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HOMOTOPY COLIMITS AND COHOMOLOGY WITH
LOCAL COEFFICIENTS

by M. BULLEJOS1, E. FARO1 and M.A. GARCÍA-MUÑOZ

CAHIERS DE TOPOLOGIE ET
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

Volume XLIV-l (2003)

RESUME. Les auteurs décrivent la structure des ensembles

simpliciaux de Eilenberg-MacLane généralisés comme colimite et

utilisent cette représentation pour obtenir une démonstration
élémentaire du fait qu’ils représentent la cohomologie singulière à
coefficients locaux.

1 Introduction

For any given abelian group A and natural number n, the nth Eilenberg-
Mac Lane simplicial set K(A, n) represents the nth (singular) cohomol-
ogy group functor with coefficients in A in the sense that for every

simplicial set X the corresponding cohomology group Hn(x, A) can be
calculated in terms of (homotopy classes of) maps X -&#x3E; K(A, n) (see
[3]),

For any simplicial set X (indeed, even for any space, although we
shall limit ourselves here to the case of simplicial sets) more general
cohomology groups can be calculated if one is given, instead of just one
abelian group A, a system of local coefficients for X, that is, a system
of abelian groups associated with the fundamental groupoid, II1(X), of
X in such a way as to determine a II1 (X )-module or functor

to the category Ab of abelian groups.

’This paper has been financially supported in part by DGI: BFM2001-2886.
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Also in this general case of cohomology with local coefficients it

would be possible to establish representation theorems analogous to (1),
although a general description of the representing simplicial sets may
become quite complicated (see [5], [7]). The role that the Eilenberg-
Mac Lane simplicial sets play in the constant coefhcient case is played,
in the local coefhcient case, by fibrations with fibres Eilenberg-Mac Lane
simplicial sets. Baues called those fibrations generalized Eilenberg-Mac
Lane spaces (see [1]).

The main purpose of this paper is to give an explicit description of
those fibrations, in the context of simplicial sets.’ We use a particular
representation of homotopy colimits due to Bousfield and Kan, to prove
first, that for each n the generalized nth Eilenberg-Mac Lane space of a
local coefficient system A : II1 (X ) -&#x3E; Ab can be defined as the canonical
fibration associated to the homotopy colimit of the corresponding "lo-
cal coefficient Eilenberg-Mac Lane functor" , K(A, n) and, second, that
the simplicial sets so defined represent the local coefhcient cohomology
groups Hn(X, A) .

Briefly, we see that there is a canonical split fibration

whose fibre on any object x E Ner (II1 (X)) is the simplicial set K(A(x), n),
and then we give a specific isomorphism

(See section 4 and Corollary 4.6 for the precise statement.)
We shall begin by fixing our notation and briefly reminding the

reader of the definition of the homotopy colimit of (a diagram) of sim-
plicial sets, recalling Bousfield and Kan’s description of the same and
stating the egsential properties that will be used later on. Those prop-
erties motivate our definition of the generalized Eilenberg-Mac Lane
simplicial sets, which is given in section 3. In this section 3 we also
establish the basic lemmas which lead to the main theorems. Finally,
in section 4, we obtain, as an immediate corollary of a general theorem,
the required representation theorem establishing (2).
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2 Homotopy colimits ,o,f simplicial sets
We shall denote Sset the category of simplicial sets, Sset = SetAop. 
The nerve functor Ner : Cat -&#x3E; Sset associates to each small category
C the simplicial set whose 0-cells are the objects of C, and whose m-
cells (m &#x3E; 1) are the length-m chains of arrows of C. If E = [xo -&#x3E;u1 x1-&#x3E;u2 
...um-&#x3E;xm] is an m-cell in Ner(C), its ith face (0  i  m) is obtained
by "dropping" the object Xi (so, for example, if 1  i m - 1 then
di E = [xo U1 ... -&#x3E;ui-1 xi-1 -&#x3E;ui+1ui xi+1 Ui+2 -&#x3E;Um xm]), while thé
degeneracies are defined by siE= [xo-&#x3E;U1 ... ui-&#x3E;xi-&#x3E;1xi -&#x3E;ui+1 Um xm].

The nerve functor has a left adjoint ("categorisation"), a fact which
implies that it preserves all limits. Since the category of small groupoids
is a reflective subcategory of Cat, "nerve of a groupoid" also has a
left adjoint ( "fundamental groupoid"). So, restricting our attention to
groupoids, we have an adjoint pair,

Given a small category C, let us denote Ne : C°P -&#x3E; Sset the compo-

sition of Ner with the functor Cop -&#x3E; (-)/C Cat taking an object x E C to
the slice category xlC, that is, NC (x) = Ner(x/C). If now we are given
a functor F : C -&#x3E; Sset the homotopy colimit of F is the coend of the
functor C°p x C NcxF -&#x3E; Sset, that is,

Example 2.1. Let F be the terminal object in Ssetc, that is, the con-
stant functor C -1 &#x3E; Sset whose image is the one-point (terminal) sim-
plicial set. Then the homotopy colimit of F is the nerve of c:

As a consequence, the homotopy colimit of every small diagram of
shape C has a canonical map to the nerve of C:
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There is a description of the homotopy colimit which we will find
useful in this paper. According to [2], the homotopy colimit of a small
diagram, F : C -&#x3E; Sset, can be obtained as the diagonal of the simplicial
replacement Y ( F) of F,

see [2] Chapt. 12, sec. 5.2, and [10].
According to this description, the set of m-cells of hocolimc F can

be represented as:

while its faces and degeneracies are given in terms of those of the F(x)
and of Ner(C) as:

(where and and

It is immediate to verify that, with this description of the homotopy
colimit, the map l is given by l(E, a) = E, and to deduce the following
known result:

Proposition 2.2. For any small category C and any functor F : C -&#x3E; 
Sset, the fibre, at any object x E C, of the canonical map

is the simplicial set F(x).

Proof. Let us consider the situation at dimension m. We must identify
the set F(x)m with the set of ail those (ç, a) E (hocolimc F)m such that
E = [x-&#x3E;1xx -&#x3E;...x-&#x3E;1xx], and show that the faces and degeneracies of
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F(x) agree with those of hocolimc F. Now, in such ’pairs (ç, a), a is
arbitrary as long as a E F(x), and E is unique. On the other hand,
the agreement of the faces di for i &#x3E; 0 and of all the degeneraçies is
evident from (6) and (7). It only remains to consider the zero faces:

since [x-&#x3E;1xx-&#x3E;...x-&#x3E;1xx], we have do (E, a) = (doE, F(1x)(doa)) =
(doç,doa). Li

The description (5) of the homotopic colimit is very useful. It is used
by Thomason to prove that the homotopy colimit of the nerve of F :
C -&#x3E; Cat is homotopically equivalent to the nerve of the Grothendieck
construction on F (see [9]). Another advantage of this description of the
homotopy colimit is that it makes it evident that, when C is a groupoid,
this construction preserves an important property shared by the nerves
of groupoids and the Eilenberg-Mac Lane simplicial sets, namely the
existence of a natural number n (which is n = 1 in the case of the nerve
of a groupoid) for which the following property holds,

(Pn) For every m &#x3E; n, if a number k E {0,..., m} is given together
with an m-tuple (ao, ... , ak-l, ak+i, ... , am) of (m-1)-cells, which
are "k-compatible" (in the sense that for i  j and i, j =/ k,
diaj = dj-1ai), then there exists a unique m-cell a such that for
1 fl k, dia = ai.

This property is usually expressed by saying that for every m &#x3E; n

the m-cells are open horns, meaning that for’ any k the canonical map
from the m-cells to the k-open horns in dimension m is a bijection. The
sense in which homotopy colimits preserve this property is expressed in
the following proposition:

Proposition 2.3. If G is a groupoid and F : C -&#x3E; Sset is a functor such
that for a certain n &#x3E; 1 every simplicial set F(x) (with x any object of
C) satisfies (Pn) then also the simplicial set hocolimc F satisfies (Pn)
for the same value of n.

Proof. Let m &#x3E; n, k E {0, ... , m} and suppose that an m-tuple
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of k-compatible ceus in (hocolimc F)m-1 is given. Then

is an m-tuple of le-compatible cells in Ner(C)m-1 and therefore, since the
nerve of a groupoid satisfies (Pi)) it determines an m-cell E in Ner(C)
such that Ei = diE. Let E = [xo-&#x3E;x1 -&#x3E;u2... -&#x3E;umxm], then ao E F(xl)m-1
and for i =/ 0, ai E F(xo)m-1. It is a simple exercise to verify that the
m-tuple

of elements of F(x0)m-1 is k-compatible. Thus, it determines an m-cell
a E F(xo)m such that doa = F(u1)-1 (ao) and for i &#x3E; 0 (i:7É k), dsa = ai.
With this we have obtained an m-cell (E, a) e (hocolimc F)m, and it is
immediate to verify that di (e, a) = (Çi, ai), for all i = 0, ... , m, i =/ k.
This proves the existence. Uniqueness is evident. Il

The fact that (Pn) holds for a given simplicial set K (and in particu-
lar for the generalized Eilenberg Mac Lane spaces Lc (A, n) that we deal
with below) has the following two main consequences that are essential
for our proof establishing the isomorphism (2):

In the first place, a simplicial map f : X -&#x3E; K to such a simplicial
set is completely determined by its n-truncation trn f = (f0, ... , fn).
Evidently the maps in this truncation satisfy conditions of compatibility
with faces and degeneracies which characterize them as a truncated
map, but in this case the component fn has an additional property
called "cocycle condition" which is, in fact, a necessary and sufficient
condition for a truncated map ( fo, ... , fn) : trnX -&#x3E; trnK to extend
to a simplicial map from X to K. There are, in fact, n + 2 equivalent
ways of expressing the cocycle condition: for any k e f 0, .... n + 1} the
cocycle condition can be stated as "the unique map fn+1 : Xn+1 -&#x3E; Kn+1
such that the equation dj fn+1 = fndi holds for all i E f 0, - - - , n + 1} but
i =/ k, is a map that verifies also dkfn+1 = fndk. Briefly: if (Pn) holds
for .K, the key to define a simplicial map to K is to give a truncated
map to trnK with a "good" n-component (see Proposition 3.3).

Secondly, in a similar way to what happens with the simplicial maps
to K, to give a homotopy h : f -&#x3E; g between simplicial maps to K is
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equivalent to giving a truncated homotopy

with "good" n - 1-dimensional components h0n-1, ... , hn-1n-1. In this case,
a necessary and sufiicient condition for a truncated homotopy such as (8)
to extend to a homotopy from f to g is called the "homotopy condition"
(see Proposition 4.3). Again, this condition simply expreses the fact that
the maps (hn hn) uniquely determined by the equations also satisfy
the remaining conditions for a homotopy.

3 The generalized Eilenberg-Mac Lane sirn-
plicial sets

As we indicated in the introduction we shall adopt the following def-
inition, which, in some sense, enlarges the classical definition of the
Eilenberg-Mac Lane simplicial sets. Here, and in the remaining of the
paper C will be a, fixed groupoid, A will be a fixed C-module, that is, a
functor A : C -&#x3E; Ab, and n will be a fixed natural number.

Definition 3.1. The nth Eilenberg-Mac Lane simplicial set of C with
coefficients in A, denoted Lc (A, n), is the simplicial set obtained as the
homotopy colimit of F, hocolimc F, where F is the functors obtained by
composing A 2uith the classical nth Eilertberg-Mac Lane functor: F(x)=
K(A(x),.n). In o ther words, zue define

Remarks 3.2. (a) Since the homotopy colimit comes equipped with
the canonical map (4), what’ this definition provides is really an
object of the slice category Sset/ Ner(C). We shall interchangeably
speak of the Eilenberg-Mac Lane "space" Lc (A, n) as a simplicial
set or as an object in Sset/ Ner(C) (in which case we can denote
it (Lc (A, n),l) or even just f), letting the context clarify which of
the two rraeanings is being used.
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(b) It is evident that this definition would still make sense if one would
allow C to be an arbitrary small category. We would then have the
concept of the (generalized) Eilenberg-Mac Lane simplicial sets of
a small category relative to a C-module, and Proposition 2.2 would
still imply that these "are" fibrations over the nerve of C with fibres
the. classical Eilenberg-Mac Lane simplicial sets. However, we have
prefered to limit our definition here to the case of groupoids since
it is only in this case that we are able to prove our main theorem
(Theorem 4.5).

(c) Since for any object x E C the simplicial set K(A(x), n) has
the property (Pn), Proposition 2.3 implies that the simplicial set
Lc(A, n) has the property (Pn). As a consequence, the crucial di-
mensions of Lc (A, n) when defining simplicial maps to Lc(A, n)
or homotopies between such maps, are the lower dimensions up to
the n + 1. For this reason we shall limit ourselves below to the

description of those lower dimensions of Lc(A, n).

Applying the isomorphism (5) to the functor F(x) = K(A(x), n),
and using the description of the classical simplicial sets K(A, n) in the
dimensions m  rz + 1 as: 

if 

if 

if ; 

one obtains the following explicit description of the simplicial sets LC (A, n)
in those dimensions: 

The (n-1)-truncation of Lc(A, n) coincides with the (n-1)-truncation
of the nerve of C, so that for m  n, Lc(A, n)m = Ner(C)m.

At dimension n,

with faces di : Lc(A,n)n -+ LC(A, n)n-1 = Ner(C)n-1, acting only on the
nerve, that is, if the pair (E, a) represents a generic element in LC(A, n)n
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then di(E, a) = diE. The degeneracy maps si : Ner(C)n-1 -&#x3E; Lc(A, n)n
act by siE = (siE, 0) where 0 denotes the neutral element in the corre-
sponding group A(xo), xo = di ... dn-1E.

At dimension n + 1,

and the faces di : LC(A, n)n+l -&#x3E; Lc(A, n)n are given by

if - 

if 

if

where E= [x0-&#x3E;uix1-&#x3E;...xn-&#x3E;un+1-&#x3E;xn+1], a = (a0,...,an) e A(x0)n+1.
From this explicit description it is easy to deduce the "cocycle con-

dition" for a truncated map (f1, ... , fn) : trnX -&#x3E; trn Lc (A, n).

Proposition 3.3 (The cocycle condition). A necessary and suffi-
cient condition for a truncated map

to extend to a simplicial map f : X -+ Lc (A, n) is that fn satisfies the
following "cocycle condition": for all x E Xn+1,

where q is the function zuhich associates with every n-cell (E, a) in LC(A, n)
the component a E A(di ... dnç)

Proof. Let fn+l be defined by the properties

for k = 0, ... , n. For a given x E Xn+l let g = [xo -&#x3E;u1 xi -&#x3E;u2 ... xn -&#x3E;un+1 

Xn+il and a = (a0,... 1 an) e A(Xo)n+l be such that (E,a) = fn+1 (x) .
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Then the cocycle condition dn+1fn+1(x) = fn(dn+1x) (see page 7) can
be expressed as fn(dn+1x) = (dn+1E,an - an-l + ... + (-l)n ao), which
reduces to

On the other hand, by the equations (10) one deduces that fn(dox) = 
(doE,A(u1)(ao)) and for k = 1, ... , n, fn(dkx) = (dke,ak), so that

ao = A(u1)-1 (q(fn(dox))) and for k = 1, ... , n, ak = q( fn(dkx)), which
substituted into (11) yields (9). 0

4 Cohornology with local coefficients
In what follows X will be a simplicial set and cp : X -&#x3E; Ner(C) a
simplicial map. This simplicial map determines, in the slice category
Sset/Ner(C), an object which will be denoted indistinctly by (X, cp),
Xf or simply cp. Note that for each n-cell x E Xn of X, if CPn(x) =
[x0-&#x3E;u1x1-&#x3E;... -&#x3E;xn]e Ner(C)n then the object zo OE C can be calculated
as xo = dl ... dnfn(x) and the arrow ul as ul = d2 ... dn’Pn(x).

Let us recall that a cp-n singular cochain of X with coefficients in
A is a functiop c which assigns to each element x E Xn an element
e(x) E A(di ... dnpnx). A normalized singular cochain is one such that
c(x) is trivial for each degenerate element x e Xn. The set Cnp (X, A)
of all such normalized p-n singular cochains is an abelian group under
addition of functional values.

Examples 4.1. 1. The "constant" zero map C such that C(x) = 0
for all x E Xn is a normalized cp-n singuldr cochain.

2. Lét f :. X , Lc (A, n) be a simplicial map such that fn-l =
cpn-i. If c is the function such that fn(x) = c(x» (that is,
C(x) = q( fn(x))), then c is a normalized p-n singular cochain
ôf X with coefficients in A: we have dnfl = dn (E, a) = dnfn(x) = 
fn-1 (dnx) = p-1 (dnx) = dnpnx and therefore a E A(d1... dnvnx);
on the other hand if x is degenerate, say x = SkY, then (ç, a) =
fn(sky) = Skfn-1(y)- SkE- = (SkE, 0), so that a=0.
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One can use the fact that all arrows in C have an inverse to define a

coboundary operator

by means of the following alternating sum:

where ui denotes the arrow such that wn(z) = Ixo -&#x3E;u1 Xl -&#x3E; ... -&#x3E; xn], 
that is, ul = d2 - - - dnpn(x). A singular cochain c E Cnp(X, A) such that
ôc = 0 is called a cocycle. Note that both cochains in the above examples
are cocycles. Definition (12) makes ô to be a group homomorphism and
62 = 0, so that C*p(X, A) becomes a cochain complex of abelian groups.
The homology groups of this complex will be written as Hnp(X, A).

An important example arising naturally when studying a simplicial
set X is C = II1(X), the fundamental groupoid of X, and cp = 1Jx : X -&#x3E;
NerII1(X), the canonical map (the unit of the adjunction II1 -I Ner).
In this case the cohomology groups corresponding to cp are the singular
cohomology groups of X with local coefficients on A, which are denoted
just by Hn (X, A), see [11].

The cocycles in the cochain complex C*p(X, A) can be interpreted as
maps in Sset/ Ner(C) from X_ to Lc (A, n):

Lemma 4.2. The n-cocycles in the cochain complex C*p(X, A) corre-
spond bijectively to the simplicial maps f : X -&#x3E; LC (A, n) such that

In other words, there is a bijection

cocycles in

Proo f . Since the map £ is the identity at dimensions 0, ... , n - 1, the
lower components fo, ... , fn-1 of a simplicial map f : X -&#x3E; LC(A, n)
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such that É f = p are uniquely determined by p (they are fk = pk).
Thus, giving a simplicial map f : X -&#x3E; Lc(A, n) such that if = cp is
equivalent to giving a map fn : Xn -&#x3E; Lc(A, n)n satisfying inln = pn
and the cocycle condition (9) and such that (p0, ... , pn-1, A) is a trun-
cated simplicial rnap. Now, as we point out in the second of examples
4.1, the function c determined by the equation fn(x) = (’Pn(x),c(x)
is a p-n singular cochain of X with coefficients in A, and the cocycle
condition for fn states precisely that this singular cochain is a cocy-
cle. Conversely, let c E Cnp(X, A) be a cocycle. Let us define the map
fn : Xn - Lc(A,n)n a-S fn(X) = (CPn(x),c(x)) so that it automati-

cally satisfies the cocycle condition and inln = cpn. The fact that c
is normalized implies that (p0, ... , pn-1) fn) is a truncated simplicial
map. By Proposition 3.3 this can be extended to a simplicial map
f : X -&#x3E; LC (A, n) such that if = cp. D

Our next objective is to establish a characterization of homotopies
between maps in Sset/ Ner(C) analogous to the one of simplicial maps
given in Proposition 3.3. To that end let us recall some notions related
to homotopic maps:

Let f, g be two maps in Sset/ Ner(C) from X, to Lc (A,n). In par-
ticular these are simplicial maps f, g : X -&#x3E; Lc(A, n). By a homotopy
from f to g as maps in Sset/ Ner(C) it is meant a homotopy h : f -&#x3E; g
(as simplicial maps from X to Lc(A, n)) satisfying the additional con-
dition

for every m &#x3E; 0 and each i = 0,1, ... , m.
This additional property implies that for m  n - 1, hm = sipm. 

Therefore the reasoning surounding equation (8) in page 8 and remark
(c) in page 9 imply that giving a homotopy h from f to g as maps in
Sset/ Ner(C) is equivalent to giving just components hn0-1, ... , hn-1n-1 sat-
isfying the appropriate homotopy condition. This homotopy condition
is given in the following proposition:

Proposition 4.3 (The homotopy condition). Let f , g : Xv
Lc (A, n) be two maps in Sset/ Ner(C) as above. The "homotopy condi-
tion" that must be satisfced by a truncated homotopy
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to extend to a homotopy h : f - g is that the components (hn-1i) n-1i=0 
satisfy for all x E Xn :

where q is as in Proposition 3.3, and the cj E A(d1... dnSkdjpn(x))
are defined by 

Proof. Let x E Xn, and W,(x) = [xo -&#x3E;u1 Xl -&#x3E;... -&#x3E; xn] e Ner(C)n. We
shall first suppose that h .: f - g is a homotopy, so that for k = 0, ... , n
the elements hk (x) E Lc (A, n)n+1 have the form hk(x) = (Ek,ak), where

From the homotopy identities satisfied by hô we get aô = q(fn(x)), 
a02 - c01, ..., a0n = c0n-1 so that we can express a’ in terms of q(fn(x)),
the (c0i)n-1i=1, and the alternating sum cn = q(h0n-1(dnx)). Doing that one
obtains: 

Tt

In a similar way, the homotopy identities satisfied by hk imply for
each k e {1,... n-1},

and a similar analysis of the map hnn leads to

Putting these formulas together one obtains (16), proving that the
condition is necessary.
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Let’s now suppose that (16) holds for the truncated homotopy (15).
Evidently condition (14) forces the hnk(x) to be of the form

for some ak = (a0k, ... , ank) E A(x0)n+1. Furthermore, the calculations
in the first part of the proof show that the elements akj E A(xo) should
be defined (inductively) as:

and for j =k+1, 

where

Those definitions make the hnk (x) satisfy all the homotopy identities
except perhaps the equation dn+iho(z) = 9n(X). But this is equivalent
to the equation ann- ann-1 +... + (-1)"aô = q(gn(x)), which, using the
above definitions, works out to be nothing but equation (16). Thus (16)
is a sufficient condition for the extension of the truncated homotopy
to the next dimension. Since Lc (A, n) satisfies property (Pn) this ex-
tension guarantees the extension to all dimensions and this proves the
proposition. D

We are npw interested in the particular case of Proposition 4.3 in
which g is the zero simplicial map C : (X, p) -&#x3E; (Lc (A, n), l). In this
case we obtain,

Lemma 4.4. A map f : (X, p) -&#x3E; (Lc(A,n),l} is homotopic to the zero
map ( : (X, p) -&#x3E; (LC (A, n), f) if and only if for each k E {0, 1, ... , n -
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11 there is a function ck asigning to each x E Xn-l an element ck(x) E
A(d1... dn8kCP(X)) and such that

Proof. Evidently, if a homotopy exists, we can define the functions ck
by hkn-1(x) = (Sk (pn-1 (x), Ck(x)), as in Proposition 4.3. As it was shown
there, these functions satisfy (18).

Conversely, let c’ be functions such that (18) holds. We can then
define a truncated homotopy h : trn-1 f -&#x3E; trn-1 C for which dihkn-1(x) = 
(Skdipn-1(x), Ck(dix)). By (18) the (hkn-1)k=n-1 satisfy the homotopy con-
dition, therefore by Proposition 4.3, f and ( are homotopic. D

From this lemma we immediately obtain

Theorem 4.5. There is a natural bijection

between the elements of n th cohomology group of (X, p) with coefficients
in A and the hornotopy classes of maps from (X, p) to (Lc(A, n), t) in
Sset/ Ner(C). 

Proof. After the Lemma 4.2 we only have to see that maps correspond-
ing to cohomologous cocycles are homotopic and vice versa. This is
the same as proving that a cocycle is a coboundary if and only if its
corresponding map f : Xp -&#x3E; LC (A, n) is homotopic to the zero map
C : Xp -&#x3E; Lc(A, n).

Let’s first suppose that the n-cocycle c E Cnp (X, A) is a coboundary.
Then there is c’ e Cpn-1 (X, A) such that 8cl = c, that is, for all x E Xn,
by definition (12), we have (putting ul = d2 ... dnpn,(x)):
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Define functions co,..., &#x26;-l on Xn-l by CO = c’ and ck(x) = 0 E
A(di ... dnSkp(x)) for k &#x3E; 0, and let f be the simplicial map corre-
sponding to the cocycle c. Then (18) holds because it reduces to (19),
and therefore f is homotopic to zero.

Conversely, let f : Xp-&#x3E; Lc (A, n) be a map homotopic to (. Let

fn(x) = (c.pn(x), c(x)). Then c is a n-cocycle and we have to prove that it
is a coboundary, e.i. that there exits c’ E Cn, - 1 (X, A) such that bc’ = c.
Let us define 

It is immediate to verify that in terms of c’, (18) just reads ôc’ = c. 0

A local coefficient system on a simplicial set X is a C-module A : C -&#x3E;
Ab where C is the fundamental groupoid of X, C = II1(X). According
to Theorem 4.5, the nth generalized Eilenberg-Mac Lane space of X with
coefficients in A, Lx (A, n), (as an object in Sset/ Ner(II1(X)) via the
canonical projection £) represents the singular cohomology of (X, 77x)
with coefficients in A in the sense that

Corollary 4.6. There is a natural bijection,

between the elements of the nth singular cohomology group of X with
local coefficients in A and the homotopy classes of maps from (X, qx)
to Lx(A, n) in Sset/ Ner(II1(X)).
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