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RESUME. Dans cet article, la suite à 8 termes de Brown
et Loday associ6e a deux sous-groupes nonnaux d’un

groupe est g6n6ralis6e au cas ou les coefficients sont

dans Zq = Z/qZ , ou q est un entier non-negatif.

1. INTRODUCTION.
In this paper we generalize to the case of coefficients

in Zq = Z/qZ , q non-negative integer, the eight-term
sequence of Brown and Loday associated to two normal sub-

groups of a group [B-L]. For this we extend the definition
of NAqG , introduced in [E-R] to the case of two normal

subgroups of G and then if M and N are two normal sub-
groups of a group G such that MN = G , there exists a n

exact sequence

where and

The proof is a combination of Proposition 1, Remark 2
and Theorem 19.

2. THE HOMOLOGY SEQUENCE WITH COEFFICIENTS
IN Zq. O
Let V be a variety of groups. We denote by V(G) the

verbal subgroup of a group G with respect to V and consi-
der the functor V : Gr-&#x3E; Gr taking G to V(G) and
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v : Gr -&#x3E; Gr taking G to G/V(G) .
With these notations, the derived functors Ln V m and

LnVm are defined for n,m &#x3E; 0 [B-R].

Proposition 1. Let M and N be two normal subgroups of a
group G such that MN = G . Let (a,y) be the object of
Gr2 given by

and let Hn(G , lq) be the n-th homology group of G with
coefficients in Zq . O Then, if V is the variety of abelian
groups of exponent q , there exists a long exact sequence

Proof. [B-R, Prop. 4.4].

Remark 2. In [B-R] it is shown that

where Vq denotes the verbal subgroup functor of the variety
of abelian groups of exponent q .

Proposition 3. Let Q , R and S be groups and take
X = Q*R*S as the free product (coproduct). If we write
A = Q*S and B = Q*R , viewed as subgroups of X , then we
have the following

where BX denotes the normal closure of B in X and
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A # B is the subgroup of X generated by the elements of
the form [a,b]cq , for a e A , b e B and c e A (1 B .

Proof. (i) follows from (ii) for q = 0 .
(ii) Clearly, the left hand side contains the right hand
side.

Conversely, if

we have

Furthermore, if

and we consider the homomorphisms

and

Jl being the inclusion homomorphism in the free product, then

and we have
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and

Consequently

From now on, M and N will be two normal subgroups of a
given group G , such that MN = G . We write L = M f1 N , and
consider : F -&#x3E; G a free presentation of G and let R be
the kernel of the composite morphism fk : F -&#x3E; G -&#x3E; N/L and
S , the kernel of m : F - G - M/L .

Here is an illustration:

We will consider

and

where by (R n S)’ we denote an isomorphic copy of
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d will be the morphism and T its kernel.

Jl : G - F will be any set theoretic section of E (i.e.,
e03BC = 1) and J..11,112 and 93 the set theoretic maps:

Finally, D will denote

Lemma 4. With the above notation we have:

Proof. we have that

But

Hence, if then

where
(ii) follows from (i).

Proposition 5. If V is the variety of abelian groups of
exponent q , and Vq is the verbal subgroup functor, then,
with the above notation
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Proof. This follows from the previous lemma and proposition
5.6 and 5.8 of [B-R].

Lemma 6.

then

Proof. i), ii) and iii) are proved in a similar way. We do

i) a) : 

as
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since

v) In a similar way to the previous i), ii) and iii), the

following more general result can be proved

since

3. THE "EXTERIOR PRODUCT MODULO q" .
Definition 7. Let M and N be two normal subgroups of a group
G not necessarily MN = G) . The exterior product modulo q ,
MA N , is the group generated by symbols mnn , {k} , m E M ,
n E N , k E M n N , with relation

for

Proposition 8. If Â, : MAqN -&#x3E; G is the homomorphism defined
by 03BB,(mAn) = [m,n] and 03BB({k}) = kq (it is a routine to check
that 03BB is well defined) and if 2,2’ E MAqN , with

e’ =. n mi.An. we have the following
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where

Proof. i). We have to prove that

The first equality is the relation (4) and the others follow
from proposition 2.3 of [B-L].

ii) is relation (7) in the case e’= mnn .
s - 1

By induction, if we denote 2 =.n minn; , then we have
i = 1 

(Brown in [B] shows that the group G acts on the tensor

product MOIN with N = G . This result can be generalized
to the case MOIN with MN = G . The present equalities
could be proved using these results but we decided to show
them directly.)

Proposition 9. There exists a morphism h : MA qN --? L0Vq2(a,y)
defined by h(mAn) = [u1(m),u2(n)].D , h({k}) = u.3(k)q·D . 
Proof. We must show that h preserves the relations (1)-
(7).
h clearly preserves (1)-(3) by [B-R].
Preservation of (4) follows from ii) c) and d) and iv) of
Lemma 6.
Relation (5) is preserved, as we have
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since

Relation (6) follows from iii) a) and b) of Lemma 6 and from
the fact that

As for relation (7), preservation follows from Lemma 6 vi).

Proposition 10. With the notation as above 

given by is a group hom-

omorphism.

Proof.

defined by a([k,kqk"q) = (kAk’){k"} is an isomorphism [E-R]
and r is the composite of a with the morphism

induced by d .

Remark 11. If then
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and as a consequence

with

Proposition 12. The map g : BX0 #q A’O - MAq N , defined by

for is a group homomorphism.

Proof. g is an application due to uniqueness of image after
Remark 11. Moreover for
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we denote

and we have

Similarly

and then

which after Proposition 8 gives

and finally, since we have
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Lemma 13. Weth the abave notations [B,A] is 
generated by 

the elements of - the form - 

Lemma 14. If
then

Lemma 15. If then

Proposition 16. than

Proof.

taking into account Lemmas 13 and 14 and Proposition 2.3 of

[B-L] and the equality Xg = d (03BB, : MAqN -&#x3E; G) we obtain
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Proposition 17. If then

Proof.

After Proposition 8 we have
hence

Corollary 18. then
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T heorem 19. The morphism

is an isomorphism.

Proof. From the corollary above it is clear that g(D) = 1 ,
and therefore g induces cp : LoVz(a,Y) -&#x3E; M1qN .

It is now trivial to check that (p and h are inverse to

each other.

4. A FREE PRESENTATION OF THE NON-ABELIAN

TENSOR PRODUCT.

Proposition 20. With the above notation, if X = R.S and T’

denotes the kernel of the morphism d’ = (ei ej) : R* S -&#x3E; G we

have

Proof.

Given that [R,S] is the free group over the set

we have that

defines a group homomorphism

with

because
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Similarly

Moreover for

we have

and if we denote

then

and from Prop. 2.3 of [B-L], since

we obtain
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and therefore

and there exists

Its inverse is given by

where

and u1 and g2 are the above sections (see Proposition 9).
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