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SIMPLICIAL n-FOLD MONOIDAL CATEGORIES
MODEL ALL LOOP SPACES

by FIEDOROWICZ &#x26; VOGT

CAHIERS DE TOPOLOGIE ET
GEOMETRIE DIFFERENTIELLE CA TEGORIQUES

Volume XLIV-2 (2003)

R6sumk. Dans [2] nous avons prouvd que 1’espace classifiant d’une
catdgorie monoidale n-uple est equivalent a un Cn-espace, ou C" est
l’op6rade des petits n-cubes. Ici nous montrons un inverse partiel :
tout C"espace est, a une equivalence faible près, 1’espace classifiant
d’une cat6gorie monoidale n-uple simpliciale. L’outil principal est
une version de la thdorie cat6gorique de la coherence qui se traduit
directement en thdorie de coherence topologique et qui est bien
adaptee pour les extensions a des categories d’ordre superieur ; nous
pensons que ce r6sultat a son intdret propre.

1 Introduction

In recent years there has been an increasing interest in algebraic struc-
tures on a category motivated by coherence problems arising from topo-
logical quantum field theory. E.g. the categories of representations of

quantum groups are braided monoidal categories (c.f. [7], [8]). Another
motivation comes from new developments in stable homotopy theory, in

particular new models for the stable homotopy category. E.g. Thoma-
son showed that for the subcategory of connective spectra the category
of small symmetric monoidal categories and lax symmetric monoidal
functors is such a model with nice properties [15] . More precisely, the
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group completion of the classifying space of a symmetric monoidal cat-
egory is an infinite loop space and hence represents a connective spec-
trum. Conversely, each connective spectrum arises that way up to weak
equivalence.

In a similar way, monoidal categories correspond to loop spaces, and the
group completion of the classifying space of a braided monoidal category
is a two-fold loop space.

It has been an open question for some time which type of structure on
a category corresponds to n-fold loop spaces. In [2] we introduced the
notion of an n-fold monoidal category, and we could show that the clas-
sifying space of such a category is homotopy equivalent to a C,-space,
where Gn is the little n-cubes operad of [1]; hence its group completion
is an n-fold loop space. This poses the question whether a result similar
to the connection between symmetric monoidal categories and connec-
tive spectra holds for n-fold monoidal categories and n-fold loop spaces.
Since n-fold loop spaces are group completions of Cn-spaces, this ques-
tion is reduced to proving that up to weak equivalence each Cn-space
is the classifying space of an n-fold monoidal category. In the present
paper we prove a slightly weaker result: up to weak equivalences the
categories of Cn-spaces and of simplicial n-fold monoidal categories are
equivalent. The main technical ingredient of the proof is a new descrip-
tion of lax functors and of a variant of Street’s second rectification, an
approach which translates directly to the homotopical coherence theory
of [17] by applying the classifying space functor. Since this description
can be extended to define lax functors and their rectifications in higher
order categories, we believe that it is of independent interest. This part
will be developed in Section 3. While our construction is of a cubical
nature, it can be modified to a simplicial version, which connects with
Cordier’s theory of coherence in the category of simplicial sets [3] by
applying the nerve functor, and which is closer related to the homotopy
coherence theory of categories, developed by Cordier and Porter [4].

Our main results are listed in Section 2 and proved in Sections 3 to 6.

The contents of this paper have been presented at the CT2000 Interna-
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tional Summer Conference in Category Theory in Como and at work-
shops in Utrecht and Haifa.

2 Definitions and main results

2.1 Definition: An n-fold monoidal category, 1  n  oo, is a category
C with the following structure (the obvious adaptations in the case n =
0o are left to the reader).

1. There are n distinct multiplications

which are strictly associative and C has an object 0 which is a

strict unit for all the multiplications.

2. For each pair (i, j ) such that 1  i  j  n there is a natural
transformation

These natural transformations q" are subject to the following condi-
tions :

(a) Internal unit condition:

(b) External unit condition:

(c) Internal associativity condition: The following diagram commutes
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(d) External associativity condition: The following diagram commutes

Finally it is required that for each triple (i, j, k) satisfying 1  i  j 
k  n the (big!) hexagonal interchange diagram commutes.
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Let C be a small category and MnC the free n-fold monoidal category
generated by C. The objects of MnC are all finite expressions gener-
ated by the objects of G using associative operations 01, O2 ... , On, for
example

We allow the vacuous expression, denoted 0, which serves as the unit
object. The morphisms of MnC are finite composites of all possible
finite formal expressions generated by the morphisms of C and symbols
i3 with 1  i  j  n and A, B, C, D objects of MnC, using
the associative operations °1, 02, ... , and On. Two such composites
of formal expressions are identified if and only if one can be converted
into the other by repeated use of various functoriality, naturality and
associativity diagrams. (This is a special case of forming a colimit in
theories, cf. [1, p. 33 Prop.2.5].) We consider the set (1, ... , k} as
a category with objects 1, ... k and identity morphisms. Let Mn(k)
be the full subcategory of Mn {1, ... , k} whose objects are expressions
in which each element 1, 2, ... k occurs exactly once. The symmetric
group Ek acts freely on Mn(k) via functors by permuting labels on both
objects and morphisms. We have maps

defined by replacing the label r E {1, ... , ij) in Mn(ij) with the label
ii +... + ij-l + r and substituting an element j in Mn(k) by the ex-
pression so obtained in Mn(ij). This gives {Mn(k)}k &#x3E; 0 the structure
of a E-free operad in the category Cat of small categories, and Mn is its
associated monad

Let M : T -&#x3E; T be a monad on an arbitrary category T with composi-
tion /-z: M o M -&#x3E; 1i41 and unit q: Id - M. Recall that an M-algebra
consists of an object X E T and a structure map C : MX -&#x3E; X such
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that the diagrams

commute. A homomorphism of M-algebras (X, Cx) - (Y, GY) is mor-
phism f : X &#x3E; Y in T such that 

commutes. The category of M-algebras and homomorphisms in T is
denoted by TM. The following result is clear from the definitions (for
further information see [2, Chap. 3]).

2.2 Lemma: The category of n-fold monoidal categories and strict n-
fold monoidal functors is isomorphic to the category of W-algebras in
Cat and homomorphisms.

2.3 Notations: o Top denotes the category of compactly generated
spaces [16, Expl. 5 (ii)].

. SSets and STop etc. denote the categores of simplicial sets, sim-
plicial spaces etc. respectively.

. N : Cat -&#x3E; SSets is the nerve functor.

.|-| : ssets -&#x3E; Top is the topological realization functor.

. B = |- | o N : Cat --&#x3E; Top is the classifying space functor.

. A map f : X -&#x3E; Y in Top is a weak equivalence if f* : rn(X, x) --&#x3E;

7r n (Y, f (x)) is an isomorphism for each n &#x3E; 0 and each choice of
base point x E X.
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. A map f : X. -&#x3E; Y, in STop is called a weak equivalences if

| f | : IX.1 | -&#x3E; I Y.1 | is a weak equivalence in Top.

. A functor F : C -&#x3E; D of small categories and a simplicial functor
F : C. --&#x3E; D. of simplicial categories is called a weak equivalence
if B(F) is a weak equivalence in Top respectively in SToP.

o Cn denotes the little n-cube operad of Boardman and Vogt [1].
. If M is an operad in any of our categories, we denote its associated
monad by M.

Let M be a E-free operad in Cat, such as .Mn. Since the classifying
space functor preserves products, BM is a E-free operad in Top. If

J3M denotes its associated monad, then there is a natural isomorphism

2.4 B(MC)= BM(BC)

In particular B defines a functor

and by prolongation a functor

It is well-known that the topological realization |Z.| of a simplicial 2?M-
space Z. is again a BM-space [11, Thm. 12,21]. Hence we obtain a

functor

The main aim of this paper is to prove

2.5 Theorem: For each n, 1  n  oo the functor |B| induces an
equivalence of categories

where the weak equivalences are those algebra homomorphisms whose
underlying morphisms are weak equivalences in sCat respectively in Top.
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The theorem is a consequence of the following three results, the first of
which is our main result of [2] (for n = oo we can take Doo = BMoo x
Coo).

2.6 Theorem: For each n, 1  n  oo, there is a proper E-free topo-
logical operad Dn and maps of operads

which are homotopy equivaiences on underlying spaces.

Here we call a topological operad C proper if the inclusion of the identity
lidl -&#x3E; C(l) is a closed cofibration. Each B.M for a Cat operad Nl and
each Cn is proper.

For a topological operad M let cwSTopM denote the full subcategory of
the category of simplicial M-spaces whose underlying spaces are simpli-
cial CW-complexes with cellular structure maps. The following result
will be proved in Section 6.

2.7 Theorem: Let ,M be a E-free operad in Cat. Then B : SCat’ --&#x3E;

cwSTopBM and : CWSTopBM --&#x3E; TOpBM induce equivalences of
categories

2.8 Proposition: Let a : D --&#x3E;£ be a map of proper E-free topo-
logical operads which is a homotopy equivalence on underlying spaces.
Then a induces an equivalence of categories

The proof of the proposition is standard (e.g. see [11]). The monadic
twosided bar construction defines a functor

If X is a D-space, there is a diagram of weak equivalences of D-spaces
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If Y is an E-space, there are weak equivalences of E-spaces

This establishes the result. O

As to the existence of the localizations we adopt Thomason’s approach.
We assume Grothendieck’s axiom of universes. For details see [15, (1.5)]
and [5, p. 185 fl1.

3 Lax functors and lax natural transfor-

mations

In this section we study a variant of Street’s second rectification [13]
in a setting which translates nicely into the topological situation. Our
approach can be dualized to provide a similar variant of Street’s first
rectification. Although we treat only the case we need, we want to
point out that our approach generalizes to define and rectify lax functors
between higher order categories..

3.1 Definition: Let A be a category and B a 2-category. A (unital)
lax functor O : A -&#x3E; B (with strict units) assigns to each A E ob A an
object 4lA of B, to each morphism f : A1 -&#x3E; A2 in A a morphism O f :
4lAi -&#x3E; 4)A2 in B, and to each pair of morphisms A1 -&#x3E;f A2 -&#x3E;g A3
in A a 2-cell cp(g, f ) : O(g o f ) - O(g) o O(f) such that

commutes
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and 

If F : A’ --&#x3E;A is a functor and G :B -&#x3E;B’ is a 2-functor the

composite lax functor G o O o F is defined in the obvious way.

3.2 Construction: We define a functor

from the category of small categories to the category of small 2-categories
such that a lax functor A -&#x3E; B is the "same" as a 2-functor WA -&#x3E; B

(see Prop. 3.8). The underlying category of WA is the free category
on the graph underlying A modulo the relation (idA) = idA for objects
A E A, while the 2-cells of WA express composition in A. In detail,
ob WA = ob A and W,A(A, B) is the category

where is the category 0 -&#x3E;i 1 and

considered as discrete category. Let

be the unique functor sending the object (i, j) to max(i, j). The rela-
tions are given by

if 

if

if

if
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where (tn, ... , £1) E mor Ln, and " means delete.

The composition functors

are defined by

Hence 2-cells in WA are horizontal composites of 2-cells of the form

For a functor F : A -&#x3E; A’ the 2-functor W F : WA -&#x3E; W A’ is defined
by

3.4 Example: Let A be the poset 0  1  2  3. Then WA is the

following 2-category

If (j&#x3E; i) denotes the 1-morphism i -&#x3E; j then each triangle with vertices
i  j  k represents a 2-cell
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The four 2-cells form a commutative square giving rise to a fifth diagonal
2-cell. So the category W A(0, 3) is given by the commutative diagram

3.5 Remark: Note that a 1-morphism in WA is uniquely represented
by an element

with all fk = id, which uniquely decomposes into

3.6 Definition: We define a lax functor

natural in A, as follows: n is the identity on objects, sends f : A1 -&#x3E;

A2 to ( f ) and the pair A1 -&#x3E;f A2 -&#x3E;g A3 to the 2-cell (g, f ; t) E
WA(A1, A3)-

3.7 Proposition: Considering A as 2-category with trivial 2-cells there
is a 2-functor natural in A

For each pair of objects A, B of A the 2-functor 6 and the lax functor
n define functors (A(A, B) is considered a discrete category)

such that c o 17 = id and there is a natural transformation q 0 ê -&#x3E; id.
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Proof: £(fn, ... , f0 ; en,... , E1) = fno...o f0. Let (In,... ,/0; 1, ... ,1)
be an object in W A(A, B) . To it the natural transformation assigns the
morphism

in W A (A, B). O

3.8 Proposition: The correspondence F -&#x3E; F oq defines a bijection

Proof: We construct the inverse map. Let -1) : A -&#x3E; B be a lax functor

(with strict units). By (3.1.1) there is a unique 2-cell

Let F : WA -&#x3E; B be the 2-functor sending an object A to O (A), a
morphism f to 4l( f) and the 2-cell (fn, ... , fo; l, ..., t) to cp (fn, ... , f0).
Note that 2-cells (fn, ... , fo; en, ... , el) with some Ei = ido can be
reduced by relation (3.3.1). If Ek = id, this 2-cell is the horizontal

composite

Hence F is completely determined by the given data. It is easy to check

that F is a 2-functor and that the assignment O --&#x3E; F is the required
inverse map. D

3.9 Remark: 1) The W-construction (3.2) can easily be extended to
a 2-functor 2-Cat -&#x3E; 2-Cat to study lax functors between 2-categories.
2) Usually lax functors are not assumed to satisfy our strict unit condi-
tion (3.1.2). Instead, one has a 2-cell 4l(idA) =&#x3E; idOA satisfying certain
coherence conditions. We can cover this case by first whiskering A to
obtain a 2-category .A and a canonical 2-functor A --&#x3E; A and then

applying the W-construction for 2-categories to Ã.

Our next aim is the rectification of lax functors A --&#x3E; Cat.
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3.10 Definition: Let F : A -&#x3E; B be a strict and 4l : A --&#x3E;B a lax
functor into a 2-category B. A reduced lax natural transformation

assigns to each object A of A a morphism 0A : FA --&#x3E; $A and to each
f : A1 -&#x3E; A2 a 2-cell Of : () A2 o F f -&#x3E;O f o OA, such that for each pair
A1 -&#x3E;f A2 A3 the diagram

commutes, and 0idA = ideA .

3.11 Remark: A strict functor A--&#x3E; B is a 2-functor, where A has
trivial 2-cells. We use the term reduced lax natural transformation to

emphasize that F is strict.

3.12 Let 0 : F -&#x3E; O be a reduced lax natural transformation and a :
G -&#x3E; F a strict natural transformation of strict functors. Then we have
a canonical composite reduced lax natural transformation 0 0 o : G -&#x3E; 0
defined by

where o f is the identity 2-cell a A2 o G f = F f o oA1.

3.13 Construction: We define a functor
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which associates with each category A a 2-category WA in such a way
that a reduced lax natural transformations 0 : F -&#x3E; O can be inter-

preted as a 2-functor W A -&#x3E; B and vice versa (see Prop 3.15).

For each pair of objects A, B in A let W A(A, B) be the category

with relations (3.3.1),...,(3.3.3) but NOT relation (3.3.4).

WA(B, B’) operates from the left on WA(A, B) and A(A’, A) operates
from the right. The two operations are given by

and by

The two operations commute.

We note that these data define a 2-category W A with ob %ilA = ob(A x
G) and 

The operations define composition. In particular, A and WA are full
sub 2-categories of W A.

3.14 Example: Let A be the poset 0  1  2. Then W A looks like
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We have a copy of A at level 0, i.e a commuting triangle of 1-morphisms
(j &#x3E; i)o. There is a copy of W A at level 1, i.e. a triangle of 1-morphisms
(j &#x3E; i), commuting up to a 2-cell

There are six additional 1-morphisms

and

represented by (idi) and (j &#x3E; i) in W A respectively. The upper triangles
of the vertical faces all commute while the lower triangles commute up
to a 2-cell

represented by (j &#x3E; i, idi ) x L1 in W A.

The four 2-cells give rise to a commutative square obtained from (2 &#x3E;

1, 1 &#x3E; 0, ido) X ,C2 in W A. Hence there is a fifth diagonal 2-cell. In

particular, the category W A((0, 0), (2,1)) is given by the commutative
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diagram

3.15 Proposition: The reduced lax natural transformations 0 : F -&#x3E;
4l correspond bijectively to 2-functors

such that

Proof: Suppose we are given 0. Then H is determined on A and W A
and hence on all objects. We have to specify the functors

On objects define H(fn, ... , fo; l, ... 1) = lF ( fn ) o .. , o O(f1) o 0A1 0
F( fo), where A1 is the target of fo. We set

This determines H completely because (fn, ... , f0 ; En, ... , E1) reduces
by (3.3.1) if some Ek = ido and decomposes into

if

The conditions on 0 ensure that H is a 2-functor. Conversely, given H
we obtain a reduced lax natural transformation by setting

with idA E obWA(A, A) and ( f, id; t) E morWA(A, B).
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3.16 Rectification construction: Let 4l : A -&#x3E; CatM be a lax func-
tor into the 2-category CatM of M-algebras, where M is any Cat-operad.
Using (3.8) we think of $ as a 2-functor W A -&#x3E; Catm. For each A E .A
let 

be the full subcategory of all tuples (aB; B E A) of functors

such that

if Ek = id1 and C = target fK-1. Note that cp = O(fn, ... , fk; Cm, ... , Ek+1)
is a natural transformation and g = aC(fk-1, ... , fo; Ck-l, ... , Fo) is a

morphism. The symbol cp(g) for g : cl -&#x3E; C2 in O(C) and cp : G1 - G2
stands for the diagonal in

Since 41) takes values in CatM the coordinatewise operation of M on the
O(B) gives O(A) the structure of an .M-category.
The correspondence A --&#x3E; O(A) extends to a strict functor

Let f : A1 --&#x3E; A2 be a morphism in .A. We define

with 
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3.17 Proposition: There is a reduced lax natural transformation v :
O -&#x3E;O such that any reduced lax natural transformation 0 : G --&#x3E;O
factors uniquely as 0 = v o 6 where b : G-&#x3E;O is a strict natural
transformation of strict functors and v o 6 is the canonical composite of
(3.12).

Proof: We define v as a 2-functor W A -&#x3E; CatM. On the subcategories
A and W A it is determined by O and O. It remains to define

This functor is the adjoint of the evaluation functor

Given any reduced lax natural transformation 0 : G --&#x3E; O the only
correspondence 

satisfying v o 0 = 0 is induced by the adjoint of

obtained from the adjoint of

It is easy to check that 0 is a natural transformation. 0

3.18 Proposition: For each object A of A there is a functor

such that vA o pA = idIA, and a natural transformation

If (D is a strict functor, the pA combine to a natural transformation
p:
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Proof: Note that vA : OA-&#x3E; OA sends (aB; B E A) to aA(idA).
The functor PA : (DA -&#x3E; OA sends an object a in (DA to (aB; B E
A) E OA given by aB(fn,... , fo; £n,... , £1) = (1) (fn o ... o fo)(ida) and
a morphism 9 : a -+ b to

given by 4l( fn o ... o fo) (g). Since O(id) = id we have VA 0 PA = id.

vve note that pA o vA(aB ; B E A) = (BB ; B E A) is defined by

The natural transformation TA is induced by natural transformations

defined by TA,B (fn,... , fo; 1, ... , 1) = aB (fn, ... , f0, idA ; 1, ... , 1, i).
By definition, the pA define a natural transformation O-&#x3E; O if (D is a
strict functor. 0

3.19 Definition: Let O, Y : A --&#x3E; B be lax functors. A strict natural
transformation of lax functors

is a strict natural transformation of the associated 2-functors W A -&#x3E;
B. In other words, T assigns to each object A of A a morphism T A :
4)A e TA such that

for each
for

each pair Al -4 A2 -&#x3E;g A3 in A.
3.20 Let F: A -&#x3E; B be a strict and O, Y : A --&#x3E; B be lax functors.
Let 0: F - 4l be a reduced lax natural transformation and r : O -
Bl1 a strict natural transformation of lax functors. There is a canonical

composite r o 0 : F --&#x3E;Y defined by
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3.21 Proposition: If Lax Funct(A, Catm) denotes the category of lax
functors A -&#x3E; Catm and strict natural transformations and Funct(A, CatM)
the category of strict functors and natural transformations there is a
rectification functor

Proof: R is defined on objects by sending (D to O. Consider the diagram

where T : 4l -&#x3E; Y is a strict natural transformation and r o vO the
unique strict natural transformation of strict functors of (3.17) making
the square commute. We take R(r) =r o vO. The functor axioms follow
from the uniqueness part of (3.17). 0

4 A lax action of a lax operad

Throughout this section let M be a E-free operad in Cat and X be a
BM-space.

We construct a "lax" operad P = PM (we usually drop the suffix M
from the notation) and a category CX, on which P acts in a "lax" way,
together with a natural weak equivalence of "lax" operads

and a natural weak equivalence
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compatible with the action of BP on BCx and of BM on X.

"Lax" means that all axioms hold apart from the associativity axiom
which holds up to natural isomorphisms satisfying Mac Lane’s pentagon
coherence condition [10, VII.1].

This is the first step of the construction of the functor from TopBM to
CatM.

Let [n] denote the ordered set {0  1  ...  n}. We frequently identify
[n] with its associated category

Let Pris C Cat denote the full subcategory of prisms, i.e. of products

We allow the empty product, denoted by [0]. The category Pris is

strictly monoidal with structure functor

and unit [0].

4.1 Construction: We define P(n) to be the over category (Pris |
M(n)). The unit 1 E P(1) is the object

The composition map

sends
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Clearly, 1 E P(1) is a strict unit, but composition is associative only up
to coherent isomorphisms. E.g. y o (y x id) maps the element

x = ((f, C); (gl, Di), (92, D2); (h11, E11), (h12, E12), (h21. E21), (h22, E22))
in P(2) x P(2) x P(2) x P(ki) x P(k2) x P(Il) x P(12) to the functor

while q(id x y) maps it to the functor

Since M is a genuine operad the following diagram with the obvious
permutation a commutes
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Hence the same permutation

is an isomorphism in (Pris t M(k1 + k2 + l1 + l2)).

In the general case we have a similar picture and it is easy to check that
the associating isomorphisms satisfy the coherence pentagon condition
[10, VII.1]. The action of the symmetric group Ln on P(n) is uelllleu

by

for x E C. Here we encounter a similar problem, which we again il-

lustrate by an example. Let a = (1, 2, 3) E E3 be a cycle. Then the
following diagram commutes

Now
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Hence the axiom for an operad concerning the right E-action only holds
up to a natural isomorphism, which is given by

A map a : .M - N of operads induces a map PM -&#x3E; PN of lax operads
by sending ( f, C) to (a o f, C).

We define

by sending the object ( f, C) to f (T), where T is the unique terminal
object of C. This correspondence extends uniquely to a functor called
last vertex functor. It is a unit preserving strict functor of lax operads.

4.4 Construction: For X E TopBM let Cx denote the category whose
objects are pairs ( f, C) with C E Pris and f : BC -&#x3E; X a map. The
morphisms from ( f, C) to (g, D) are morphisms h : C -&#x3E; D in Pris
such that

commutes.

We have a lax action of the lax categorical operad P on the category
Cx defined by the functors

sending the element ((f , C); (gi, Di),... , (gk, Dk)) to the object

where B is the structure of X. The unit condition of an operad action
holds but the associativity condition and the condition for permuta-
tions only hold up to natural isomorphisms for the same reason as in
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Construction (4.1). For later reference we include the two relevant di-
agrams in special cases: to illustrate associativity take ( f, C) E P(2),
(9m Di), (92, D2) E P(1) and (hi, Ei) E Cx. We have a commutative
diagram

Observe that

while

The evident shuffle u defines a natural isomorphism between the two
functors involved.

We have a similar picture with respect to the permutations (we use the
notation of (4.2)). We have a commutative diagram
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Note that

while

and the two maps differ by the isomorphism (id x o).

A homomorphism a : X -&#x3E; Y of BM-spaces induces a functor

and Ca is a strict homomorphism of lax P-categories.

4.7 Lemma: There is a natural map

compatible with the lax action of BP on BCX and the action of BM
on X.

Proof: An n-simplex in the nerve of Cx is a sequence of functors of

prisms
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together with a map of spaces g : BCn -&#x3E; X. Consider [n] as a

category and define a functor [n] -&#x3E; Cn by sending k to the image of
the last vertex of Ck in Cn. Realization defines a singular n-simplex

in X and we obtain a simplicial map

where Sing X is the singular functor on X . We define q to be the

composite of the realization with the canonical weak equivalence

Let Simp/X C Cx denote the full sub category of standard simplices
over X, i.e. its objects are pairs (g, [n]) with continuous maps g : An =
B ([n]) -&#x3E; X. It is well-known that the composite

is a weak equivalence (e.g. [9]). The inclusion functor Simp/X --&#x3E; Cx
is a weak equivalence by Quillen’s Theorem A [12] because for each
object ( f, C) E Cx

It remains to check the compatability of 77 with the actions of P and
M. Let

and

denote the adjunction morphisms. Since the singular functor preserves
products, Sing(BM) is an operad in the category of simplicial sets oper-
ating on Sing X. The adjunction a defines a map of operads a : NM -&#x3E;
Sing BM. Hence NM operates on Sing X and BM on Sing X|. More-
over, since the inverse of the natural map| Sing X x Sing Y| -&#x3E; I Sing X I x
I SingYl is cellular (e.g. see [11, Thm. 11.5]), the action of BM on
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I Sing X1 is cellular. Given an n-simplex Q in N,M (k) and a collection
of k singular n-simplexes Ti of X, the singular n-simplex defined by the
operation of o on the Tz is the composite

Since

the natural map Sing X | - X is a homomorphism of BM-spaces.

The compatability of the map NCX -&#x3E; Sing X with the action of NP
and N,M follows immediately from the definitions. D

In the same way one can show

4.8 Lemma: The functor T : P -&#x3E; M of lax operads is a weak equiv-
alence.

For later use we restate part of the proof of Lemma 4.7:

4.9 Lemma: Let M be a Cat-operad and X a BM-space. Then Sing X |
is a B.M-space with cellular action, and the natural map |Sing X| -a X
is a weak equivalence of BM-spaces.

5 A functor from TopBM to SCatM

If P were a genuine operad acting strictly on Cx, we would proceed as
follows: let P denote the monad associated with P. We would form the
functorial 2-sided bar construction B.(M, P, Cx) to obtain the required
simplicial object in Catm. Since P is only a lax operad acting in a lax
way on GX, we have to detour:
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1. We replace the monad construction P by the homotopy monad
construction,

2. For this we need the homotopy orbit construction in Cat.

3. We then mimic the 2-sided bar construction B.(M, Ph, CX) and
obtain a lax functor Q.(X) : Aop -&#x3E; CatM.

4. We finally rectify this lax functor to obtain a strict functor Q.(X) :
AOP -&#x3E; Catm -

The homotopy orbit construction in Cat: Given a category JC and two
functors

we define

to be the following category: objects are triples (x, k, y) with k E ob IC,
x E ob F(k), y E ob G(k). A morphism 

consists of a morphism a : ko -&#x3E; k1 in IC, a morphism f : xo -&#x3E; F(a)(xl)
in F(ko), and a morphism g : G(a)(yo) -3 y, in G(ki).

Composition of two morphisms

is defined to be

5.1 Proposition: Let G be a group considered as category with one
object. Let X be a category with right G-action and Y a category with
left G-action. Then
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Proof: Construct a functor H : G - Cat, by sending the single object
to X x y and a morphism 7r to the functor

The Grothendieck construction G f H is the following category: ob(G f H)
ob X x ob y. A morphism is a pair

with 7r E G and (f, g) : H(r)(xo, yo) -&#x3E; (x1, y1), i.e. f : xo - .1r-l --* X,
and g : 1rYo - yl. The composition of the two morphisms

is the morphism

Lemma: X x hG y = G f H

Proof: The functor U : X XhG Y -&#x3E; G f H, given by the identity on
objects and by U( f, r, g)= (7r, (f. r-1, g)) on morphisms, is an isomor-
phism of categories. 0

Hence B(X x hG y) = B(G f H). By [14, Thm.1.2] there are two natural
homotopy equivalences connecting B(G f H) and hocolimG(B o H), i.e.
the homotopy colimit of the G-diagram sending the single object to
BX x By and 7r to the map

It is well-known that hocolimG Bx x By b3f B(Bx, G, BY). 0

5.2 Remark: If G acts freely on X or y, then the canonical map

is a homotopy equivalence. Hence the canonical functor

is a homotopy equivalence in this case.
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The homotopy monad Ph: For any small category C we define

The lax action of P on Cx induces a kind of action

of the homotopy monad Ph on Cx : Let (.f, 7r, q) : (Po, xn) - (p1, X1) be a
morphism in P(n) XhEn CnX with f : po - Pl°7r in P(n) and g : 7rxo -&#x3E; Xi
and x; in GnX. Then

Hence it suffices to define Çn : P(n) XhEn CnX -&#x3E; Cx for the three types
of morphisms ( f, id, id), (id, r, id), and (id, id, g). On objects we define

Cn : ((p,C) ; (x1, D1),... , (xn, Dn)) -&#x3E; (Bno(Bp x x1...x xn), C x D1 x...xDn)

where /3n : BM (n) x Xn -&#x3E; X is the B.M-structure on X:

The morphisms Çn (f, id, id) and Çn (id, id, g) are the obvious ones. E.g.
the morphism
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is mapped to f x id : Co x D1 X ... x Dn -t C1 X D1 X ... x Dn in ex.

Çn (id, 7r, id) is the permutation morphism

which is a morphism over X by (4.6).

Clearly Çn preserves composition of morphisms of the same type. To

prove that gn is a functor, we have to show that it respects the relations

For the third relation this is clear. The left side of the first relation is

mapped to

such that

commutes. The outer part of the diagram is the same as the outer part
of
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Hence the first relation holds. The second relation is shown the same

way.

The multiplication PhPhC -&#x3E;u PhC of the homotopy monad is defined on
objects by

with (q, E) given by

On morphisms (f, r, g) with f : (po, Co) - (p1 r, Cl) in P(n), r E En,
and g E (PhC) n, g = (gl, ... , gn), we define p in a manner analogous to
6n: u(f, id, id) is given by 

and the identity on the other components.

uC(id, 7r, id) is given by the permutations

and p(id, id, g) is the obvious morphism.

It is straightforward to check that this is a functor. The "multiplication
functor" IL is associative up to natural isomorphisms, because of the lax
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operad structure of P. It admits a strict unit

The functor T : P - M induces a right action of Ph on M:

Since the permutation functors DI x ... x Dn 5 D1r-l(l) x ... x D1r-l(n)
preserve the last vertex, we obtain a natural transformation p : P4Vih --t

M such that the following diagrams commute:

and M M7J) MPh p-&#x3E; M is idM.

These data allow us to define the lax functor

of the next step in our program. We set Qn(X) = MPh nCx, The struc-
ture maps are given by
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Finally we apply the rectification (3.16) to Q,(X) to obtain a strict
functor

Since all our constructions are functorial in M and X, this defines a
functor

6 Proof of Theorem 2.7

Throughout this section let M be a E-free Cat-operad.

6.1 Proposition : |-| : cwSTopBM --&#x3E; TopBM induces an equivalence
of categories 

Proof: Let T = |Sing(-))| : Top -&#x3E; Top be the functorial CW-
approximation and

the associated natural weak equivalence. Let

be the continuous singular functor right adjoint to the realization func-
tor, and let

be the natural continuous adjunction maps. Since Top(A*, -) is a con-
tinuous product preserving functor, it defines a functor TopBM --&#x3E;

STopBM right adjoint to the realization functor I - I : STopBM --&#x3E;

TopBM. By (4.9) the functor T also induces a functor T : ToPBM -
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7-op’m and B(X) : TX -&#x3E; X is a morphism of BM-spaces for B.M-
spaces X. Let T. : S7-OpBM S7-op’m be the prolongation of T. Now
define

Claim 1: Let X be a B.A4 -space. Then the composite

is a weak equivalences in 7opBM.

Proof: Let X. denote the constant simplicial space on X so that |X.|=
X. Consider the commutative diagram

Since atop (X.) is dimensionwise a homotopy equivalence, so is T.atoP(X.).
Since T.X. and QX are proper as simplicial spaces (i.e. the inclusion

of the space of degenerate n-simplices into the space of all n-simplices
is a closed cofibration for each n), realization gives a weak equivalence
TX -&#x3E; QX|. Since /3(X) is a weak equivalence, the claim follows.

Claim 2 : Let Y. be in cwSTop’m. Then there are weak equivalences in
cwSTopBM

Proof: The left equivalence is induced by the homotopy equivalences
B(Yn) : TYn -&#x3E; Yn. For the right equivalence consider the commutative
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diagram

Since /3(Y.) is a weak equivalence, Ta"P(Y.) : T,Y, ---7 Q (|Y.|) is a

weak equivalence by Claim 1. 
1 

0

6.2 Proposition: The functor B : sCatM --&#x3E; cwSTopBM induces an
equivalence of categories

Recall the functor Q. : TopBM -&#x3E; SCatM of the previous section. Define

by D(X*) = dQ.(X*), where d stands for the diagonal.

6.3 Lemma: Let X be a CW-complex. Then there is a sequence of
weak equivalences in cwSTopBM natural in X, which join BQ.(X) and
the constant simplicial space X. on X.

The proof is based on an analysis of the rectification v : Qx -&#x3E; Qx.

There is a topological version Wtop of the W-construction (3.2): just
replace G by the unit interval. Let A be a small indexing category. A
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coherently horrLOtopy commutative A-diagram in Top is just a continuous
functor

This is the topological version of Proposition 3.8. A lax natural trans-
formation corresponds to the concept of a (coherent) homotopy homo-
morphism, and a reduced lax natural transformation to the concept of
a source reduced homotopy homomorphism in the terminology of [17,
p. 18]. There is a rectification D : A -&#x3E; Top of D : WtopA --&#x3E; Top
together with a source reduced homotopy homomorphism

such that each vtoP(A) : D(A) -&#x3E; D(A) is a homotopy equivalence. vtoP
has the following universal property: given an A-diagram E : A -&#x3E; Top
and a source reduced homotopy homomorphism (3 : E -&#x3E; D there is a
unique homomorphism of A-diagrams /3 : E -&#x3E; D making the following
diagram commute

This is the topological version of Propositions 3.17 and 3.18. If we start

with a strict A-diagram D and take (3 = idD we obtain a homomorphism
of A-diagrams p = id : D-&#x3E; D such that vtop o p = idD as source
reduced homotopy homomorphisms. Since each each Vtop(A) : D (A) -&#x3E;

D(A) is a homotopy equivalence, p is a weak equivalence of A-diagrams.

If we consider diagrams in Topc where C is any topological operad then
the morphisms vtop, ø, and p are homomorphisms of diagrams in Top
and not just in Top. For more details see [17].

By construction, the classifying space functor maps the categorical sit-
uation onto the topological one. In particular,

is a source reduced homotopy homomorphism of Aop-diagrams of BM-
spaces. The map T : P - M of lax operads together with the weak
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equivalence 77 : BCX - X induce a weak equivalence of WtoPO°p-
diagrams in 7-op’m by (4.7), (4.8), and (5.2)

Composing the two we obtain a source reduced homotopy homomor-
phism 

of simplicial BM-spaces, such that each Bn : BQn (X) --&#x3E; Bn(BM, BM, X)
is a weak equivalence. Since B. (BM, Bfvll, X) is a strict Aop-diagram
of BM-spaces we obtain a sequence of weak equivalences of simplicial
BM-spaces defining the botton row of the following diagram.

Unfortunately, (B.(BM, BM, X))^ is not a simplicial CW-complex. We
resolve this by applying the standard functorial CW-approximation T =

I Sing(-) I, which defines the rest of the diagram. By Lemma .4.9 the
vertical maps are weak equivalence of simplicial BM-spaces. All spaces
of the diagram apart from (B. (BM, BM, X))^ live in CWSTopBMI and
the maps joining them are weak equivalences in cwSTOpBM. This proves
Lemma 6.3.

6.5 Lemma: Let X, be an object in cwSTopBM. Then there is a se-
quence of natural weak equivalences in cwSTopBM joining BD(X,) and
X* .

Proof: Diagram (6.4) gives rise to a diagram of bisimplicial BM-spaces
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where X.* is constant in the o-direction. The maps are weak equiva-
lences in each dimension *. The diagonals are objects in cwSTopBM,
and we obtain the required sequence joining BD(X*) and X*. O

6.6 Lemma: Let A be an M-category. Then there is a sequence of
weak equivalences in sCatM natural in A, which joins Q.(BA) with the
constant simplicial M-category A. on A.

Proof: Let CA = Pris | A denote the category of prisms over A. The
lax operad P acts on CA analogously to Construction 4.4, and the last
vertex maps T : P - M and q : CA -&#x3E; A are compatible with the
lax action of P on CA and the strict action of M on A. Let

be the lax functor defined as Q.(X) but with Cx replaced by CA.
The last vertex map defines a strict natural transformation of lax 0°p-

diagrams in CatM

such that each functor Qk(A) -&#x3E; Bk(M, M, A) is a weak equivalence.
We note that B.(M, M, A) is a strict Aop-diagram. Furthermore there
is a strict natural transformation of lax Aop-diagrams in CatM

induced by the functor

6.7 Lemma: The functor CA-&#x3E; CBA is a weak equivalence.

Proof: By (4.8) the last vertex map defines a homotopy equivalence

By (4.7) the last vertex map defines a homotopy equivalence B(CBA) -&#x3E;

BA. Hence the result follows. 0
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We have strict natural transformations of lax Aop-diagrams in Catm

such that the functors

are weak equivalences. Applying the rectification functor (3.16) we ob-
tain natural maps of strict AuP-diagrams in CatM

which are dimensionwise weak equivalences. Since B.(M, M, A) is a

strict simplicial M-category, there is a natural map

which is dimensionwise a weak equivalence. Supplementing the diagram
with the evaluation to the constant simplicial A4-category A. we obtain
a sequence of weak equivalences in SCatM

natural in A. D

6.9 Lemma: Let A* be a simplicial M-category. There is a natural
chain of weak equivalences in SCatM joining DB(A*) and A*.

Proof: Diagram (6.8) gives rise to a diagram of bisimplicial M-categories

consisting of weak equivalences in SCatM for each fixed dimension *.
The diagonals are the required chain of weak equivalences. 0
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