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CAHIERS DE TOPOLOGIE ET Volume XLV-3 (2004)
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

ADJOINT FOR DOUBLE CATEGORIES
by Marco GRANDIS and Robert PARE

RESUME. Cet article poursuit notre étude de la théorie générale des
catégories doubles faibles, en traitant des adjonctions et des monades.
Une adjonction double générale, telle qu'elle apparait dans des situations
concrétes, présente un foncteur double colax adjoint & gauche d'un
foncteur double lax. Ce couple ne peut pas étre vu comme une adjonction
dans une bicatégorie, car les morphismes lax et colax n'en forment pas
une. Mais ces adjonctions peuvent étre formalisées dans une catégorie
double intéressante, formée des catégories doubles faibles, avec les
foncteurs doubles lax et colax comme fléches horizontales et verticales, et
avec des cellules doubles convenables.

Introduction

This is a sequel to a paper on 'Limits in double categories’ [GP], referred to
as Part I. It was proved there that, in a double category A, all (double) limits can
be constructed from (double) products, equalisers and tabulators, the latter being the
double limit of a vertical arrow. The reference 1.1 (or 1.1.2) applies to Section 1 of
Part I (or its Subsection 1.2).

Here we study adjoints for (weak, or pseudo) double categories. The general
situation, defined in 3.1, is a colax/lax adjunction F — R, where F is a colax
double functor while R is lax. (See Kelly [Ke], dealing with adjunctions between
op-D- functors and D-functors, in the context of algebras for a doctrine D.)

Interesting examples of this type are provided by extending an ordinary adjunc-
tion F — R between abelian categories to their double categories of morphisms,
relations and inequality cells: the right exact functor F has a colax extension, the
left exact functor R a lax extension, and we get a colax/lax adjunction, which is

(*) Work supported by C.N.R., M.LU.R. (Italy) and N.S.E.R.C. (Canada).
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pseudo/lax (resp. colax/pseudo) when the original left (resp. right) adjoint is exact
(5.4). This and other examples are examined in Section 5.

Of course, the composition of a lax and a colax double functor has poor proper-
ties and no comparison cells for vertical composition of arrows. Thus, a colax/lax
adjunction F — R will be defined through the interplay of the comparison cells of
F and R, instead of the lacking comparison cells of RF and FR (cf. 3.2); in
other words, it cannot be seen as an adjunction in a bicategory. Nevertheless, it has
a formal description, as an 'orthogonal adjunction' within Dbl, a strict double
category studied in Section 2 and consisting of pseudo double categories, with lax
and colax double functors as horizontal and vertical arrows, respectively, and
suitable double cells.

More particular adjunctions, of type pseudo/lax (resp. colax/pseudo), are studied
in Section 4 and reduced to adjunctions in the 2-category LxDbl (resp. CxDbl)
of double categories, lax (resp. colax) double functors and horizontal transforma-
tions; both of them sit inside Dbl (end of 2.2).

Limits and colimits are well behaved with unitary adjunctions (6.2, 6.3), and a
lax functorial choice of I-limits in A (Part I) amounts to a unitary lax double
functor AT — A right adjoint to the diagonal (6.5). Finally, we study 'double
monads'. The classical 1-dimensional theory of monads, when extended to weak
double categories, splits into two 'standard’ cases, treated in Section 7: colax
monads have standard Eilenberg-Moore algebras and are linked with colax/pseudo
adjunctions, while lax monads have standard Kleisli algebras and are linked with
pseudo/lax adjunctions. On the other hand, the construction of Eilenberg-Moore
algebras for a lax monad should be performed via coequalisers of free algebras,
extending a similar construction for 2-categories (cf. Guitart [Gu], Carboni-
Rosebrugh [CRY]); this will not be dealt with here.

The theory of double categories, established by Ehresmann [E1, E2], has not yet
been extensively developed. The interested reader can see [BE, Da, DP1, DP2, Da,
BM]}, and [BMM] for applications in computer science.

Outline. The first section studies the connections between horizontal and vertical
morphisms in a double category: horizontal morphisms can have orthogonal
companions and orthogonal adjoints. Then, in Section 2, lax and colax double
functors between weak double categories are organised in the strict double category
Dbl, as horizontal and vertical arrows, respectively. The theory of adjunctions
between weak double categories, from their definition to various characterisations,
examples and relations with double limits, is dealt with in the next four sections.
We end with studying lax and colax monads, in Section 7.
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1. Orthogonal companions and adjoints

This section studies the connections between horizontal and vertical morphisms in
a double category: horizontal morphisms can have vertical companions and vertical
adjoints. Such phenomena, which are interesting in themselves and typical of double
categories, already appeared to a limited extent in Part I (cf. 1.5). A is always a
(unitary) pseudo double category.

1.1. Basics. For double categories, we generally use the same terminology and
notation as in Part I. The composite of horizontal arrows f: A — A', g: A' — A"
is written gf, while for vertical arrows u: A - B, v: B - C we write u®v or
veu. The boundary of a double cell «, consisting of two horizontal arrows and
two vertical ones

f
A — A

(1) u 1 o l v

B — B’

g

will be displayed as o: (u é v), or sometimes as o:u — v. If f, g are identities,
o is said to be a special cell and displayed as a: (u ‘3‘ v) or a: u — v. The hori-
zontal and vertical compositions of cells are written as (o | B) and (Yg), or more
simply as off and a®y. Horizontal identities, of an object or a vertical arrow, are
written as 1a, 1,: (u G v); vertical identities as 13, 13: (A | A).

Let us recall that, in a pseudo double category A (1.1.9;1.7.1), or weak double
category, the horizontal structure behaves categorically, while the composition ® of
vertical arrows is associative up to comparison cells o(u, v, w). (U®V)®w =
u®(vew); these are special cells (i.e., their horizontal arrows are identities), and
actually special isocells — horizontally invertible. On the other hand, it will be useful
to assume that vertical identities are strict, i.e. behave as strict units, a constraint
which can generally be met without complication (cf. I.3). Thus, a weak double
category A contains a category Ag (objects, horizontal arrows, their composition)
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and a category A, (vertical arrows, cells, their horizontal composition), plus the
remaining structure making it a pseudo category object in Cat (cf. 1.7).

It will also be useful to recall that, in A, the existence of a special isocell A:u =
u' yields an equivalence relation for parallel vertical arrows, consistent with vertical
composition. Similarly, the relation o = o' (there exist two special isocells A: u =
u', u:v = v' such that (a|p) =(A|a')) is an equivalence relation for double cells
having the same horizontal arrows, consistent with vertical composition, but not
with the horizontal one (because the vertical arrows of equivalent cells are not
fixed). Therefore, the double graph A/= is just a 1-dmensional category: the
strictification of A is more complicated (1.7.5).

The expression 'profunctor-based examples' will refer to the following pseudo
double categories, treated in Part I: Cat (formed of categories, functors and
profunctors, I.3.1), Set (sets, mappings and spans, 1.3.2), Pos (preordered sets,
monotone mappings and order ideals, 1.3.3), Mtr (generalised metric spaces, weak
contractions and metric profunctors, 1.3.3), Rel (sets, mappings and relations,
1.3.4), RelAb (abelian groups, homomorphisms and relations, 1.3.4; see also
5.4), Rng (unitary rings, homomorphisms and bimodules, 1.5.3). In Cat, a
profunctor u: A - B is defined as a functor u: A°’xB — Set.

We also consider Ehresmann's double category of quintets QA on a 2-category
A ([El, E2}; 1.1.3), where a double cell o: (u ; v) is defined as a 2-cell a:
vf— gu of A. If A is just a category (with trivial cells), such double cells
reduce to commutative squares, and QA will be written as DA.

A weak double category A contains a bicategory VA of vertical arrows and
special cells, as well as (because of unitarity) a 2-category HA of horizontal
arrows and 'vertically special' cells (I.1.9).

1.2. Orthogonal companions. In the pseudo double category A, the horizon-
tal morphism f: A — B and the vertical morphism u: A - B are made compan-
ions by assigning a pair (n, €) of cells as below, called the unit and counit, satisfy-
ing the identities nle = 13, n®e =1,

A — A A — B
(1) 1} on of e |1
A T) B B =— B
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Given f, this is equivalent (by unitarity, again) to saying that the pair (u, ¢)
satisfies the following universal property:

(a) for every cell €" (v é B) there is a unique cell A: (u' g u) such that &' =2AJe

A —f—> B A — A —£—> B
@ vf e | = vfoa e
A‘—;—-—) B A'—-g—> B =— B

In fact, given (n, €), we can (and must) take A =n®c'; on the other hand,
given (a), we define n: (A ';-‘ u) by the equation nje = 13 and deduce that n®e = 1,
because (n®e) | & = (n|e)®e =€ = (1,|¢). Similarly, also (u,n) is characterised by
a universal property

(b) for every cell n": (A % u) there is a unique cell p: (u g u’) such that n' =n|u.

Therefore, if f has a vertical companion, this is determined up to a unique
special isocell, and will often be written f,. Companions compose in the obvious
(covariant) way: if g: B — C also has a companion, then g,f,: A - C is

. . . 1
companion to gf: A — C, with unit (;n.—ll;]—.): (A g‘f g.f.)-
Companionship is preserved by unitary lax or colax double functors (cf. 2.1).

We say that A has vertical companions if every horizontal arrow has a vertical
companion. All our profunctor-based pseudo double categories (1.1) have vertical
companions, given by the obvious embedding of horizontal arrows into the vertical
ones. For instance, in Cat, the vertical companion to a functor f: A — B is the
associated profunctor f,: A - B, f,(a, b) = B(f(a), b). Also QA (1.1) has
companions: for a map f, take the same arrow (or any 2-isomorphic one). In Rng,
f, is the bimodule B, with A-structure induced by f.

Companionship is simpler for horizontal isomorphisms. If f is one and has a
companion u, then its unit and counit are also horizontally invertible and determine
each other:

3) (e|1z[n) = n® = 1, (g =

as it appears rewriting (e | 1; |n) as follows, and then applying middle-four
interchange
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A -f> B -g> A — A
pog frg e e
A-f> B -g> A -f> B
uf e |1 1 {1 13 {1
B — B -g> A -f> B

Conversely, the existence of a horizontally invertible cell n: (A “;‘ u) implies that
f is horizontally invertible, with companion u and counit as above.

1.3. Orthogonal adjoints. Transforming companionship by vertical (or
horizontal) duality, the arrows f: A — B and v: B = A are made orthogonal
adjoints by a pair (o, ) of cells as below

1) 1

f
—_—
o

> e >
> e W
<

B
s
A

W e W

B
_—
f

with off = 17 and B®a = 1. Then, f is the horizontal adjoint and v the vertical
one. (In the general case, there is no reason of distinguishing 'left' and 'right', unit
and counit; see the examples below). Again, given f, these relations can be
described by universal properties for (v, ) or (v, o)

(a) forevery cell 8" (v % B) there is a unique cell A: (v i v) such that ' =A|B,
(b) forevery cell o: (A ; v') there is a unique cell p: (v g v') such that o' = ojp.

The vertical adjoint of f is determined up to a special isocell and will often be
written f*. Vertical adjoints compose, contravariantly: f*g* gives (gf)*.

A has vertical adjoints if each horizontal arrow has a vertical adjoint. All our
profunctor-based examples are so. For instance, in Cat, the vertical adjoint to a
functor f: A — B is the associated profunctor f*: B - A, f*(b, a) = B(b, f(a));
in Rel, the vertical adjoint of a function f: A — B is the reversed relation f*:
B - A, with a: 1< f*, B: ff* < 1. On the other hand, QA does not have (all)
vertical adjoints, since our data amount to an adjunction in the 2-category A, v —
f, with o: vf — 1, B: 1 — fv. In O A, this means that f isisoand v=f1l
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1.4. Proposition. Let f: A — B have a vertical companion u: A - B. Then
v: B = A is vertical adjoint to f if and only if w — v in the bicategory VA (of
vertical arrows and special cells, 1.1).

Proof. Given four cells n, ¢, a, B as above (1.2, 1.3), we have two special cells
n®w: 1° — u®v, PB®e: u®v — 1°, which are easily seen to satisfy the triangle
identities in VA. The converse is similarly obvious. o

1.5. Theorem (Horizontal invariance). In a pseudo double category A, the
Jollowing properties are equivalent:

(a) every horizontal iso in A has a vertical companion,

(b) every horizontal iso in A has a vertical adjoint,

(c) every horizontal iso in A is a sesqui-isomorphism (1.2.3),

(d) A is horizontally invariant (1.2.4).

(The last two definitions are recalled in the proof. Property (d) ensures that double
limits in A are 'vertically determined', by the Invariance Theorem, 1.4.6).

Proof. First, let us recall that a map f: A — B is said to be a sesqui-isomorphism
(1.2.3) if there exist two horizontally invertible cells m, a as in the left diagram

A — A B = B
pon o
(¢)) A -f> B A -f> B
e N
A — A B — B

Then, we already know (by 1.2 and horizontal duality) that: f is a horizontal
iso; it has a vertical companion u, via n and €= (n!| 19); it has a vertical adjoint
v, via a and p=(o! | 17). Note also that, in the diagram above, u and v form
a vertical equivalence: u®v = 13, v@u = 15. We also know that it is equivalent to
assign n or g as wellas a or B (when all of them are horizontally invertible).

Conversely, if two inverse horizontal isos f, g have companions u=f,, v=
g,, then we know that all their units and counits are horizontally invertible (1.2); f
and g are easily seen to be sesqui-isomorphisms (defining o with the unit of g).

We have thus proved that (a) and (c) are equivalent; by horizontal duality, also
(b) is equivalent to (c).
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Finally, the last property, horizontal invariance (1.2.4), means that, given two
horizontal isos f, g and a vertical arrow x as below, there exists a horizontally
invertible cell A

A B
@) v} {x
X Y

«l»lm

In fact, assuming (a) and (b), A can be obtained as a vertical composite of three
horizontally invertible cells, €: (u {; B), 1, and B: (v’g{Y), where u: A - B is
companion to f and v: Y = X is vertical adjoint to g. Conversely, assuming
(d), each horizontal iso has two horizontally invertible cells n: (y {; B), B: (v % B),
whence it is a sesqui-isomorphism. o

1.6. Orthogonal flipping. Assume that the horizontal map f: A — B hasa
vertical companion f,: A - B; then there is a bijective correspondence between
cells ¢ and cells y, as below, whose boundaries are obtained by 'flipping' f to
f, or vice versa '

h f - A
— A — B lf#

) ul ¢ i u{ v B
. ———;—-——-9 . lv

The correspondence is obtained through the cells n, € of the companions f, f,
(and bijectivity follows from the unitarity of A)

1.
2 <o=(\v|1£v), w=(—%)-

By horizontal and vertical duality, the previous statement has three other forms,
which establish a bijective correspondence between cells ¢; and y; as below (in
the last two cases, flipping f to its vertical adjoint f*)
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. —_— A— B — - . — .
@ | e | boe b
A— B — - —_— +— A—B

. —_— . B — . . — .

! 4 !

(C)) A v A ¥ y; B
f ! i

B — . * —— . .« — A

Starting from a given cell, and applying the flipping process to various arrows,
successively, one can often show that the final result does not depend on the order
of such steps, because of the normality of the temary compositions involved (1.1).
For instance, if the maps f and g have vertical companions (resp. vertical
adjoints) in A, to assignacell ¢: (u ; v) is equivalent to assigning a special cell
o4, its companion (resp. ¢, its adjoint)

(5) o4 = n®e®e,: udg, — f,8v, o* = BBe®ay: f*eu — veg",
. A = A A= A

A — A o} fo  r} Iy

ul e v B ¢ A A ¢ B

B — B' 8+ i iv u i i g
’ B = B B =— B

1.7. Theorem. (a) The functor of quintets, Q: 2-Cat — Dbl (with values in the
category of double categories and strict double functors) has a right adjoint C,
constructed with companion pairs.

(b) The functor QV: 2-Cat — Dbl, obtained by composing Q with vertical dual-
ity of double categories, has a right adjoint A constructed with pairs of orthogonal
adjoints.

Proof. (a) The right adjoint € associates to a double category D the 2-category
CD whose arrows are companion pairs (f,u;n,€): A — B in D (with composi-
tion as in 1.2), and whose cells
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@ o:(f,u;m,e) > (g, v;n,€) A — B,

consist of a double cell ¢: (A ; B) or — equivalently — of its companion, the special

cell @u (v g u)

A — B A —/— B
@ 1} e {1 vi ey o
A —;—* B B —/ B

For this adjunction, the counit double functor QCD — D is the identity on
objects; moreover, it sends a (declared) horizontal arrow (f, u,m,€): A — B to f,
a (declared) vertical arrow (f, u,n, €): A - B to u, and a double cell of quintets

(h, x, p, 0)
A — B
(3) (f! u,n, E) i l/(p# i (g' v, 7\" S') O (u®y g X®V) iﬂ D,
C — D
k. y,p', 0"

to its pre-companion ¢: (u ﬁ v) (as considered at the end of 1.6).

(b) Similarly, the functor A right adjointto QV yields a 2-category AD whose
maps are pairs of orthogonal adjoints (f, u; o, 8): A — B; the counit Q"AD — D
sends a vertical arrow (f,u;o,B): A - B to u: B - A, and soon. o

1.8. Theorem (Orthogonal completions). Let A be a 2-category.

(a) QA is the companion completion of HA, the double category with trivial verti-
cal arrows and cells as in A. Precisely, if the pseudo double category X has verti-
cal companions and F: HA — X is a double functor, there is an essentially unique
pseudo double functor G: QA — X which extends F and preserves companions.

(b) By vertical duality, QYA is the completion of HA by vertical adjoints.

Proof. It is sufficient to prove (a). Take in X a unitary choice of vertical
companions f,, with special isocells A(f, g): (gf), — f.®g,. Toextend F, we
define G: QA — X on a (declared) vertical arrow u: A - B of QA and a cell
o (ugv) (ie, a:vf = gu: A — D in A), as

(1) G(u) = (Fu),: FA — FB, Ga: (Gu lf; Gv),
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. Fv.Ff

Fg-Fu
is then a pseudo double functor, with special comparison isocells y(u, v) =
A(Fu,Fv): G(u®v) — GueGyv. o

where Ga is companion to Fa: (1 1°), a'vertically special' cell of X. G

2. Lax and colax double functors

The strict double category Dbl is a crucial, interesting structure where our
adjunctions will live; it consists of pseudo double categories, lax and colax double
functors, with suitable cells. Comma double categories are also considered.

2.1. Lax functors. Let us recall their definition. Note that, while a pseudo
double category is always assumed to be unitary, lax double functors are not
(because there are important examples of lax right adjoints which are not unitary, cf.
5.2, 5.3b).

A lax double functor R: A — X between pseudo double categories amounts to
assigning:
(a) two functors R;: Aj — X; for i=0,1 (cf. 1.1), consistent with domain and
codomain,

(b) for any object A in A, a special cell, the identity comparison pA:
Iga — R(13): RA - RA (also denoted R[A]),

(c) for any vertical composition u®v: A - B - C in A, a special cell, the
composition comparison p(u, v): RuBRv — R(u®v): RA - RC (also denoted
R[u, v,

satisfying the following axioms:

(i) (naturality) for a horizontal map f: A — A' in A, (13, |pA") = (pA | R(1}))

RA — RA' = RA' RA — RA — RA'
@ vy oy broe = 1} erm} Ry RO
RA — RA' = RA' RA — RA — RA'

(ii) (naturality) for a vertical composition of cells a®b, we have (%% | p(u',vY)
= (p(u,v) | R(a®b))
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RA — RA' = RA' RA — RA — RA'
Rif Ra R Raj | R@®b)
) RB — RB' »p = RB Ru®v) R@u'®v")
Rv i Rb i RV Rv i i

RC — RC' = RC RC — RC — RC

(iii) (coherence laws for identities) for a vertical map u: A - B, the following
diagrams of special cells are commutative

1 1

Ru — Ru Ru — Ru
3) pA@N / p(1%,u) 9B\ pul?)
R13®Ru Ru®R1j

(iv) (coherence hexagon for associativity) for consecutive u, v, w in A, the
following diagram of special cells is commutative (o denotes the associativity
isocells, in A and X)

(Ru®RvV)@Rw — Ru®(RveRw)
oR
p®1 l l 1®p
) R(u®v)®Rw Ru®R(vew)

b N Lo

R((u®v)®w) — Ru®(vew))

The lax double functor R is said to be unitary if its unit comparisons pA are
identities; then, by (iii), also the cells p(1°,u) and p(u, 1°) are.

A colax double functor F: A — X has comparison cells in the opposite direc-
tion, pA: F(13) — 1, and ¢(u, v): F(u®v) — Fu®Fv. A pseudo double
functor is a lax one, whose comparison cells are special isocells (horizontally invert-
ible); or, equivalently, a colax one satisfying the same condition. Note that a pseudo
double functor can always be made unitary.

2.2. The double category Dbl. Lax and colax double functors do not compose

well. But they can be organised in a strict double category Dbl, crucial for our
study, where orthogonal adjunctions will provide our general notion of double
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adjunction (Section 3) while companion pairs amount to pseudo double functors
(Section 4).

Its objects are the pseudo double categories A, B,...; its horizontal arrows are
the lax double functors R, S...; its vertical arrows are the colax double functors F,
G... Acell a

R
A — B

(1) F{ a/ic

C — D
s

is — roughly speaking — a 'horizontal transformation' a: GR — SF (as stressed
by the arrow we are placing in the square). But this is an abuse of notation, since
the composites GR and SF are neither lax nor colax (just morphisms of double
graphs, respecting the horizontal structure): the coherence conditions of o will
require the individual knowledge of the four 'functors’ and their comparison cells.

Precisely, the cell a consists of the following data: two lax double functors R,
S, two colax double functors F, G

(a) R:A— B, pA: 1g, — R(13), p(u, v): Ru®Rv— R(u®v) (lax),
S:C —-D, oC: 150 — S(13), o(u, v): Su®Sv— S(udv) (lax),

(b) F:A— C, e0A: F(13) — 1z, o(u, v): F(u®v) — Fu®Fv (colax),
G:B— D, ¥B: G(1g) — 15g, 1(u, v): G(ugv) — GueGv (colax),

(c) maps aA: GR(A) — SF(A) andcells au in D (for A, u: A - A' in A)

aA
GRA — SFA

@ G} ou |sm
GRA' — SFA'
"

satisfying the naturality conditions (c0), (c1) (the former is redundant, being
implied by the latter) and the coherence conditions (c2), (c3)

(c0) A'.GRf = SFf.aA (for f:A — A’ in A),
(c1) (GRa|av) = (ou | SFa) (for a:(ugv) in A),
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(c2) (GpA|aly|SeA) = (YRA |15, | oFA) (for A in A),
(c3) (Gp(u, v) | aw | So(u, v)) = (v(Ru, Rv) | (cu®av) | o(Fu, Fv))
(for w=u®v in A),

GRA — GRA —— SFA — SFA
GRuBRY) | Gp GRwi ow { s So i S(Fu®Fv)
G " —_— G " > SF " : SF n
GRA — GRA — SFA =— SFA

GRu | o { sru
GRu®RY) { YR GRA' —— SFA' oF { SEv@Fv)
GRv | ov { sFv
GRA" =— GRA" — SFA" — SFA"

The horizontal and vertical composition are both defined via the horizontal
composition of D

. - R> . -R > .

Fl a/ic ﬁ/iH

(3) e -S> « -85

F | y/ic' ﬁ/iH‘

-T> e -To> o
(4) (o|B)u) = (BRu| S'om), ( g-)(u) = (G'au | yFu),

HR'RA — S'GRA — S'SFA G'GRA — G'SFA — TFFA

l BRu l S'ou i i G'ou i YFu i
HRRA' — S'GRA' — S'SFA' G'GRA' — G'SFA' — TF'FA'
Thus, these compositions are both strictly associative. They satisfy the middle-

four interchange law: in (3), computing (a | B)®(y|8) and (a®y) | (B®5) on u:
A - A', we obtain the cells
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H'HR'RA — H'S'GRA — H'S'SFA — T'G'SFA — T'TFFA
) { HBRw |  msm | &R |  TyFu |
HHR'RA' — H'S'GRA'— H'S'SFA' — T'G'SFA' — T'TF'FA’

HHR'RA — H'S'GRA — T'G'GRA — T'G'SFA — T'TF'FA
(6) i HBRu i SGRu i TGou i T'yFu i

HHR'RA' — H'S'GRA'— T'G'GRA'— T'G'SFA' — T'TF'FA'
where the equality (H'S'au | 8SFu) = (3GRu | T'G'ou), for the central pastings

above, amounts to the naturality of the Dbl-cell &: (G‘% H) on the cell au.

Finally, to show that the cells defined in (4) are indeed coherent, let us verify the
condition (c3) for (a|pB), with respect to a vertical composition w =u®v in A.
Writing cells as arrows between their vertical arrows, our property amounts to the
commutativity of the outer diagram below, in D

PRw S'aw
HRRw — S'GRw — S'SFw

HRY, /s \Jse

) HR'(Ru@Rv) —— S'G(Ru®Rv) S'S(Fu®Fv)
B(Ru®Rv)
Hp'R ! .
/ S YR\ S'(au®av) /S‘ oF
H(R'Ru®R'Rv) S'(GRu®GRv) — S'(SFu®SFv)

S.S‘p\ o'GR /‘ A,SF
HR'Ru®HR'Rvy —— S'GRu®S'GRv —— S'SFu®S'SFv
BRu®BRv S'ou®S'av

and, indeed, the two hexagons commute by (c3), for o and B; the upper parallel-

ogram commutes by naturality of B; the lower one by consistency of S' with the
cells ou, av (2.1(ii)).

Within Dbl, we have the strict 2-category LxDbl of pseudo double
categories, lax double functors and horizontal transformations: namely, LxDbl =
H(Dbl) is the restriction to trivial vertical arrows (1.1). Similarly, we have the strict
2-categories CxDbl (= H(Dbl')) and PsDbl, whose vertical arrows are the
colax or pseudo double functors, respectively. Even more interestingly, inside Dbl
we have horizontal transformations from lax to colax double functors a:R — F:
A— B (take G=S=idB in (1)) and their compositions; as well as from colax
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tolaxones, : G — S:C — D (take R=S=idC in (1)). This will be of use
(for instance, in 4.2).

Viewing bicategories in LxDbl, as vertical pseudo double categories, we have
a 2-category of bicategories, lax functors and special transformations o: R — S,
whose components are identities and special cells

(8) oA = 1:RA — SA, au: (Ru pa Su),

which is only possible if R and S coincide on objects. Fixing the class of objects,
this is precisely the 2-category considered by Carboni and Rosebrugh to define lax
monads of bicategories ([CR], Prop. 2.1). Note, on the other hand, that lax
functors and lax transformations of bicategories (or 2-categories) do not form a
bicategory.

2.3. The double category M cat. The strict double category Dbl has a full
double subcategory Mcat of monoidal categories (viewed as vertical double
categories on one formal object *, vertical arrows A:* - % and cells a: A —
A'; the vertical composition is the tensor product).

The horizontal arrows of Mcat are the monoidal functors (lax with respect to
tensor product); the vertical arrows are the comonoidal functors (which are colax).
Acell a: (F?G) associates to every object A in A an arrow oA: GRA — SFA
in D, satisfying the naturality condition (c1) and the coherence conditions (c2, 3)
of 2.2; these amount to the commutativity of the diagrams below (where the lax
monoidal functor R has comparison arrows p =p(*): I — RI, p(A, A"):
RA®RA'— R(A®A'), and so on; the identity of tensor products are always
written as I =13)

oA o
GRA —— SFA GRI —— SFI
1) GRa | | sFa G/ e
GRA' — SFA' Gl — I — $SI
oA’ Y c
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WA®A)
GR(A®A') — SF(A®A))

Go /" NSe

G(RA®RA) S(FA®FA")

YR\, /:F
GRA®GRA' ——— SFA®SFA'
QA®OA'

The horizontal and vertical composition are defined as above (2.2.4)

(2) (a|B)A) = (S'aA)«(BRA): HRRA — S'GRA — S'SFA,
(%)(A) = (yFA)-(G'aA): GGRA — G'SFA — TFFA.

We prove now that internal monoids provide an interesting lax double functor
from Mcat to Cat.

2.4. Theorem. There exists a lax double functor Mon: Micat — Cat. In this
transformation, a monoidal category V is sent to the category Mon(V) of
monoids in it, a monoidal functor R: V — W (which preserves monoids) lifts to a
functor Mon(R): Mon(V) — Mon(W), while a comonoidal functor F: V — V'
induces a profunctor Mon(F): Mon(V) — Mon(V").

Proof. The beginning of the statement being obvious, let us define the associated
profunctor Mon(F): Mon(V) — Mon(V'). Given two monoids M, N in V and
V', respectively, the set Mon(F)(M, N) consists of all morphisms f: FM — N
in V' which make the following diagrams commute

o ¢ fof
FI) — 1 FM®M) — FM®FM — I
¢)) Fe l l e Fm l l e
FM) —f—> N FM) ——mmm N

Now, given a cell o in Mcat, as in the left diagram below, we define the
corresponding cell Mon(a) between functors and profunctors
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R Mon(R)
V — W Mon(V) —— Mon(W)
@) Fl o / {c Mon(®) } Mon(@) | Mon(G)
Vi — W' Mon(V') —— Mon(W'")
S Mon(S)

by a natural transformation whose general component on M, N is

(3) Mon(a)(M, N): Mon(F)(M, N) — Mon(G)(RM, SN),
(f: FM — N) — (Sf.aM: GRM — SFM — SN).

Finally, given a comonoidal functor F': V' — V" composable with F, one
constructs the special cell w(F, F) in Cat (the laxity comparison for vertical
composition), as the following natural transformation of profunctors
4) @, F): Mon(F)eMon(F') — Mon(FF): Mon(V) — Mon(V"),

uw@F, FyM, P)[f, g] = (gF(): FFM) — FN — P),

where f: FM — N and g: FN — P arein V' and V", while the class [f, g]
belongs to the composition-colimit (Mon(F)@Mon(F))(M, P). o

2.5. Commas. Given a colax double functor F and a lax double functor R with
the same codomain, we can construct the comma pseudo double category FUR,
where the projections P and Q are strict double functors, and = is a cell of Dbl

P
FUIR — A

[6)) Qi "/iF

X — C
R

An object is a triple (A, X; c: FA — RX); a horizontal morphism (a, x):
(A, X;¢) — (A", X'; ¢) comes from a commutative square of C, as in the left
diagram

FA —i“" RX FA ;> RX
) Fa | = | R Fu | y {rv
FA' T—) RX' FB '—a—> RY
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their composition is obvious. A vertical arrow (u, v; v): (A, X;¢) - (B, Y;d)
comes from a cell y: (Fu(ci Rv) in C, as in the right diagram above; their composi-
tion does require F colax and R lax

= e —cs e = .
Rl oy R
(3)  Fa®uw) { Fu,u] * -d> =« Rv,v] {RO®Y)
Ry 5 R
= . o—es o =— .

Acell (o, &) is a pair of cells o: (u la) u), & (v ; v) in A and X, such that Fa
and RE are coherent with y,y' in C

(a, x)
A X;c) — A, XS )
@ @wy | © &) { @vin (Fa|y) = (|RE).
B,Y;d) — @@B,Y;d)
(b, y)

Their horizontal and vertical compositions are obvious.

The associativity isocell for three consecutive vertical arrows (u, v; v),
(W', v';8), (u", v"; €) is the pair (a(u), &(v)) of associativity isocells of A, X for
the triples u = (u, u', u"), v=(v, v, v")

S) (a(),&v): ((u, v; ), v} 8)) ® (u", v"'; €)
— (u, v;y) ® ((u, v §)®", v"; €)),

Denoting by @, @' the pasted cells (6), (7) of the two ternary composites, the
coherence of the preceding cell (5) is expressed by the equality (Fo(u) | ®") = (P |
Rg(v)), which comes from the coherence axioms on F,R and C (write uj;=
(u®u)®u", uz=u®'®u"), and similarly v;, v;)

L T e S N
F(u®u) i Flu, u'l i Y®3 i R[v, v'] i R(v®V)
(6) F) t Fu®u,u"l = == +« =-e> =« == =« R¥®,Vv" t R(v)
Ry lge | e | Ige RV
* — e = e —-fa e« = — .
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. —_— . — ¢ —-C- o —— o —_— .
R i lFu l Y i le i Rv
(7) Fu) | Fuueuw] + == =+ -d> + == -« Rlv,v®v"] { Rvy)
Fwew) | Fu,w] | 8@ | Rlv,v] | ROV
. - . p— . - . - f> . prasmnd .

Finally, P and Q are projections; the components of n on objects and vertical
arrows are:

(8) mA,X;c) = c:FA — RX, n(u, v;y) = 7: (Fu ;t((f;\)(( g)) Rv).

2.6. Theorem (Universal properties of commas). (a) For a pair of lax double
functors S, T andacell o as below (in Dbl) there is a unique lax double functor
L: Z — FUR such that S=PL, T=QL and a =(B|n) where the cell B is
defined by 1: QL — T (a horizontal transformation of lax double functors)

S s
Z —— A Z -L> FUR-P> A
1) 14 a/iF = 1} B/Qi nl/ip
Z—T->X~R—>(C Z—T—> X-—R—>C

Moreover, L is pseudo if and only if both S and T are.
(b) A similar property holds for a pair of colax G, H and a cell o": (G 11{ FH).

Proof. (a) L is defined as follows on items of Z: an object Z, a horizontal
arrow f, a vertical arrow u, acell ¢
(2) L(Z) = (SZ,TZ; oZ: FSZ — RTZ), L) = (Sf, T,

L(u) = (Sy, Tu; au), L(g) = (So, To).

The comparison special cells L[-], for Z and w=u®v in Z, are constructed
with the laxity cells S[-] and T[-] (and are invertible if and only if the latter are)

(3) Lzl = (S[Z], TIZ]): 1}, — L),
L[u, v] = (S[u, v], T[u, v]): Lu®Lv — L(u®v).
Here, Lu®Lv and L(u®v) are the cells below
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oz _ oz
FSZ =— FSZ —— RTZ =— RTZ FSZ —— RTZ
FSu l o imn * *
)] F(Su,Sv] FSZ' —— RTZ' R[Ty, Tv] FSw ow  RIw
FSv l ov i RTv l l
FSZ" — FSZ" —— RTZ" =— RTZ" FSZ" —— RTZ"
oz ozZ"

and the coherence condition on Lfu, v] = (S[u, v], T[u, v])
(5) (Lu®Lv |RT[u, v]) = (FS[u, v]|aw),

follows from the coherence condition of a as acell in Dbl
(6) (F[Su, Sv] | (cu®av) | (RT)[u, v]) = (FS[u, v]|aw ).

Uniqueness is obvious. o

2.7. One-sided commas. (a) As a consequence of the previous theorem, the
double comma FUB of a colax double functor F: A - B is the tabulator of F in
Dbl: it comes equipped with horizontal arrows P, Q and acell n as below, so that

any similar cell o: (17 F) (with S, T lax) factors through it, by a unique lax
double functor L

s
Z — A Z — FUB —— A
1) 1] (x/iF = 14 //1i nl/iF
Z*‘%—’B ZTFHBT’B

Indeed, the 1-dimensional universal property of tabulators follows directly from
2.6. Then one shows that tabulators in Dbl are lax functorial (I.4.3), which
implies the 2-dimensional property.

(b) Similarly, for a lax double functor R: A — B, the double comma BUR is the
tabulator of F in the transpose double category Dbl
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3. Double adjunctions

The general case, called a 'colax/lax adjunction’, is defined as an orthogonal
adjunction in Dbl. See [Ke] for related work.

3.1. Colax/lax adjunctions. An orthogonal adjunction (F, R) in Dbl (1.3)
gives a notion of adjunction (n, €): F — R between pseudo double categories,
which occurs naturally in various situations: the left adjoint F: A — B is colax, the
right adjoint R: B — A is lax, and we have two Dbl-cells n, €

A — A B L A
6)) Fion/ | e iF
B T A B — B

satisfying the triangle equalities n® = 1r and ejn = 13. (As in 2.2, the arrow of a
colax double functor is marked with a dot when displayed vertically, in Dbl.)

This general adjunction will be said to be of colax/lax type. We speak of a
pseudo/lax (resp. a colax/pseudo) adjunction when the left (resp. right) adjoint is
pseudo, and of a pseudo adjunction when both adjoints are pseudo (replacing
pseudo with strict when it is the case). For instance, an ordinary adjunction between
abelian categories has a colax/lax extension to their double categories of relations,
which is pseudo/lax (resp. colax/pseudo) when the left (resp. right) adjoint is exact
(5.4). This and other examples will be examined in Section 5.

From general properties (1.3), we already know that the left adjoint of a lax
double functor R is determined up to isomorphism (a special isocell between verti-
cal arrows in Dbl) and that left adjoints compose, contravariantly. Similarly for
right adjoints. As in 2.2, we may write n: 1 — RF, by abuse of notation; but one
should recall that the coherence condition of such a transformation works through
the interplay of the comparison cells of F and R. Similarly for e: FR — 1.
Therefore, a general colax/lax adjunction cannot be seen as an adjunction in some
bicategory; but we shall prove in the next section that this becomes legitimate in the
pseudo/lax or colax/pseudo case.

3.2. Description. To make the previous definition explicit, a colax/lax adjunction
(n, &): F — R between the pseudo double categories A, B consists of:
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() a colax double functor F: A — B, with comparison cells ¢A: F(13) — 1,4,
¢(u, u'): F(ugu') — Fu®Fu'),

(b) a lax double functor R: B — A, with comparison cells pB: Iz — R(l1p),
p(v, v): Rv@RV' — R(v®V"),

(c) two ordinary adjunctions at the levels i =0, 1 (cf. 1.1), respecting domain and
codomain

ni: 1 = RiFii Aj — A, ¢i: FRi — 1: B; — B;
eiFi-Fmi = 1F, RigimiR; = IR,
which means that we are assigning:
- horizontal maps nA: A — RFA and cells nu: (u 3. RFu) in A,
- horizontal maps eB: FRB — B and cells ev: (FRv gg. v) in B,

satisfying the naturality conditions and the triangle identities (which we state at level
1, since this also implies level 0), on a: (u f{ u) in A and b: (v g- v)in B

(c1) (a|nu) = (nu|RFa), (FRb | ev') = (v | b),
(c2) (Fnu|eFu) = lgy, (mRv |Rev) = IRy

(d) finally, the following conditions of coherence with the vertical operations are
required (in terms of the comparison cells of F and R):

(d1) (coherence of m and € with identities) for A in A and B in B
(1) (nl:\|R<pA) = (I;]AlpFA) (nly = l;m, if F and R are unitary),
?) (FpBlell;) = (¢RB| 1549 (elg = 13, if F and R are unitary);
(d2") (coherence of m with vertical composition) for u" =u®u' in A

3) (mu"|Re(u,u)) = ((muenu') | p(Fu, Fu')),

A — RFA = RFA
A — RFA =— RFA ul o |Rm |
v RE"{ Rp | = A' — RFA' poF R(Fu®Fu)
A" — A" — RFA" u'i ' iRFu'
A" — RFA" == RFA"
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(d2") (coherence of € with vertical composition) for v" =v@v' in B

4 (Fp(v,v)|ev") = (@Rv, RV) | (ev@ev?)),

FRB — FRB — B
FRB —. FRB — B FRvi ev iv
F(RV®RV) l Fp iFRv" v lv" = oR FRB' — B'
FRB" — FRB" —> B" FRv' | v v

FRB" — FRB" — B"

3.3. Remarks. (a) In this colax/lax adjunction, the comparison cells of R,
together with the unit n, determine the comparison cells of F. In fact, the first
equation in (d1) says that the adjoint cell of @A, ie. (pA) =(nly | RpA), must be
equal to (17.1 a | PFA). Similarly for ¢(u, u'), from (d2").

(b) If the weak double category B is horizontally invariant (1.5), as all our
examples of real interest, Lemma 1.2.5 proves that the colax adjoint F: A — B is
also vertically determined, up to vertical equivalence, by R. In fact, a horizontal
invertible transformation ¢: F — F' produces a strong vertical transformation p:
F - F', whose general component pA: FA - F'A is a vertical equivalence
associated to the horizontal isomorphism ¢: FA = F'A (1.2.3), and determined as
such up to a special isocell.

3.4. Theorem (Characterisation by hom-sets). An adjunction (n,¢): F — R can
equivalently be given by a colax double functor F: A — B, a lax double functor
R: B — A, two functorial isomorphisms Hg and H;

(1) H;i: Bi(Fi—, ") — Ai(- R;-): A’ x B; — Set i=0,1,

whose components are consistent with domain, codomain and the vertical structure
(through the comparison cells of F and R), i.e. satisfy the following conditions

(¢f 1.1)
(ad.0) Hp has components H(A, B): Bo(FA, B) — Ay(A, RB),

(ad.1) H; has components H(u, v): B{(Fu, v) — Ai(u, Rv), which take a cell
b: (Fu & v) to Hb: (u g Rv),

(ad2) HA|13) = (15, eB), H(o(u, u') | b®b') = (Hb®HD' | p(v, V),
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. . - —_— . —_— .
mad o oea b b o e Ry
. > . > . . —_— . —_— .
. > . . . —_— . —_— .
lFu b iV ui Hb Rv i p(v, V) {
F(u®u'") o(u, u) ¢ — . — R(v®V')
iFu' b i \4 u'i Hb' Rv' l l
. . . . — . — .

Proof. We have only to verify the equivalence of 3.2.1-4 with the conditions
above. To show, for instance, that 3.2.3 implies the second identity of (ad.2),
consider that H is defined by the unit n as

(2) H(A,B)g) = RgmA: FA —~ B,  H(u, v)(b) = (nu|Rb): (@ x5 Rv),
whence (applying (2), 3.2.3 and 2.1(ii)):
(3) H(o(u, u) | b®b) = (n(udu’) | Re(u, v) | R(b&b'))

= (muenu' | p(Fu, Fu') | R(b®b"))

= (mu®nu' | Rb&RVY' | p(v, v')) = (Hb®HD' | p(v, v')). a
3.5. Corollary (Characterisation by commas). An adjunction amounts to an
isomorphism of pseudo double categories H: FUB — AUR, over AxB

H
FIB — AlR

(1 NS

AxB

Proof. It is a straightforward consequence of the previous theorem. =

3.6. Theorem (Right adjoint by universal properties). Given a colax double
functor F: A — B, the existence (and choice) of a right adjoint lax double functor
R amounts to two conditions (rad.0-1) (including two choices):

(rad.0) for every object B in B there is a universal arrow (RB, eB: F(RB) — B)
from the functor Fy to the object B (and we choose one),
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- explicitly, the universal property means that, for each A in A and g:FA — B
there is a unique f: A — RB such that g =¢eB-Ff: FA — F(RB) — B;

(rad.l) for every vertical map v:B - B' in B there is a universal arrow
(Rv,&v) from therunctor F, to the object v of By (and we choose one); more-
over, ev: (FRv :B. v),

- explicitly, for each vertical arrow u: A - A' in A and each cell b: (Fu g v) in
B, there is a unique cell a: (u t{ Rv) in A such that b= (Fa|ev).

The comparison cells pB: 1gz — R(1g) and p(v, v'): Rv®RV' — R(v®V') of
R are provided by the universal properties of €, as the unique solution of the
equations 3.2.2, 3.2.4, respectively; and R is pseudo if and only if all such cells
are (special) isocells.

Proof. Write the comparison cells of F as usual: @A, ¢(u, u'). The conditions
(rad.0-1) are plainly necessary.

Conversely, (rad.0) provides an ordinary adjunction (ng, gg): Fg — Rq for the
categories Ag, Bg, sothat R, n and e are correctly defined — as far as objects,
horizontal arrows, their horizontal composition and horizontal identities are
concerned.

Adding (rad.1), R, n and ¢ are (correctly) defined as far as objects, arrows,
cells, horizontal composition and identities are concerned. In particular, the cells
Rb, nu are defined as the unique cells of A satisfying the equations (1) and (2),
respectively

¢« 5 e —— . . > e

(D FRvi FRb iFRv' ev' iv‘ = FRv i £V iv b v'i
¢« —— e —— . . > e > e
¢« — e —— . - — .

@ R} Pu |RRoeg [ = R} 1 R
¢ s — « — s .

Now, define the R-comparison cells p as specified in the statement, so that the
coherence properties of ¢ are satisfied (3.2.2, 3.2.4). One verifies easily, for such
cells, the axioms of naturality and coherence (2.1).

Finally, we have to prove that n: 1 — RF satisfies the coherence property
3.2.3, with respect to u®u' in A (and similarly 3.2.1). By the universal property
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of e, it will suffice to show that (F-|e(Fu®Fu')) takes the same value on both
terms of 3.2.3. In fact, on the left-hand term (mu" | Re(u,u')) we get o(u, u')

(3) (Fnu"|FRe(u, u) | e(Fu®Fu)) = (Fnu" | eFu" | o(u, u)) = o(u, u');

but we get the same on the right-hand term ((nu®nu') | p(Fu, Fu')), using 3.2.4,
the naturality of ¢, the middle four interchange in B and a triangle identity

4) (F(muenu") | Fp(Fu, Fu') | e(Fu®Fu"))
= (F(mu®nu') | o(RFu, RFu') | (¢Fu®eFu'))
= (p(u, u') | (Fnu®Fnu') | (¢Fu®eFu)) = o(u, u),

FA —— FRFA — FRFA —— FA
Fuenu) | FFu|  eFu (R
Fu" F(RFu®RFu) @RF FRFA' —— FA' =
i FRFu' i eFu' i Fu'
FA" — A" — FRFA" —— FA"
FAA — FA —— FRFA —— FA
Fu i Fnu FRFu l eFu iFﬂ
Fu" 0 FA' —— FRFA' —— FA' = o(u, u).
Fu' i Fnu' FRFu & eFu' l Fu'
FA" — FA" —— A" —— FA" o

3.7. Theorem (Factorisation of adjunctions). Let F — R be a colax/lax adjunc-
tion between A and B. Then, using the isomorphism of double categories H:
FUB — AUR (Corollary 3.5), we can factor it as

F H Q
(1) A = FUB — AlIR — F = QHF, R = PH-R.
P H-! R’

- a coreflective colax/strict adjunction F' — P (with unit PF' = 1),
- an isomorphism H — H7l,
- areflective strict/lax adjunction Q — R' (with counit QR' = 1),

-219 -



GRANDIS & PARE - ADJOINT FOR DOUBLE CATEGORIES

where the comma projections P and Q are strict double functors.

Proof. We define the lax double functor R: B — A UR by the strong universal
property of commas (2.6a), appliedto R: B — A, 1: B — B and a=1g, asin
the diagram below
(2) R'(B) = (RB,B; 1: RB — RB), R'(v) = RV, v; Igy),

p'tv, v) = (p(v, v), 1): (RVBRYV', v®V'; p(v, V')) — (R(V®V'), v@V'; 1),

R R >
B ——— A B _r> JUR-P> A
14 Oi/il = 14 B/Qi Vil
B A B — B — A

— B —
T R

Similarly, we define the colax F: A — FUB by the dual result (2.6b)
(3) F(A) = (A, FA; 1: FA — FA), F'(u) = (u, Fu; 1gy),
o'(u,u) = (1, o(u, u")): (u®u', F(u®u"); 1) — (ueu', Fu®Fu'; ¢(u, u")).
The coreflective adjunction F' — P 1is obvious
4) n'A = 15: A — PFA,
€(A,B; g: FA — B) = (1a,8): (A, FA; 1gs) — (A, B; g: FA — B),

as well as the reflective adjunction Q — R' and the factorisation above. o

4. Adjunctions and pseudo double functors

We consider now adjunctions where the left or right adjoint is pseudo. Adjoint
equivalences of pseudo double categories are introduced.

4.1. Double adjunctions and 2-adjunctions. Let us recall, from 3.1, that a
pseudo/lax adjunction F — R is a colax/lax adjunction between pseudo double
categories where the left adjoint F is pseudo. Then, the comparison cells of F are
horizontally invertible and the composites RF and FR are lax double functors; it
follows (from the definition, 2.2) that the unit and counit are horizontal transforma-
tions of such functors. Therefore, a pseudo/lax adjunction gives an adjunction in the
2-category LxDbl of pseudo double categories, lax double functors and horizontal
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transformations (2.2); and we shall prove that these two facts are actually equivalent
(Theorem 4.3).

Dually, a colax/pseudo adjunction, where the right adjoint R is pseudo, will
amount to an adjunction within the 2-category CxDbl of pseudo double
categories, colax double functors and horizontal transformations. Finally, a pseudo
adjunction, where both F and R are pseudo, will be the same as an adjunction in
the 2-category PsDbl, whose vertical arrows are the pseudo double functors.

4.2. Theorem (Companions in Dbl). A lax double functor R has an orthogonal
companion F in Dbl if and only if it is pseudo; then one can define F =R, as the
colax double functor which coincides with R except for comparison cells ¢ =p,
horizontally inverse to the ones of R.

Proof. If R is pseudo, it is obvious that R,, as defined above, is an orthogonal
companion.

Conversely, suppose that R: A — B (lax) has an orthogonal companion F
(colax). There are thus two cells n, ¢ in Dbl

A = A ALB
o) iy n|F Pl |
A — B B = B

which satisfy the identities nle = 13, n®e = 1g. This means two ‘horizontal
transformations’ n: F — R, & R — F, as defined in 2.2; forall u: A — A' in
A, we have cells nu and eu in B which are horizontally inverse

nA €A

FA —— RA RA —— FA
@ R} m {w Rif e (R
FA' —— RA' RA' —— FA'

nA' eA'

because of the previous identities (cf. 2.2.4 for pastings)
(3) 1ra = (n]e)W) = (eu|nu), lp = (M®e)(u) = (nu|ew).

Applying now the coherence condition (c3) (in 2.2), for the transformations 7,
e (and w=u®v in A), we find
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@) nw = (o(u, V) | mueny) [p(u, v)),  (p(u, v) | ew | o(u, v)) = eu®ev.

Since all n-cells and e-cells are horizontally invertible, this proves that p(u, v)
has a left and right horizontal inverse: R is pseudo (and F is horizontally isomor-
phicto R,).

4.3. Theorem. (a) (Pseudo/lax adjunctions). Any adjunction F — R in the 2-
category LxDbl has F pseudo and is a pseudo/lax adjunction (cf. 3.1 or 4.1).

(b) (Colax/pseudo adjunctions). Any adjunction F — R in the 2-category CxDbl
has R pseudo and is a colax/pseudo adjunction (3.1, 4.1).

More formally, (a) can be rewritten saying that, in Dbl, if the horizontal arrow
R has a 'horizontal left adjoint’ F (within the horizontal 2-category HDbI =
LxDbl), then it also has an orthogonal adjoint G (colax). (Then, applying 1.4, it
would follow that F and G are companions, whence F is pseudo, by 4.2, and
isomorphic to G.)

Proof. Let the lax structures of F and R be given by the following comparison
cells, where u" =u®u' and v"=v®v' (and similarly for vertical identities)

(1) A(u, u"): Fu®Fu' — F(u®u'), p(v, v'): Rv@RV' — R(v®V'),
(2) mu" = ((muenu) | p(Fu, Fu') | RA(u, u)): (u* ,?f{‘" RFu"),
ev@ev' = (MRV, RV) | Fo(v, v) | ev"): (FRV®FRv' 5o v").
We construct now a colax structure ¢ for F
(3) o(u,u) = (F(nuenu) | Fo(Fu, Fu') | e(Fu®Fu') ) : (Fu" pa» Fu®Fuw).
and prove that ¢(u, u') and A(u, u’) are horizontally inverse:
@ (o(u, u) | A(u, u)) = (F(uenu') | Fp(Fu, Fu') | e(Fu®Fu') | A(u, u'))
= ( F(mue@nu') | Fp(Fu, Fu') | FRA(u, u') | eFu" ) (by naturality of ¢, 3.2),
= (F(mu") | eF(u")) = lpy (by (2) and a triangle identity);
(5) (A(u,u) | @, u)) = (A, u) | Fmu®nu') | Fp(Fu, Fu') | e(Fu®Fu') )
= ( Fnu®Fnu' | A(RFu, RFu") | Fp(Fu, Fu') | e(Fu®Fu') )  (by naturality),

= ((Fnu®Fnu') | (eFu®cFu')) (by (1)),
= (Fnu | eFu) ® (Fnu' | eFu') (by middle-four interchange),
= 1p®lpr = lRuei1Fu- (by a triangle identity and unitarity of B). O
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4.4. Equivalences of pseudo double categories. An adjoint equivalence
between two pseudo double categories A and B will be a pseudo adjunction
(n,€): F — R where the horizontal transformations n: 15 — RF and e: FR — 1p
are invertible.

The following properties of a pseudo double functor F: A — B will allow us to
characterise this fact in the usual way (under a mild restriction, cf. 4.5):

(a) We say that F is faithful if the ordinary functor F;: A; — B; (between the
categories of vertical arrows and double cells) is such: given two double cells a, a":
u — u' of A between the same vertical arrows, F(a) = F(a') implies a = a'.
Plainly, this implies that also the functor Fo: Ap — Bg (between the categories of
objects and horizontal arrows) is faithful.

(b) Similarly, we say that F is full if Fi: Ay — B, is: for every double cell b:
F(u) — F(u") in B, thereisacell a:u — u' in A such that F(a)=b. Again, it
follows that also Fg: A9 — By is full: for a horizontal map g: F(A) — F(A"),
thereisacell a: 13 — 1. such that F(a) = 17 and both its horizontal arrows f;:
A — A' satisfy F(f) =g.

(c) Finally, we say that F is representative (or essentially surjective on vertical
arrows) if F; is: for every vertical arrow v: B = B'in B, there is some vertical
arrow u: A - A' in A and some cell B: F(u) = v, horizontally invertible in B.
Again, this implies that also Fp is essentially surjective on objects.

4.5. Theorem (Characterisations of equivalences). Let F: A — B be a pseudo
double functor between two horizontally invariant pseudo double categories (1.5).
The following conditions are equivalent:

(i) F: A — B is (belongs to) an equivalence of pseudo double categories;
(i1) F is faithful, full and representative (4.4);

(iii) the ordinary functor Fi: A1 — B (between the categories of vertical arrows
and double cells) is an equivalence of categories.

Proof. By our previous definitions (4.4a-c), (ii) and (iii) only concern the ordinary
functor Fj, and are well-known to be equivalent. Moreover, if F belongs to an
adjoint equivalence (n,e): F — R, then F; is obviously an equivalence of
categories. Conversely, let us assume that F; is an equivalence of ordinary
categories and let us extend the pseudo double functor F to an adjoint equivalence.

First, also Fo is an equivalence of categories (by 4.4) and we begin by
constructing an adjoint quasi-inverse Rg: Bo — Ag in the usual way: choose for
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every B some R(B) and some isomorphism eB: FR(B) — B; then a horizontal
morphism g: B — B' in B is sent to the unique A-map R(g): R(B) — R(B")
coherent with the previous choices (since Fp is full and faithful), while the
isomorphism nA: A — RF(A) is determined by the triangle equations.

We proceed similarly for the next level, taking care that the new choices be
consistent with the previous ones: for every v: B - B' in B we want to choose
some R(v): R(B) — R(B') in A and some cell ev: FR(v) = v, horizontally
invertible in B. In fact, we can choose some u: A - A' and some B: F(u) = v;
- but then F(A) = B = FR(B) and there is some isomorphism f: R(B) =~ A, as
well as g: R(B') = A'; now, by horizontal invariance of A, we can choose a
horizontally invertible cell A as in the left square below, and we define R(v) to be
its left vertical arrow

£ Ff
RB — A FRB — FA — B
1 Rvi 2 fu FRv|{ Fn (B g |v
RB'— A’ FRB' —F—-> FA' — D
g g

finally, we define ev = (FA | B): FR(v) = v, as in the right diagram above.

Now, acell b:v — V' in B is sent to the unique A-cell R(b): R(v) — R(V)
satisfying the naturality condition for e: (FRb|ev') = (ev|b) (since F; is full and
faithful), and the isocell nu: u — RF(u) is determined by the triangle equations.

We still have to define the comparison cells p of R, for vertical identities and
composition. These are uniquely determined by their coherence conditions (3.2)

(2) (FoB|lelp) = (WRB|1%5),  (Fp(v, v)|ev") = (o(Rv, RV | (ev®ev")).

One ends by proving that R is indeed a pseudo double functor and that also &
is coherent with the comparison cells of F and R:

(3) (13|ReA) = (13, [pFA),  (mu"|Re(u, u)) = ((nuenu’) | p(Fu, Fu’)).
a

5. Examples

Various double adjunctions show the role and necessity of (co)lax comparisons.
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5.1. Posets and metric spaces. We know that the double category Pos = 2-
C at of preordered sets, monotone mappings and poset-profunctors has a canonical
embedding M: Pos — Mitr in the double category Mitr=R,;-Cat of (generalised)
metric spaces [La], weak contractions and profunctors, identifying a preordered set
with a metric space having distance in {0, +e0}, and similarly for profunctors
(1.3.3). It is easy to show that this embedding is reflective and lax coreflective, i.e.
has a left adjoint (reflector) P and a lax right adjoint (lax coreflector) Q

(1) M: Pos = Mrtr :P,Q, P—M-—Q.

In fact, the functors M, P, Q are produced by a reflective and coreflective
embedding, at the level of the bases 2 and (R,, 2), reali’sed by strictly monoidal
functors p — m — q

2) m:2 — R,, 0 40, 1+~—0,
p: Ry — 2, A—1, 40— 0 (for A < +e9),
qg Ry — 2, 0—1, A—0 (for A > 0),
pm = gm = 1, mq 2 1 2 mp: R, — R,.

The 'functions' M, P, Q act likewise on objects and similarly on profunctors
(whereas they 'do not modify' the horizontal arrows)
3) dux(x,x) =0 & x=<Xx|
y<pyy e dy,Y) < +oo, y<Qvy e d(y,y) =0,

but M and P preserve (also) the vertical composition and are double functors
(since p and m preserve colimits, hence coends), while Q is unitary lax.

5.2. Sets and categories. At the level of l-categories, there is a chain of
ordinary adjunctions between Cat and Set

(1) F: Cat — Set, ngo— D—F—C,

where F =Ob is the forgetful functor of objects, D and C, respectively, associ-
ate to a set X its discrete category DX (one identity arrow 1y, for each xeX)
and its codiscrete category CX (having precisely one morphism x — x' for each
pair of elements of X); np takes a category A to its set of connected components.

Extending this chain to the pseudo double categories Cat (categories, functors
and profunctors) and Set (sets, mappings and spans), we find a colax/strict
adjunction np — D and a strict/lax adjunction D — F. First - viewing a span as a
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profunctor of discrete categories — the discrete embedding D: Set — Cat is a strict
double functor.

To define its (unitary) colax left adjoint ny on profunctors, the set (nou)(z, b)
is a quotient of Zu(a, b), under the equivalence relation generated by identifying a
formal arrow A:a - b of u with all composites pra:a’ — a - b — b'.
Then, the lax right adjoint F = Ob: Cat — Set of D assigns to a profunctor u:
A - B its restriction Fu: ObA -+ ObB; F is not unitary, as the vertical unit u of
a category A is taken to the set-profunctor Fu: ObA - ObA having Fu(x, y) =
A(X,y), with a comparison cell 9A: 1, — F1}, which is invertible if and only if
A is discrete. (This fact will appear, in 6.3, to be linked with the fact that D does
not preserve cotabulators: in fact, cotabulators in Set are quotients of the
corresponding ones in Cat; cf. 1.6.4). Finally, F cannot have a (lax) right adjoint
because it is not pseudo (Theorem 4.3).

5.3. Spans and cospans. (a) The pseudo double categories Set = SpSet and
C ospSet of spans and cospans over Set (or any other category with pullbacks
and pushouts) are linked by an obvious colax/lax adjunction, which is unitary

(1) F: SpSet = CospSet : R, nn1—-RF, &FR— L

At the level O (of sets and mappings), everything is an identity. At the level 1 (of
vertical arrows and cells), F operates by pushout over spans and cells, and R by
pullbacks; the special cells nu and ev are obvious:

(3] U -mu>».« > 4 . e —eve>
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