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ANALYSIS OF AN ALGORITHM
TO CONSTRUCT RBONACCI PARTITIONS (*)

by Helmut PRODINGER (*)

Communicated by R. CORI

Abstract. — A Fibonacci partition of { 1, 2, . . . , n } is a partition such that i and i + 1 are never
in the same block. It can be shown by an umbral argument that the corresponding number Cn

equals Bn„v which is the number of partitions of { 1, . . ., n — 1 }. There exists an algorithm
which constructs a unique Fibonacci partition of { 1, . . ., n + 1 } if a partition of { 1, . . ., n }
is given. The interesting parameter of this algorithm is the number of companions of n + 1 in
the Fibonacci partitions.

Using umbral methods, expressions of average and variance can be found, which can be evaluated
asymptotically using de Bruijrfs treatment of the Bell numbers.

Résumé. — Une partition de Fibonacci de { 1, 2, . . . , n } est une partition dans laquelle i et i + 1
ne sont jamais dans le même bloc. On peut montrer par un argument de type ombrai que le nombre Cn

de partitions de Fibonacci de { 1, . . . , n } est égal au nombre Bn_1 de partitions de { 1, . . ., n — 1 } .
Il existe un algorithme qui construit, à partir d'une partition de { 1, . .•., n } , une unique partition
de Fibonacci d è { l , . . . , n .+ l } . Le paramètre intéressant de cet algorithme est le nombre de
compagnons de n + 1 dans les partitions de Fibonacci..

A Vaide de méthodes ombrâtes, on peut trouver des expressions de moyenne et de variance
qui peuvent être évaluées asymptotiquement en utilisant le traitement de de Bruijn des nombres
'de Bell.

1. INTRODUCTION

It is a classical resuit that the number of subsets A of n = { l , 2 , . . . , « }

such that ieA and i + leA is impossible for ail i equals the n + 1— st Fibo-

nacci number Fn+1 (see [2]). (Fn+2 = Fn+1 + Fn9 FO = F1 = 1.) Let us call such

a set A a Fibonacci set. One may also think of séquences of a's and b's of

length n without consécutive a's. Regarding this resuit it is natural to define

a Fibonacci partition of n to be a partition such that no pair i, i -h 1 lies in the

(*) Received in January 1981, revised in January 1984.
C) Inst. f. Algebra und Diskrete Mathematik, TU Wien, Guphausstrafe 27-29, 1040 Wien,

Austria.
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388 H. PRODINGER

same block (see [3 ]). For the readers convenience, let us review some basic
facts about partitions (see [5 ]) : A partition of n is a family of disjoint nonempty
subsets (called blocks) whose union is n. For instance, 1241315 is a partition of 5
consisting of 3 blocks. The number of partitions of n is the rc-th Bell number Bn ;

theysatisfy£M+1= X ( " W , Bo = 1 ; furthermore
Q^k^\kj

Let Cn be the number of Fibonacci partitions of n. In [3 ] it was proved by
umbral methods that CÏI = BB_1. This result will come out in the sequel as
as corollary. On the other hand, a bijection between the set of partitions of n
and the set of Fibonacci partitions of n +1 was constructed in [3 ] by means
of the following

ALGORITHM INPUT: partition of H
OUTPUT: Fibonacci partition of n + 1

Al : n +1 is adjoined to the given partition in a new class
A2: Do step A3 for all-blocks.
A3 : If the block is a Fibonacci subset, do nothing.

Otherwise, repeatedly find i, i + l, éléments of this subset, i maximal,
and put i into the class of rc+1.

It is not complicated to prove that the algorithm constructs a bijection,
because one can describe the inverse mapping. To illustrate the algorithm,
we start with the partition 1235 | 467 | 89 of 9:

1235 | 467 | 89 -> 1235 | 467 | 89 110 -> 135 | 467 | 89 | 210
-> 135 | 47 | 89 | 2610 - 135 | 471 9|26810.

The last partition is a Fibonacci partition of ÏÖ.

The aim of this note is to analyse this algorithm. The interesting parameter
is the number k of éléments which are shifted into the class of n +1 in step A3.
It is easily seen that 0 ^ k ^ [n/2] holds. Let CB+lffc be this number. We give
exact formulas and asymptotic estimâtes for the average

Mf(n)= I kCn+1JCn+i

and also for the variance Vf(n). As a showcase, we consider also the corres-
ponding values for the unrestricted case, i. e. Bn+1 fc, its average M(n) and the
variance V(n).

We point out that Ph. Flajolet (private communication) has mentioned,
that the identities Cn = Bn_l (and more gênerai ones, see [3]) would probably
lead to new continued fractions.
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2. ANALYSIS

As already mentioned in the introduction, we consider first the numbers
Btt+l k (i.e. the numbers of partitions of n + 1 such that k éléments en are in
the same block as n + 1).

THEOREM 1: ?,xkBH+ltk = nBn. (1)

Proof: It is quite obvious that

Çj (2)
holds. Let L be the linear functional, defined on the vector space of all poly-
nomials over IR, sending each polynomial (x)n-=x{x — 1) . . . (x —n + 1) to 1.
It is Rota's principal resuit [5] that Bn = L(xn) holds. Now

*-wr Y (n~1

since Rota has shown that for all polynomials p

Iixp{x-l))=IJjix)) (3)
nolas.

Now we turn to the CB+1(Jk's. Let us recall the foliowing facts from [5] and
[3 ] : To compute Bn, the set of all fonctions f:n-+x must be divided with
respect to the kernels:

X = 2 J (X)N(n) '
H : partition

where N(n) is the number of blocks of the partition n. An application of the
functional L to (4) yields L(xn) = Bn, To compute C„, the set of fonctions ƒ: n -> x
with the property "/(O—ƒ(* + !) impossible" is considered. The number of
these fonctions is easy to détermine: For / ( l ) there are JC possibilités, for f (2)
there are x — 1 possibilités, for ƒ (3) there are x — 1 possibilities and so on.
Thus there are x(x — l ) "" 1 such fonctions; the set of these fonctions is divided
with respect to the kernels

^-ir1= I (*w (5)
7t : Fibonacci

partition

Thus we get as a corollary:

COROLLARY 2: CJI = B i I_1 .

Proof: We apply the functional' L on both sides of (5) to get

LEMMA 3:
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390 H. PRODINGER

Proof: We have to compute the number of all partialfunctions ƒ: n -> x
with "ƒ(*)=ƒ 0 + 1) impossible" such that / is undefined for exactly k values
which are not adjacent (i.e. the set of these k values is a Fibonacci subset).
Furthermore, ƒ (n) must be defined. The application of L yields then the desired
number Cn+l fc.

First we compute in how many ways these k places can be distributed. This
is the number of configurations

1*0 + 1!+.. . + ik = n~/c, io>O, f$>l (6)

or, equivalently, the sum of the numbers of configurations in (7) and (8):

h+...+ik = n-k, f s >l , (7)

î o + . . .+ î f c = n-fc, i s > l . (8)

Let a configuration as in (7) be fixed. The number of functions ƒ with this
configuration is then

xix-iy'-^ix-iy2-1 ...x(x-i)i*-1=jtfc(%--i)'l~2*

The coefficient (ie. the number of configurations in (7) can be computed
as follows: ([*"]# is the coefficient of je" in g)

'-( k\-->
\n-2kf

'n-k-1
I

Similarly, the number of functions for a configuration as in (8) is

xOc-l)'0"1 ... xix-ï]fk-l=jift+1(x-iy-ak-1

The coefficient is

V K f i - i . .i. f l « - 2 f c - l
which finishes the proof.

THEOREM 3: £ kCn+1Jç={n-l)Bn_1-(n-2)Bn_2+

Proof: From Lemma 2 we have

R.A.I.R.O. Informatique théorique/Theoretical Informaties
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We compute the two polynomials in (9): For this let y = x/(x —l)2 and
a = v / l + 4 y = ( x + l ) / ( x - l ) . We refer to an identity in [4; p. 76] and give
only the key steps.

v fn-l-k\ t, „fc v. fn-2-i

(10)

=x(x~ir2^-y~
1 /1-aV"1!

(x + l)3

l)
((n - 2)x" - (n - 2)( - 1)" + nx" ~l - nx{ - Vf1) (11)

The sum of (10) and (11) is

—-—((n-l)xn + 1+(2n-l) jcn+nxn-1

(x+l) 3

* ((n- l )x n+nx n- 1+(-l)")
(x+l)2

n - 1

= £ (-
The result now follows by an application of the linear functional L to (12).

nB
THÊOREM 4: M(n)= = logn + 0(loglogn) as n -> oo.

Proof: From [1 ; pp. 107] we infer

logB l l - logB I I _ 1 =logn-- logn+-J+- logf l+ —

-(n + 1) log «n + nlog «„_!--(«„-«„_!)• (13)
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Un, un_1 are given as the unique positive numbers for which hold :

uneu"=n+l (14)
Un ieun-r = n (15)

Dividing (14) and (15) yields

«. . . . . . 1

thus

Now un ~ log(n+l) ([1; pp. 25]), thus

hence

\n\ogn) \n) \nj'

So (13) yields

* n - l

n + 1 n- / l
- n{l0gUn-l0g Un-J-logUn + Q -

-log „+0 () + + + n 0 (
\log n) unun_l un \n\ognj

-loglogn + 0

\log2tt/ \logn/

log n- log log n + 0 f . (16)
\ logn /
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Now
nB

log — i - = log n + log 5 n - log Bn+,
n+1 i 1 ^ n= log log n + 0

and the resuit follows by exponentiation.

THEOREM 5: Mf(ri)= Z&C n + 1 JCH+1 ~ logn.

Pro<9/: By Corollary 2 and Theorem 4 we have

M (n)= (n-l)Bn-i-(n
f Bn

An argument similar to the Leibniz convergence criterion for alternating series
yields the bounds

Bn Bn Bn

Now (n—l)Bn_JBn ~ logn and

(n-2)Bn_2_(n-2)Bn_2 (n -pB, , , ^ =

yielding the asymptotic equivalent of Mf(n).

At a first look this asymptotic resuit may be surprising, since in the ordinary
case k varies between 0 and n, and in the Fibonacci case only between 0 and
[n/2], but it is extremely improbable that a value ^ n/2 appears, so that
the big values of k do not influence the average too much.

THEOREM 6: V{n)= nB" + n ( n ~ 1 ) B » - i -M2(n) = 0{logn . loglogn).
B

Proof:

Bn+1
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which gives the exact expression for V(ri). The asymptotic estimate is obtained
as follows:

= log n+0 (log log ri)+log2 n + 0 (log n . log log ri)
— log2 n+0 (log n . log log n).

THEOREM 7: K / ( n ) Ç

= 0 (log n . log log ri).
ketch): A similar, but much longer computation as in Theorem 3

shows that

n-2

(n-l —
k=2

Hence we get, by applying L to the last expression,

F / ( n ) = 7T £ (n-l-fe)k(fc-l)(-l)n-kj

The asymptotic estimation is as in Theorem 6.
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