point at infinity. Assume that X admits a cocompact isometric action of
an amenable locally compact group.

Then ∂X is a metric spherical building and each of its irreducible factors of di-
mension > 1 is Moufang.

Moreover, the stabiliser of every point of ∂X acts cocompactly on X.

A sufficient condition for the absence of global fixed points at infinity is that Is(X)

be unimodular, see [17, Th.M]. This is automatic if Is(X) contains a lattice, e.g. if X
is the universal cover of a compact locally CAT(0) space.

A metric spherical building is a spherical building in the sense Kleiner–Leeb [26]
(see §3.A below). It may be seen as the CAT(1) metric realisation of a combinato-
rial spherical building (see Lemma 3.3). Degenerate examples are provided by round
spheres (those are the thin spherical buildings) and by discrete CAT(1) spaces in
which any two points are antipodal (those are the 0-dimensional spherical buildings).
If Is(X) acts minimally on X, in the sense that X is the only non-empty closed convex
Is(X)-invariant subset, then the spherical factors of ∂X correspond to the flat factors
of X, while the 0-dimensional factors of ∂X correspond to the Gromov hyperbolic
factors of X. Theorem A ensures that any other irreducible factor of ∂X is a spherical
building of dimension > 1 and satisfies the Moufang condition (see §3.B below).

Moufang buildings have been completely classified by Tits [37] and Tits–Weiss [40]
in terms of algebraic data. In particular, the irreducible Moufang buildings appearing
at infinity of X are precisely the spherical buildings associated with simple algebraic
groups over (possibly Archimedean) local fields (see §3.B below). It thus follows from
Theorem A that the isometry type of the CAT(1) visual boundary ∂X runs over a
countable family of standard possibilities: this is the classification at infinity.

If we impose on X the (rather common) assumption of geodesic completeness, i.e.,
that every geodesic segment extends to a bi-infinite geodesic line, then X itself is also
restricted to a countable list of standard geometries (up to the unavoidable scalings
of the various irreducible factors).

Theorem B (Classifying the spaces). — Let X be a geodesically complete locally com-
pact CAT(0) space without a global fixed point at infinity. Assume that X admits a
cocompact isometric action of an amenable locally compact group.

Then X is a product of flats, symmetric spaces of non-compact type, Bruhat–Tits
buildings and biregular trees.

The key tool in deducing Theorem B from Theorem A is provided by Leeb’s
work [28], which ensures that a geodesically complete locally compact CAT(0) space
whose boundary is an irreducible metric spherical building of dimension > 1 must be
a symmetric space or a Euclidean building.

It cannot be expected that the sharper conclusions of Theorem B hold without the
hypothesis of geodesic completeness, even if one assumes that the full isometry group
Is(X) acts minimally on X. The simplest illustration is provided by the following
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336 P.-E. Caprace & N. Monod

one-parameter family of “equivariant deformations” of the trivalent tree T with edge-
length 1. Replacing the ball of radius 0 < ε 6 1/2 around each vertex by an equilateral
triangle of side length ε, one obtains a proper CAT(0) space G̃ε (the universal cover
of a G-string) which is not geodesically complete. Nonetheless, its isometry group
Is(G̃ε) is naturally isomorphic to Aut(T ) and acts minimally. In particular G̃ε admits
cocompact action of an amenable group, but no isometric embedding of T . A more
fancy-clad construction gives a continuous deformation of the classical hyperbolic
plane [32] . The latter provides a one-parameter family of (homothety classes of) non-
geodesically complete proper cocompact minimal CAT(−1) spaces whose isometry
group is PGL2(R). Each of those spaces therefore admits a cocompact isometric
action of the amenable group ax+ b.

However, despite this broader diversity of CAT(0) spaces allowed for by Theorem A,
on the level of the full isometry groups we retain the same rigidity as imposed by
geodesic completeness on the level of the spaces:

Corollary C (Classifying the groups). — Under the hypotheses of Theorem A, there
exist:

– a geodesically complete locally compact CAT(0) space Xmodel which is a product
of flats, symmetric spaces of non-compact type, Bruhat–Tits buildings and biregular
trees,

– a continuous, proper, cocompact isometric action of Is(X) on Xmodel,
– an Is(X)-equivariant isometry ∂X ∼= ∂Xmodel.

In particular, modulo a compact kernel, Is(X) is a closed subgroup of a product of
algebraic groups and automorphisms groups of biregular trees.

The second assertion of this corollary implies in particular that there is an equivari-
ant quasi-isometry Xmodel → X. This is however formally weaker than the isometry
at infinity afforded by the third assertion.

The proof of Theorem A occupies the major part of this paper. The absence of
fixed points at infinity is used once at the first step of the proof, in order to invoke
structural results from [16] recalled in Theorem 2.14 below. This provides a reduction
to the case where Is(X) is totally disconnected. We then focus on proper CAT(0)
spaces admitting a cocompact isometric action of a totally disconnected amenable
locally compact group. This part of the work (which represents about half of the proof
of Theorem A) is valid in full generality: global fixed points at infinity are allowed.
The main result provides a sharp description of the boundary at infinity; in particular
we establish the existence of spherical caps of full dimension in ∂X consisting of points
with a cocompact stabiliser (Propositions 6.8 and 6.12). A posteriori, those spherical
caps will be identified with the chambers of the spherical building at infinity. Those
general results are then confronted to the absence of fixed points at infinity: using
the aforementioned spherical caps, we construct fully maximal spheres all of whose
points have a cocompact stabiliser, and then establish, using a criterion due to Balser–
Lytchak [10] and recalled in Theorem 3.4, that the subset C of ∂X consisting of those
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points at infinity whose stabiliser is cocompact, forms a metric spherical building.
It is finally shown that C = ∂X.

The last step in the proof of Theorem A is to establish the Moufang property. This
property will be guaranteed by the following.

Theorem D (Classifying thick boundary buildings). — Let X be a proper CAT(0)
space whose boundary ∂X is a thick irreducible metric spherical building of dimen-
sion > 1. If for each ξ ∈ ∂X, the stabiliser Is(X)ξ acts cocompactly on X, then ∂X

is Moufang.
Moreover the image of the natural map Is(X) → Aut(∂X) contains all root sub-

groups.

We point out the following building-theoretic consequence.

Corollary E. — Let X be a thick irreducible locally finite Euclidean building of di-
mension > 2. If Aut(X) (including potential non-type-preserving automorphisms) acts
cocompactly on X and transitively on the set of chambers of the spherical building ∂X,
then ∂X is Moufang. In particular X is a Bruhat–Tits building.

The Moufang condition is automatic for irreducible spherical buildings of dimen-
sion > 2 (see [38, Satz 1] or [42, Th. 11.6]), so the relevance of Corollary E is for
2-dimensional Euclidean buildings. The conclusion of Corollary E has been proved in
the special case of Ã2-buildings by H.Van Maldeghem and K.Van Steen [41] (under
the a priori stronger hypothesis that X admits a type-preserving automorphism group
acting Weyl-transitively on X in the sense of [1, Def. 6.10]). The case of C̃2- and
G̃2-buildings had remained open since then. The proof presented below is insensitive
to the type of the ambient building.

Acknowledgements. — This work was finalised while the first-named author was
spending a trimester at EPFL, whose hospitality was greatly appreciated. We are
grateful to Richard Weiss for a useful comment on the classification of locally finite
Bruhat–Tits buildings and to the anonymous referee for useful remarks.

2. Geometric preliminaries

We first fix some basic terminology and notation that will be used throughout this
paper. We follow the book [11] to which we refer for further details.

Let X be a CAT(0) space. The visual boundary of X, consisting of asymptote
classes of geodesic rays, is denoted by ∂X. Given ξ, η ∈ ∂X, the angular distance
between ξ and η is defined by

∠(ξ, η) = sup
x∈X
∠x(ξ, η),

where ∠x(ξ, η) denotes the Alexandrov angle formed by the geodesic rays [x, ξ) and
[x, η) at the point x. The set ∂X endowed with the angular distance is a metric
space. The Tits distance dT on ∂X is defined as the length metric associated with the
angular distance. The metric space (∂X, dT) is called the Tits boundary of X. It is
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338 P.-E. Caprace & N. Monod

a CAT(1) space which is complete if X is so (see [11, II.9.20]); there is a customary
abuse of notation here since dT may take infinite values. For all ξ, η ∈ ∂X, we have
∠(ξ, η) 6 dT(ξ, η) by definition; moreover, the equality ∠(ξ, η) = dT(ξ, η) holds as
soon as ∠(ξ, η) < π.

Endowing the set of geodesic segments and rays emanating from a base point x ∈ X
with the topology of uniform convergence on compacta, we obtain a topology on set
X = X t ∂X, which happens to be independent on the base point x. This is called
the cône topology. If X is proper, the cône topology is compact and X is then a
compactification of X. The cône topology generally differs from the topology induced
by the Tits distance.

Given ξ ∈ ∂X, the Busemann function based at ξ is defined by

Bξ : X ×X −→ R : (x, y) 7−→ lim
t→∞

d(r(t), y)− t,

where r : R+ → X is the geodesic ray joining x to ξ. For all x, y, z ∈ X, we have

Bξ(x, z) = Bξ(x, y) +Bξ(y, z).

It follows that for any isometry g ∈ Is(X) fixing ξ, the number

βξ(g) = Bξ(x, gx)

is independent of x. Moreover the map βξ : Is(X)ξ → R is a homomorphism, called
the Busemann character at ξ. It is continuous when X is proper and Is(X) is endowed
with the compact-open topology.

It is customary to fix a base point x0 ∈ X and to call the function

bξ : X −→ R : x 7−→ Bξ(x0, x)

the Busemann function at ξ. The dependence on the choice of a base point x0 ∈ X is
thus implicit in that notation.

2.A. The interplay of angles and Busemann functions. — Consider two distinct
points x, y ∈ X and at point at infinity ξ ∈ ∂X.

Lemma 2.1 (The asymptotic angle formula). — If r is the geodesic ray pointing
towards ξ with r(0) = x, then

lim
t→∞

cos∠x(r(t), y) =
bξ(x)− bξ(y)

d(x, y)
,

where the comparison angle in the limit is a non-decreasing function of t.

Proof. — The angle is non-decreasing by comparison [11, II.3.1]. Normalise the Buse-
mann function by bξ(x) = 0. For any given t, the cosine law gives

cos∠x(r(t), y) =
t2 + d2(x, y)− d2(r(t), y)

2td(x, y)
.

This can be re-written
d2(x, y)− 2t

(
d(r(t), y)− t

)
−
(
d(r(t), y)− t

)2
2td(x, y)

.

Since d(r(t), y)− t converges to bξ(y), the statement follows. �
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An indiscrete Bieberbach theorem: from amenable CAT(0) groups to Tits buildings 339

Lemma 2.2. — If bξ is constant on the segment [x, y], then x, y and ξ span a Euclidean
half-strip in X.

Proof. — By the “ideal” version of the flat triangle lemma, or equivalently by applying
the flat quadrilateral lemma [11, II.2.11] at points far out on [x, ξ) and [y, ξ), it suffices
to prove

∠x(y, ξ),∠y(x, ξ) > π/2.

For any z ∈ [x, ξ) and any t ∈ [x, y] we have

d(t, z) > |bξ(t)− bξ(z)| = bξ(x)− bξ(z) = d(x, z).

It follows that the orthogonal projection of z to [x, y] is x, so that ∠x(y, ξ) = ∠x(y, z) >
π/2 as required. The other angle is treated the same way. �

2.B. Radial limits of Alexandrov angles. — Tits angles and Alexandrov angles
have various semi-continuity properties. The most basic one is the following:

Lemma 2.3. — The Tits angle is lower semi-continuous with respect to the cône topol-
ogy in the sense that for any convergent sequences ζn → ζ and ϑn → ϑ in ∂X we
have

∠(ζ, ϑ) 6 lim inf
n→∞

∠(ζn, ϑn).

Proof. — See Proposition II.9.5(2) in [11]. �

However, we shall repeatedly need a lower bound on the Tits angle between limits
of points at infinity. This will be provided by Alexandrov angles measured along
radial limits, as follows. We say that a sequence of isometries (gn) is radial for a point
ζ ∈ ∂X if for some (hence all) p ∈ X, the sequence g−1n p converges to ζ and remains
in a bounded neighbourhood of the geodesic ray [p, ζ).

Remark 2.4. — Observe that (gn) is radial for ζ if and only if for some (hence any)
ray % pointing to ζ, there is a sequence tn → +∞ such that gn%(tn) remains bounded.

As pointed out to us by Eric Swenson, the following result appears in [36, Lem. 7].

Proposition 2.5. — Let ζ, ϑ ∈ ∂X and let (gn) be a radial sequence for ζ. Let ζ ′, ϑ′
be accumulation points of the sequences (gnζ) and (gnϑ) respectively. Then we have

∠(ζ ′, ϑ′) = ∠x(ζ ′, ϑ′) = ∠(ζ, ϑ)

whenever x ∈ X is an accumulation point of a sequence gn%(tn) where % : R+ → X

is a ray pointing to ζ and tn → +∞.

Proof. — Upon extracting, we assume that the accumulation points under considera-
tion are the limit of the corresponding sequence. By definition, ∠(ζ ′, ϑ′) > ∠x(ζ ′, ϑ′).
The latter is bounded below by

lim sup
n→∞

∠gn%(tn)(gnζ, gnϑ) = lim sup
n→∞

∠%(tn)(ζ, ϑ)
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340 P.-E. Caprace & N. Monod

because of the upper semi-continuity of Alexandrov angles, see Proposition II.9.2(2)
in [11]. The right hand side is actually a limit and equals ∠(ζ, ϑ) by Proposi-
tion II.9.8(2) from [11]. Finally,

∠(ζ, ϑ) = ∠(gnζ, gnϑ) > ∠(ζ ′, ϑ′)

by Lemma 2.3, and hence equality holds everywhere. �

2.C. Joins and links. — We use the symbol ◦ for the operation of spherical join of
two metric spaces (see [11, I.5.13]). The following criterion allows one to recognise
when a subset of a CAT(1) space decomposes as a spherical join. By convention, a
subset of a CAT(1) space is called convex if it is π-convex, i.e., if for any two points
at distance < π, the geodesic segment joining them is contained in the set.

Lemma 2.6. — Let Z be a CAT(1) space and Z1, Z2 ⊂ Z be closed convex subsets such
that d(z1, z2) = π/2 for all (z1, z2) ∈ Z1 × Z2. Then the natural map f : Z1 ◦ Z2 → Z

sending the geodesic from z1 to z2 isometrically to the geodesic segment [z1, z2] in Z
for all (z1, z2) ∈ Z1 × Z2 is an isometric embedding.

Proof. — See [29, Lem. 4.1]. �

Given a pair {ξ, ξ′} in a CAT(1) space Z with d(ξ, ξ′) > π, we define its link as

Link(ξ, ξ′) = {z ∈ Z | d(z, ξ) = d(z, ξ′) = π/2}.

It is a closed convex subset, since it coincides with the intersection of the two closed
balls of radius π/2 respectively centred at ξ and ξ′. We also define the set

Π(ξ, ξ′)

as the union of {ξ, ξ′} and all geodesic segments of length π joining ξ to ξ′. Notice
that if d(ξ, ξ′) > π, then Link(ξ, ξ′) = ∅ and Π(ξ, ξ′) = {ξ, ξ′}.

Lemma 2.7. — Let Z be a CAT(1) space. Given ξ, ξ′ ∈ Z with d(ξ, ξ′) > π, the set
Π(ξ, ξ′) is closed and convex, and decomposes as the spherical join {ξ, ξ′}◦Link(ξ, ξ′).

Proof. — The fact that Π(ξ, ξ′) is convex and isometric to the spherical join
{ξ, ξ′} ◦ Link(ξ, ξ′) is a consequence of Lemma 2.6. Its closedness follows since
Link(ξ, ξ′) is closed. �

When Z is the visual boundary of a CAT(0) space X, the link of a pair of opposite
points has another interpretation. In order to formulate it, let us recall following [16]
that a point ξ′ ∈ ∂X is opposite to ξ if there is a geodesic line in X whose extrem-
ities are ξ and ξ′. We say that ξ′ is antipodal to ξ if ∠(ξ, ξ′) = π or, equivalently,
if dT(ξ, ξ′) > π. Thus the set Opp(ξ) of points opposite to ξ is contained in the set
Ant(ξ) consisting of all antipodes of ξ.

Given ξ′ ∈ Opp(ξ), we denote by

P (ξ, ξ′)
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the union of all geodesic lines joining ξ to ξ′. Recall that P (ξ, ξ′) is a closed convex
subset of X; moreover there is a canonical isometric identification

(2.i) P (ξ, ξ′) ∼= R× Y

for some CAT(0) space Y which is complete if X is so (see [11, II.2.14]), where the
boundary of the line factor is precisely the pair {ξ, ξ′}. In particular, this decomposi-
tion of P (ξ, ξ′) yields a canonical isometric embedding of ∂Y into Link(ξ, ξ′). It turns
out that this embedding is surjective, hence an isometry.

Lemma 2.8. — Let X be a CAT(0) space. Given two opposite points ξ, ξ′ ∈ ∂X, we
have

Π(ξ, ξ′) = ∂P (ξ, ξ′).

In particular Link(ξ, ξ′) is canonically isometric to the visual boundary of the factor Y
in the decomposition (2.i).

Proof. — If dT(ξ, ξ′) > π, then the factor Y introduced above has empty boundary
and we deduce that

∂P (ξ, ξ′) = {ξ, ξ′} = Π(ξ, ξ′).

We assume henceforth dT(ξ, ξ′) = π and denote by ` : R→ X a geodesic line joining ξ
to ξ′. Let also c : [0, π] → ∂X be a geodesic segment from ξ to ξ′. Let µ = c(π/2)

be its midpoint. For any t ∈ R, we have ∠`(t)(ξ, µ) 6 ∠(ξ, µ) = π/2 and analo-
gous inequalities for ξ′. On the other hand we have ∠`(t)(ξ, µ) + ∠`(t)(ξ′, µ) = π.
Hence ∠`(t)(ξ, µ) = ∠(ξ, µ) and ∠`(t)(ξ′, µ) = ∠(ξ′, µ). It then follows from [11,
Cor. II.9.9] that the convex hull of [`(t), ξ) (resp. [`(t), ξ′)) and [`(t), µ) is a flat sec-
tor. Since this holds for all t, we infer that `(R) bounds a flat half-plane H whose
visual boundary coincides with the geodesic segment c([0, π]). Since H ⊆ P (ξ, ξ′),
it follows that Π(ξ, ξ′) ⊆ ∂P (ξ, ξ′). The reverse inclusion is clear from the product
decomposition (2.i). �

2.D. Lunule and parachute

Tu bouscules, tu circules,
Ô ma lune majuscule,
Tu m’écules, tu m’annules
Je ne suis que ta lunule.

(Norge, La Langue verte, 1954)

The following results on CAT(1) geometry will play a crucial role.

Lemma 2.9 (Lunule Lemma). — Let Z be a CAT(1) space and ζ, ξ ∈ Z be a pair of
points with dZ(ζ, ξ) = π, and let σ, σ′ be two geodesic segments joining ζ to ξ. If the
angle α1 formed by σ and σ′ at ζ is strictly smaller than π, then the angle they form
at ξ equals α1 and the geodesic biangle σ ∪ σ′ bounds a spherical lunule.

Proof. — See [8, Lem. 2.5]. �
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Two points ξ1, ξ2 of a CAT(1) space Z are called antipodal if d(ξ1, ξ2) > π. When Z
is the Tits boundary of a CAT(0) space, this definition coincides with the one given
above. The dimension of a CAT(1) space is the geometric dimension in the sense of
Kleiner [25]. The Tits boundary ∂X of a proper CAT(0) space X with a cocompact
isometry group is finite-dimensional; its dimension coincides with the largest dimen-
sion of a round sphere (i.e., a unit sphere of a Euclidean space equipped with the
angular metric) in ∂X which bounds a Euclidean flat in X (see [25, Th.C]).

Lemma 2.10. — Let Z be a finite-dimensional CAT(1) space and let ξ ∈ Z. Given a
round sphere S ⊂ Z with dim(S) = dim(Z) and any point η ∈ S with d(ξ, η) < π,
there is η′ ∈ S antipodal to ξ and a geodesic segment from ξ to η′ passing through η.
In particular, S contains a point antipodal to ξ.

Proof. — See [9, Lem. 3.1]. �

Lemma 2.11 (Parachute Lemma). — Let Z be a finite-dimensional CAT(1) space and
ζ, ξ ∈ Z be a pair of points with dZ(ζ, ξ) = π. Let also U be a spherical cap of
dimension dimZ containing ξ in its interior.

If dZ(z, ζ) < π for all z ∈ U r {ξ}, then there is a round sphere S with dimS =

dimZ such that S contains ζ and that the spherical cap S ∩ U still contains ξ in its
interior.

Proof. — Let V ⊂ U be the subset consisting of all those points z ∈ U such that
dZ(ξ, z) + dZ(z, ζ) = π. Thus ξ ∈ V . We claim that V contains a neighbourhood
of ξ in U . Indeed, suppose the contrary. Then there exist points in U r V which are
arbitrary close to ξ. Pick such a point z such that the ball of radius dZ(z, ξ) around z
is entirely contained in U . By Lemma 2.10, the geodesic segment joining ζ to z can
be locally prolonged in U . Since the ball of radius dZ(z, ξ) entirely lies in U , this
prolongation can be extended until it hits some antipode x of ζ, with x ∈ U . Notice
that x 6= ξ since otherwise we would have z ∈ V . Therefore x is a point of U r {ξ}
with dZ(ζ, x) = π, which contradicts the hypotheses. The claim stands proven.

Let now S be the union of all geodesic segments joining ξ to ζ and containing some
point of V r{ξ}. It now follows from the Lunule Lemma that S is isometric to a round
sphere. Moreover, since S contains an open subset of U we have dimS = dimU =

dimZ. �

2.E. Tricycles. — A tricycle of dimension d is the CAT(1) space obtained by gluing
three unit d-dimensional closed hemispheres along their boundary equators. Alterna-
tively, it can be defined as the spherical join

S ◦ {1, 2, 3}

of a unit (d − 1)-dimensional sphere S with a discrete set of three elements that are
pairwise at distance π from one another. The sphere S, viewed as a subset of the
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tricycle S ◦ {1, 2, 3}, is called its equator . It is an equator of each of the three top-
dimensional spheres contained in the tricycle and coincides with the intersection of
those three spheres.

Tricycles may be recognised by applying the following criterion in the case n = 3.

Lemma 2.12. — Let Z be a finite-dimensional complete CAT(1) space and let
S1, . . . , Sn ⊂ Z be round spheres with dimSi = dimZ > 0 for all i. For each i, let
Hi ⊂ Si be a hemisphere with centre si. Assume that the Hi are pairwise distinct
and have a common boundary equator, say E. Then d(si, sj) = π for all i 6= j, and
H1 ∪ · · · ∪Hn is isometric to the spherical join {s1, . . . , sn} ◦ E.

Proof. — Let i 6= j. Every point of Si∪Sj is at distance at most π/2 from the common
boundary equator E ofHi andHj . Moreover si and sj are both at distance exactly π/2
from any point of E. In particular d(si, sj) 6 π and d(si, u) < π for all u ∈ Hjr{sj}.
By hypothesis Hi 6= Hj , hence si 6= sj . If d(si, sj) < π, then Lemma 2.10 ensures that
there exists a geodesic segment γ (in Z) of length π containing sj and joining si to a
point u ∈ Sj r {sj} which is antipodal to si. We must have u ∈ Hj , since otherwise
the geodesic [sj , u] would meet the equator E in some point p. Since [si, sj ] ∪ [sj , p]

is a subsegment of the geodesic γ we would infer that
π

2
= d(si, p) = d(si, sj) + d(sj , p) = d(si, sj) +

π

2
,

contradicting that si 6= sj . Thus we have constructed a point u ∈ Hj r {sj} with
d(si, u) = π, a contradiction. This proves that d(si, sj) = π.

This implies that the set {s1, . . . , sn} is a closed π-convex subset of Z, each of
whose points lies at distance π/2 from each point of E. Therefore there is a natural
surjective map from the spherical join {s1, . . . , sn} ◦E to H1 ∪ · · · ∪Hn. This map is
an isometry by Lemma 2.6. �

2.F. A de Rham decomposition. — A CAT(1) space is called irreducible if it does
not admit any non-trivial decomposition as a spherical join. It is a general fact that
the boundary of a product CAT(0) space X = X1 × X2 is the spherical join ∂X ∼=
∂X1 ◦ ∂X2. In particular ∂X is not irreducible if ∂X1 and ∂X2 are both non-empty.
It is natural to expect that this statement has a converse: a join decomposition of
the CAT(1) boundary of X should come from a product decomposition. This cannot
hold in full generality without any further assumption on X (one may destroy the
product structure of a CAT(0) space without altering the visual boundary by growing
hair on X). However, the statement does hold if one assumes that X is geodesically
complete, see [11, Th. II.9.4]. For our purposes, we need the following variation.

Proposition 2.13. — Let X be a proper CAT(0) space such that Is(X) acts cocom-
pactly and minimally. Given a spherical join decomposition ∂X = Z1 ◦ Z2, there is a
CAT(0) product decomposition X = X1 ×X2 such that ∂X1 = Z1 and ∂X2 = Z2.

Proof. — See [14, Prop. III.10]. �
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Structural properties of proper cocompact CAT(0) spaces and their full isometry
groups have been established in [16]. The following summaries some of them; this will
allow us in due course to reduce the proof of the Main Theorem to the case where
the ambient space is irreducible and has a totally disconnected isometry group.

Theorem 2.14. — Let X be a proper CAT(0) space whose isometry group acts
cocompactly without a fixed point at infinity. Then there is a canonical minimal
Is(X)-invariant closed convex subset X ′ with ∂X ′ = ∂X admitting a canonical
product decomposition

X ′ ∼= X1 × · · · ×Xp ×Rn × Y1 × · · · × Yq,

invariant under Is(X ′) up to permutations of isometric factors, and whose factors
satisfy the following.

– For each i, the CAT(0) space Xi is irreducible, its isometry group Is(Xi) is
a simple Lie group acting cocompactly on Xi. Moreover its visual boundary ∂Xi is
equivariantly isometric to the spherical building of Is(Xi).

– For each j, the CAT(0) space Yj is irreducible, its isometry group Is(Yj) is to-
tally disconnected and acts minimally, cocompactly, without a fixed point at infinity.
Moreover its visual boundary ∂Yj is an irreducible CAT(1) space.

Proof. — All the statements are provided by [16, Th. 1.6&Add. 1.8], except those
concerning the visual boundaries of the factors. The fact that ∂Xi is isometric to the
spherical building of the simple Lie group Is(Xi) follows from [16, Th. 7.4]. The fact
that ∂Yj is an irreducible CAT(1) space follows from Proposition 2.13. �

2.G. Multiple antipodes

. . . le terme d’antipodes trouvait dans ma pensée un sens plus riche et
plus naïf que son contenu littéral.

(Cl. Lévi-Strauss, Tristes Tropiques, 1955)
The results of this section and of the following one are irrelevant to the proof of

Theorems A and B, but they will be used in the proof of Corollary C.
Let Z be a finite-dimensional CAT(1) space. Applying the de Rham decomposition

Theorem from [18] to the Euclidean cône over Z, we infer that Z has a canonical
join decomposition Z = S ◦ Z ′, invariant under Is(Z), such that S is the unique
maximal round sphere factor of Z. That factor S is called the spherical de Rham
factor of Z. When Z is the Tits-boundary of a proper CAT(0) space whose isometry
group Is(X) acts cocompactly and minimally, the spherical de Rham factor of Z = ∂X

coincides with the boundary of the maximal Euclidean de Rham factor of X (e.g. by
Proposition 2.13).

It turns out that antipodes are in richer supply as soon as we leave this spherical
world:

Proposition 2.15. — Let X be a proper cocompact CAT(0) space. A point at infinity
has a unique antipode if and only if it belongs to the spherical de Rham factor of ∂X.
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We first record the existence of antipodes.

Lemma 2.16. — Any point at infinity ξ of a proper cocompact CAT(0) space X has
at least one antipode, which can moreover be chosen opposite to ξ.

Proof. — The existence follows from Lemma 2.10 because the Tits-boundary ∂X

is finite-dimensional and contains a round sphere S with dim(S) = dim(∂X),
see [25, Th.C]. For the stronger statement, let r : R+ → X by a geodesic ray pointing
towards ξ. For each n ∈ N there is a geodesic ray rn with rn(0) = r(n) and passing
within uniformly bounded distance of r(0), see Corollary 3 in [19]. Thus the sequence
of 1-Lipschitz maps t 7→ rn(t− n) remains in compact sets of X for t in any bounded
interval and hence has a limit point. This limit point is a bi-infinite geodesic line
with one end pointing to ξ, as needed. �

Proof of Proposition 2.15. — If ∂X decomposes as a join ∂X ∼= Z ◦Z ′ with Z a round
sphere, then any point ξ ∈ Z has a unique antipode in ∂X, namely its antipode
in Z. Assume conversely that a point ξ ∈ ∂X has a unique antipode in ∂X, say ξ′.
Any sphere S ⊆ ∂X with dim(S) = dim(∂X) must contain ξ′ by uniqueness and
Lemma 2.10. Let now ξ′′ ∈ S be the unique antipode of ξ′ in S. Since ξ and ξ′′ are
not antipodal, we have dT(ξ, ξ′′) < π and it follows from Lemma 2.10 that the geodesic
segment from ξ to ξ′′ can be prolonged in S until it reaches an antipode of ξ, which
has to be ξ′. Thus dT(ξ, ξ′′) = dT(ξ, ξ′) − dT(ξ′, ξ′′) = 0, so that ξ = ξ′′. This shows
that both ξ and ξ′ belong to every round sphere S ⊆ ∂X with dim(S) = dim(∂X).

The intersection of all those round spheres is a convex Tits-compact subset of ∂X
which is invariant under Is(X). It follows that any sequence (gn) ⊂ Is(X) has a sub-
sequence (gn′) such that (gn′ξ) and (gn′ξ′) converge to an antipodal pair. The desired
conclusion now follows from a similar argument as in the proof of [23, Lem. 4.17].
Note however that we cannot invoke the latter result directly, since it is stated un-
der the hypotheses that X admits a discrete group of isometries acting cocompactly,
and containing no rank one isometry. Thus, for the sake of completeness, we include
the details. Our goal is to prove that ∂X admits a join decomposition of the form
∂X ∼= {ξ, ξ′}◦Z. To this end, it suffices by Lemma 2.7 to prove that ∂X = Π(ξ, ξ′), i.e.,
that every point ζ ∈ ∂X lies on a geodesic of length π joining ξ to ξ′. If that were not
the case, there would be a point ζ ∈ ∂X with dT(ξ, ζ)+dT(ξ′, ζ) > π. In particular ζ 6∈
{ξ, ξ′}. We then choose a sequence (gn) ⊂ Is(X) which is radial for ζ and assume, after
extraction, that for some (hence all) x ∈ X, the sequence (gnx) converges to a point
ζ ′ ∈ ∂X. A further extraction ensures that (gnξ) and (gnξ

′) converge to an antipodal
pair η, η′. The π-convergence Theorem of Papasoglu–Swenson [35, Lem. 19] then im-
plies that dT(ζ ′, η) 6 max{0, π− dT(ξ, ζ)} and dT(ζ ′, η′) 6 max{0, π− dT(ξ′, ζ)}. We
infer that

dT(η, η′) 6 dT(η, ζ ′) + dT(ζ ′, η′) < π,

contradicting that η and η′ are antipodal. �
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We point out that the π-convergence used above (and again for Proposition 2.17
below) is stated in [35] for discrete groups acting properly; however, its proof does
not use this assumption.

2.H. Properness of the action at infinity

Proposition 2.17. — Let X be a proper cocompact CAT(0) space with empty spherical
de Rham factor in ∂X. Endow ∂X with the cône topology and Homeo(∂X) with the
compact-open topology.

Then then canonical continuous homomorphism from Is(X) to Homeo(∂X) has
compact kernel and closed image.

We begin with a general observation.

Lemma 2.18. — Let Y be a proper CAT(0) space with trivial Euclidean de Rham
factor and finite-dimensional Tits boundary. If Is(Y ) act minimally on Y , then it
acts faithfully on ∂Y .

Proof. — According to Proposition 1.5(i) in [16], the space Y is boundary-minimal
in the sense that Y is the only closed convex subspace Z ⊆ Y with ∂Z = ∂Y . Let
g ∈ Is(Y ) be an isometry acting trivially on ∂Y . Then the displacement function z 7→
d(gz, z) is bounded on any geodesic ray, hence non-increasing on rays by convexity.
Choosing any y ∈ Y , it follows that the closed convex set

Z = {z ∈ Y | d(gz, z) 6 d(gy, y)}

has full boundary and hence Z = Y . Now Lemma 3.9(ii) in [16] implies that the
displacement function of g is constant on Y . Thus g is a Clifford translation, and
must be trivial since the Euclidean de Rham factor of Y is trivial by hypothesis. �

Proof of Proposition 2.17. — Since Is(X) acts cocompactly, there exists a minimal
Is(X)-invariant closed convex subset Y ⊆ X. The kernel of the Is(X)-action on Y

is compact and we have ∂X = ∂Y . Thus we can apply Lemma 2.18 to Y and deduce
the compactness of the kernel.

Assume now that the image of the homomorphism is not closed. Then there exists
a sequence (gn) in Is(X) leaving every compact subset, and such that (gn) converges
in Homeo(∂X) to some ϕ. Upon extracting, we may assume that for some (hence all)
x ∈ X, the sequence (g−1n x) converges to a point ξ ∈ ∂X. By Proposition 2.15,
the point ξ has at least two antipodes, say η1 6= η2. The π-convergence Theorem of
Papasoglu–Swenson [35, Lem. 19] implies that the converging sequences (gnη1) and
(gnη2) have the same limit in ∂X, which contradicts that ϕ = limn gn ∈ Homeo(∂X)

is injective. �

3. Spherical buildings

The goal of this section, that the experts may wish to skip, is to review of basic
definitions and facts on spherical buildings.
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3.A. Metric and combinatorial buildings. — The spherical buildings appearing in
this paper are metric spherical buildings, as defined by Kleiner–Leeb [26, §3.2]. In
the following, we briefly recall the basic notions as well as some facts relevant to our
purposes. We refer to loc. cit. for any further detail.

Let S be a round sphere. An equator of S is a subsphere of codimension 1. A
reflection of S is an isometry of order 2 fixing pointwise an equator. A spherical
Coxeter complex is a pair (S,W ) consisting of a round sphere S and a finite subgroup
W 6 Is(S) generated by reflections, and called the Weyl group. A wall of (S,W ) is
the fixed equator of a reflection belonging to W . Each connected component of the
complement in S of the union of all walls is an open convex subset called a chamber .
The group W acts freely and transitively on the set of chambers (except in the trivial
case where dimS = 0 and W = {1}, in which W has two orbits of chambers).

A CAT(1) space Z is called a metric spherical building modelled on a spheri-
cal Coxeter complex (S,W ) if there exists a collection A , called atlas, of isometric
emdeddings ι : S → Z satisfying the following axioms.

(SB0) For all ι ∈ A and w ∈W , we have ι ◦ w ∈ A .
(SB1) For each pair z1, z2 ∈ Z there exists ι ∈ A whose image contains both z1

and z2.
(SB2) For all ι1, ι2 ∈ A with respective images A1, A2, the map ι−11 ◦ ι2 defined

on ι−12 (A1 ∩A2) ⊂ S is the restriction of an element of W .

The image of an element of A is called an apartment. By [26, Cor. 3.5.2], each
top-dimensional sphere in a metric spherical building is an apartment. A chamber
(resp. a wall) in a metric spherical building is the image of a chamber (resp. wall)
under an element of A . Two chambers are called adjacent if their intersection is
of codimension 6 1. A panel is the intersection of two distinct adjacent chambers.
A half-apartment is a hemisphere whose boundary equator is a wall. The building Z
is called thick if every wall is contained in at least 3 half-apartments.

Lemma 3.1. — In a metric spherical building, if a point ξ is contained in the interior
of a chamber, then it is contained in a unique chamber. If moreover the building is
thick, that chamber coincides with the intersection of all apartments containing ξ.

Proof. — The first assertion follows from [26, Lem. 3.4.2]. For the second, we first
remark that in a spherical Coxeter complex, the chamber containing a given regular
point is the intersection of all half-apartments containing it. Hence the same holds
in any spherical building. Therefore it suffices to show that each half-apartment in
a thick spherical building is an intersection of apartments. This can be established
as follows. Given a half-apartment H0 in a thick building, there exist two other half-
apartments H1, H2, each sharing its boundary wall with H0. By Lemma 2.12, the
union Ai = H0∪Hi is isometric to a sphere, hence it is an apartment. The intersection
A1 ∩A2 is a proper convex subset of a sphere containing the hemisphere H0, whence
A1 ∩A2 = H0. �
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We say that a spherical Coxeter complex (S,W ) is irreducible if its chambers are
simplices of diameter < π/2. A spherical building is called irreducible if its model
Coxeter complex is irreducible.

Lemma 3.2. — Every spherical building Z admits a canonical decomposition as the
join Z = Z0 ◦ Z1 ◦ · · · ◦ Zp, where Z0 is a (possibly empty) round sphere and Zi is a
thick irreducible spherical building for each i > 0.

In particular, if Z is irreducible as a CAT(1) space, then Z is a thick irreducible
spherical building or a 0-dimensional sphere.

Proof. — Let (S,W ) be the model Coxeter complex and A be the atlas of Z. We first
apply the thick reduction from [26, Prop. 3.7.1] to Z: this provides a canonical way to
replace W be a subgroup W ′ and A by a subset A ′ in such a way that Z equipped
with A ′ is a thick building modelled on (S,W ′). By [26, Prop. 3.3.1] and the discussion
following its proof, every spherical building Z admits a canonical decomposition as
the join Z = Z0 ◦ Z1 ◦ · · · ◦ Zp, where Z0 is a (possibly empty) round sphere and Zi
is an irreducible spherical building for each i > 0. In a product building, the Weyl
group is the product of the Weyl groups of the factors; therefore the walls of the
model Coxeter complex is the union of the walls of the factors. This implies that a
product building is thick if and only if each of its factors is thick. So is thus each Zi
(in particular the Weyl group of the spherical factor Z0 is trivial). The first assertion
follows.

Assume now that Z is irreducible as a CAT(1) space. Then Z is an irreducible
spherical building or a 0-dimensional round sphere and the second assertion follows.

�

The canonical spherical factor Z0 afforded by Lemma 3.2 coincides with the spher-
ical de Rham factor of Z.

The definition of metric spherical buildings recalled above is due to Kleiner–Leeb
and differs from the original definition of Tits, which is more combinatorial. We will
be led to apply classical results from the literature on buildings in a metric context,
and therefore need to clarify the connection between the two notions. A spherical
building in the sense of [1, Def. 4.1] will be called a combinatorial spherical building.

Lemma 3.3. — Every (irreducible, thick) combinatorial spherical building has a metric
realisation which is a(n irreducible, thick) metric spherical building.

Conversely, a metric spherical building without a spherical de Rham factor carries
a canonical structure of a simplicial complex, whose simplices are the chambers and
their intersections, which is a combinatorial spherical building.

Proof. — Given a combinatorial spherical building, the existence of a metric real-
isation as a CAT(1) space is proved in [1, Prop. 12.29&Ex. 12.39]. The other ver-
ifications are then straightforward. For the converse, the arguments are provided
in [26, §3.4]. �
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3.B. The Moufang condition. — Let Z be a thick (metric) spherical building. Given
a half-apartment α ⊂ Z, we define the root group associated with α as the subgroup
Uα 6 Is(Z) consisting of those elements fixing pointwise each chamber having a panel
contained in α but not contained in the boundary wall of α. We say that Z satisfies
the Moufang condition (or simply is Moufang) if for each half-apartment α, the root
group Uα acts transitively on the set of apartments containing α. We remark that
this condition is empty if dimZ = 0. There is a suitable adaption of the Moufang
condition for 0-dimensional buildings, namely the notion of a Moufang set, but we do
not recall that here since it will not play any role.

Spherical buildings associated with non-compact simple Lie groups, and more gen-
erally with isotropic simple algebraic groups over arbitrary fields, are all Moufang (see
e.g. [1, §7.9.3]). In particular, the spherical buildings appearing as the visual bound-
aries of symmetric spaces of non-compact type are Moufang (and associated with
simple algebraic groups over the reals).

Following R.Weiss [43], a Bruhat–Tits building is defined as a thick Euclidean
building whose spherical building at infinity is Moufang. The classification of irre-
ducible Bruhat–Tits buildings of dimension > 2 has been obtained by Bruhat and
Tits and can be consulted in [43]. In particular, it turns out that the locally finite
(equivalently, locally compact) Bruhat–Tits buildings are precisely the Bruhat–Tits
buildings associated with simple algebraic groups over non-Archimedean local fields.
This is indeed proved in Chapter 28 from [43], to which the following additional subtle
but important clarification should be added. The buildings of mixed type appearing
in Table 28.4 from [43] happen to be split, and isomorphic to buildings appearing
in Table 28.5. They are thus also associated with simple algebraic groups over local
fields. This is explained in Remark 28.19 from [33]. In the case of buildings of dimen-
sion > 3, the same remark is also made by J.Tits in §15 of the Résumé de Cours
1983–1984 that can be consulted in [39].

3.C. A metric characterisation of spherical buildings. — In proving that the vi-
sual boundary ∂X is a spherical building in Theorem A, we will not check the building
axioms directly, but will rather invoke the following criterion, due to A.Balser and
A. Lytchak.

Theorem 3.4. — Let Z be a CAT(1) space of dimension d < ∞ containing at least
one antipodal pair. Assume that every antipodal pair is contained in a d-dimensional
round sphere S ⊂ Z. If some point of Z has a compact neighbourhood, then Z is a
metric spherical building.

Proof. — See Theorem 1.6 from [10]. �

3.D. Compact spherical buildings. — This subsection will be exclusively used in
the proof of Corollary C, which requires the notion of a compact building. Following
Burns and Spatzier [13], this is defined as a combinatorial spherical building ∆ of
type I such that for each i ∈ I, the set Vi of vertices to type i is given a compact
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topology satisfying the condition that the chamber set Ch(∆) is closed in the product
space

∏
i Vi.

The following result generalises [22, Cor. (3.4.3)], where it is assumed that X is
a 2-dimensional locally finite Euclidean building. The proof included below was sug-
gested to us by the referee.

Proposition 3.5. — Let X be a proper CAT(0) space such that ∂X is an irreducible
metric building of dimension > 0.

Then ∂X is a compact spherical building, where the topology on the vertex set of
each type is inherited from the cône topology on ∂X.

Proof. — By Lemma 3.3, we may view ∂X as a combinatorial spherical building. We
denote its type set by I.

For each i ∈ I, we claim that the set Vi ⊂ ∂X of vertices of type i is closed with
respect to the cône topology. Indeed, let (vn) ⊂ Vi be a sequence converging to a point
v ∈ ∂X. Choose a point w ∈ ∂X which is antipodal to v. Since ∂X is a spherical
building, it follows that the map n 7→ dT(w, vn) takes only finitely many values. The
semi-continuity from Lemma 2.3 then ensures that dT(w, vn) = π for all sufficiently
large n. Recall from [37, §3.22] that there is a permutation σ ∈ Sym(I) of order 6 2,
called the opposite involution, such that a point z ∈ ∂X is antipodal to a vertex in Vj
is contained in Vσj for any j ∈ I. We deduce that w is a vertex belonging to Vσi, and
hence that v is a vertex belonging to Vσ2i = Vi. This confirms that Vi is closed, as
claimed.

We next let Z ⊂ ∂X be the set of circumcentres of chambers. The same argument
as in the previous paragraph shows that Z is cône-closed.

Finally, in order to show that the chamber set Ch(∂X) is closed in the product
space

∏
i Vi, we consider a sequence (cn) of chambers and let (zn) ⊂ Z be the sequence

of their circumcentres. We also let (vin) ⊂ Vi be the sequence consisting of the i-vertex
of cn. If (zn) converges to z ∈ ∂X, then z is the circumcentre of a unique chamber
c ∈ Ch(∂X), so by Lemma 2.3 any accumulation point v of (vin) ⊂ Vi belongs to Vi
and satisfies dT(v, z) 6 dT(vin, zn). Let R > 0 be the circumradius of chambers in ∂X.
Then the R-ball around z contains a unique chamber, namely c. Since dT(vin, zn) = R

for all n, we deduce that there is a unique vertex v ∈ Vi with dT(v, z) = R, namely
the i-vertex vi of c. Hence vin → vi, and the desired result follows. �

4. Orthogonal projections at infinity

Our goal in this section is to prove a purely geometric statement about projections
at infinity. Proposition 4.1 below establishes this result under a technical assumption.
We then proceed to present a density criterion which implies a variant of this assump-
tion, Proposition 4.7. This variant will turn out to be sufficient when we will apply
Proposition 4.1.
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4.A. Projecting on an intersection at infinity. — Let X be a CAT(0) space. Given
ξ ∈ ∂X, we shall denote by bξ : X → R the Busemann function centred at ξ ∈ ∂X
and normalised at some chosen base point of X. We denote by projA : X → A the
nearest point projection to a non-empty complete convex subset A ⊆ X. We use the
same notation projA for the projection in ∂X to a non-empty complete convex subset
A ⊆ ∂X but we recall that it is only defined for points at Tits-distance < π/2 of A,
see [11, II.2.6].

Proposition 4.1. — Let X be a proper CAT(0) space and Y a filtering family of
closed convex subsets of X with empty intersection. Set D =

⋂
Y ∈Y ∂Y . Assume that

there exists ξ ∈ D and λ > 0 such that for all Y ∈ Y and y ∈ X with d(y, Y ) > 1,
we have

bξ(y)− bξ(projY (y)) > λd(y, Y ).

Then for all η ∈ ∂X with dT(η,D) ∈ (0, π/2), we have projD(η) 6= ξ.

The proof requires a number of preparations; it will be given at the end of the
section. For ease of reference, we start by recording the following basic fact.

Lemma 4.2. — Let X be a CAT(0) space and r, r′ : R+ → X two geodesic rays
with r(0) = r′(0). Then ∠r(0)(r(t), r′(t′)) is non-decreasing in both t and t′, and it
converges to ∠(r(∞), r′(∞)) as t, t′ →∞.

Moreover, if {yn}, {y′n} are any sequences in X converging to η, η′ ∈ ∂X, then

∠(η, η′) 6 lim inf
n→∞

∠x(yn, y
′
n)

for all x ∈ X.

Proof. — For the first statement, see II.3.1 and II.9.8(1) in [11]. The second is
[11, II.9.16]; here is a shorter proof. It suffices to prove that for any x ∈ X, the right
hand side dominates ∠x(η, η′). This holds because ∠x(η, η′) = limn→∞∠x(yn, y

′
n) by

the continuity of the Alexandrov angle for x fixed, see [11, II.9.2(1)]. �

Lemma 4.3. — Let X be a CAT(0) space, Y ⊆ X a complete convex subset and
η ∈ ∂X such that ∠(η, ∂Y ) < π/2. Choose x ∈ Y .

Then given a sequence (tn) ⊂ [x, η), any accumulation point in ∂X of the sequence
of projections

(
projY (tn)

)
n
is proj∂Y (η).

Proof. — Let yn be a sequence along [x, η) such that y′n := projY (yn) converges
to some η′ ∈ ∂X. Since η′ ∈ ∂Y , it suffices to show that ∠(η′, η) 6 ∠(ζ, η), where
ζ = proj∂Y (η). Let vn be the point of [x, ζ) with d(x, vn) = d(x, y′n). Since d(y′n, yn) 6
d(vn, yn) we deduce ∠x(y′n, yn) 6 ∠x(vn, yn). Now Lemma 4.2 implies

∠(η′, η) 6 lim inf
n→∞

∠x(y′n, yn) 6 lim
n→∞

∠x(vn, yn) = ∠(ζ, η)

as was to be shown. �
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Lemma 4.4. — Let X be a CAT(0) space, x ∈ X and ξ, η ∈ ∂X. If ∠(ξ, η) 6 π/2,
then bξ(y) 6 bξ(x) for any y ∈ [x, η). In particular, there is a unique zy ∈ [x, ξ) with
bξ(zy) = bξ(y). If ∠(ξ, η) < π/2, then in addition

lim
y

d(x, zy)

d(x, y)
= cos∠(ξ, η)

as y tends to η along [x, η).

Proof. — Let r : R+ → X be the geodesic ray from x to ξ. In view of Lemma 4.2, we
have ∠x(r(t), y) 6 ∠(ξ, η) for all t. Therefore, the asymptotic formula of Lemma 2.1

(4.i) bξ(x)− bξ(y) = d(x, y) lim
t→∞

cos∠x(r(t), y)

is non-negative, which implies the first statement. Assume now that ∠(ξ, η) < π/2.
Then Lemma 4.2 and (4.i) imply that bξ(y) tends to −∞ as y tends to η along [x, η).
Since d(x, zy) = bξ(x) − bξ(y), Lemma 4.2 implies moreover that lim∠x(y, zy) =

∠(η, ξ) along y and (4.i) yields the desired conclusion. �

We now establish the key ingredient for the proof of Proposition 4.1.

Proposition 4.5. — Let X be a proper CAT(0) space, Y ⊆ X a closed convex subset,
ξ ∈ ∂Y and λ > 0. Assume that for all y ∈ X with d(y, Y ) > 1 we have

bξ(y)− bξ(projY (y)) > λd(y, Y ).

Then every η ∈ ∂X with ∠(η, ∂Y ) ∈ (0, π/2) satisfies

(4.ii) cos∠(η, η′) > cos∠(η, ξ) + λ sin∠(η, η′),

where η′ = proj∂Y (η).
In particular, ∠(η′, ξ) is bounded below by a positive constant depending only on λ

and on ∠(η, ξ).

Proof. — Let η be as in the statement, choose x ∈ Y and normalise bξ at x. Let
{yn} be a sequence converging to η along the ray [x, η). Define y′n = projY (yn) and
η′ = proj∂Y (η).

Since η /∈ ∂Y , the convexity of the function d(−, Y ) forces it to grow at least
linearly along a subray of [x, η). Therefore, we can assume d(yn, Y ) > 1. Moreover, it
follows from the assumption that y′n tends to infinity; since Y is proper Lemma 4.3
implies that y′n converges to η′. Let zn = zyn ∈ [x, ξ) be the point with bξ(zn) =

bξ(yn) given by Lemma 4.4. Define ϑn = ∠x(yn, zn) and ϕn = ∠x(yn, y
′
n), so that

limn→∞ ϑn = ∠(η, ξ) and ϕ := lim infn→∞ ϕn > ∠(η, η′) by Lemma 4.2.
Notice first that the cosine law applied to ∠y′n(x, yn) > π/2 implies

cosϕn > d(x, y′n)/d(x, yn).

Moreover,

d(x, y′n) > −bξ(y′n) > −bξ(yn) + λd(yn, Y ) = d(x, zn) + λd(yn, y
′
n)
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and hence
cosϕn >

d(x, zn) + λd(yn, y
′
n)

d(x, yn)
.

The sine law ensures d(yn, y
′
n)/d(x, yn) > sinϕn and thus we conclude

cosϕn − λ sinϕn >
d(x, zn)

d(x, yn)
.

The right hand side converges to cos∠(η, ξ) by Lemma 4.4 and thus

cosϕ− λ sinϕ > cos∠(η, ξ).

This implies (4.ii) stated in the proposition since ∠(η, η′) 6 ϕ 6 π/2.
For the additional statement, we write

∠(η′, ξ) > ∠(η, ξ)− ∠(η, η′).

The right hand side is non-negative by definition of η′. It cannot become arbitrarily
small when ∠(η, ξ) and λ remain fixed because otherwise (4.ii) would imply that
λ sin∠(η, η′) and hence also λ sin∠(η, ξ) become arbitrarily small. �

Consider a filtering family of bounded closed convex sets in a complete CAT(0)
space. It is known that the intersection is non-empty, but in general its circumradius
and circumcentre are not the limit of the radii and centres of the sequence. In contrast,
the following lemma shows that projections are better behaved.

Lemma 4.6. — Let X be a complete CAT(0) space and let C be a filtering family
of bounded closed convex sets of X. Define D =

⋂
C . Then for all x ∈ X we have

d(x,D) = limC∈C d(x,C) and projD(x) = limC∈C projC(x).
The same statement holds for π-convex sets if X is CAT(1) and d(x,D) < π/2.

Proof. — Recall first that D is non-empty (see e.g. the weak compactness state-
ment [31, Th. 14]). By construction, the net d(x,C) is non-decreasing in C and
bounded above by d(x,D); it thus converges. If the limit r were less than d(x,D),
then the closed ball B(x, r) would meet every C ∈ C . Applying again the weak
compactness, but to C ∩ B(x, r), we would obtain a point in D ∩ B(x, r), which is
absurd.

For the convergence of the projections, consider the midpoint m between projC(x)

and projD(x). The CAT(0) inequality gives

4d2(x,m) 6 2d2(x,C) + 2d2(x,D)− d2(projC(x),projD(x)).

On the other hand, d(x,m) > d(x,C). Therefore,

d2(projC(x),projD(x)) 6 2d2(x,D)− 2d2(x,C)

which we have already shown to converge to zero.
The proof in the CAT(1) setting is identical upon using CAT(1) comparison in-

equalities. �

We are now ready to prove the main result of this section.
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Proof of Proposition 4.1. — By hypothesis C = {∂Y }Y ∈Y is a filtering family of closed
convex subsets of the CAT(1) space ∂X. Set D =

⋂
C and let η ∈ ∂X with ∠(η,D) ∈

(0, π/2), recalling D 6= ∅.
By Lemma 4.6, we have dT(η,D) = limC∈C dT(η, C), so there is a cofinal subfamily

C ′ ⊆ C such that dT(η, C) ∈ (0, π/2) for all C ∈ C ′.
Given C ∈ C ′, set ηC = projC(η). By Proposition 4.5, the distance dT(ηC , ξ) is

bounded below by a constant ε > 0 which is independent of C. By Lemma 4.6,
we have limC∈C ηC = projD(η) in the Tits topology, so that dT(projD(η), ξ) =

limC∈C dT(ηC , ξ) > ε > 0. In particular projD(η) 6= ξ. �

4.B. Transversely dense spaces. — The transverse space Xξ associated with a point
ξ ∈ ∂X is defined as follows. On the set X∗ξ of all geodesic rays r : R+ → X pointing
to ξ, the infimal distance

dξ(r, r
′) = inf

t,t′>0
d(r(t), r′(t′))

is a pseudo-metric. The transverse space (Xξ, d) is then defined as the metric
completion of the quotient metric space of (X∗ξ , d). It is a complete CAT(0) space
(see [17, §3.A]). Moreover, the canonical map associating to each x ∈ X the geodesic
ray [x, ξ) ∈ X∗ξ induces a map

πξ : X −→ Xξ

which is 1-Lipschitz.
The following criterion will help us to apply Proposition 4.1.

Proposition 4.7. — Let Y ⊂ X be a closed convex subset and let ξ ∈ ∂Y . If the
canonical image πξ(Y ) of Y in Xξ is dense, then bξ(projY (x)) < bξ(x) for each
x ∈ X r Y .

We shall use the following basic and well-known result on 4-tuples of points in
arbitrary CAT(0) spaces.

Lemma 4.8. — Let X be any CAT(0) space. Suppose x, x′, y′, y ∈ X satisfy ∠x(y, x′) >
π/2 and ∠y(x, y′) > π/2. Then d(x′, y′) > d(x, y).

Proof of the lemma. — By the 4-point condition (see Proposition II.1.11 in [11]), there
exists a quadrilateral (x, x′, y′, y) in R2 whose side lengths equal the corresponding
distances amongst {x, x′, y′, y} and whose diagonals are not shorter. This implies that
∠x(y, x′) > π/2 and that ∠y(x, y′) > π/2. We deduce d(x′, y′) = d(x′, y′) > d(x, y) =

d(x, y) as desired. �

Proof of Proposition 4.7. — As a first step, we shall prove that bξ(projY (x)) 6 bξ(x)

holds for all x ∈ X r Y . Let r : R+ → X be the ray from x to ξ and write yt =

projY (r(t)). Suppose for a contradiction that bξ(y0) > bξ(x). Then the asymptotic
angle formula Lemma 2.1 implies ∠x(y0, r(t)) > π/2 for all sufficiently large t; in
particular it is at least π/2 for such t. On the other hand, ∠y0(x, yt) > π/2 since y0 is
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the projection of x. Therefore, Lemma 4.8 applied to x, r(t), yt, y0 implies d(r(t), yt) >
d(x, y0). This is absurd because the assumption on Y implies that d(r(t), yt)→ 0.

In order to prove the proposition, we need to show that the equality bξ(y0) =

bξ(x) leads also to a contradiction. Consider any point x′ on the segment [x, y0]. Its
projection to Y is still y0, see [11, II.2.4(2)]. Therefore, applying the first step to x′, we
find bξ(x′) > bξ(y0) = bξ(x). By convexity of Busemann functions, we deduce that bξ
is constant on [x, y0]. Thus Lemma 2.2 implies that x, y0 and ξ span a Euclidean
half-strip. In particular, we have ∠x(y0, r(t)) = π/2 for all t and hence we reach a
contradiction by the same argument as in the first step. �

5. Boundary points with a cocompact stabiliser

Given a proper CAT(0) space X, the full isometry group Is(X), endowed with
the compact-open topology, is a second countable locally compact group. If it acts
cocompactly on X, then it is compactly generated.

Throughout the rest of this paper, we fix a locally compact CAT(0) group, namely a
pair (X,G) consisting of a proper CAT(0) space X and a closed subgroup G 6 Is(X)

acting cocompactly on X. Notice that (X, Is(X)) is a locally compact CAT(0) group if
and only if Is(X) acts cocompactly. If (X,G) is a locally compact CAT(0) group, then
so is (X, Is(X)). Conversely, if (X, Is(X)) a locally compact CAT(0) group, then for
any closed subgroup G 6 Is(X) the pair (X,G) is so if and only if G is a cocompact
subgroup of Is(X).

5.A. Cocompact points and cône-closed orbits. — A boundary point ξ ∈ ∂X is
called cocompact (relative to G) if its stabiliser Gξ acts cocompactly on X.

There is a basic characterisation of cocompact points in terms of the dynamics of
the G-action on the boundary ∂X endowed with cône topology:

Lemma 5.1. — For each ξ ∈ ∂X, the following assertions are equivalent:
(i) ξ is cocompact.
(ii) The G-orbit of ξ is closed in ∂X (with respect to the cône topology).

Thus we see that if there is a cocompact point, then the boundary ∂X contains
G-invariant closed subsets consisting entirely of cocompact points.

Proof
(i) ⇒ (ii) Since Gξ acts cocompactly on X, there exists some compact subset K ⊂ G
such that G = K·Gξ. Thus we have G·ξ = K·ξ ⊂ ∂X, and the Lemma follows since
the G-action on ∂X is continuous with respect to the cône topology.
(ii) ⇒ (i) The G-orbit of ξ, which we denote by Ω, is closed, hence compact. By the
corollary to Theorem 8 in [4], this implies that continuous surjective map G/Gξ → Ω

induced by the orbit map is a homeomorphism. In particular Gξ is cocompact in G
and, hence, acts cocompactly on X. �
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5.B. Levi decompositions. — An important tool in analysing cocompact points and
the structure of their stabilisers is provided by the geometric Levi decomposition
theorem that we established in [17]. In order to recall its statement, we first introduce
some further notation and terminology.

Given ξ ∈ ∂X, recall that βξ denotes the Busemann character centred at ξ. More-
over Gu

ξ denotes the closed normal subgroup of Gξ defined by

Gu
ξ :=

{
g ∈ G : lim

t→∞
d
(
g·r(t), r(t)

)
= 0 ∀ r with r(∞) = ξ

}
(where r : R → X are geodesic rays). This group may be viewed as intersection of
Ker(βξ) with the kernel of the Gξ action on the transverse space Xξ.

Recall from §2.C that the set P (ξ, ξ′) associated with an opposite pair ξ, ξ′ ∈ ∂X is
the union of all geodesic lines whose endpoints are ξ, ξ′. We have moreover a canonical
product decomposition P (ξ, ξ′) ∼= R × Y , where the boundary of the line factor is
the pair {ξ, ξ′}. By restricting the canonical maps πξ : X → Xξ and πξ′ : X → Xξ′

to P (ξ, ξ′), one obtains isometric embeddings Y → Xξ and Y → Xξ′ . The following
shows in particular that these are onto.

Proposition 5.2. — Let ξ ∈ ∂X be cocompact and ξ′ ∈ Opp(ξ). Then

P (ξ, ξ′) ∼= R×Xξ
∼= R×Xξ′

and the action of Gξ,ξ′ on P (ξ, ξ′) is given by g : (r, x) 7→ (r + βξ(g), g·x).
Moreover, the Gξ,ξ′-action on P (ξ, ξ′) is cocompact.

Proof. — See Theorem 3.9, Proposition 3.10, and Proposition K from [17]. �

The following consequence is immediate.

Corollary 5.3. — For each cocompact point ξ and each ξ′ ∈ Opp(ξ), the spaces Xξ

and Xξ′ are isometric. �

The following result was obtained in [17] and will be a key tool in the subsequent
developments; it provides an analogue of the Levi decomposition of parabolic sub-
groups in semi-simple algebraic groups. The main case is N = Gξ; notice that the
existence of a sequence {hn} as below is then trivial.

Theorem 5.4 (Levi decomposition). — Let ξ ∈ ∂X be cocompact. Let N < Gξ be a
subgroup that is normalised by some radial sequence {hn} in Gξ for ξ. Let ξ′ ∈ ∂X
be a limit point of {hn}; hence ξ′ ∈ Opp(ξ).

Then, writing Nu = N ∩Gu
ξ , we have a decomposition

N = Nξ′ ·Nu

which is almost semi-direct in the sense that Nξ′ ∩ Nu has compact closure. In par-
ticular Nu acts transitively on the N -orbit of ξ′ in Opp(ξ).

Moreover Gu
ξ is amenable, and locally elliptic if Gξ is totally disconnected.

We recall that a locally compact group is locally elliptic if every finite subset is
contained in a compact subgroup.
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Proof. — See [17, Th. 3.12]. The amenability of Gu
ξ (and hence that of Nu when N

is closed) follows from [17, Cor. 4.5]. The local ellipticity of Gu
ξ (assuming Gξ totally

disconnected) follows from Propositions 4.2 and 4.4 in [17] applied to Gξ. �

We shall often use the following basic part of the theorem, which we therefore
isolate:

Corollary 5.5. — For any cocompact point ξ ∈ ∂X, the group Gu
ξ acts transitively

on the non-empty set Opp(ξ).

Proof. — As recalled above, Gξ acts transitively on the non-empty set Opp(ξ), see
Proposition 7.1 in [16]. Thus the statement follows from the case N = Gξ of Theo-
rem 5.4. �

5.C. Orbits and fixed points of the Levi factor. — Theorem 5.4 gives in particular
an almost semi-direct Levi decomposition Gξ = Gξ,ξ′ ·Gu

ξ . We call Gξ,ξ′ the Levi factor
of this decomposition. The following result will play an important role in the sequel.

Proposition 5.6. — Let ξ ∈ ∂X be cocompact and ξ′ ∈ Opp(ξ). For any η ∈ ∂X, the
closure Gξ,ξ′ ·η contains a point η′ ∈ ∂P (ξ, ξ′) such that ∠(ξ, η′) = ∠(ξ, η).

Proof. — Pick a base point p ∈ P (ξ, ξ′) and let % : R → X be the geodesic line
such that %(0) = p, %(+∞) = ξ and %(−∞) = ξ′. By Proposition 5.2, there is
gn ∈ Gξ,ξ′ be such that gn·%(n) remains bounded. Upon extracting, the sequence
(gn·%(n)) converges to some p′′ ∈ P (ξ, ξ′) and (gn·η) converges to some η′′ ∈ ∂X.
Applying Proposition 2.5, we have

(5.i) ∠p′′(ξ, η
′′) = ∠(ξ, η′′) = ∠(ξ, η).

We now choose a sequence (g′n) in Gξ,ξ′ such that d(%(−n), g′n·p′′) remains bounded;
as it happens g′n = gn would do since (gn) keeps the entire line %(R) at bounded
distance of itself. Upon extracting, the sequence (g′n·η′′) converges to some η′ ∈ ∂X;
by construction, η′ ∈ Gξ,ξ′ ·η. Moreover, another application of Proposition 2.5 shows
that ∠(ξ, η′) = ∠(ξ, η′′) = ∠(ξ, η). It only remains to show that η′ belongs to ∂P (ξ, ξ′).

Consider first the special case ∠(ξ, η) = π. Then ξ and η′′ are opposite in view
of (5.i). The construction of η′ now in fact forces η′ = ξ′ which finishes this case.

We assume henceforth ∠(ξ, η) < π. Then (5.i) implies that the triple (p′′, ξ, η′′)

spans a flat sector which we denote by S, see Proposition II.9.9 in [11]. By construc-
tion, the sequence of sectors g′n·S subconverges to a half-flat H whose boundary line
is parallel to %. Therefore H is entirely contained in P (ξ, ξ′). Since η′′ ∈ ∂S, it follows
that η′ ∈ ∂H, whence η′ ∈ ∂P (ξ, ξ′) as desired. �

In particular, we obtain the following.

Corollary 5.7. — Let ξ ∈ ∂X be cocompact and ξ′ ∈ Opp(ξ). Then

(∂X)Gξ ⊂ (∂X)Gξ,ξ′ ⊂ ∂P (ξ, ξ′).

Proof. — Immediate from Proposition 5.6. �
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5.D. Cocompact points and maximal flats. — We recall from [25, Th.C] that if X
admits a cocompact isometry group, then X contains a flat F such that dim(∂X) =

dimF − 1. In particular dim(∂X) < ∞. Any such flat will be called a fully maximal
flat. The set of all fully maximal flats is denoted by FX.

Similarly, one defines a fully maximal sphere to be a round sphere S ⊆ ∂X such that
dim(S) = dim(∂X). The set of all fully maximal spheres is denoted by SX. Clearly
any fully maximal flat is bounded by a fully maximal sphere. More importantly, the
converse also holds:

Proposition 5.8. — Any fully maximal sphere bounds a fully maximal flat.
Moreover, the union of all fully maximal flats bounded by a given fully maximal

sphere is a closed convex subset which splits as a product Rd+1 × Y , with Y bounded
and d = dim(∂X). In particular, any fully maximal sphere bounds a canonical fully
maximal flat.

Proof. — The first assertion follows from [28, Prop. 2.1]. For the second we refer to
Proposition 3.6 in [16]; the canonical flat corresponds to the circumcenter of Y (as in
Corollary 3.10 of [16]). �

The following fact is an essential first step in showing that the set of all cocompact
points of ∂X is a spherical building.

Proposition 5.9. — Every cocompact point is contained in a fully maximal sphere.

Proof. — We have just recalled that ∂X contains some fully maximal sphere which
bounds a fully maximal flat F . Let ξ ∈ ∂X be cocompact. By Lemma 2.10, the
sphere ∂F contains some point η which is antipodal to ξ. Pick a base point p ∈ F and
a geodesic ray % : R+ → X emanating from p and pointing to η. Choose moreover a
sequence (gn) of elements of Gξ such that gn·%(n) remains bounded. Upon extracting
we may assume that gn·%(n) converges to some x ∈ X. Up to a further extraction, the
sequence of flats gn·F converges to a flat F ′ containing x. Since dimF ′ = dimF , we
have F ′ ∈ FX. Now, the sequence gn·η converges to a point η′ ∈ ∂F ′. Proposition 2.5
implies ∠x(ξ, η′) = ∠(ξ, η) = π. In other words, the point x belongs to a geodesic line
joining ξ to η′ and hence η′ ∈ Opp(ξ).

Now the image of the flat F ′ in Xη′ is a flat of dimension dimF ′ − 1. In view of
Proposition 5.2, the latter flat lifts to a flat F ′′ ⊂ P (ξ, η′) such that ξ ∈ ∂F ′′ and
dimF ′′ = dimF ′. In particular F ′′ is a fully maximal flat of X. �

In [17, Th.M], we proved that if a closed unimodular subgroup H < Is(X) acts
cocompactly on X, then its fixed point set (∂X)H is contained in the boundary of
the maximal Euclidean factor of a minimal H-invariant subspace of X. In particular
(∂X)H is contained in a fully maximal sphere. The latter property holds even without
assuming that H is unimodular.

Proposition 5.10. — Let H < Is(X) act cocompactly on X. Then the (possibly empty)
fixed point set (∂X)H is contained in a fully maximal sphere.
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Proof. — Let G = H be the closure of H in Is(X). Thus (X,G) is a locally compact
CAT(0) group. The proof proceeds by induction on dim(∂X). If dim(∂X) = 0, then X
does not contain any flat of dimension > 2. It follows that SX consists exactly of
all sets of two distinct points at infinity, see Theorem II.9.33 in [11]. Moreover, X
is Gromov-hyperbolic [11, III.H.1.5]. Thus, saying that the fixed point set (∂X)H is
contained in a fully maximal sphere amounts to saying that it contains at most two
points. This is indeed true, since if (∂X)H contained at least 3 points, then H would
have a bounded orbit in X by hyperbolicity, hence X would be bounded since H acts
cocompactly, hence ∂X would be empty, which is absurd. The induction can start.

For the induction step, we may assume that (∂X)H is non-empty. Let then ξ ∈
(∂X)H ; thus ξ is cocompact. By Proposition 5.9, the point ξ is contained in a fully
maximal sphere, say S. Let ξ′ ∈ S be antipodal to ξ. Then ξ′ is opposite ξ by
Proposition 5.8. Corollary 5.7 ensures that (∂X)H = (∂X)G ⊂ (∂X)Gξ′ ⊂ ∂P (ξ, ξ′),
while S ⊂ ∂P (ξ, ξ′) by Proposition 5.8.

From Proposition 5.2, we infer that (∂X)Gξ′ ∼= {ξ, ξ′} ∗ (∂Xξ)
Gξ′ ; moreover Gξ′

acts cocompactly on Xξ. By induction, it follows that (∂Xξ)
Gξ′ is contained in a

fully maximal sphere, say Sξ. Since S ⊂ ∂P (ξ, ξ′), we have dim(∂Xξ) = dimS − 1 =

dim(∂X)− 1. Now the sphere S′ = {ξ, ξ′} ∗ Sξ ⊂ ∂P (ξ, ξ′) is a fully maximal sphere
of ∂X that contains (∂X)Gξ′ ⊃ (∂X)H . �

The following property of convex sets of round spheres is well known.

Lemma 5.11. — A closed convex subset Z of a unit round sphere S is either a sphere
or has intrinsic radius 6 π/2.

Proof. — We work by induction on dim(S), the base case dim(S) = 0 being trivial.
We may assume that Z is properly contained in S, so it is contained in a closed

hemisphere H. If Z is contained in the boundary equator E of H, then the conclusion
follows by induction. We assume henceforth that Z meets the interior of H; we shall
prove by contradiction that rad(Z) 6 π/2.

Assume on the contrary that rad(Z) > π/2. Then Z contains at least one antipodal
pair by [2, Lem. 1.7], which must be contained in E. Since Z meets the interior ofH, we
infer that Z contains the centre of H. Since Z ⊂ H, we conclude that rad(Z) 6 π/2,
a contradiction. �

Proposition 5.12. — Let H < Is(X) act cocompactly on X. Assume that the fixed
point set (∂X)H is non-empty.

Then rad((∂X)H) 6 π/2 unless ∂X decomposes as a join with a non-empty spher-
ical factor.

If moreover H is amenable, then rad((∂X)H) 6 π/2 unless ∂X is a round sphere.

Proof. — By Proposition 5.10, the set (∂X)H is a closed convex subset of some
S ∈ SX. If rad((∂X)H) > π/2, then (∂X)H is a subsphere of S by Lemma 5.11.
By Proposition 5.8, that sphere bounds a flat in X. The union of all those flats is
a closed convex H-invariant subset Y ⊂ X which decomposes H-equivariantly as
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a product Y ∼= Rd+1 × Y ′, where d = dim((∂X)H) and the boundary of the flat fac-
tor Rd+1 coincides with the sphere (∂X)H , see Proposition 3.6 in [16]. Since H acts
cocompactly on X, we have ∂X = ∂Y , and the product decomposition of Y induces
a join decomposition of ∂X ∼= (∂X)H ◦ ∂Y ′ having the non-empty sphere (∂X)H as
a factor.

Assuming in addition thatH is amenable, we consider theH-action on the factor Y ′
in the above decomposition of Y . The group H has no fixed point in ∂Y ′ since all
H-fixed points at infinity lie in the boundary of the flat factor Rd+1. Therefore the
Main Theorem of [2] ensures that H stabilises a flat in Y ′. Since the H-action is
cocompact, it follows that ∂Y ′ is a round sphere, hence so is ∂X. �

6. Totally disconnected amenable CAT(0) groups

6.A. Orthogonal projection to the fixed-point-set at infinity. — The proof of the
following result combines the Levi decomposition theorem with the geometric facts
established in Section 4.

Proposition 6.1. — Let (X,G) be a locally compact CAT(0) group with G totally
disconnected, and let ξ ∈ ∂X be cocompact.

Then, for every η ∈ ∂X r (∂X)G
u
ξ with dT (η, (∂X)G

u
ξ ) < π/2, the projection of η

to (∂X)G
u
ξ is distinct from ξ.

Proposition 6.1 will be mostly used through the following.

Corollary 6.2. — Let (X,G) be a locally compact CAT(0) group with G totally dis-
connected. Let ξ ∈ ∂X be cocompact and ξ′ ∈ Opp(ξ). Then for each η 6= ξ with
η ∈ (∂X)Gξ,ξ′ lying at distance < π/2 from (∂X)Gξ , we have proj(∂X)Gξ (η) 6= ξ.

Proof of Corollary 6.2 assuming Proposition 6.1. — There is no loss of generality in as-
suming η 6∈ (∂X)Gξ . Since Gu

ξ is normal in Gξ, it follows that (∂X)G
u
ξ is invariant

under Gξ. In particular the point proj
(∂X)

Gu
ξ
(η) is fixed by Gξ,ξ′ . Since Gξ = Gξ,ξ′G

u
ξ

by Theorem 5.4, we infer that proj
(∂X)

Gu
ξ
(η) is in fact fixed by Gξ. Since (∂X)G

u
ξ

contains (∂X)Gξ , we infer that

proj(∂X)Gξ (η) = proj
(∂X)

Gu
ξ
(η),

and the inequality proj(∂X)Gξ (η) 6= ξ now follows from Proposition 6.1. �

The proof of Proposition 6.1 will be given at the end of the subsection, as it
necessitates a number of preparations.

Lemma 6.3. — Let ξ ∈ ∂X and K 6 Is(X) be a compact subgroup fixing ξ and acting
trivially on Xξ. Let Y = XK be the fixed point set of K. Then ξ ∈ ∂Y and πξ(Y ) is
dense in Xξ. In particular, bξ(projY (x)) < bξ(x) for each x ∈ X r Y .
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Proof. — Since K is compact, its fixed point set Y is non-empty and thus contains a
geodesic ray pointing to ξ. Hence ξ ∈ ∂Y .

Let now r : R+ → X be any geodesic ray pointing to ξ. Let δt denote the diameter
of the K-orbit of r(t). We claim that limt→∞ δt = 0. Indeed, there would otherwise
exist a positive constant ε > 0 and sequences (kn) ⊂ K and (tn) ⊂ R+ with tn →∞
such that d(r(tn), knr(tn)) > ε for all n. Let k be any limit point of (kn) in K. We
have

d(r(tn), kr(tn)) > d(r(tn), knr(tn))− d(kr(tn), knr(tn)) > ε− d(kr(0), knr(0))

by convexity of the metric, so that lim inf d(r(tn), kr(tn)) > ε. Since k acts trivially
on the point πξ(r(0)) in Xξ, there is a sequence (sn) in R+ with d(r(sn), kr(tn))→ 0.
In particular, bξ(r(sn)) − bξ(kr(tn)) → 0. Since K is compact, k is in the kernel
of the Busemann character βξ and thus bξ(kr(tn)) = bξ(r(tn)) for all n. Therefore
tn − sn → 0 and hence d(r(tn), kr(tn)) → 0, contradicting our earlier lower bound.
This proves the claim.

Since the circumcenter of any K-orbit is fixed by K, it follows that

lim
t→∞

d(r(t), Y ) = 0.

This confirms that πξ(Y ) is dense in Xξ. We conclude using Proposition 4.7. �

In the case of cocompact points, we obtain the following uniform version of
Lemma 6.3 with a constant λ independent of the group K.

Lemma 6.4. — Let (X,G) be a locally compact CAT(0) group, and ξ ∈ ∂X be cocom-
pact.

Then for each δ > 0, there exists λ = λ(δ) > 0 such that for every compact subgroup
K < Gu

ξ and all x ∈ X with d(x,XK) > δ, we have

bξ(x)− bξ(projXK (x)) > λ d(x,XK).

Proof. — Suppose the contrary. Then there exist δ > 0, a sequence {λn} of positive
real numbers with limn λn = 0, a sequence of compact subgroups Kn 6 Gu

ξ and a
sequence {xn} of points of X with d(xn, X

Kn) > δ satisfying

bξ(projXKn (xn)) > bξ(xn)− λn d(xn, X
Kn) ∀n.

Set yn = projXKn (xn).
Let x′n now be the point of [xn, yn] at distance δ of yn. Then the projection

projXKn (x′n) is still yn, see [11, II.2.4(2)]. The convexity of bξ implies

bξ(x
′
n) 6

d(xn, yn)− δ
d(xn, yn)

bξ(yn) +
δ

d(xn, yn)
bξ(xn)

<
d(xn, yn)− δ
d(xn, yn)

bξ(yn) +
δ

d(xn, yn)

(
bξ(yn) + λnd(xn, yn)

)
= bξ(yn) + λnδ.

Using the cocompactness of the Gξ-action, we find a sequence {gn} of elements
of Gξ such that {gn·x′n} is bounded. Hence {gn·yn} remains bounded as well. Upon
extracting, we may then assume that gn·x′n and gn·yn converge respectively to some x′
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and y ∈ X, and that moreover gnKng
−1
n converges in the Chabauty topology to some

closed subgroup K 6 Gu
ξ , which must be compact since it fixes y.

We have bξ(gnx′n)− bξ(gnyn) = bξ(x
′
n)− bξ(yn) > 0 for all n by Lemma 6.3. There-

fore bξ(x′) = bξ(y). We claim that y = projXK (x′). This will yield a contradiction
with Lemma 6.3 and hence finish the proof.

We need to prove that for all p ∈ XK , we have d(x, p) > d(x, y) = δ. Suppose
for a contradiction that there is some p ∈ XK with d(x, p) < d(x, y). Set pn =

g−1n ·p. Then there is ε > 0 such that d(xn, pn) 6 δ − ε for all sufficiently large n;
in particular d(pn, X

Kn) > ε for all large n. Since the circumcentre of the orbit
Kn·pn is Kn-fixed, it follows that the diameter of Kn·pn is at least ε. Therefore
there is kn ∈ Kn with d(knpn, pn) > ε. The sequence {gnkng−1n } is bounded since by
construction gnkng−1n y → y. Therefore it has an accumulation point k. Now k belongs
to K but d(kp, p) > ε, a contradiction. �

We are now able to complete the proof of Proposition 6.1.

Proof of Proposition 6.1. — By Theorem 5.4, the group Gu
ξ is locally elliptic; hence its

compact subgroups form a directed system K whose union is Gu
ξ . It follows that the

family of fixed-point-sets Y = {XK}K∈K is filtering.
If
⋂

Y is non-empty, then Gu
ξ fixes points of X and is thus compact. Hence Gu

ξ

acts trivially on any minimal closed convex Gξ-invariant subset of X; in particular Gu
ξ

acts trivially on ∂X. The desired assertion is thus vacuous in that case. We assume
henceforth that

⋂
Y = ∅.

Remark that the fixed point set (∂X)G
u
ξ is the intersection of the filtering family of

closed π-convex sets ∂XK , K ∈ K . We use the simple notation ∂XK since ∂(XK) =

(∂X)K by compactness of K.
Therefore the desired conclusion follows from Proposition 4.1, whose hypothesis is

satisfied in view of Lemma 6.4. �

6.B. Finite Weyl groups. — The following consequence of Bieberbach’s Theorem
will be used frequently in the sequel.

Lemma 6.5. — Let X be a proper CAT(0) space and G 6 Is(X) be a closed to-
tally disconnected subgroup. For any fully maximal sphere S, the group W =

StabG(S)/FixG(S) is finite.

Proof. — Proposition 5.8 implies that StabG(S) stabilises a fully maximal flat F with
∂F = S. Since StabG(S) is closed in Is(X), it acts properly on X, hence on F , so
that its image in Is(F ) is closed. Any closed totally disconnected subgroup of the Lie
group Is(F ) is discrete. Therefore Bieberbach’s Theorem ensures that StabG(S) has a
finite index subgroup acting by translations on F (the specific version of Bieberbach’s
Theorem used here is given, for instance, as Theorem 2 in [34]). That subgroup is
thus contained in FixG(S), and the result follows. �
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6.C. Regular points at infinity. — We consider the boundary as a CAT(1) space
in its Tits distance. We shall introduce the following notion motivated by the case
of buildings: a point at infinity ξ ∈ ∂X will be called regular if the Tits boundary
∂Xξ of its transverse space is a round sphere. By Proposition 5.8, this is equivalent
to requiring that the space Xξ contains a flat F with ∂F = ∂Xξ. By convention, a
point ξ ∈ ∂X such that Xξ is bounded (and hence ∂Xξ is empty) will be considered
regular as well.

We first record the following basic fact.

Lemma 6.6. — Let ξ ∈ ∂X be cocompact and regular. Then the stabiliser Gξ is
amenable.

Proof. — Pick a point ξ′ ∈ Opp(ξ) and apply Theorem 5.4 to Gξ. This yields a
decomposition Gξ = Gξ,ξ′G

u
ξ , where Gu

ξ is amenable and Gξ,ξ′ acts cocompactly on
P (ξ, ξ′). In view of Proposition 5.8, the regularity of ξ ensures that Gξ,ξ′ stabilises a
flat F ⊂ P (ξ, ξ′), on which it acts properly since Gξ,ξ′ is closed in G. The amenability
of Gξ,ξ′ , and hence that of Gξ, follows. �

Regular points may be identified using the following criterion.

Lemma 6.7. — Let ξ ∈ ∂X be cocompact. For any ξ′ ∈ Opp(ξ), the following asser-
tions are equivalent.

(i) ξ is regular.
(ii) ∂P (ξ, ξ′) is a round sphere.
(iii) ∂P (ξ, ξ′) is a fully maximal sphere.
(iv) Link(ξ, ξ′) is a round sphere.

Proof. — The equivalence between (i) and (ii) follows from Proposition 5.2.
By Proposition 5.9, any cocompact point ξ is contained in a fully maximal sphere,

which contains some ξ′′ ∈ Opp(ξ) by Proposition 5.8. Since Gξ is transitive on Opp(ξ)

by Corollary 5.5, it follows that ∂P (ξ, ξ′) contains a fully maximal sphere. The equiv-
alence between (ii) and (iii) follows

By Lemmas 2.7 and 2.8, there is a canonical join decomposition ∂P (ξ, ξ′) ∼= {ξ, ξ′}◦
Link(ξ, ξ′). The equivalence between (ii) and (iv) follows. �

A crucial step in the proof of Theorem A is to show the existence of points in ∂X
that are regular and cocompact. This is provided by the following.

Proposition 6.8. — Let (X,A) be a locally compact CAT(0) group. Assume that A is
amenable and totally disconnected. Then the set

Creg = {ξ ∈ ∂X | ξ is regular and cocompact}

is non-empty.

This will be deduced from the following result, whose statement requires an addi-
tional point of terminology. Following A. Lytchak and V. Schroeder [30], we say that
a point z in a CAT(κ) space Z is geometrically inner if there is some ε > 0 such
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that for all y ∈ Z with 0 < d(y, z) 6 ε, there is some y′ ∈ Z with d(y′, z) = ε

such that z lies on the geodesic segment joining y to y′ (one has to take ε suitably
small when κ > 0). An important fact (see Theorem 1.5 in loc. cit.) is that if Z is
(locally) finite-dimensional, then the set of geometrically inner points is dense, and in
particular non-empty.

Proposition 6.9. — Let (X,A) be a locally compact CAT(0) group. Assume that A
is amenable and totally disconnected. Then any geometrically inner point of the fixed
point set (∂X)A is cocompact and regular.

Proof. — We can of course assume that (∂X)A is non-empty. Let ξ be geometrically
inner in (∂X)A. By definition ξ is cocompact; we need to prove that it is regular.

We can pick some ξ′ ∈ Opp(ξ) since ξ is cocompact. Consider the restriction of
the projection πξ : X → Xξ to P (ξ, ξ′). Since P (ξ, ξ′) ∼= R×Xξ (see Proposition 5.2)
and hence ∂P (ξ, ξ′) ∼= {ξ, ξ′} ◦ ∂Xξ, we remark that πξ induces a well defined Aξ′ -
equivariant map

∂P (ξ, ξ′) r {ξ, ξ′} −→ ∂Xξ

which we still denote by πξ. Moreover, the join decomposition

∂P (ξ, ξ′) ∼= {ξ, ξ′} ◦ ∂Xξ

also yields a canonical isometric embedding σξ : ∂Xξ → ∂P (ξ, ξ′) whose image coin-
cides with Link(ξ, ξ′). The composite map

τξ = σξ ◦ πξ : ∂P (ξ, ξ′) r {ξ, ξ′} −→ ∂P (ξ, ξ′)

is Aξ′ -equivariant (and coincides with the orthogonal projection on the spherical fac-
tor ∂Xξ). Notice furthermore that πξ ◦ τξ = πξ because πξ ◦ σξ = Id.

By Corollary 5.7, we have (∂X)A ⊂ ∂P (ξ, ξ′). In particular Theorem 5.4 implies
that πξ may be viewed as an A-equivariant map (∂X)A r {ξ, ξ′} → ∂Xξ. Thus every
A-fixed point η 6= ξ, ξ′ yields an A-fixed πξ(η) ∈ ∂Xξ and an Aξ′ -fixed point τξ(η) ∈
∂P (ξ, ξ′) at distance π/2 of ξ.

Suppose in order to obtain a contradiction that ξ is not regular. Then the space ∂Xξ

is non-empty and not isometric to a sphere. It then follows from Proposition 5.12 that
(∂Xξ)

A has intrinsic circumradius 6 π/2. We denote by c ∈ (∂Xξ)
A its canonical cir-

cumcentre (see [9, Prop. 1.4]) and set c′ = σξ(c). Then c′ is fixed by Aξ′ . In particular,
so is the midpointm of c′ and ξ. Since ∠(m, ξ) = π/4, the projection η = proj(∂X)A(m)

is well defined.
We are now in a position to invoke Corollary 6.2 and we conclude that η 6= ξ.
Since ξ is a geometrically inner point of (∂X)A and since η ∈ (∂X)A is different

from ξ, there exists η′ ∈ (∂X)A different from ξ such that ξ lies on the geodesic
segment joining η to η′. (We can indeed consider the geodesic segment [η, ξ] since
∠(η, ξ) 6 ∠(m, ξ) = π/4 < π.) It follows that τξ(η) and τξ(η

′) are two antipodal
points of ∂P (ξ, ξ′). Therefore, so are πξ(η) = πξ(τξ(η)) and πξ(η′) = πξ(τξ(η

′)). Thus
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we have found a pair of antipodal points in (∂Xξ)
A. This implies that the intrinsic

circumradius of (∂Xξ)
A equals π/2 and that in ∂Xξ we have

∠(πξ(η), c) =
π

2
= ∠(πξ(η

′), c)

since c denotes the canonical circumcentre of (∂Xξ)
A. On the other hand, since η

and c′ lie in ∂P (ξ, ξ′) ∼= {ξ, ξ′} ◦ ∂Xξ and since πξ(c′) = c, we have

∠ξ(η, c
′) = ∠(πξ(η), c) =

π

2

and (ξ, η, c′) spans a spherical right triangle. Thus so does (ξ, η,m) since m is the
midpoint of [ξ, c′]. We now apply the Spherical Pythagorean Theorem which states
that the cosine of the hypotenuse equals the product of the cosines of lengths of the
other two sides. This implies ∠(m, η) > ∠(m, ξ). Recalling that η = proj(∂X)A(m),
we deduce η = ξ, which is absurd. This contradiction finishes the proof. �

Proof of Proposition 6.8. — If (∂X)A is non-empty, the conclusion directly follows
from Proposition 6.9. Otherwise, we know by [2] that A stabilises a flat, say F . Since A
acts cocompactly on X, we have ∂F = ∂X. By Lemma 6.5, the group FixA(∂X) is
of finite index in A, so that every point of ∂X is both regular and cocompact in this
case. �

Now that we have conditions ensuring the existence of cocompact regular points,
we record a basic property of such points (for general CAT(0) groups).

Lemma 6.10. — Let (X,G) be a locally compact CAT(0) group and ξ ∈ ∂X a cocom-
pact regular point.

Then there is a canonical bijection between Opp(ξ) and the set SξX of fully max-
imal spheres containing ξ. In particular, Gu

ξ acts transitively on SξX.

Proof. — The set SξXis non-empty by Proposition 5.9. Every S ∈ SξX contains a
unique antipode for ξ and this antipode is opposite ξ by Proposition 5.8.

To go in the reverse direction, observe first that ∂Xξ is a sphere of dimension
dim ∂X − 1 since ξ is regular and contained in a fully maximal sphere. Thus any
ξ′ ∈ Opp(ξ) gives rise to a fully maximal sphere ∂P (ξ, ξ′) since P (ξ, ξ′) ∼= R×Xξ by
Proposition 5.2. These maps are mutually inverse and the transitivity statement now
follows from Corollary 5.5. �

6.D. Spherical caps of cocompact regular points. — Recall from Proposition 5.9
that every cocompact point ξ ∈ ∂X is contained in a fully maximal sphere. Therefore,
the following definition provides a non-empty set at least in that case.

Definition 6.11. — The spherical support Σ(ξ) =
⋂

SξX ⊆ ∂X of a point at infin-
ity ξ is the intersection of all fully maximal spheres containing ξ.

Thus Σ(ξ) can be considered as a π-convex spherical set. Much more can be said
if ξ belongs to the set Creg of regular cocompact points:
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Proposition 6.12. — Let (X,G) be a locally compact CAT(0) group. Assume that G
is totally disconnected.

Then the spherical support Σ(ξ) of any regular cocompact point ξ ∈ Creg satisfies
the following properties.

(i) dim(Σ(ξ)) = dim(∂X).
(ii) The set of regular points in Σ(ξ) coincides with the set of geometrically inner

points of Σ(ξ); in particular it is dense.
(iii) For each regular ζ ∈ Σ(ξ), we have Σ(ζ) = Σ(ξ).
(iv) The pointwise stabiliser of Σ(ξ) is contained as a finite index subgroup of Gξ.

In particular every point of Σ(ξ) is cocompact.
(v) Σ(ξ) contains finitely many points from the G-orbit of ξ.

The above statement implies in particular that for each ξ ∈ Creg and each S ∈ SξX,
there is some spherical cap S ∩B(ξ, ε) of full dimension consisting entirely of regular
cocompact points.

Proof of Proposition 6.12. — Let ξ ∈ Creg. Its stabiliser A = Gξ is amenable by
Lemma 6.6, so that (X,A) is an amenable, totally disconnected, locally compact
CAT(0) group.

By Proposition 5.9, the point ξ is contained in a fully maximal sphere, say S.
Let ξ′ ∈ S be the point antipodal (hence opposite by Proposition 5.8) to ξ. Since ξ
is regular, we have S = ∂P (ξ, ξ′) by Proposition 5.2, so that Aξ′ = StabA(S). By
Lemma 6.5, the group FixA(S) is of finite index in StabA(S). In view of Theorem 5.4,
we infer that A has a closed normal subgroup of finite index

B := FixA(S) ·Au C StabA(S) ·Au = A

such that StabB(S) = Bξ′ acts trivially on S = ∂P (ξ, ξ′). Applying Corollary 5.7
to B, we have

(∂X)B ⊂ (∂X)StabB(S) = S.

At this point, we observe that all desired conclusions follow easily in the special case
(∂X)B = S. Indeed, B then preserves a fully maximal flat by Proposition 5.8 and
hence ∂X = S because B is cocompact. We assume henceforth that (∂X)B is a proper
subset of S.

Claim 1. — Each regular point ζ ∈ (∂X)B is contained in the S-interior of (∂X)B

(i.e., the interior of (∂X)B viewed as a subspace of S). In other words, for each
regular point ζ ∈ (∂X)B, there is ε > 0 such that S ∩B(ζ, ε) ⊂ (∂X)B.

Since (∂X)B is closed, convex and properly contained in S, it is an intersection
of closed hemispheres. Therefore, if the claim fails, then there is a sequence (Hn)

of closed hemispheres of S containing (∂X)B , such that the distance from ζ to the
boundary equator of Hn tends to 0 as n tends to infinity. Upon extracting, we may
assume that (Hn) converges to a closed hemisphere H. By construction H contains
(∂X)B and its boundary equator contains ζ. We now pick a point η in S r H such
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that ∠(η, ζ) = π/4 and whose projection to H coincides with ζ. Since (∂X)B ⊆ H,
it follows that proj(∂X)B (η) = ζ. Since StabB(S) acts trivially on S, it fixes η as well
as the unique antipode ζ ′ of ζ in S. Since ζ is regular, we have S = ∂P (ζ, ζ ′) by
Lemma 6.7 and hence Bζ′ = StabB(S). Therefore, Corollary 6.2 yields the absurd
conclusion that proj(∂X)B (η) 6= ζ. This proves the claim.

Claim 2. — For each regular point ζ ∈ (∂X)B, we have Σ(ζ) = (∂X)B.

Let ζ ∈ (∂X)B be regular. Since B fixes ζ and acts cocompactly on X, we can
apply Lemma 6.10 and deduce that B acts transitively on the set Sζ of fully maximal
spheres containing ζ, and we infer that (∂X)B ⊂ Σ(ζ).

For the reverse inclusion, we suppose for a contradiction that some z /∈ (∂X)B

belongs to Σ(ζ). In particular, z ∈ S and we have a spherical geodesic segment [ζ, z].
By Claim 1, this segment has an initial subsegment of positive length fixed by B. Let
b ∈ B which does not fix z; we conclude that bz /∈ S since otherwise S would contain
branching geodesics [ζ, z] and [ζ, bz]. In particular, bz /∈ Σ(ζ) and hence z is not in
Σ(ζ) because Σ(ζ) is B-invariant since ζ is B-fixed. This contradiction finishes the
proof of the claim.

Assertions (i), (iii) and (iv) are now immediate consequences of Claims 1 and 2.
For (ii), we know that every regular point of (∂X)B is contained in the S-interior of
(∂X)B by Claim 1; in particular, it is geometrically inner in Σ(ξ) since Σ(ξ) = (∂X)B .
Conversely, every S-interior point of (∂X)B is geometrically inner by Lemma 2.10,
and hence regular and cocompact by Proposition 6.9. Since the set of geometrically
inner points is dense by [30, Th. 1.5], we deduce that the set of regular points of (∂X)B

is dense in (∂X)B . This proves (ii).
In order to prove (v), let g ∈ G with gξ ∈ Σ(ξ). Since gξ is regular, we have

Σ(ξ) = Σ(gξ) = gΣ(ξ) by (iii). Hence g stabilises Σ(ξ), so it suffices to prove that
the orbit of ξ under StabG(Σ(ξ)) is finite. Since B is cocompact, it acts transitively
on Sξ. Hence the StabG(Σ(ξ))-orbit of ξ is contained in its StabG(S)-orbit. The
assertion follows since ξ ∈ S and since StabG(S)/FixG(S) is finite by Lemma 6.5. �

6.E. Amenable CAT(0) groups and compactions. — Following [15], we say that an
automorphism α of a locally compact group H is compacting or is a compaction if
there exists a compact subset V ⊂ H such that for each g ∈ H there exists n0 > 0

with αn(g) ∈ V for all n > n0. It follows from [15, Th.A] that if a locally compact
group is amenable and non-elementary hyperbolic, then it has a cocompact subgroup
which is the semi-direct product of a closed subgroup H by a cyclic group generated
by a compaction. The following consequence of Proposition 6.12 is a CAT(0) analogue
of that fact, in the case of totally disconnected groups. We record this result but shall
not need it for the main results of this article.
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Proposition 6.13. — Let (X,A) be a locally compact CAT(0) group. Assume that A
is totally disconnected and amenable.

Then A has closed normal subgroups U 6 T 6 A such that the quotient A/T is
finite and the quotient T/U is free abelian of rank dim(∂X)+1 generated by elements
of T acting on U as compactions.

Proof. — If (∂X)A is empty, then A stabilises a flat F by [2]. We may then define U
as the kernel of the A-action on F , which is compact. The desired assertions are then
straightforward consequences of Bieberbach’s theorem (as in the proof of Lemma 6.5).

We assume henceforth that (∂X)A is non-empty. By Proposition 6.9, the fixed point
set (∂X)A then contains a regular point, say ξ. As in the proof of Proposition 6.12,
we consider a fully maximal sphere S containing ξ and a StabA(S)-invariant fully
maximal flat F with ∂F = S. We set U = FixA(F )Au

ξ and B = FixA(S)Au
ξ , so

that U 6 B are both closed normal subgroups of A. Moreover, A/B is finite by
Proposition 6.12(iv) and Lemma 6.5. Thus B acts cocompactly on X and B/U is free
abelian of rank dim(∂X)+1. By Theorem 5.4, the group Au

ξ is locally elliptic. Thus U
is locally elliptic; in fact, U coincides with the locally elliptic radical of B. Indeed,
any compact subgroup of FixA(S) is contained in FixA(F ) since it must fix a point
of F .

The group FixA(S) acts on F by translations, and the action is cocompact by
Proposition 5.2. Consider a translation t ∈ FixA(S) whose repelling fixed point η in S
belongs to the interior of set Σ(ξ). We claim that t acts on U as a compaction.

Let indeed η′ ∈ S be the antipode of η. The pointwise stabiliser FixB(F ) is compact;
thus it has a compact neighbourhood V in A. Applying Theorem 5.4 to the group B
and the point η, we obtain the decomposition B = Bu

ηBη′ , where Bu
η is locally elliptic

and hence in U . Since η is regular, we deduce that U = FixB(F )Bu
η . Therefore, for

each g ∈ U , the sequence (tngt−n)n is bounded in B. Any accumulation point fixes
also η′, and hence belongs to Bη′ ∩ U = FixB(F ). This implies that all but finitely
many elements of the sequence belong to V , whence the claim.

We finally define T as the subgroup of B generated by U together with all those
translations t ∈ FixG(S) whose repelling fixed point belongs to the interior of Σ(ξ).
All those translations are compactions of U by the claim. Moreover T is normal in A
because A stabilises Σ(ξ). That B/T is finite follows from Proposition 6.12(i). �

7. Building buildings by means of means

The goal of this section is to prove that the boundary of X is a metric spherical
building under the hypothesis of Theorem A, in case of a totally disconnected isom-
etry group. A key intermediate step consists in showing that the set C of cocompact
points in the visual boundary is a spherical building, see Proposition 7.11 below. We
have already obtained spherical caps of full dimension consisting entirely of cocom-
pact points thanks to Propositions 6.8 and 6.12. In fact the sets Σ(ξ) described by
Proposition 6.12 will be the chambers of the spherical building C. The next step is to
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construct fully maximal spheres all of whose points are cocompact. This is achieved
by Proposition 7.5 below. The proof that C is a spherical building will be presented
thereafter. Finally, the last step in the proof of Theorem A will be to show that every
point of ∂X is in fact contained in C.

For the sake of completeness, the formal definition of a metric spherical building
was given in §3.A above. However, in proving that ∂X is a spherical building, we
will not check the building axioms directly, but will rather invoke the criterion due
to Balser–Lytchak recalled in Theorem 3.4. Once again, we first need to assemble
preliminaries.

7.A. Existence of tricycles

Finally you see that while I was splitting the cycle up into finer and
finer pieces, I was also building a structure.

(R.M. Pirsig, Zen and the Art of Motorcycle Maintenance, 1974)

Lemma 7.1. — Let (X,A) be a locally compact CAT(0) group. Assume that A is
amenable and totally disconnected. Let S $ ∂X be a fully maximal sphere containing
an A-fixed point. Then there exists g ∈ A such that S ∪ gS is a tricycle.

Proof. — We work by induction on dim(∂X). In the base case dim(∂X) = 0, the
space X is Gromov-hyperbolic by [11, Th. III.H.1.5], so any two boundary points are
opposite. We have S = {ξ, ξ′} with ξ ∈ (∂X)A and it suffices to find an element g ∈ A
which does not fix ξ′. Since A is transitive on Opp(ξ) = ∂X r {ξ} by Corollary 5.5,
the non-existence of such a g implies that ∂X = {ξ, ξ′} = S, which contradicts the
hypothesis that S is properly contained in ∂X.

Assume now that dim(∂X) > 0. By Proposition 6.9 there is a regular cocompact
point ξ ∈ (∂X)A. Let B be the pointwise stabiliser of Σ(ξ), which has finite index
in A by Proposition 6.12(iv).

Since dim(∂X) > 0, Proposition 6.12(ii) ensures that there exists a non-regular
point η ∈ Σ(ξ). In particular η 6= ξ and the boundary ∂Xη is not a round sphere.
Let η′ ∈ S be opposite to η. We have a spherical join decomposition ∂P (η, η′) ∼=
{η, η′} ◦ ∂Xη and a canonical map πη : ∂P (η, η′) r {η, η′} → ∂Xη. The image of
S r {η, η′} under πη is a fully maximal sphere S′ containing the point ξ′ = πη(ξ)

which is fixed by the image of B in Is(Xη). Since B acts continuously and cocompactly
on Xη (see Proposition 5.2), we may apply the induction hypothesis. This affords an
element g′ ∈ B such that S′ ∪ g′S′ is a tricycle in ∂Xη.

By Theorem 5.4, we may write g′ = gu where g ∈ Bη′ and u acts trivially on Xη.
Thus S′ ∪ g′S′ = S′ ∪ gS′. In view of the decomposition ∂P (η, η′) ∼= {η, η′} ◦ ∂Xη,
it now follows that S∪gS is isometric to {η, η′}◦ (S′∪gS′), and is thus a tricycle. �

For the sake of future references, we also record the following.

Lemma 7.2. — Let (X,G) be a locally compact CAT(0) group with G totally discon-
nected. Given a regular cocompact point ξ ∈ ∂X and a non-regular point η ∈ Σ(ξ),
there exists a tricycle of full dimension containing ξ and whose equator contains η.
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Proof. — Let A be pointwise stabiliser of Σ(ξ), so that (X,A) is an amenable CAT(0)
group by Lemma 6.6 and Proposition 6.12(iv).

Let S be a fully maximal sphere containing ξ and η′ ∈ S be the point antipodal
to η. Then Aη′ acts cocompactly on P (η, η′) by Proposition 5.2. Since η is not regular,
we have S $ ∂P (η, η′). Applying Lemma 7.1 to the locally compact CAT(0) group
(P (η, η′), Aη′), we obtain g ∈ Aη′ such that S ∪ gS is a tricycle. Since {η, η′} is a
spherical factor of that tricycle, it must be contained in its equator. �

7.B. Existence of spherical reflections

Lemma 7.3. — Let (X,G) be a locally compact CAT(0) group with G totally discon-
nected. Let S, T ⊂ ∂X be fully maximal spheres such that S ∪ T is a tricycle with
equator E.

If both open hemispheres of S bounded by E contain regular cocompact points, then
StabG(S) contains the orthogonal reflection through E.

We start with the following subsidiary claim.

Lemma 7.4. — Let (X,G) be a locally compact CAT(0) group with G totally discon-
nected.

Let H0, H1, H2 be the three closed hemispheres of Z with dimHi = dim ∂X and
H0 6= H1, H2, having a common boundary equator, say E. If H0 contains a regular
cocompact point, then there exists g ∈ G fixing H0 pointwise with gH1 = H2.

Proof. — Let ξ0 ∈ H0 be regular cocompact. By Lemma 2.12, both sets H0 ∪H1 and
H0 ∪H2 are round spheres. In particular, for i ∈ {1, 2}, the hemisphere Hi contains a
unique antipode ξi of ξ0. By Lemma 6.6, the group Gξ0 is amenable. Moreover it acts
cocompactly on X, and contains the pointwise stabiliser of Σ(ξ0), say B, as a finite
index subgroup, see Proposition 6.12(iv). In particular B is cocompact on X, hence
transitive on Opp(ξ0) by Corollary 5.5. Since ξ1, ξ2 ∈ Opp(ξ0) by Proposition 5.8,
we find g ∈ B with gξ1 = ξ2. Since ξ0 is regular, we have H0 ∪ Hi = ∂P (ξ0, ξi) for
i = 1, 2. Therefore g(H0 ∪ H1) = H0 ∪ H2. Since g moreover fixes a neighbourhood
of ξ0 in H0, it follows that g fixes H0 pointwise. �

Proof of Lemma 7.3. — Let now H and H ′ be the two closed hemispheres of S
bounded by E, and let H ′′ be the closure of T r S. By hypothesis, both H and H ′
contain an interior point which is regular cocompact. By Lemma 7.4, there is g ∈ G
fixing H pointwise and mapping H ′ to H ′′. In particular H ′′ contains an interior
point which is regular cocompact.

A second application of Lemma 7.4 yields an element h1 ∈ G fixing H ′ pointwise
and with h1H

′′ = H. Noting that H ∪ H ′ ∪ g−1(H ′) is a tricycle by Lemma 2.12,
we may apply Lemma 7.4 a third time so as to obtain an element h2 ∈ G fixing H ′
pointwise and with h2H = g−1H ′.
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Now we set r = h1gh2 ∈ G. Then r fixes E pointwise since g, h1 and h2 all do.
Moreover we have

rH = h1gh2H = h1gg
−1H ′ = h1H

′ = H ′

and
rH ′ = h1gh2H

′ = h1gH
′ = h1H

′′ = H.

Thus r preserves S = H ∪ H ′ and acts on S as a spherical reflection fixing the
equator E pointwise, as desired. �

7.C. Existence of a sphere of cocompact points. — The main result of this subsec-
tion is the following where, as in Proposition 6.8 above, the set of regular cocompact
points of ∂X is denoted by Creg.

Proposition 7.5. — Let (X,G) be a locally compact CAT(0) group with G totally dis-
connected without a fixed point at infinity. Let S be a fully maximal sphere containing
a regular cocompact point.

For each s ∈ S, there exists ξ ∈ Creg∩S such that s ∈ Σ(ξ). In particular all points
of S are cocompact.

The proof is divided into several steps, each stated in a separate lemma. The first
one is valid without the hypothesis of absence of fixed points at infinity.

Lemma 7.6. — Let (X,G) be a locally compact CAT(0) group with G totally discon-
nected. Let S be a fully maximal sphere and let ξ ∈ Creg ∩ S. Let Z denote the closed
convex hull of Creg ∩ S and set W = StabG(S)/FixG(S).

For each z ∈ Z, there is w ∈ W such that wz ∈ Σ(ξ). In particular the closure of
Creg ∩ S is convex, and all points of Z are cocompact.

Proof. — The set Creg ∩ Σ(ξ) is open and dense in Σ(ξ) by Proposition 6.12(ii).
Moreover every point of Σ(ξ) is cocompact by Proposition 6.12(iv). In particular
Σ(ξ) ⊂ Z.

By Lemma 6.5, the group W = StabG(S)/FixG(S) is finite. Therefore, we may
choose ζ ∈ {wz | w ∈ W} at minimal distance from ξ. We next consider a geodesic
segment γ joining ξ to ζ. If ∠(ζ, ξ) < π, then γ is entirely contained in Z since Z is
π-convex by definition. In case ∠(ζ, ξ) = π, we remark that γ contains some points
of Σ(ξ) other than ξ since ξ lies in the interior of Σ(ξ). This implies that γ is entirely
contained in Z in that case as well.

Let now η the unique point of γ such that

γ ∩ Σ(ξ) = [ξ, η].

If η = ζ, then ζ ∈ Σ(ξ) and we are done. Otherwise, Proposition 6.12(ii) ensures that
the point η is not regular. In particular η 6= ξ and hence η is an interior point of the
geodesic segment γ.

By Lemma 7.2, there is a fully maximal sphere T such that S∪T is a tricycle whose
equator, say E, contains η. Remark that E can be expressed as the intersection of
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three different fully maximal spheres. Therefore Proposition 6.12 ensures that E does
not contain any regular cocompact point. In particular we have ξ 6∈ E, so ξ belongs to
one of the two open hemispheres of S bounded by E. This implies that γ ∩E = {η}.
In particular ζ lies in the other open hemisphere of S bounded by E. Therefore Z is
note entirely contained in the closed hemisphere H bounded by E and containing ξ.
It follows that Creg ∩ S meets both of the open hemispheres of S determined by E.
Hence Lemma 7.3 affords a reflection r ∈W fixing E pointwise. In particular r fixes η.
Since neither ξ nor ζ belongs to E, it follows that rζ is strictly closer to ξ than ζ.
This contradicts the definition of ζ.

The other claimed assertions follow from Proposition 6.12(ii) and (iv). �

In the proof of Proposition 7.5, the hypothesis of absence of fixed points at infinity
will be exploited through the following.

Lemma 7.7. — Let (X,G) be a locally compact CAT(0) group with G totally discon-
nected without a fixed point at infinity. Let S be a fully maximal sphere containing a
regular cocompact point.

For each cocompact point z ∈ S, there exists z′ ∈ Creg ∩ S with ∠(z, z′) > π/2.

Proof. — We first claim that there exists some regular cocompact point η ∈ ∂X such
that ∠(z, η) > π/2. In order to establish this, we let ξ ∈ S be the regular cocompact
given by hypothesis and define

s = sup
g∈G
∠(z, gξ).

If s < π/2, then the G-orbit of ξ is a G-stable set of radius < π/2. By [11, II.2.7],
this orbit admits therefore a unique circumcentre which is G-fixed, contradicting the
assumptions.

If s > π/2, then there exists g ∈ G such that ∠(z, gξ) > π/2 and we may define
η = gξ.

Assume now that s = π/2. Let (gn) be a sequence of elements of G such that

lim
n
∠(z, gnξ) =

π

2
.

Let also ε > 0 be such that the spherical cap S ∩ B(ξ, ε) is entirely contained in the
interior of Σ(ξ) and thus consists of cocompact regular points, see Proposition 6.12(ii).
For n large enough, we have ∠(z, gnξ) > (π − ε)/2. By Lemma 2.10, the geodesic
segment joining z to gnξ may be prolonged in Σ(gnξ) beyond gnξ by a piece of
length ε consisting entirely of regular cocompact points. By construction, the points
lying of the second half of this geodesic extension are cocompact regular points at
distance > π/2 of z, and we define η to be one of these points. This proves the claim.

Set δ = ∠(z, η)− π/2. Thus δ > 0. By Lemma 7.6, there exists ξ0 ∈ Creg ∩ S such
that ∠(ξ0, z) < δ/2. Let ξ′0 ∈ S be the point antipodal to ξ0. Since ξ0 is regular, we
have S = ∂P (ξ0, ξ

′
0) so that Proposition 5.6 provides a point

η′ ∈ Gξ0η ∩ S
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with ∠(ξ0, η
′) = ∠(ξ0, η). By Lemma 5.1, the G-orbit of η is closed, hence η′ ∈ Gη

and η′ is thus regular and cocompact. Invoking twice the triangle inequality, we obtain
successively

∠(z, η′) > ∠(ξ0, η
′)− ∠(ξ0, z)

= ∠(ξ0, η)− ∠(ξ0, z)

> ∠(z, η)− 2∠(ξ0, z)

> ∠(z, η)− δ
= π/2.

Thus we have constructed a regular cocompact point η′ ∈ Creg∩S with ∠(z, η′) > π/2.
�

Proof of Proposition 7.5. — Let Creg be the set of regular cocompact points and Z

denote the closed convex hull of Creg ∩ S. In view Lemma 7.6, all points of Z are
cocompact, and it suffices to show that Z = S. By Lemma 7.7 we have rad(Z) > π/2.
Hence Lemma 5.11 ensures that Z is a round sphere. Since Z has non-empty interior
by Proposition 6.12, we conclude that Z = S, as required. �

7.D. Antipodal pairs of cocompact points are opposite. — We recall that two
boundary points of a CAT(0) space are called antipodal if their Tits-distance is > π,
and opposite if they are the end points of a geodesic line. Opposite points are always
antipodal, but the converse need not hold in general. As before, we denote by C

(resp. Creg) the set of cocompact (resp. regular cocompact) points. The goal of this
subsection is to prove the following.

Lemma 7.8. — Let (X,G) be a locally compact CAT(0) group with G totally discon-
nected. Any antipodal pair {ξ, ζ} with ξ ∈ Creg and ζ ∈ C is contained in a common
fully maximal sphere. In particular ξ and ζ are opposite.

We shall use the following fact.

Lemma 7.9. — Let (X,G) be a locally compact CAT(0) group. Given a cocompact
point ζ ∈ ∂X, the set of all cocompact points in Ant(ζ) is contained in a single
G-orbit.

Proof. — The following argument is borrowed from the proof of Lemma 7.14 from [16]
(whose hypotheses are too strong to be invoked directly); we include it here for the sake
of completeness. Let η ∈ Ant(ζ) be cocompact. Choose a radial sequence (gn) ⊂ Gζ
for η and let η′ be an accumulation point of the sequence (gnη). By Proposition 2.5, the
points ζ and η′ are now opposite. Since η is cocompact, it follows from Lemma 5.1
that its G-orbit is closed. Thus we have shown that the G-orbit of η contains a
point η′ which is opposite ζ. The conclusion follows since by cocompactness of ζ, the
stabiliser Gζ is transitive on Opp(ζ) (see Corollary 5.5). �
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Proof of Lemma 7.8. — By Proposition 6.12(ii) and (v), there is an open spherical cap
U ⊂ Σ(ξ) containing ξ and such that U ∩G.ξ = {ξ}, where G.ξ denotes the G-orbit
of ξ. Since every point of U is cocompact by Proposition 6.12(iv), it follows from
Lemma 7.9 that U ∩ Ant(ζ) = {ξ}. Therefore, the Parachute Lemma 2.11 ensures
that ξ and ζ are contained in a common fully maximal sphere. Since any such sphere
bounds a fully maximal flat by Proposition 5.8, the points ξ and ζ are indeed opposite.

�

Remark 7.10. — In case X is geodesically complete, every cocompact point from ∂X

has a discrete orbit for the Tits metric, see [16, Prop. 7.15]. Therefore, Lemma 7.9
shows in that case that the collection of cocompact antipodes of any given (possibly
singular) cocompact point is Tits-discrete. Using the Parachute Lemma as above, this
implies that the statement of Lemma 7.8 holds for all cocompact points, and not only
the regular ones. This will in fact follow a posteriori from Proposition 7.11, even
without the assumption that X be geodesically complete.

7.E. The set of cocompact points is a building. — We are now ready to establish
the following key step towards Theorem A.

Proposition 7.11. — Let (X,G) be a locally compact CAT(0) group. Assume that G
is totally disconnected, has a cocompact amenable subgroup and does not fix any point
in ∂X.

Then the set C ⊂ ∂X of cocompact points, endowed with the Tits-metric, is a
metric spherical building and dimC = dim ∂X.

Proof. — As before, we let C ⊂ ∂X denote the set of cocompact points and Creg ⊂ C
the set of regular cocompact ones.

By Proposition 6.8, the set Creg is non-empty. Moreover every cocompact point is
contained in a fully maximal sphere by Proposition 5.9, and if such a sphere contains
a point of Creg, then it is entirely contained in C by Proposition 7.5. In particular,
there exists at least one fully maximal sphere, say S, entirely contained in C.

Claim 1. — The G-orbit of every cocompact point meets S.

Indeed, let z ∈ C. By Lemma 2.10, there exists ξ ∈ Ant(z)∩S. Since ξ is cocompact,
the set Ant(ξ) ∩ C is contained in a single G-orbit by Lemma 7.9. Since Ant(ξ) ∩ C
clearly contains the unique element of Ant(ξ)∩S, we deduce that G-orbit of z meets S,
as claimed.

Claim 2. — Let ξ ∈ Creg ∩ S. The Gξ-orbit of every cocompact point meets S.

Let ζ ∈ C. If ζ is antipodal to ξ, then ζ ∈ Opp(ξ) by Lemma 7.8 and hence, there
exists g ∈ Gξ with gζ ∈ S by Corollary 5.5. We are done in this case.

Suppose now that ∠(ξ, ζ) < π. By Claim 1, the point ζ belongs to some fully
maximal sphere S′ which is a G-translate of S. In particular S′ ⊂ C. By Lemma 2.10,
there exist ξ′ ∈ S′ ∩Ant(ξ) and a geodesic segment γ from ξ to ξ′ passing through ζ.
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By Lemma 7.8, the points ξ and ξ′ are contained in a common fully maximal sphere,
say S′′. Corollary 5.3 implies that ξ′ is regular. Proposition 6.12(ii) then ensures that
Σ(ξ′) ⊂ S′ ∩S′′ contains a neighbourhood of ξ′ in S′′, so that the geodesic segment γ
contains a sub-segment of positive length entirely contained in S′′. Since S′′ is convex
and also contains both endpoints of γ, we infer that γ is entirely contained in S′′.
In particular ζ ∈ S′′. Lemma 6.10 affords an element g ∈ Gξ with gS′′ = S, so that
gζ ∈ S, as required. The claim stands proven.

Claim 3. — Any two points of C are contained in a common fully maximal sphere.
In particular C is convex.

Let ζ1, ζ2 ∈ C. By Claim 1, there is g ∈ G with gζ1 ∈ S. By Proposition 7.5,
there exists ξ ∈ Creg ∩ S such that gζ1 ∈ Σ(ξ). By Claim 2 there exists h ∈ Gξ with
hgζ2 ∈ S. Since h fixes ξ, it stabilises Σ(ξ) so that hgζ1 ∈ Σ(ξ) ⊂ S. Hence the pair
{ζ1, ζ2} is contained in the fully maximal sphere (hg)−1S.

Claim 4. — Let ξ ∈ Creg ∩ S. Then there exists ε > 0 such that B(ξ, ε) ∩ C ⊂ S. In
particular the Tits-closure of B(ξ, ε) ∩ C is Tits-compact.

By Proposition 6.12(ii), there exists ε > 0 such that B(ξ, ε) ∩ S ⊂ Σ(ξ). Given
z ∈ B(ξ, ε) ∩ C, there is g ∈ Gξ with gz ∈ B(ξ, ε) ∩ S by Claim 2. Hence z ∈
g−1Σ(ξ) = Σ(ξ). The claim follows.

We can now conclude the proof by applying Theorem 3.4 to the set C. Indeed C is a
CAT(1) space by Claim 3. It contains the fully maximal sphere S, so that dim(∂X) =

dim(S) 6 dim(C) 6 dim(∂X). The other required hypotheses follow from Claims 3
and 4. Hence C is a spherical building. �

7.F. Every boundary point is cocompact. — Here is the last step in the proof of that
∂X is a building.

Proposition 7.12. — Let (X,G) be a locally compact CAT(0) group. Assume that G
is totally disconnected, has a cocompact amenable subgroup and does not fix any point
in ∂X. Then every ξ ∈ ∂X is cocompact. In particular ∂X is a spherical building.

Lemma 7.13. — Let (X,G) be a locally compact CAT(0) group. Assume that G is
totally disconnected, has a cocompact amenable subgroup and does not fix any point
in ∂X.

Any point opposite to a cocompact point is itself cocompact.

Proof. — Let ξ be cocompact. By Proposition 7.11, the point ξ is contained in a fully
maximal sphere S entirely consisting of cocompact points. The antipode of ξ in S

is opposite ξ by Proposition 5.8. The conclusion follows since the stabiliser Gξ acts
cocompactly on X and is thus transitive on Opp(ξ) by Corollary 5.5. �
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Lemma 7.14. — Let (X,G) be a locally compact CAT(0) group. Assume that G is
totally disconnected, has a cocompact amenable subgroup and does not fix any point
in ∂X.

Let ξ ∈ Creg and z ∈ ∂X. Then Σ(ξ) ∩Ant(z) contains at most one point.

Proof. — We may assume that Σ(ξ)∩Ant(z) contains at least one point, say ζ. Let B
denote the pointwise stabiliser of Σ(ξ) in G. By Proposition 6.12(iv), the group B

acts cocompactly on X and thus contains a sequence (gn) which is radial for z. Upon
extracting we may assume that (gnz) converges to some z′ ∈ ∂X.

Since gnζ = ζ for all n, we deduce from Proposition 2.5 that ζ and z′ are opposite.
Hence z′ is cocompact by Lemma 7.13. By Proposition 7.11, there exists a fully
maximal sphere S containing ξ and z′. Hence S contains Σ(ξ) ∪ {z′}.

Let now η ∈ Σ(ξ)∩Ant(z). Proposition 2.5 again implies that η and z′ are opposite.
Hence η = ζ since η ∈ Σ(ξ) ⊂ S and since ζ is the only point of S antipodal to z′. �

Proof of Proposition 7.12. — Let z ∈ ∂X. By Proposition 7.11 the set C of cocompact
points contains a fully maximal sphere, say S, which is covered by a finite union of
sets of the form Σ(ξ) with ξ ∈ Creg (see Lemma 6.5 and Proposition 7.5). Each Σ(ξ)

contains at most one antipode of z by Lemma 7.14, so that the set Ant(z) ∩ S is
finite, hence discrete. Since the set Ant(z)∩S is moreover non-empty by Lemma 2.10,
we may pick z′ ∈ Ant(z) ∩ S and a neighbourhood U of z′ in S containing no other
antipode of z. By the Parachute Lemma 2.11, the pair {z, z′} is contained in a fully
maximal sphere, and is thus opposite by Proposition 5.8. We conclude via Lemma 7.13
that z ∈ C. �

7.G. The spherical building is Moufang

Proof of Theorem D. — We set G = Is(X). By hypothesis (X,G) is a locally compact
CAT(0) group.

Any two points of ∂X are contained in a common fully maximal sphere. In partic-
ular any two antipodal points are opposite by Proposition 5.8. Given η ∈ ∂X, there
exists ξ ∈ Ant(η). By Corollary 5.5, the group Gξ is transitive on Opp(ξ) = Ant(ξ),
and the latter set contains at least two points since the building ∂X is thick. In
particular G does not fix any point in ∂X.

We may therefore invoke Theorem 2.14. Since the spherical building of a Lie group
of rank > 2 is Moufang (see §3.B), we are reduced to the case whereX is an irreducible
CAT(0) space and G = Is(X) is totally disconnected. Moreover, by Lemma 3.3, the
metric building ∂X may also be viewed as an irreducible combinatorial spherical build-
ing. Therefore, the Moufang condition is automatic if dim(∂X) > 2 by [38, Satz 1]
or [42, Th. 11.6]. We focus henceforth on the case dim(∂X) = 1.

Claim 1. — Every interior point ξ of a chamber c of ∂X is regular. In particular
c = Σ(ξ).
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Let ξ′ ∈ Opp(ξ). Since ξ belongs to the interior of c, it follows from [26, Lem. 3.10.1]
that Link(ξ, ξ′) is a round sphere. Therefore ξ is regular by Lemma 6.7. Hence c = Σ(ξ)

by Lemma 3.1.

Claim 2. — For each half-apartment α ⊂ ∂X, the pointwise stabiliser of α in G is
transitive on the set of apartments containing α.

By Claim 1, the interior of α contains a regular point. Hence Claim 2 holds by
virtue of Lemma 7.4.

Claim 3. — For each ξ ∈ ∂X, the group Gu
ξ fixes pointwise each chamber containing ξ.

Since ∂X is an irreducible building of dimension 1, each chamber is a geodesic
segment of length < π/2.

If ξ belongs to the interior of a chamber c, then c is the only chamber containing ξ
by Lemma 3.1. Hence Gξ stabilises c and therefore fixes its midpoint ξ0. If Gu

ξ does not
fix c pointwise, then it contains an element acting on c as the reflection through ξ0.
Since ∂X is unidimensional, it follows that the convex set (∂X)G

u
ξ coincides with {ξ0}.

This is impossible by virtue of Proposition 6.1.
We assume henceforth that ξ is not an interior point of a chamber. Let then η ∈ ∂X

be an interior point of a chamber c containing ξ, so dT(η, ξ) < π/2. If η is not fixed
by Gu

ξ , then its projection η′ to (∂X)G
u
ξ is different from ξ by Proposition 6.1. Hence

dT(η, η′)<dT(η, ξ)<π/2. Therefore the geodesic triangle (η, η′, ξ) has perimeter < π,
and must thus be a tripod since ∂X is a unidimensional CAT(1) space. Therefore
η′ ∈ [η, ξ] since [η′, ξ] is pointwise fixed by Gu

ξ . As η′ 6= ξ, it follows that η′ is an
interior point of the chamber c. This shows that Gu

ξ fixes a subsegment of c of positive
length; hence it fixes c pointwise, contradicting the assumption that η is not fixed.
This proves that every interior point of every chamber containing ξ is fixed by Gu

ξ .
The claim follows.

We now conclude the proof of the theorem as follows. Fix a half-apartment α ⊂ ∂X
and denote by Gα the pointwise stabiliser of α in G. Let also A(α) denote the set of
apartments containing α. By Claim 2, the group Gα is transitive on A(α).

Since ∂X is 1-dimensional, the half-apartment α is a geodesic segment of length π.
Its chambers can be numbered successively by c1, . . . , cn. The unique common point
of ci and ci+1 is denoted by ηi for i = 1, . . . , n − 1. The group Gα is contained in⋂n−1
i=1 Gηi .
Fix an apartment S ∈ A(α), so that S is a fully maximal sphere of ∂X. By

Claim 1, there exists a regular cocompact point ξ ∈ S. Let ξ′ ∈ Opp(ξ) be its unique
antipode contained in S. By Proposition 6.12(iv), the pointwise fixator B of Σ(ξ)

acts cocompactly on X. Hence the group T = Bξ′ acts cocompactly on P (ξ, ξ′) by
Proposition 5.2. Since T fixes pointwise the chamber Σ(ξ), it fixes pointwise the sphere
S = ∂P (ξ, ξ′).

Pick a base point p ∈ P (ξ, ξ′) and for each i, choose a sequence (ti,n) of elements
of T which is radial for ηi. Upon extracting, we may assume that limn ti,np exists.
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Hence this limit coincides with the unique point η′i ∈ S opposite ηi. We define induc-
tively a chain of subgroups

Gα = V0 > V1 > · · · > Vn−1

by setting
Vi = Vi−1 ∩Gu

ηi ,

It follows from the definition that Vi is normal in Gα for all i. Since T acts trivially
on S and is thus contained in Gα, it follows that T normalises Gu

ηi for all i. In
particular tj,n normalises Vi for all i, j, n.

By Claim 3, the group Vi fixes pointwise each chamber containing ηi. By induction,
the group Vi−1 is transitive on A(α) and is normalised by each element of the sequence
(ti,n)n. We are thus in a position to apply Theorem 5.4 to the sequence (ti,n)n and the
subgroup Vi with respect to the boundary point ηi. This provides the decomposition

Vi−1 = Vi · Vi−1,η′i .

Since Vi−1 is transitive on A(α) by induction and since there is only one element of
A(α) which contains η′i (namely the convex hull of α ∪ {η′i}), we deduce that Vi is
transitive on A(α) as well.

Now the group group Vn−1 fixes pointwise each chamber containing ηi for all
i = 1, . . . , n− 1. It is thus contained in the root group Uα. The transitivity of Vn−1
on A(α) therefore implies that ∂X satisfies the Moufang condition, as desired. �

Proof of Corollary E. — The visual boundary ∂X is a metric spherical building
(see [26, Prop. 4.2.1]) which is thick and irreducible because X is so. The desired
conclusion will follow from Theorem D if we prove that Gξ acts cocompactly on X

for each ξ ∈ ∂X.
Let Z ⊂ ∂X the set of circumcentres of chambers at infinity. Then Z is closed for the

cône topology: indeed, fixing a base point x ∈ X, there is a one-to-one correspondence
between the chambers at infinity and the sectors based at x. Given a sequence of
chambers, the corresponding sequence of sectors has a convergent subsequence; the
closedness of Z follows.

Since G is transitive on the set of chambers at infinity, it is transitive on Z. There-
fore for each η ∈ Z the stabiliser Gη acts cocompactly on X by Lemma 5.1. The
isometry group of each chamber at infinity is finite. Therefore, the pointwise stabiliser
of each chamber still acts cocompactly on X. Every boundary point ξ is contained in
a chamber, and thus has a cocompact stabiliser. �

7.H. End of proofs

There was an elliptical precision about its perfect pairs of parts that
was graceful and shocking, like good modern art, and at times Yos-
sarian wasn’t quite sure that he saw it all, just the way he was never
quite sure about good modern art. (J. Heller, Catch-22, 1961)
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Proof of Theorem A. — We apply Theorem 2.14. We may replaceX by its subspaceX ′
since they have the same visual boundary. Each irreducible factor in the canonical
product decomposition of X afforded by Theorem 2.14 admits a cocompact action of
an amenable locally compact group: indeed, one may take the closure of the projection
of the amenable cocompact subgroup of Is(X) given by hypothesis. Therefore, it
suffices to treat one irreducible factor of X at a time.

For a factor whose isometry group is Lie, the desired conclusions follow from The-
orem 2.14 (the spherical building of a simple Lie group is automatically Moufang).

For a factor Yj with a totally disconnected isometry group, we apply Proposi-
tions 7.11 and 7.12, ensuring that ∂Yj is a spherical building all of whose points are
cocompact.

Assume now that dim(∂Yj) > 1. Since ∂Yj is an irreducible CAT(1) space, we
deduce from Lemma 3.2 that ∂Yj satisfies the hypotheses of Theorem D. Hence the
building ∂Yj is Moufang. �

Proof of Theorem B. — Any geodesically complete locally compact CAT(0) space is
proper by Hopf–Rinow (see [7, Th. 2.4]). By Theorem A, the visual boundary of X is a
spherical building, and every point of ∂X has a cocompact stabiliser. By [16, Th. 1.3],
this implies that X is a product of flats, irreducible Euclidean buildings and Bass–
Serre (i.e., edge-transitive) trees. Corollary E ensures that each irreducible component
of dimension > 2 is in fact a Bruhat–Tits building. �

Proof of Corollary C. — As in the proof of Theorem A, it suffices by Theorem 2.14
to consider the case where X is irreducible and Is(X) is totally disconnected and
acts minimally. We know from Theorem A that ∂X is a thick irreducible metric
spherical building. If dim(∂X) = 0, then X is Gromov hyperbolic and the existence
of a continuous, proper, edge-transitive Is(X)-action on a locally finite tree follows
from [15, Th.D]. If dim(∂X) > 1, then ∂X is a Moufang building. By Proposi-
tion 3.5, it is also a compact building in the sense of Burns–Spatzier [13]. There-
fore, it follows from [21, Th. 1.1] that there is a Bruhat–Tits building Xmodel whose
building at infinity ∂Xmodel is isomorphic (both as a compact building and as a
CAT(1) space) to ∂X. Moreover [21, Th. 1.1] ensures that the canonical homomor-
phism of Aut(Xmodel) to Aut(∂Xmodel) is an isomorphism of topological groups, where
Aut(Xmodel) (resp. Aut(∂Xmodel)) is endowed with the compact-open topology for its
action on X (resp. on the set of chambers of ∂Xmodel). We may therefore identify
Aut(Xmodel) with Aut(∂Xmodel).

The group Is(X) acts continuously on the space ∂X endowed with the cône topol-
ogy. The kernel of this action is compact by Proposition 2.17, so the isomorphism
∂X → ∂Xmodel yields a continuous homomorphism with compact kernel from Is(X)

to Aut(∂Xmodel) = Aut(Xmodel). We emphasise that there is a subtlety in checking
that the isomorphism ∂X → ∂Xmodel induces an isomorphism of topological groups
Aut(∂X) → Aut(∂Xmodel). Indeed, the group Aut(∂X) can be topologised in two
ways which are a priori different, namely the compact-open topology with respect to
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its action on the space ∂X endowed with the cône topology, and the compact-open
topology with respect to its action on the space of chambers of ∂X. However, map-
ping each chamber to its circumcentre, the space of chambers can be identified with
a closed Aut(∂X)-invariant subset of ∂X, and one deduces that these two topologies
coincide, so that the map Aut(∂X) → Aut(∂Xmodel) is indeed an isomorphism of
topological groups.

Since the image of Is(X) in Aut(∂X) contains all the root subgroups by Theorem D
it follows that the Is(X)-action on the Bruhat–Tits building Aut(Xmodel) is chamber-
transitive, hence cocompact. The fact that it is proper follows from the closedness
of image of Is(X) in the group Aut(∂X) endowed with the compact-open topology,
asserted by Proposition 2.17. �

Index
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Creg, 363
FX, 358
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ξ , 356
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cocompact point at infinity, 355
is contained in a fully maximal sphere, 358
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compacting automorphism, 367
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de Rham
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Tits, 337

equator, 347
of a tricycle, 343
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fully maximal, 358
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flat, 358
sphere, 358

G-string, 336
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geometrically inner, 363
group
CAT(0), 355
root, 349
Weyl, 347
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irreducible
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building, 348
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join, 340
Levi decomposition, 356
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lunule, 341
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Moufang condition, 349
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opposite, 340
panel, 347
parachute lemma, 342
point at infinity
antipodal, 340
cocompact, 355
opposite, 340
regular, 363

radial sequence, 339
reflection, 347
regular point, 363
root group, 349
sphere
fully maximal, 358
round, 342

spherical building
combinatorial, 348
compact, 349
irreducible, 348

metric, 347
thick, 347

spherical Coxeter complex, 347
irreducible, 348

spherical de Rham factor, 344
spherical join, 340
spherical support, 365
thick spherical building, 347
Tits boundary, 337
Tits distance, 337
transverse space, 354
tricycle, 342
equator, 343

visual boundary, 337
wall, 347
Weyl group, 347
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