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COUNTING MEASURE FOR KURATOWSKI
FINITE PARTS AND DECIDABILITY

by Busiso P. CHISALA and MA WANDA Mbila-Mambu

CAHIERS DE TOPOLOGIE

ET GÉOMÉTRIE DIFFÉRENTIELLE

CATÉGORIQUES

VOL. XXXII - 4 (1991)

RÉSUMÉ. Le but de 1’article est de montrer qu’il existe

une "counting measure" sur les parties Kuratowski finies
d’un objet d’un topos E si et seulement si l’égalité sur cet
objet est presque d6cidable. La décidabilité de 1’objet
6quivaut a 1’existence d’une "counting measure" forte.

Quelques propriétés supplémentaires 6quivalentes a la loi
de De Morgan sont aussi 6tablies.

0. INTRODUCTION.

The goal of this paper is to establish a necessary and
sufficient condition for the existence of a counting measure

with values in the natural number object, on Kuratowski finite

parts of an object X in a topos E. The starting point is a ques-
tion posed to the second author by F. E. J. Linton: how to com-

pute counting measures on the object K(X) of K-finite parts of
an object X of E?

In Section 1, we show that X is almost decidable if a

counting measure exists on K(X). When a strong condition is

required on the measure, then X must be decidable. These ob-
servations lead to connections between logical properties of E
and the existence of a counting measure (resp. strong counting
measure) on K(X) for every object X of E, using a slight ex-
tension of 2.6 in [I] in the case of almost decidability.

In Section 2, we show that the sufficient conditions of
Section 1 are also necessary. There is a counting (resp. strong
counting) measure on K(X) if and only if X is almost decidable

(resp. decidable). A corollary is that E satisfies De Morgan’s law
(resp. is a Boolean topos) iff there is a counting (resp. strong
counting) measure for every X in E. This, together with Propo-
sition 1.5 adds a further characterization to the list initated by
P. T. Johnstone [2].

The last section emphasizes the fact that a counting mea-
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sure is monotone and the natural number object is not well sui-

ted for counting measure. This raises the question of finding a

suitable object.
We would like to acknowledge the comments of P.T.

Jolinstone and the referee on the original draft of this paper.

1. NECESSARY CONDITIONS.

Let E be a topos. As in 141. by a part of an object X of
E we mean. strictly speaking, a term of type PX in the language
of E. We BviH write ’B E X and A E PX for x a term of type X
and A of type PX. The object of K-finite parts of X will be de-
noted bN K(X).

DBFINITION 1.1. Suppose E has a natural nunlber object N. A

counting l11easure (with values in N) on K(X) is a morphism
u: K(X)-N satisfying :

An immediate consequence of (1) is that u(O) = 0.

EXAMPLE 1.2. Recall that an object X of a topos E is antideci-
dable if the following holds: rr(x = ). Using 1.9 (i) of [4]. we

define (1: K(X) E N by:

When X is antidecidable. V is a counting measure on K(X). In-

deed. bx 1.9 (i) of [4]. antidecldability of X implies

Now. let X be an arbitrarv set and 1 a singleton. In Sier-

pinski topos S2 the object Y = X - 1 is always antidecidable.
When X has at least two elements, the measure of 1.2 on K(Y)
does not satisfy:

is a singleton.
This motivates:

DEFIrTITION 1.3. A strong counting measure on K(X) is a mor-

phism u: K ( X ) - N satisfying (1) and
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(2’) v(A) = 1 = A is a singleton.

Observe that condition (2) in 1.1 says that the square

commutes and (2’) that it is a pullback.

By an almost decidable formula of the language of E , we
mean a formula cp such that the following holds

When -, = J i is almost decidable for x E X. we say that X is al-
most decidable. A formula cp is decidable if p B/ r cp is valid and
X is decidable when x = y is decidable. The object of t-altmost
decidable parts of X is defined bN

and that of E-decidable parts is defined by

(i.e.. complemented parts of X). We say that X is E-almost de-
cidable if every part of X is E-almost decidable.

PROPOSITION 1.4. Let X be an object of a topos E viith natural
number- object. Then:

(a) X is almost decidable if there is a counting measure
on K(X).

(b) X is decidable if there is a strong counting measure
on K(X) .

PROOF. (a) Suppose that there is a counting measure u on K(X).
Let {x,y} be the term

In view of (1) and (2). u({x,y})=1 implies rr(x = y). On the
other hand r (u({x,y})=1) gives r(x = y) using (?). The result
follows from the decidability of N.

(b) With a strong counting measure .u ({x,y}= 1 implies
x j-.

We define two axioms related to toposes with natural
number object:
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(CM) For every object X of E there is a counting measure on
K(X) .

(SCM) For every object X of E there is a strong counting
mPacttrP on K(X)

From 2.6 of [11 and 1.4 above, E is boolean if it satisfies (SCM).
Furthermore, we claim that E satisfies De Morgan’s law when it
satisfies (CM). We need an analogue of 2.6 (iii) where decidabi-

lity is replaced by almost decidability. We will do more, the

following proposition includes a general version of 1.5 of 141.

Recall that 2 is linearly ordered and the trichotomy is sa-

tisfied. Any part of 2 is bounded above and below. Furthermore
2 is defined as the extension of a = 0 V a = 1 where a EQ.

PROPOSITION 1.5. The folloJviJ1g properties are equivalent for a

topos E:

(O) E satisfies De Morgan’s l a w.
(i) Every object of E is almost decidable.
(iil Q is almost decidable.

(iii) Evei-i- object of E is E-almost decidable.
(i¡r) 2 is E-almost decidable.
(v) EverJ" part of 2 has an il1filnLlm.
(vi) Eveili- part of 2 has a supremuln.

PROOF. First observe that the following implications are trivial:

and

Let II.E -II: XxPX-O be the characteristic morphism of member-
ship. If (ii) holds then for x E A and A E PX, either

or -

Since IIx E AII = 1 iff x E A, (iii) follows. Suppose (iv) holds. For
A E P2 either r (0 E A) or rr (0 E A). In the first case, 1 is the infi-
mum, being a lower bound of A. In the other case 0 is the infi-
mum. Both facts use trichotomy and the definition of 2, and

yield (v). Suppose (v) is true. For any formula cp in the language
of E the term

has an infimum a 0 . From decidabil ity of 2, a comparison of a o
and 1 gives rcp or II cp, whence (0). By symmetry the equivalen-
ce with (vi) fol lows. ·

Notice that Boolean versions of (i) to (vi) follow on re-

placing almost decidable, part, infimum and supremum by, res-
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pectively. decidable, inhabited part, minimum and maximum.

From 1.4. 2.6 of [11 and 1.5, we infer:

COROLLARY 1.6. (a) A topos E satisfies De Morgan’s law if it

satisfies (CM).
(b) A topos E is Boolean if it satisfies (SCM) .

2. SUFFICIENT CONDITIONS.

Let X be an object of a topos E. Recall that K(X) is de-
fined by

Notice that this asserts an induction principle for K-finite parts
of X. To show that almost decidability and decidability in 1.4

are sufficient conditions, we begin with two lemmas.

MAIN LEMMA 2.1. The following properties hold for a topos E :

(a) X is almost decidable iff everi- K-finite part of X is E-

almost decidable.
(b) X is decidable iff any K-finite part of X is E-decida-

bl e.

PROOF. We will prove only (a), the other statement was esta-

blished as a definition of decidability (see 2.2 (iv) of [11). The
sufficient condition follows immediately from the fact that

singletons are K-finite parts. For necessity, we use induction on
K(X). It is clear that 0 is E-almost decidable. For x,y E X, either

r (y E A) or rr (y E A) and either r(x = y) or rr(x = i,). It is

easy to infer the following:

Thus, if A E K(X) is E-almost decidable then A U{x} is E-almost
decidable.. ·

LEMMA 2.2. If u is a counting measure on K(X) then the follo-

wing holds:

PROOF. By 1.4 we have assumed that X is almost decidable. B-%

2.1 all its K-finite parts are E-almost decidable. In particular u is
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well defined. Apphing Axioms (1) and (2) of a counting measure,

when

Now suppose that rr A As N is a decidable object and

implies ! 

then rr (A) gives

THEOREM 2.3. The following properties hold For an object X of
a topos E :

(a) X is almost decidable iff there is a counting measure
on K(X).

(b) X is decidable iff there is a strong counting measure
Utl K(X).

PROOF. From 1.4. it suffices to prove sufficient conditions Let u:
K(X)- N be defined ( inductively) by:

Here. we haBe used the Main Lemma. We will verify
t A E K(X)[V B (AQB =O = u (AUB) =u (A) + u(B)]

and
is a singleton.

BBhen X is decidable. For the first verification, we make an in-

duction on A. the case A empty being obvious. Suppose the as-

sertion is valid for A. and let, EX. First note that

Suppose that (AU{x})QB=O. It follows that T( x E B) and ArlB=

0.BB the Main Lemma

or

Here r(xEAUB) is equivalent to r (x E A). so

as desired. When ")n(.B E AUB). we have

as
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Now

To vei-if N
is a singleton

we make an induction on A. supposing X is decidable. The case

A empty is obvious. Suppose that the assertion is valid for A
and that ’B’ E X. By 2.1, either ; E A or --i(x EA). If ; E A then by
the induction hypothesis AU{x} = A is a singleton when u(AU{x}
= 1. Now let r(X E A) and

Then u(A) = O implies that A=0. This last assertion follows bN
induction using the definition of u and axiom (2). ·

COROLLARY 2.4. For- a topos E with a natural number object.
the following asser-tiorrs hold: 

(a) E satisfies De Morgan’s law iff it satisfies (CM).
(b) E is Boolean iff it satisfies (SCM).

3. COMMENTS.

OBSERVATION 3.1. As y(0) must be equal to 0. from the induc-
tion principle on K(X) Lemma 2.2 asserts that when a counting
measure evists on K(X), it is unique and given as in the proof
of Theorem 2.3.

In order- to prove monotonicity of a counting measure. we
need a few more observations.

OBSERVATION 3.2. Let X be an object in a topos E. For A E PX
and ; E X . "’e def i ne

If X is almost decidable then for all A E K(X) and X E A. A B A&#x3E;
and  xA&#x3E; are K-finite. Proofs are b,, induction in K(X).

OBSERVATION 3.3. Let AI(B) be the predicate on K(X) defining
antidecidable K-finite parts of an object X of E (i.e..

Example 1.2 can be extended by: the measure of an antidecidable
part is 0 or 1. In fact, the property trivially holds for O. Sup-
pose that for B E K(X),
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Let , E X be such that Ad(B U{x}) . By 1.9 (i) of [4], either B is

empty or inhabited. If B is empty then u (B U {x}) = 1 by axiom (2).
If B is inhabited, then rr(x E B) because r(x E B) contradicts
Ad(BU{x}). B being inhabited. So u(B U {x}) = u(B) is either 0 or 1
since Ad(BU{x}) implies Ad(B) . Note that if B is antidecidable
and inhabited then u(B) = 1.

PROPOSITION 3.4. A counting measure V on K( X) is always a

monotone morphism (i. e.. A C B implies u(A)  u(B)).
PROOF. We prove by induction the following:

The property trivially holds for A empty. Suppose that the pro-
perty holds for A. Let x E X be such that AU(x) c B. As X is al-
most decidable. either rr (x E A) or r (x E A). In the former case,

When -)(.B E A) , B = (BBXB&#x3E;UXB&#x3E;, a disjoint union of K-finite
parts of X. Here. ACBBXB&#x3E;, so u(A)u(BBxB&#x3E;) by our induc-
tion hypothesis. So

since XB&#x3E; is antidecidable and inhabited.

OBSERVATION 3.5. We have shown that the existence of a

strong counting measure on K(X) is equivalent to decidability of
X. In some sense this condition on the measure explains the

suitability of the natural number object in describing Kuratowski
finiteness for a decidable object. In fact, as pointed out in 143,
K-finiteness for decidable objects is precisely local cardinal
finiteness as defined in 1.1 [4].

OBSERVATION 3.6. For arbitrary X however, N is evidently not

well suited for counting measure. One problem is clear in 1.4 -
existence imposes conditions on X. Another is that when it does
exist, the measure does not reflect the complexity of K(X), as

was demonstrated for antidecidable objects that are not decida-
ble.

A natural question is to determine what a "Kuratowski
natural number object" remedying N’s deficiences would be in

general. This requires a careful examination of K(X) in Grothen-
dieck toposes, or possibly a general axiomatization. We intend

to investigate this matter and relations between such an object
and the object of natural numbers in the near future.
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