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LOW-DIMENSIONAL COHOMOLOGY FOR
CATEGORICAL GROUPS

by B. A.R. GARZÓN and A. del RIO

CAHIERS DE TOPOLOGIE ET
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

Volume XLIV-4 (2003)

RESUME. Dans ce travail, les auteurs définissent les groupes catégoriques de
cohomologie H(G,A), pour i = 0,1, d’un groupe catégorique G, A coefficients dans un
groupe catégorique tressé (symdtrique pour i = 1) A muni d’une action cohérente à
gauche de G. Ces coefficients sont appelés G-modules (symdtriques). Ils montrent
qu’A toute suite exacte courte de G-modules symétriques on peut associer une suite
exacte A 6 termes qui connecte Ho et H4. Des groupes de cohomologie bien connus
dans plusieurs contextes différents, ainsi que les suites exactes qui les relient,
s’av6rent etre des projections de cette théorie gén£rale dans la catdgorie des groupes
abéliens, si l’on consid6re les groupes d’homotopie xo et 1tl de H’.

1 Introduction

It is well known [17, 22] that, if G is a group and A is a G-module,
then AG, the subgroup of invariant elements in A, is exactly H° (G, A),
the zero-cohomology group of G with coefficients in A, and the quo-
tient group Der (G, A) /I Der (G, A), of the abelian group of derivations
from G into A by the subgroup of inner derivations, is the first coho-

mology group H1 (G, A) . Actually, these cohomology groups H0 (G, A)
and H’ (G, A) are, respectively, the kernel and the cokernel of the group
homomorphism A - Der(G, A) given by inner derivations. Moreover,
if 0 - A’ - A - A" - 0 is a short exact sequence of G-modules, then
there is a group exact sequence

that actually extends to a long exact sequence connecting all Hi(G, A),
i &#x3E; 0.

Categorical groups are monoidal groupoids in which each object
is invertible, up to isomorphism, with respect to the tensor product
[2, 18, 25, 27]. In this setting, group cohomology for Picard categories
[28] and Schreier theories for the classification of extensions of categor-
ical groups [2, 5, 6, 7, 12] have been developed. Moreover, in a recent
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paper [14], we defined and studied the categorical group Der (G, A) of
derivations from a categorical group G into a G-module A. This cat-

egorical group could be regarded as a sort of cohomology categorical
group at dimension zero but, following the classic group case recalled
above, our aim in this paper is to define cohomology categorical groups
which, at the lowest dimension, consist of suitably defined invariant
objects under a given categorical action. More precisely, if G is any
categorical group acting coherently on a braided categorical group A
(i.e., A is a G-module), we define in this paper the cohomology categor-
ical group H°(G, A) as the kernel of the homomorphism of categorical
groups A - Der (G, A) given by inner derivations and then we recognize
it as the categorical group AG of invariant objects (see Section 4). If
A is symmetric (i.e., A is a symmetric G-module), we define H1(G, A)
as the cokernel of the homomorphism of symmetric categorical groups
A - Der (G, A) given by inner derivations (see Section 5). When G
and A are suitably specialized, the cohomological invariants iro and 7r,
of these 1£i(G, A) are well-known cohomology groups (se6 examples in
Sections 4 and 5). Furthermore, by using the notion of exactness in the
context of categorical groups introduced in [19, 29], we show in Section
6 that, associated to any short exact sequence of symmetric G-modules,

there exists a six-term exact sequence of categorical groups

By taking 7ro and 7rl in this exact sequence of categorical groups, we
obtain group exact sequences which, in particular cases, specialize then
to well-known group cohomology exact sequences.

First of all we dedicate a preliminary section to fix notations and
recall the main notions and results we use throughout the paper.

2 Preliminaries

Monoidal categories and, in particular, categorical groups have been
studied extensively in the literature and we refer to [1, 2, 18, 20, 21, 26,
27] for the background.
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We recall that a categorical group is a monoidal groupoid G =
(G, 0, a, I, 1; r) with

where every object X is invertible, that is, the functors Y e X 0 Y and
F Y Q"9 X are equivalences for any Y E G. In this case it is possible
to choose, for each X E G, an object X* E G (termed an inverse for
X) and isomorphisms, "Ix : X ® X * - I and VX : X* Q9 X - I , such
that lx ("Ix Q9 1) - rx - (1 Q"9 vx) . ax,x.,x. The choice of a system
of inverses (X*, yx, vx), X E G, induces a (contravariant) endofunctor
(-)* : G - G,X - X*, such that the isomorphisms "Ix and t9x are
natural. There are also natural isomorphisms tx : X - (X*)* and
vX,y : (X O Y)* - Y* O X *. Note that the natural isomorphisms lx and
rx , of left and right unit, ensure that the unit object I is an invertible
object and, since rl = lI : I Q"9 I - I , we choose (I , rI, rj as an inverse
for I.

A categorical group G is said to be a braided categorical group if it is
also equipped with a family of natural isomorphisms c = cX,Y : x 0 y -+
Y O X (the braiding) that interacts with a, r and l, satisfying suitable
coherence conditions [18]. A braided categorical group G is called a
symmetric categorical group if the condition c2 = 1 is satisfied.

We will denote by CG (respectively BCG or SCG) the 2-category
of categorical groups (respectively of braided or symmetric categorical
groups) whose arrows (here called homomorphisms), T = (T, p) : G -
H, are functors T : G - H together with families of natural isomor-
phisms p = uX,Y : T (X OY) - T (X )OT (Y) , X, Y E G, such that the
usual coherence condition holds. If G and H are braided (symmetric)
categorical groups, compatibility with the braiding (symmetry) is also
required. A 2-cell (here called morphism) from (T, J-l) to (T’, u’) con-
sists of a natural transformation c : T - T’ such that, for any objects
X, Y E G, (,Ex OEY) . Jlx,y = u’X,Y. fX0Y.

If T : G - H is a homomorphism, there exists an isomorphism,
J-lo : T (I ) - I , such that, for any X E G, the equalities T (rx) =
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rT(x).( 1Ou0).ux,i and T ( lX) = lT(x). (u0O1).uI,X hold. In addition, once
a system of inverses (X*, Yx , vX) for X E G and (Y*, yY ,vY) for Y E
H has been chosen, there exist unique isomorphisms Ax : T (X*) -
T(X)*, such that the equalities pro - and

Recall that, if G E Cg, then the set of connected components of
G, M0(G), has a group structure (which is abelian if G E BCG) where
the operation is given by [X] . [Y] = [X O Y]. Also, the abelian group
M1(G) = AutG(I) is associated to G.

The kernel (K(T),j,E) of a homomorphism T : G -3 H was de-
fined in [19, 29] and we now recall an explicit description of this uni-
versal object. K(T) is the categorical group whose objects are pairs
(X, ux) where X E G and uX: T(X) - I is an arrow in H; an ar-
row f : (X, ux) --t (Y, uY ) is an arrow f : X - Y in G such that
Ux = uY. T ( f ); the tensor product is given by (X, uX ) O (Y, uY)=
(X 0 Y, ux . uY), where uX . uY : T(X 0 Y) - I is the compos-

ite the unit object
is (I, u0) and the associativity and left-unit and right-unit constraints
are given by aX,Y,Z , lX and rX respectively; an inverse for any ob-

ject (X, ux ) is given by (X*, (u* )-’Ax), where X* is an inverse for

X. As for j : K(T) - G, it is the strict homomorphism sending
f : (X, uX) - (Y, uY) to f : X - Y. Finally, E : Tj - 0 is

the morphism whose component at (X, uX ) is given by ux . If G and
H are braided (symmetric) categorical groups, then K(T) is also a

braided (symmetric) categorical group, where the braiding (symmetry)
c = c(x,uX),(Y,uY): (X,uX ) O (Y,uY) - (YnuY)O(XnuX) is exactly CX,Y’
and j is a homomorphism of braided (symmetric) categorical groups.
The categorical group K(T) just described is a standard homotopy ker-
nel and so it is determined, up to isomorphism, by the following strict
universal property: given a homomorphism F : K - G and a morphism
T : TF - 0, there exists a unique homomorphism F’ : K - K(T) such
that jF’ = F and EF’ = T.

In  [19], the following notion of exactness for homomorphisms of cat-
egorical groups was introduced. Let K F G T H be two homomor-
phisms and T : TF - 0 a morphism. From the universal property of
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the kernel of T, there exists a homomorphism F’ making the following
diagram commutative:

which is given, for any X E K, by F’(X) = (F(X), Tx)’ for any arrow f
in K, by F’( f ) = F( f ) and where, for any X, Y E K, (uF’)X,Y = (ILF)x,y.
Then, the triple (F, T, T) (or sometimes just the sequence K F G T
H if T is understood) is said to be 2-exact if F’ is full and essentially
surjective. Note that if (K(T)j,E) is the kernel of T : G - H, then
the triple (j,,6, T) is 2-exact and there exists (see [25]) an induced exact
sequence of groups

where, for any u E M1(H), 8 (u) is the connected component of the object
(I, u . J-lo) E K(T). Moreover, if the functor T is essentially surjective,
the above exact sequence is right exact. In general, if (F, T, T) is a

2-exact sequence of categorical groups, then M0 (K F G T H) and
7r1 (K F G T H) are exact sequences of groups.

Note that the same notion of 2-exactness can be defined for pointed
groupoids, pointed functors and pointed natural transformations. In
this case, sequence (1) is an exact sequence of groups and pointed sets
(the last three terms).

If G is a categorical group and A is a braided categorical group, a
G-action on A is a homomorphism of categorical groups (T, p) : G -
.6q(A), where Eq (A) (see [2, 6]) is the categorical group of monoidal
equivalences of the braided categorical group A. When such a G-action
is given we say that A is a G-module and, if A is symmetric, we say
that A is a symmetric G-module.
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It is straightforward to see (cf. [6, 121) that giving a (symmetric)
G-module A is equivalent to giving a functor

together with natural isomorphisms

satisfying suitable coherence conditions. If X E G and u is an arrow in

A, we will write idX u = X u and, if f is an arrow in G and A E A, we
write f’d f A.

Note that, for any X E G, there exists a unique isomorphism Y0 =
such that the equalities and

rx .(1 OY0,x). ’ØX,A,1 = X rA hold and then
also holds. Moreover, once a system of inverses (A*, YA’ vA), A E A, has
been chosen, there are natural isomorphisms w X,A : A* - ( xA)*.

A homomorphisms of (symmetric) G-modules from A to B is a ho-
momorphism of braided (symmetric) categorical groups T = (T, J-L) :
A - B that is equivariant in the sense that there exists a family of
natural isomorphisms

such that, for any objects X , Y E G and A, B E A, the following condi-
tions hold: 

If (T, v) : A - B is a homomorphism of (symmetric) G-modules,
we can consider the kernel (K(T), j, e) of the underlying homomorphism
of braided (symmetric) categorical groups T. Then K(T) is also a

(symmetric) G-module with action given by , where

and the homomorphism j is strictly equivariant.
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Given homomorphisms of (symmetric) G-modules (T, v), (T’, v’) :
A - B, a morphism from (T, v) to (T’, v’) consists of a morphism
E : T - T’ such that, for all X E G and A E A, the following equality
holds:

In this way, we have the 2-category of (symmetric) G-modules, which
will be denoted by G-Mod (respectively by G-SMod).

We should remark that, throughout the sections below, we will main-
tain the same notation established in these preliminaries for all canonical
and natural isomorphisms introduced here. We will also assume that
a system of inverses (X*, yX,vX) has been chosen for the objects X of
any categorical group.

3 Inner derivations

In this section we introduce the categorical-group version of the inner
derivation group homomorphism.

Let G be a categorical group and let A be a G-module with braiding
c.

A derivation from G into A (see [14]) is a functor D : G - A

together with a family of natural isomorphisms

such that, for any objects X , Y, Z E G, the following coherence condition
holds:

If (D, B) is a derivation, there exists an isomorphism
determined uniquely by the following two equalities:
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The derivation (D, B) is termed normalized if the isomorphism B0 is an
identity.

Derivations from G into A are the objects of a categorical group
Der(G, A) (see [14]) in which the tensor product of two derivations
(D,í3) and (D’, /3’) is defined as the derivation

where D 0 D’ : G - A is the functor given, for any X E G, by
and, for any arrow f , by

is the family of natural isomorphisms
determined, for each pair of objects X, Y E G, by the following equality:

For any object A E A there is an inner derivation (DA, (3 A) : G-+A
where, for any X E G, DA (X) = XA®A*, for any arrow f in G, DA (f) =fA O1 and, for any X, Y E G, (BA X,Y : D A ( XOY) - D A ( X ) O D A (Y)
is the family of natural isomorphisms determined by the equality:

Then we can consider the inner derivation homomorphism of cate-
gorical groups

which is defined, on objects on ar-

rows f : A - B, by T(f)x = x fO ( f*)-1, X E G, and where, for
any A, B E A, (u)A,e is the arrow in Der (G, A) determined by the
natural transformation whose component at X E G is the composite

Thishomomorphism allows to construct the following quotient grou-
poid of derivations module inner derivations. The objects are the deriva-
tions from G into A. Given two derivations (D, B), (D’, B’) : G-A
let us consider, as pre-arrows, all pairs (A, cpA) where A E A and cpA is
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a morphism of derivations (see [14]) from (D,(3) to (DA,(3A) Q9 (D’,(3’),
that is, cpA is a natural transformation from D to DA Q9 D’ such that,
for any X, Y E G, the following equality holds:

An arrow from (D, B) to (D’, (3’) is then an equivalence class [A, cpA] of
pre-arrows where [A, cpA] = [A’, cpA] if there exists an arrow in A u : A-
A’ such that, for any X E G, the equality
holds.

The composition of two arrows
is the class of the pair (A ® A’, yAOA’ ) where, for any

is given by the composition i

It is straightforward to

check that yAOA’ satisfies (5) as well as the fact that, if [A, yA] = [B, yB]
and [A’, YA’] = [B’,YB’], then [AOA’,yAOA’] = [B O B, yBOB’].

The identity on an object (D, (3) is the class [I, yI] where, for any

In this way, we have a category that is actually a groupoid. It

is pointed by the trivial derivation, that is, the pair (Do, /30) where
D0 : G - A is the constant functor with value the unit object I E A
and, for any .

4 The categorical group of the G-invariant,
objects of a G-module

In this section we develop, in the higher categorical group level, anal-
ogous results to the well-known group theoretical facts about the co-

homological character of the subgroup AG of invariant elements of a
G-module A.

Let G be a categorical group and let A be a G-module.
We define the zero-th cohomology categorical group of G with coeffi-

cients in the G-module A, 11,O(G, A), as the kernel of the inner derivation
homomorphism (T, p) : A - Der (G, A) introduced in Section 3.



256

The categorical group H0(G, A) is then a braided categorical group
(which is symmetric if A is a symmetric G-module) and, using the ex-
plicit description of the kernel recalled in Section 2, it is equivalent to
the categorical group of G-invariant objects AG constructed below.

A G-invariant objects of A consists of a pair (A, (CP;)XEG)’ where A E
Obj (A) and cpXA : XA - A, X E G, is a family of natural isomorphisms
in A such that, for any X, Y E G, the following equality holds:

An arrow from (A, (cpXA)xEG)to (B, (cpXB)xEG) consists of an arrow u :
A- B in A such that, for all X E G,

In this way we have a category, AG , where the composition is given by
the composition in A, which is clearly a groupoid.

Moreover, there is a functor

that is defined, on objects, by (A, cpXA)O(B, cpXB) = (AOB, cpXAOB), where
cpXAOB: X (A O B) - A O B is the composition (cp XA O cpXB) 7/JX.A.B and,
on arrows, by the tensor product of arrows in A. 

The above data define a categorical group

where the unit object I is the pair (I, Y0,x) and the associativity, the
left unit and the right unit constraints a(A,cpXA), (B,cpXB), (C,cpXG), l (A,cpXA) and
r(A,cpXA) are given by the respective constraints a, I and r of A. An inverse
for each object (A, cpXA) E AG is given by the triple ((A*, cpXA*), YA, vA)
where cp;. = (cpX*A ) -1 .wX,A and (A* , yA , vA) is an inverse for A E A. In
addition, AG is a braided categorical group with braiding given by the
braiding c in A.

Note that the projection functor AG - A is an embedding and a
homomorphism of braided categorical groups.
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Let us remark that the above construction also works for general
categorical groups by using the notion of G-categorical group, that is, a
categorical group H together with a coherent action from G (or equiv-
alently a homomorphism from G to the categorical group Eq(H) [2] of
the monoidal equivalences of H).

The examples below justify that H0(G, A) = AG deserves to be
called the zero-th cohomology categorical group of G with coefficients
in A.

Examples 4.1 

4.1.1. If G is a group, the discrete category it defines, denoted by
G[0], is a strict categorical group where the tensor product is given by
the group operation. In the case where A is an abelian group, A[0] is
braided (and even symmetric) due to the commutativity of A.

It is easy to check that Sq(A[0]) = Aut(A)[0] and a G[0]-action
on A[0] is actually a G-action, in the usual sense, on A, that is, a G-
module structure on A. In this case, A[0]G[0] = AG[0]= (where AG is the
subgroup of A of the G-invariant elements) since an object of A[0]G[0]
consists exactly of an element a E A such that ’a = a for any x E G,
and all arrows are identities.

If A is an abelian group, the category with only one object it de-
fines, denoted by A[1], is also a strict braided (even symmetric) cate-
gorical group where both the composition and the tensor product are
given by the group operation. If A is a G-module, A[l] is a G[O]-
module and we can consider the categorical group A[1]G[0]. An ob-

ject of this category consists of an element ax E A for each x E G
such that, for any y E G, axy = ax + yay, that is, an object is a map
d : G - A,x - ax, which is a derivation from G into A. Thus,
Obj (A[1] G[0]) = Der(G, A), the abelian group of derivations from G
into A. An arrow between two objects d and d’ consists of an element
b E A such that, for any x E G, b + d(x) = d’(x) + lb (i.e., there is an
arrow between two derivations if they differ in an inner derivation) and
therefore 7ro(A[l]G[oJ) = DeT(G, A)/IDer(G, A). On the other hand,
the unit object is the trivial derivation G 0 + A and an automorphism of
this object is an element b E A such that, for any x E G, b = xb. Thus,
M1(A[1]G[0]) = AG. 
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Note that in A[1]G[0] the composition and the tensor product are
given by group operation in A.

4.1.2. It is well known that strict categorical groups or, equivalently,
groupoids in the category of groups, are the same as Whitehead crossed
modules [23]. Recall that a crossed module of groups is a system G =

(H, G, cp, d) , where 6 : H - G is a group homomorphism and cp : G -
Aut(H) is an action (so that H is a G-group) for which the following
conditions are satisfied:

Given a crossed module G, the corresponding strict categorical group
G (L) can be described as follows: the objects are the elements of the
group G; an arrow h : x -3 y is an element h E H with x = 6(h)y; the
composition is multiplication in H; the tensor product is given by

A crossed module G together with a map {2013,2013}:GxG-H satis-
fying certain equalities is called a reduced 2-crossed module of groups
(see [9]).

Reduced 2-crossed modules (G, {-, -}) (also called braided crossed
modules in [3]) correspond, through the above equivalence, to strict
braided categorical groups G(L) where the braiding c = c2,y : xy -3 yx
is given by cx,y = {x, y} (see [4, 11]).

Let us suppose now that G = (H d G) is a crossed module of

groups and = (L 2-* M, {-, -) is a braided crossed module of

groups. An action of £ on (A, {2013, 2013}) (see [14, 15, 24]) is a morphism
of crossed modules L - Act(A, I-, -}) where Act(.A, {-, -1), called
the actor crossed module of (A, I-, - 1), is the crossed module con-

sisting of the group morphism A : D(M, L) - Aut(A, I-, -}) where:
D(M, L) is the Whitehead group of regular derivations, that is, the
units of the monoid Der(M, L); Aut (A, {-, -}) is the group of auto-
morphisms of (A, {-, -}), that is, pairs of group automorphisms 00 E
Aut(M) and O1 E Aut(L) such that Oo - p = p O1, 01(-l) = o0(m)O1(l)
and O1 ({m,m’})= {O0 (m),O0(m’)})A is given by A(d) _ (od, 0d),
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where od(m) = p(d(rn))m and Od(l) = d(p(l))l; and the action of
Aut (A, {-, -}) on D(M, L) is given by When
an action of £ on

is given, there are induced actions, via 0, of G on M, denoted by x H
xm, and of G on L, denoted as z e Xl. There is also an action of the
semidirect product H x G on the semidirect product L x M given by

The actor crossed module Act(.A, {-, -}) is precisely (see [2]) the
crossed module associated to the categorical group ,Aut(G(A)), which is
the categorical subgroup of Eq(G(A)) whose objects are the equivalences
(T, /z) of the braided categorical group G(A) that are strict and where
T is an isomorphism. Then, any action of a crossed module G on a
braided crossed module (A, {-, -}) determines an action of G(£) on
the braided categorical group G(A) which is given, on objects, by the
group action of G on M and, on arrows, by the group action of H x G
on L x M. Then, G(A) is a G(£)-module and we can consider the
categorical group G(A)G(L) whose objects are pairs (m, (lx)xEG), where
m E M and lx E L satisfies xm = p(lx)m and for any x, y E G, lxy =
xlylx, (i.e., I : G- L is a derivation) and, for any h E H and x E G,
the equality 1J(h)x = eh (Xm) lx holds. An arrow from (m, (lx)xEG) to
(m’, (l’x)xEG) is an element u E L such that m = p(u)m’ and such that,
for any h E H and x E G, the equality l6(h)xu = Eh (x(p(u)m’))xu l’x
holds. Thus, since the unit object is the pair (1, (1x)xEG) with lx = 1 E
L for all x E G, an automorphism of the unit object is an element u E L
such that p(u) = 1 and such that u = m for any x E G, and therefore
M1(G(A)G(L)) = (Kerp)G.

In the particular case where the action of G on (,A, {-, -}) is the
trivial action, an object of G(A)G(£) is a pair (m, f ) where m E M
and f : G - Ker(p) is a group homomorphism, and there is an arrow
from (m, f ) to (m’, f’) if there exists an element u E L such that m =
p(u)rrt’ and f = f’. Thus, in this case, 7ro(G(A)G(£») = Cokerp ED
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Hom(G, Kerp).
Note that in G(A)G(L) the composition is given by group operation

in L, whereas the tensor product is given by

4.1.3. If S is a commutative ring, there is a symmetric categorical
group Pic(S) = (Pic(S), Os, a, S, l, r) (cf. [8, 28]) where Pic(S) is the
category of invertible S-modules (i.e., finitely generated projective S-
modules of constant rank 1), os is the tensor product of S-modules, the
unit object is the S-module S, the associativity and unit constraints are
the usual ones for the tensor product of modules,

an inverse for any object P is given by the dual module P* = Homs(P, S)
and the symmetry cP,Q : P 0s Q - Q OS P is the usual isomorphism.
Note that 7ro(Pic(S)) = Pic(S), the Picard group of S, and for any
invertible S-module P, Aut Pic(S) (P) = U(S) the group of units of S. In
particular, M1(Pic(S)) = U(S).

Let G be a group operating on a commutative ring S by ring au-
tomorphisms. Then, Pic(S) is a symmetric G[O]-module with action
G[0] x Pic(S) - Pic(S), (a, P) H "P, where ’P is the same abelian
group as P with action from S by s - x = o-1(s)x, s E S, x E P. Note
that this action is strict in the sense that the natural isomorphisms
o,r,P ’ : orP- o(rP),O0,P: 1P - P and y o,P,Q o(POSQ) - oP Q9s ’Q
are identities. Then we can consider the symmetric categorical group
Pic(S)G[0] and it is plain to see that 7ro(Pic(S)G[O]) = Pic(S)G while

The functoriality, with respect to the G-module A, of the categorical
group of derivations Der(G, A) (see [14]) together with the equivalence
H0(G, A)= assures that the construction of the categorical group
of invariant objects in a G-module gives a 2-functor
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defined as follows. For any homomorphism 7
is given, on objects, by ’

with CP;Au: ’(TA) e TA the composition T (cpXA). v-1X,A and, on arrows

it is given by jj A,B :
T’ = (T’, u’) is a morphism between homomorphisms of G-modules,
then EG : TG - TG , given by EG(AncpXA) = EA, defines a morphism from TiG
to TIG. By restricting to G-SMod we have of course a 2-functor with
codomain Beg.

The next proposition shows that the functor (2013)G is left 2-exact in
the sense that it preserves kernels. More precisely:

Proposition 4.2 Let G be a categorical group and T = (T, u) : A - B
a homomorphism of G-modules with kernel (K(T), j, e). Then K(T) is
a G-module and (K(T)G,jG,EG) is the kernel of the induced homomor-
phism TG : AG- BG.

Proof: We already observed in the preliminaries how K(T) is a G-
module. Now we shall prove that (K(T)G,jG,EG) satisfies the universal
property of the kernel of TG. Note thatEG -: TGjG - 0 is the morphism
whose component at the object (
(A, uA)) is the arrow in BG given by the arrow uA : TA - I in B.
Now, given a homomorphism F = (F, q) : K - AG and a morphism
T : TGF - 0, there exists a unique homomorphism F’ = (F’, n’) :
K - K(T)G such that jG F’ = F and fGF’ = T. This homomorphism
is defined as follows. If then

TK is an arrow in BG given by the arrow in B, rK : T (F (K) ) - I , and
we let For any arrow h : K1 - K2 , we let

the arrow in A given by nK1,K2. It is straightforward now to check that
all the required conditions are satisfied. I
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Corollary 4.3 Let G be a categorical group and T : A - 1m a homo-
morphism of G-modules with kernel (K(T), j, e). Then the triple

is 2-exact and there is an induced exact sequence of groups

Below we show diverse examples of the group exact sequence in the
above corollary.

Examples 4.4

4.4.1. Let us consider

a surjective morphism of reduced 2-crossed modules of groups (i.e., a
morphism 0 with 00 : M - M" and O1: L -» L" epimorphisms). Let G
be a group and suppose that the crossed module G = (0 - G) acts on
(A, {-, -}) and (.ri, {-, - }) in such a way that 0 preserves the action.
If L’ = Ker(01) and M’ = Ker(o0), let be the

2-reduced crossed module fiber of 0 (where M’ acts on L’ by restriction
of the action of M on L and {-, -} : M’ x M’ - L’ is also induced by
restriction). Then G also acts on (F, {-, -}) and G(.F) is equivalent
to the kernel of the induced homomorphism of (G(£) = G[O])-modules
G(A) - G(B) where the equivalence K(G(o)) - (G(F) is given, on
objects, by

and, on arrows, by
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Thus, there is a 2-exact sequence of categorical groups

and therefore (see Example 4.1.2) sequence (6) particularizes to the
exact sequence of groups

4.4.2. When, in the above Example 4.4.1., the action of C on (A, {-, -)
and (B, {-, -) is trivial, sequence (6) specializes (see Example 4.1.2.)
to the sequence

which is the sequence obtained by gluing the three last terms of the
ker-coker exact sequence 0 e K er p’ - K er p - Ker p" - Coker p’)-
Coker p - Coker p" - 0 with the exact sequence 0 - Hom(G, Ker p’) -

4.4.3. If we particularize in Example 4.4.1. to the case in which A =

(A - 0) and B = (A" - 0), where both A and A" are G-modules and
0 : A - A" is an epimorphism of G-modules, then the fiber crossed
module is 0 = (A’ - 0), where A’ = Ker (o), and sequence (6) gives
the well-known exact sequence
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4.4.4. If we take, as in Example 4.4.3., A and B crossed modules
associated to G-modules A and A", but 0 : A - A" now being any
morphism of G-modules with kernel A’, the kernel K(o) of the induced
homomorphism of categorical groups 0 : A[1] - A"[1] is the strict

symmetric categorical group associated to the crossed module defined
by 0 and the trivial action of A" on A. Then the 2-exact sequence

induces the exact sequence of groups

since it is plain to see that M1(K(O)G[0]) = A’G, whereas M0(K(o)G[0]) =
H1(E(o*)), the first cohomology group of the mapping cone E(o*) of
the cochain transformation o* : Homa(B., A) - Homa(B., A"), where
B. is a free resolution of the trivial G-module Z.

5 The categorical group H1(G, A)
The cohomological character of the quotient abelian group of the group
of derivations, from a group G into a G-module A, by the subgroup of
inner derivations is raised here to the level of categorical groups.

Let G be a categorical group and let A be a symmetric G-module.
In this case Der(G, A) is a symmetric categorical group .

We define the first cohomology categorical group of G with coef-
ficients in the symmetric G-module A, H1(G, A), as the cokernel, in
the sense of [19, 29], of the homomorphism of symmetric categorical
groups A - Der (G, A), A H- (D A’ f3A), given by inner derivations.
Then 1£1 (G, A) is a symmetric categorical group that we are going to
make explicit below.

The underlying groupoid of H1(G, A) is actually the quotient groupoid
that we constructed in Section 3. Now, thanks to the symmetry condi-
tion on A (cf. [29, Remark 2.2.1]), the tensor product of derivations (3)
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induces a monoidal structure such that H1 (G, A) becomes a symmetric
categorical group. This tensor functor

is defined as follows. On objects it is given by the tensor product of
derivations (3). As for arrows between derivations,

It is straightforward to check that satisfies (5) and also that,
then

We then have a symmetric categorical group

where a :
is the arrow given by the class of the pair (I , aI) where, for any X E G,

unit object I is the trivial derivation; the left unit constraint I = 1(D,,6):
(Do,/3o) (D (D,B) - (D, B) is the arrow given by the class of the pair
(I, I,) where, for any .
D(X); the right unit constraint ? 
is the arrow given by the class of the pair (I, rI) where, for any X E G,

An inverse for any object (D, 0) E H(G,A) is given by (D*, a),
where D*(X) = D(X)* and
the arrow in A determined by the equality

Note that where, for any

where, for any 
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The symmetry
is the arrow given by the class of the pair (I, ë1) where, for any X E G,

We should remark that the key for constructing the categorical group
H1(G, A) lies in a more general construction (to be developed in a forth-
coming paper) that allows the establishement of a notion of quotient cat-
egorical group associated to any crossed module of categorical groups.
The latter structure is the natural generalization to categorical groups of
the classical Whitehead definition for groups (cf. [2, 13]). In fact, when
G is a categorical group and A is a symmetric G-module, the above
homomorphism given by inner derivations defines a crossed module of
categorical groups.

The above construction determines a 2-functor ,

defined as follows. For any homomorphism T = (T, p) : A - B,
H1(G, T) = (T*, u*) : H1(G,A) -&#x3E; H1(G,B) is given, on objects, by

If f. : (T, p) - (T’,u’) is a morphism between homomorphisms of sym-
metric G-modules, then f* : T* - Ti given, for any
by the class of the pair (I, EI) where, for any

defines a morphism

Examples 5.1

5.1.1. Let G be a group and A a G-module. Then A[0] is a G[O]-
module and an object of H1 (G[0], A[O]) consists of a map d : G - A
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such that, for any x, y E G, d(xy) = d(x) + xd(y) (i.e., the objects
are derivations from G into A). Moreover, there is an arrow between
two derivations d and d’ if, and only if, there exists an element a E A
such that d(x) - d’(x)=xa - a and therefore M0(H1(G[0],A[0])) =
Der(G, A)/IDer(G, A). On the other hand, since the unit object is the
trivial map 0 : G - A, then M1 (H1(G[0], A[O])) = AG.

If A is a G-module, then the categorical group A[1] is a G[0]-module
and also we can consider the cohomology categorical group H1(G[0], A[1]).
An object of this category consists of a map /3 : G x G - A, (x, y) -
/3x,y, such that, for any x, y, z E G, x/3y,z + Bx, yz = /3xy,z + Bx,y, that is,
an object is an Eilenberg-MacLane 2-cocycle of G with coefficients in
A. This 2-cocycle is normalized (i.e., Bx,1 = 0 = B1,x) if the deriva-
tion is normalized. An arrow between two objects /3 and /3’ consists of
an equivalence class of maps d : G - A such that, for any x, y E G,
B’x,y +d(xy) = d(x) + Xd(y)+!3x,y (i.e., 1-cochains showing that Q and (3’
are cohomologous 2-cocycles) where d N d’ if, and only if, there exists an
element b E A such that d’(x) = xb-b+d(x). Thus, M0(H1(G[0], A[l])) =
H2(G, A) and, on the other hand, since the unit object is the trivial 2-
cocycle, then M1(H1(G[0],A[1])) = Der(G, A)/IDer(G, A).
5.1.2. Let us suppose that G = (H 6 + G) is a crossed module of groups,
A = (L 4 M, f -, -}) is a braided crossed module of groups and there
is an action of G on (,A, {-, -}) (cf. Example 4.1.2.). Then, the associ-
ated categorical group G (L) acts on the braided categorical group G(A)
and we can consider the pointed groupoid H1(L, A)= ?11 (G(L), G (A))
whose objects are (cf. [14, Example 2, §3]) triplets of maps d : G 4- M,
f : H - L and l : G2 - L, (x, y) H lx,y, such that: i) p(f (h))d(x) =
d(J(h)x) for all x E G and h E H; ii) f is a group morphism; iii) d(xy) =
p(lx,y)d(x) xd(y) for all x, y E G; iv) lx,yz d(x)(Xly,z) = lxy,zlx,y for all

x, y, z E G. An arrow from (d, f, l) to (d’, f’, l’) is an equivalence class of
pairs (rra, T) where m E M and T : G -L, x - Tx, is a map such that, if
we write dm (x) = xm m-1 for any x E G, the following equalities hold: i)

Txy{xdm (y), dm(x)} dm (x)xdm (y)l’x,y for all x, y E G. Two pairs (m, r) and
(m’, T’) are in the same class of equivalence if there exists an element
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In the particular case that G = (0 0- G) and the action of G on A is
the trivial one, an object of H1-(£, A) is precisely a Dedecker 2-cocycle
(d : G -&#x3E; M, 1 : G2 --t L) of G with coefficients in A [10], which is
normalized if the derivation is also. An arrow from (d, 1) to (d’, l’) is the
class of a pair (rra, T) where m E M and T is precisely an equivalence [10]
between the Dedecker 2-cocycles (d, l) and (d’, l’) (i,e., d(x) = p(Tx)d’(x)
and lxylrx d’ (x)Ty = Txyl’x,y for all x, y E G) and [m, T]= [m’, T’] if there
exists an element u E L such that m = p(u)m’ and T = T’. Thus,
in this particular case, M0 (H1(L, A)) = H2 (G, A) the 2nd non-abelian
cohomology set (group in this case) of G with coefficients in the reduced
2-crossed module (A, {-, -}) [4]. On the other hand, the unit object
is the trivial Dedecker 2-cocycle d(x) = 1 and lx,y = 1 for all x, y E G,
and an automorphism of the unit object is the class of a pair (m, T),
where m E M and 7 : G -3 Ker(p) is a group homomorphism, with
[m,r]= [m’, r’] if T = T’ and there exists u E L such that m = p(u)m’.
Therefore, 7r1 (H1 (G, A)) = Coker (p) O Hom (G, Ker ( p) ) .

Note that, if A = (L 2-* M, {-, -) is a stable crossed module [9]
(i.e., the condition {m, m’l {m’, m} = 1 holds for all m, m’ E M), then
G(A) is a strict symmetric categorical group and therefore li 1 (,C, A) is
a symmetric categorical group. In this case, whenever G = (0 0 + G),
we have that M0(H1(£, A)) coincides with Ulbrich’s cohomology [28] at
dimension 2 of G with coefficients in the Picard category G((A).
5.1.3. Let G be a group operating on a commutative ring S by ring
automorphisms. Then, Pic(S) is a symmetric G[0]-module (see Ex-
ample 4.1.3.) and we can consider the symmetric categorical group
H1 (G[0], Pic(S)). An object of this categorical group consists of a
family of invertible S-modules IPIIIEG together with S-isomorphisms

equivalence class of pairs consisting of an invertible S-bimodule T and a
family of S-bimodule isomorphisms r such that,
omitting canonical isomorphisms,
two such pairs (T, p§’) and (T’, W"’) are equivalent if there exists an
S-isomorphism v : T - T’ satisfying
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In the case where G is finite and S a Galois extension of R = GS,
it is straightforward to check that Mi(H1(G[0], Pic(S))), i = 0,1, coin-
cides with the cohomology group Hi(G, S), i = 2,1, defined by Hat-
tory in [16] and so, taking into account the results of [16, Section

5] (see also [14, Example 4, §3]), M0(H1(G[0],Pic(S)))= Br(S/R),
where the latter is the Brauer group of S/R-Azumaya algebras, whereas
M1(H1(G[0],Pic(S)))= Pic(R) the Picard group of R.

6 A six-term 2-exact sequence

Our aim in this section is to show a six-term exact sequence of symmetric
categorical groups, connecting the cohomology categorical groups 1io
and 1l1, which is associated to any short exact sequence of symmetric
G-modules. This notion is detailed in the following definition (cf. [25,
Definition 3.2.1]):

Definition 6.1 Let G be a categorical group and A! T’ ) A T A"
a sequence of symmetric G-modules and homomorphisms of symmetric
G-modules. This sequence is called a short exact sequence of symmetric
G-modules if T is essentially surjective and there is a morphism c :
TT’ - 0 such that the induced homomorphism from A’ to K(T) is an
equivalence.

Then we have:

Theorem 6.2 Let be a short exact

sequence of symmetric G-modules. Then there is a natural induced 2-
exact sequence of symmetric categorical groups

Proof: We can suppose, without loss of generality, that (N, T’, E) is

exactly the kernel of T. The 2-functoriality of ( - )G and H1 (G, -),
already remarked on the previous sections, gives the definition of the
homomorphisms T’G’, TG, T’ and T* . Next we define the connecting ho-
momorphism A : A"G-H1 (G,A’). The underlying functor is defined
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on objects ’ as follows. Since T is essentially surjective,
we can select an object A E A and an isomorphism 1:JJ A" : T(A) - A"
and then, considering the inner derivation (DA ,BA) : G e A, we let

the derivation from G to A! given for any .

and where (

XDA (Y), X, Y E G, is given by the natural isomorphisms (BA )X,Y de-
termined by the equality (4). To check that (DA , BA) E H1 (G,A’) is

straightforward. For another choice of an object A E A and an iso-
morphism W’ A" : T (A) - A", the corresponding derivation (DA, ,BA) E
H1 (G, A’) is isomorphic to (DA , BA) . To do so, note that if (A, uA) E A!,
then the inner derivation is given, for any

Then the isomorphism

(DA, /BA) is given by the class of the pair i , where

morphism of derivations determined, for any X E G, by the natural iso-
morphism cpAOA* : DA (X) - D AOA* (X) ODA (X) , given by composition
only of canonical isomorphisms, namely,

If v : (A", cpX All) - (B",cpX B") is an arrow in A"G , we select objects
A, B E A and isomorphisms
then 0(v) : (DA"QA) - (DB,BB) is the arrow in H1(G,A’) given by
the class of the pair (

is the morphism
of derivations determined, for any X E G, by the same composition of
canonical isomorphisms of (9).



- 271

To check that A is a functor is simply routine.
Moreover, A defines a homomorphism from A! G to 1l1(G, A’) where,

for any objects (A", VAll), (B",  cpB") E A!,G, the natural isomorphisms

are given, once we have choosen isomorphisms W AI
and we have

, by the class of the pair where, for any .
is the following composition

of isomorphisms
To see that all the required coherence conditions hold

is straightforward.
Now we are ready to start the proof of the 2-exactness in each point

of the sequence.
The 2-exactness at AG, that is, that the triple (T",G , 6G , TG) is 2-exact

has already shown in Proposition 4.2.
To check the 2-exactness at A:,G, let us observe first that there

is a morphism T : ATG - 0 given by the natural transformation,
whose component at (A, cpXA) E AG is the arrow in H1(G, A’) from

given by the equiva-
lence class of the pair
(Do, 00) is the morphism of derivations determined, for any X
the natural isomorphism (

Then, if K(A) is the kernel of A we must verify whether the compari-
son homomorphism H : AG - K(0), which is given for any (A, cpXA) E A

is full and essentially surjec-
tive.

For any object I where, for any

consider the object where

Then there is an isomorphism in K (A) from
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given by the following isomorphism in A" ,
and therefore

H is essentially surjective. 
To see that H is full, let (A,cpXA) and (B, cpXB) be any two objects

of AG and suppose that there is an arrow in K(A), V : H(A, cpXA)-
H (B, cpXB). This means that there is an arrow x : TA - T B in A" such
that 

The latter is the equality of arrows in

and taking into account how is the composition in H1 (G, A’ ), this equal-
ity means that there is an arrow E : A O B* ® I - I in A such that

and, for
The arrow E determines

the arrow in and
this one determines the arrow in . since it is

straightforward to see that for all X E G, x(. pf = x - (. Then, since
H(U) = T(C), equality (10) ensures that H(U) = V and so H is full.

To check the 2-exactness at H1{G, A’), we first observe that there
is a morphism r’ : T*A - 0 given by the natural transformation,
whose component at is the arrow in H1 (G, A) from

, given by the equivalence class of the pair (A, cpA)

Then, if K( T’) is the kernel of T’* we have to show that the
comparison homomorphism H : A"G - K ( T’*) is full and essen-

tially surjective. Recall that, for any
with A E A such that

there is an isomorphism’ Suppose
K(T’*), so that (D,B) belongs to H1(G, A’) (i.e., for all
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I with , and and 

is an arrow in 1£l(G, A), that is,
with A E A, and, for all . Then, if

we consider the object where

T A, there is an isomorphism in K(T’*) from
given by the isomorphism in from

determined by the class of the pair where, for

Thus H is essentially surjective.
To see that H is full, let (A", cpXA" ) and be any two objects

and suposse that there is an arrow in

. This means that there is an arrow in
such that

Then and, for any .
that is,

Moreover, (11) is the equality of
arrows in that is,

which means that there is an arrow in

that, for all
determines the arrow in

’ and this is an arrow in 

since it is straightforward to see that
Moreover, .
thanks to the arrow and so H
is full. 

Finally, we prove the 2-exactness at H1 (G, A) . We observe first that
there is a morphism T" : T*T’*- 0 given by the natural transformation
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whose component at is the arrow in H1(G, A") from
T*T* (D’, B’) = (TT’D’, 0’*) to (D0, B0) given by the equivalence class of
the pair (I,cpI) where I is the unit object of A" and cpI : (TT’D’, 0’) -
(DI ,BI) 0 (Do, B0) is the morphism of derivations determined, for any
X E G, and when D’ (X ) = (AX , uAX) E A’, by the natural isomorphism

be the comparison homomorphism
to the kernel of T*, which is given for any (D’, 0’) E H1(G, A’) by

and let ((D, B), u (D,B)) be any object
of K(T*). Thus, (D,O) belongs to H1 (G,A) and u(D,B) : T* (D, B) =
(TD, 0.) - (D0, B0) is an arrow in H1 (G,A"), that is,

Then, since T is essentially surjective, there is an object A E A and
an isomorphism w All : T(A) - A" and we can consider the derivation

where, for any .

and, for any arrow As for

given, for any

To check that (D’, 0’)is actually a
derivation from G into A" is straightforward and, moreover, H(D’, B’) is
isomorphic to ((D, B), u (D,B)) by means of the isomorphism in 7L’(G, A)
from (T’D’, B’*) to (D, 0) determined by the class of the pair (A*, cpA*)
where, for any.

. Thus, H is essentially surjective.
To see that H is full, let be two objects of

with and

and suppose that there is an arrow W in K(T*) from H(D’, (3’) =
This means that

there is an arrow
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A E A and, for any such that

This last is the equality of arrows in
which means that there is

such that, for any X E G, (px =
Then, if we consider the pair 

. 

and, for any .
is given by the arrow in .

, it determines an arrow V in H1 (G, A’) from
which clearly satisfies that H(V) = W and so H is

full. I

Note that the above exact sequence tends to be a special case of
a categorical snake lemma which is at present the object of further
investigations. Also we remark that, by taking homotopy groups iri,

i = 0,1, in the above exact sequence of categorical groups there are, in
addition to the group exact sequence (6), group exact sequences

that allow one to obtain the longer group exact sequence established
below:

Corollary 6.3 If (A’ T’ A T A", E : TT’ - 0) is a short exact

sequence of symmetric G-modules, then sequence (8) induces the group
exact sequence
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Remark 6.4 Suppose that (A! T’ A  T A", E : TT’ - 0) is a short
exact sequence of G-modules in the same sense of Definition 6.1. Then,
in the same way as in Theorem 6.2, there is a 2-exact sequence of braided
categorical groups and pointed groupoids (the last three terms)

This sequence induces a 9-term exact sequence (12) which is now of
groups and pointed sets (the last three terms).

Finally, we show how the above exact sequences particularize in
diverse contexts.

Examples 6.5

6.5.1. Suppose, as in Example 4.4.1., that

is a surjective morphism of reduced 2-crossed modules of groups with
fiber 0 = (L’ 4 M’, {-, -}) and let G be a group such that the crossed
module G = (0 -3 G) acts on (.A, {-, -}) and (B, {-, -}) in such a way
that 0 preserves the action. Then, since G(7) is equivalent to the kernel
of the induced homomorphism of (G(L) = G[0]-modules G(A) -
G(B) and G(o) is clearly essentially surjective, the sequence G(0) -
G(A) - G(B) is a short exact sequence of G[0]-modules and therefore
there is, according to Remark 6.4, a 2-exact sequence of categorical
groups and pointed groupoids

When the action of G is trivial and using the results obtained in Example
5.1.2, the above 2-exact sequence induces the following elongation of
sequence (7):
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We should remark that, taking into account the equivalence between
K(G(o)) and G(0) shown in Example 4.4.1., the connecting homomor-
phism d : Coker(p") OHom(G,Ker(p")) - H2(G,F) is the one de-
termined by the zero homomorphism 0 : Coker(p") ---+ JHf2 ( G, F) and
ç : Hom(G,Ker(p")) - H2 (G,F) given, for any a : G -4- Ker(p"),
by E (a) = (d’ : G -4- M’, L’ : G2 - L’), where d’(x) = p(lx)-1, with
o1 (lx) = a(x), and 1:,1I = 1 for all x, y E G..

Note that in the case that A and B are stable crossed modules, the
last three terms in sequence (13) are just Ulbrich’s cohomology groups
of G with coefficients in the Picard categories, with trivial G-module
structure, G(0), G(A) and Qa(B) respectively.
6.5.2. If we particularize in Example 6.4.1. to the case in which A =

(A - 0) and ,Ci = (A" -4- 0), where both A and A" are G-modules and
o: A - A" is an epimorphism of G-modules, then the fiber crossed
module is 0 = (A’ - 0), where A’ = Ker(o), and the sequence in that
example specializes to the well-known exact sequence
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