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A REGULARITY RESULT FOR A CONVEX FUNCTIONAL
AND BOUNDS FOR THE SINGULAR SET

BRUNO DE MARIA!

Abstract. In this paper we prove a regularity result for local minimizers of functionals of the Calculus
of Variations of the type

/Q F(a, Du) dz

where €2 is a bounded open set in R", u € Wl’p(ﬂ; RN), p>1,n>2and N > 1. We use the technique

loc
of difference quotient without the usual assumption on the growth of the second derivatives of the

function f. We apply this result to give a bound on the Hausdorff dimension of the singular set of
minimizers.
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1. INTRODUCTION AND MAIN RESULTS

In this paper we prove a regularity result for local minimizers of integral functionals of the Calculus of
Variations of the type:

F(u; Q) ::/Qf(ac,Du) dz (1.1)

defined for Sobolev maps v € WHP(Q;RY), p > 1. Here for n > 2 and N > 1, Q is a bounded open set in R"
and f: Q x R™ — R is a continuous function. The assumptions we are going to consider are the following.
There exist positive constants L, v, ¢ > 0 such that for every p > 1

1+ %)% < f(z,6) < LA+ EP)5; (H1)
P 855 < 518+ 3iw6) - v+ 6P +aP) T - P (H2)
|fe(@1,€) = fe(x2,6)| < clay — 2| (1+ €27 ; (H3)

for any &,&1,& € R™W | 2,01, 20 € Q and a € (0,1).
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Assumption (H2) is a uniform convexity condition for the function f with respect to the variable £, while
with assumption (H3) we are requiring the vector field z € Q@ — fe(x,£) to be Holder continuous for some
exponent a € (0,1) and for every £ € R™V.

Since the functional (1.1) is convex there is no difference between minimizers and critical points, ¢.e. minimiz-
ers are precisely the weak solutions to the Euler system div f¢(z, Du) = 0. Moreover if we require f(-,£) € C?,
so that (see Lem. 2.1 in the next section) (H2) is equivalent to the following ellipticity condition

(fee(@, NN > VA2 (1+ €12 Vo e Q, V¢, A e R™Y, (1.2)

the Euler system turns out to be elliptic. There is a vast literature on the study of the regularity for weak
solutions to this kind of systems and on the analogous issue for minimizers of functionals of the type F (see, for
example, [1,2,12,13,16]; see also [23] for a nice survey on the subject). The usual technique to get existence of
second derivatives when the elliptic system is not differentiable consists in constructing a suitable test function
using difference quotient and then in reading the Holder condition on f as a kind of fractional differentiability
(see also [10,19,20]). In this way it is possible to show that the gradient of u belongs to some suitable fractional
order Sobolev space. This technique has been used, for example, in [21] where the weak solutions to elliptic
systems like

diva(r, Du) =0 (1.3)

with a : Q x MV*? — MM*" have been studied under the following growth, ellipticity and continuity
assumptions:

|Dea(, )] < L(1 + |€[2) 7, (1.4a)

_ p=2 _ Oal
LTIAP+[EP) = < azf(x,i)AfA?, (1.4D)
la(z, €) — al(zo, )| < Lz — xol*(1+ €2 T (1.4c)

for any z, A € M™*¥ and z, xg € Q, where p > 2, L € (1,+00) and a € (0,1) (see also [22]). As usual, a
key role in the proof of the existence of fractional derivatives is played by assumption (1.4a) that in the case
a(z, &) = fe(x,€) becomes in turn an assumption on the growth of second derivatives of f,

ID?f(2,6)| < L(L+[¢?) "= (1.5)

Actually the main purpose of this paper is to provide a regularity result without any assumption on the
growth of D? f. This result relies essentially on a fundamental approximation procedure first introduced in [14].
In the case p > 2, our main result is the following.

Theorem 1.1. Let f satisfy the assumptions (H1), (H2) and (H3), withp > 2. If the function u € W1P(; RY)
is a local minimizer of F in Q) then for every B, C Br CC Q we have that

Du € WrTP(B,; R™N) N L% (B,; R™Y)

p

for every k € (0, ), where g = o1 and

1
2
np p
||Du||Ln7kq(Bp) §c</BR (1 + |Du(z)[P) d:c> : (1.6)

with ¢ = c(n, N, L,v, R, p, a, k, p).
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As far as we know, also in [11] the authors use the difference quotient method without the assumption (1.5)
(or (1.4a)) but our higher integrability exponent is greater than the one found in [11] where the anisotropic
growth conditions 1 < p < ¢ < p (2E2) were examined (see also [9] for the autonomous case and [5,25] for
polyconvex functionals). Here, the improved regularity stated in Theorem 1.1 depends on the assumption p > 2.
In fact, in the case 1 < p < 2 our higher integrability exponent is slightly greater than the one obtained in [11]

in case a > % while is again better if o < % More precisely we have:

Theorem 1.2. Let f satisfy the assumptions (H1), (H2) and (H3), with 1 < p < 2. If the function u €
WhP(Q;RY) is a local minimizer of F in Q then for every B, C Br CC ) we have that

(14 |Du(x)[2)"% Du(z) € WF2(B,;R"N) 0 L#2% (B,; R"Y) (1.7)

for every 0 < k < min {a, %} As a consequence

Du € WP (B,: R"™W) 0 L7 (B,; R™) (1.8)
for every 0 < k < min {a, %} and
%
1Dl ot < ([ 4 1Dut)P) as) (19)

with ¢ = ¢(n, N, L,v, R, p, o, k, p).

The proof of these two theorems is divided in two steps. In the first step we assume that f(-,&) € C? but
we are able to establish the estimates (1.6) and (1.9) independently of the C? norm of the integrand f, by
adopting an argument first used in [14]. In the second step we remove the assumption f(-,£) € C? using an
approximation procedure introduced in [14] and developed in [7,10,15]. More precisely we approximate f by a
sequence {5} of C? functions which are strictly elliptic (and the ellipticity constant is precisely the v appearing
in (H2)). The minimizers {up} of {f} all satisfy estimates (1.6) and (1.9). More important the estimates are
independent of the C? norm of {f;} and thus are preserved in passing to the limit. Hence a control of the type

1D f(2,6)| < c(L+ 627, V(2,6 € QxR”,

on the growth of second derivatives of f never enters into play. It is worth pointing out that our crucial
estimates (1.6) and (1.9) are consequences of some nice embedding properties enjoyed by fractional order
Sobolev spaces (see [3]).

We remark that the cases 1 < p < 2 and p > 2 have different technical difficulties and therefore they have
to be treated separately. The subquadratic case has been treated in [4] for the first time, in the quasiconvex
setting; however the paper [4] does not deal with the full case 1 < p < 2 but only with 2n/(n+2) < p < 2. The
extension to the full interval 1 < p < 2 has been achieved in the subsequent paper [6].

Moreover we would like to notice that in the case p = 2 we recover the same regularity of [21] without the
growth assumption on the second derivatives (1.4a).

In the final part of this paper we apply the previous results to get a bound on the Hausdorff dimension of
the singular set.

2. NOTATIONS AND PRELIMINARIES

In this section we explain the notations used in the paper and recall some useful results needed for the proof
of Theorems 1.1 and 1.2 that will be given in the next section.
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We shall indicate with Bgr(z) the ball centered at the point xg € R™ and having radius R > 0. We shall
omit the center of the ball when no confusion arises. All the balls considered will be concentric unless differently
specified.

As usual {es}1<s<p is the standard basis in R™ and if u,v € RF the tensor product v ® v € R* of u and v
is defined by (u ® v);; = vw;.

In the estimates c is a constant, depending on the data of the problem, that may change from line to line.

Let us recall the following definition of local minimizer for the functional F.

Definition 2.1. A map u € WHP(Q;RY) is a local minimizer of the functional F if
F(u; A) < F(v; A)

whenever A CC Q and u — v € Wy P(4;RN).

As we already said we need the machinery of fractional order Sobolev spaces. These spaces are defined as
follows.

Definition 2.2. If A is a smooth, bounded open subset of R” and 6 € (0,1), 1 < p < 400 a function u belongs
to the fractional order Sobolev space W% 4(A; R™) if and only if

This quantity is a norm making W%?(A; R") a Banach space.

B =

In the context of fractional order Sobolev spaces we have to use fractional difference quotient. Therefore we
introduce the following finite difference operator.

Definition 2.3. For every vector valued function F : R” — R¥ the finite difference operator is defined by
Tsn F'(z) = F(x + hes) — F(x)

where h € R, e, is the unit vector in the x4 direction and s € {1,...,n}.

The following proposition describes some elementary properties of the finite difference operator and can be
found, for example, in [17].

Proposition 2.1. Let f and g be two functions such that F, G € WYP(Q), with p > 1, and let us consider the
set

Q) = {r € Q : dist(x, 02) > [hl}-
Then
(d1) 75, F € WHP(Q) and
Di(1sn F') = 75 n(D; F).
(d2) If at least one of the functions F' or G has support contained in Q| then

/ Fr,,Gdx = —/ Gt _pFdx.
Q Q

(d3) We have
Ton(FG)(x) = F(x + hes)Ts 5, G(x) + G(x) 75,1 F (7).



1006 B. DE MARIA

The following statement has been proved in [15]. It states that the condition of uniform convexity of the
functional F is equivalent to the ellipticity condition for the Euler system of F.

Lemma 2.1. Let f: R™™ — [0,+00) be a C? function and p > 1. Then f satisfies (H2) if and only if there
exists a constant ¢y such that for all € € R™N

(fee(@ ONA) > cov (14 62)"7 A2 A e R™Y,

where the constant v is the same constant appearing in (H2).
The next result about finite difference operator is a kind of integral version of Lagrange theorem.

Lemma 2.2. If0<p<R, |h| < &2, 1 <p< +oo, s€{l,...,n} and F, D,F € L?(Bg) then

/ o F@)P do < |h|P/ ID.F@)P da.
B Br

P

Moreover

/ |F(z + hey)|P dz < c(n,p)/ |F(z)|P da.

B, Br
The following result is standard if p > 2 and can be inferred from [2] (Lem. 2.2) in the case 1 < p < 2.

Lemma 2.3. For every p > 1 and G : Br — R* there exists a positive constant ¢ = c(k,p) such that
mon (L4 |G(@) ) P24G ()] < e(1+ |G(@)? + |G + hey) ) P22, 1 Gl)

for every x € B, with |h| < R—Q_E and every s € {1,...,n}.

Now we recall the fundamental embedding properties for fractional order Sobolev spaces. (For the proof see,
for example, [3].)

Lemma 2.4. If F:R" — RY, F € L*(Bg) and for some p € (0,R), B € (0,1], M > 0,

> / e F(@)|? da < M|h[*?
s=1"DB»

for every h with |h| < B2L, then F € W*2(B,;RV) N L7o5w (Bp; RN) for every k € (0,3) and

], 2ar (B,) <c(M+|F|lL28g)) »

with ¢ = ¢(n, N, R, p, 3, k).

The next result is in fact a reformulation of the previous lemma. We shall also need the following version of
embedding lemma since the cases 1 < p < 2 and p > 2 have different technical difficulties.

Lemma 2.5. If F: R" — RN F € LP(Bg) with 1 < p < +oc and for some p € (0, R), 3 € (0,1], M > 0,
n
> [ InaF @ do < Mrjhp
s=1"Bo
for every h with |h| < R—;E, then F € WFP(B,;RN) N L#Z;W(BP;RN) for every k € (0,5) and

||F||LWZ§’W(BP) <c(M+||FlLrBr))

with ¢ = ¢(n, N, R, p, 3, k).
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Now let us recall that the singular set ¥ of a local minimizer u of the functional F is included in the set of
non-Lebesgue points of Du. Therefore the estimate for the Hausdorff dimension of ¥ is an immediate corollary
of the regularity Theorems 1.1 and 1.2 through the application of the following proposition that can be found,
for example, in [20] (see also Sect. 4 in [21] for a simple proof).

Lemma 2.6. Let v € WoP(Q,RYN) where § € (0,1), p > 1 and set

A=czeQ: limsup][ [v(y) = (V)a,p[P dy >0 ¢,
p—0t JB(z,p)

B:= {:c € Q:limsup [(v)s,,| = +oo} .

p—0F

Then
dimy(A) <n—0p and dimy(B) <n—0Op.

3. A PRIORI ESTIMATES

In this section we prove the estimates (1.6) and (1.9) assuming that f satisfies the growth assumption (H1),
the Holder condition (H3) and f(-,&) € C? for every & € R™™. Recall (see (2.1)) that under this last assump-
tion (H2) is equivalent to the ellipticity condition (1.2) with the same v appearing in (H2). Then in the next
section we use the fundamental approximation procedure of [14], to prove Theorems 1.1 and 1.2. In any case
we explicitly point out that in this section we establish the estimates (1.6) and (1.9) independently of the C?
norm of f.

Now we observe that the convexity assumption (H2) together with (H1) implies the estimate

fe(@,6)] < e(1+ €2 F V(2,6) € Q xR, (3.1)

where ¢ = ¢(n, N, p, L).
We start proving (1.6).

Lemma 3.1. Suppose f satisfies (H1), (H3) for ap > 2 and f(-,€) € C? for every & € R™Y. Ifu € WHP(Q;RY)
is a local minimizer of F then the estimate (1.6) holds.

Proof. We assumed f(-,£) € C? so f satisfies the ellipticity condition (1.2) by Lemma 2.1. Let u € WP(£; RY)
be a local minimizer of the functional F and let us take 0 < R < 1 such that Bop CC €2; then w is a solution
of the Euler system

/ fe(z, Du) Dpdx = 0, (3.2)
Q

for every ¢ € WHP(Q;RY) such that suppy CC Q.

Let 7 be a cut-off function in C§(Bsg/2) with 0 <7 < 1,7 =1 on Bg and |Dy| < ¢/R. Let us consider
the function ¢ = n?(x)7s,_p (75 pu) with s fixed in {1,...,n} (which from now on we shall omit for the sake of
simplicity) and |h| < R/10. Substituting in (3.2) the function ¢ we get

/B 772(ac)f§(x, Du) D(1—p(mpu)) de = —2 ; fe(z, Du)n(x)Dn @ T—p(Thu) dx
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and thanks to (d1) and (d2) of Proposition 2.1 we get

/B n?(z + hes) [fe(x + hes, Du(z + hes)) — fe(x + hes, Du(x))] D(thu) dz
+ /B 0 (z 4 hes)[fe(x + hes, Du(x)) — fe(x, Du(z))] D(mhu)dz
+ /B [n?(x + hes) — n*(2)] fe(w, Du)D(rhu) dz

=2 fe(z, Du) n(z) Dn & 7—p(mhu) da.
Bar

Assumption (H3) and inequality (3.1) yield

/B n?(x + hes) [fe(x + hes, Du(x + hey)) — fe(z + hes, Du(x))]D(rpu) dz
2R
< c|h|a/B 2(z + hes)| D(rau)| (1 + | Dul2) ™ da
2R
* /B 172 (z + hes) — 1 (2)] |D(mhu)| (1 + [Dul?) T de
2R
* C/B n(x) | D) |7—n ()| (1 + [Dul?) "= da,
2R

with ¢ = ¢(n, N, p, L).
Now we can use the ellipticity condition (1.2) in the left hand side of (3.3) as follows

/ n*(x 4 hes)(1 + |Du(z)|* + |Du(z + hes)|2)p%2 |7 Du|? da
Bar

1
< / / [fee(x + hes, Du + tr, Du)|n? (x + hes) D(mhu) D(thu) dt dzx
Bar JO

and, since

|7 DulP = |73, DulP~ 2|7, Du|?* < ¢(n, p)(1 + |Du(x)|? + |Du(z + hes)|2)p%2 |70 Du?
and p > 2, we get the estimate
/ n*(z 4 hes)|mDulP dz < ¢ |h|a/ 7 (z + heg) | Dul (1 + |Du|2)]%1 dx
BQR BZR

+ 0/ n2(z + hes) — 72(@)||m Dul (1 + |Dul?) ™= da
Bar

so [ @Dl a1+ 1DuP) T do
Bar

(I)+ (II)+ (I1I),

with ¢ = ¢(n, N, p, L,v). We have to estimate the integrals appearing in the right hand side of (3.4)
follows € is a real number such that 0 < € < 1 to be chosen later.

(3.3)

(3.4)

. In what



A REGULARITY RESULT FOR A CONVEX FUNCTIONAL AND BOUNDS FOR THE SINGULAR SET 1009

Let us begin from (I). We can apply Young’s inequality with the exponents p and ¢ = z% so we have

0 < clnpe |

0 (z + hes)(1 + |Du(x)[?)% dz + ce/ n*(z + hes)|mn Dul? dx
Bar

Bar

where ¢ = ¢(n, N, p, L,v).
Let us estimate (II); we can apply Lagrange’s theorem to estimate |n?(z + hes) — n?(z)|, the assumptions
on |Dn| and again Young’s inequality with exponents p and ¢ obtaining

h p_1
(IT) < c|—R| /B In(z + hes) +n(x)|(1 + |Du(z)|*) = |7, Du| d
2R

h|? »
< cu/ (1 + |Du(z)|*)% dz + ce/ [nP (x + hes) + 1P (x)||mn DulP dx
Ra Bar Bar

h|? 3
M / (1+ [Du(@)P)} do +ce / 7@+ hey)lmDul? da + ¢ e / ()| Dul? da
Bar

Bar Bar
h|4 »
< cu / (1+ |Du(z)|?)? dz + ce/ n*(z + heg) | DulP dx + ce/ n*(z)|m, DulP de,
Ra Bar Bar Bar

where we used the assumptions p > 2 and 0 < 7 < 1 to get the last estimate.
To estimate (I1]) we use, once again, Young’s inequality and the properties of n obtaining

q P
i < M / (1 + |Du(z))8 de + < / 1P (@) —p (rh) P da. (3.5)
R Jp,, |hP )y

Now using the definition of 7,u we can write the last integral in (3.5) as follows

% /Bm n(z = hes)(mhu)(@ — hes) —n()(mu)(x) + (n(z) —n(z = hes))(Tu) (@ — hes) " de

ce c

< i o tratma @ e G5 [ ) —nte = he)l? ma e - he)

ce

e /B IDbman) e+ /B lim(e —he (3.6)

IN

where we used Lemma 2.2 and Lagrange’s theorem to get the last estimate.
Recalling how we chose i and |h| at the beginning we can estimate the last sum in (3.6) with

ce / IDOm) @) dz + = | |(mu) (@) da
Baor R Baor
< ce / ()l (Du) (@) dz + ce / Do () (@) dz + <5 [ |(mu)(@)P da
B B RP Jp
2R 2R 2R

< ce /B2R % (z)|m (Du) (z)|P dz + = [(Thu)(z)|? de,

Bar

where we used the assumptions on p and 7 again. So we have

|A|?

(1+ |Du(x)|2)% dx + ce/ 0 ()| (Du) () |P da + e
Bar

Bar Rp

/ lma (@) de
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Since 7, Du(z) = Du(x + hes) — Du(x) and noting that

ce/ nP(x)|mp DulP da < ¢ / [n(z) — n(x + hes)|P|mh(Du)(z)|P dz + ce/ nP(x + hes)|mnDu(x)|P dz
Bar Bar Bar
hP
< cu / |7 Du(x)|P dx +ce/ n*(z + heg)|mn DulP dz
Rp Bar Bar

IN

h|P »
cu / (1+ |Dul?)2 dz + ce / n*(x + heg) | Dulf dz
Ry Bar Bar

we obtain

|A[”

¥ h q p
(1+ |Du(z)|*)2 dz + ce / 772(£L'+h65)|ThDu|pdl’+C%/ (1 + |Du(z)|*)2 da.
Baor Bar

Bar R

Collecting the estimates for (I), (IT) and (III) we get

h|P p
/ n*(x 4 hes) | DulP do < ce / 772($+hes)|ThDu|pdx+cu/ (1+ |Du(x)|*)2 dz
Bar Bar ke Bar
b h q b
+ c|h|qa/ (1+ | Du(@))% de + cu/ (14 |Du(z)?)? da.
Bar Ra Bar

Now choosing € > 0 small enough we get

yd h q p
/ 2(z + hes)|m Dul? dz < c|h|qa/ (1+ | Du(@)?)% de + cu/ (1+ |Du)2)% da
Bar Bar R Bar

|A[”
o1

+ / (14 |Du(z)?)? d,
Rp Bar

but since ga < q, ¢ < 2 and recalling that R < 1 the following estimate easily follows

/ n?(x + hes) | Dul? dz < ¢ |h[PF=T) / (1 + |Du(x)|P) dz, (3.7)
Baor Bar

with ¢ = ¢(n, N, L, v, p, R). We can conclude applying Lemma 2.5 and performing a standard covering procedure.
O

Now we prove (1.9) again under the C? regularity assumption on the integrand f.

Lemma 3.2. Suppose f satisfies (H1), (H3), for a 1 < p < 2 and f(-,&) € C? for every ¢ € RN, [f
u € WHP(Q RYN) is a local minimizer of F then the estimate (1.9) holds.

Proof. Let 1) be a cut-off function in Cj(Bsg/2) with 0 <5 <1, n=1 on Bg and |Dn| < ¢/R. Let us consider
the function ¢ = n%(z)7s,—p(7s,nu) with s fixed in {1,...,n} (which from now on we shall omit for the sake of
simplicity) and |h| < R/10. Substituting in (3.2) the function ¢ and arguing as in the first part of the proof
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of Lemma 3.1 we get the estimate
2 2 2y 22 2
/ n-(x + hes)(1 + |Du(x)|* + |Du(x + hes)|*) 2 |mDul* dz
Bar
< c|h|a/ n2(z + hey)|mnDul (1 + |Dul?) "= dz
Bar
2 2 2\ 2L
+c [n?(z + hes) — n°(z)||mn Dul (1 + |Dul|?) = dz

Bar

(
+c n(@)| Dl |7—n (maw)| (1 4 [Dul?) "7 da
Bar

—(I) + (II) + (II]), (3.8)

with ¢ = ¢(n, N,p, L,v). We have to estimate the integrals appearing in the right hand side of (3.8). In what
follows € is a real number such that 0 < € < 1 to be chosen later.
Let us begin from (I). Observing that

p—1 p—=2 p

2’4+4’

we can apply Young’s inequality with the exponent 2, so we have

(1)

IN

c |h|0‘/ n*(x + hes)(1 + |Du(z) > + |Du(z + hes)|2)1%1 |77, Du| d
Bar

IN

ce |h|2“/ 2(z + hes)(1+ | Du(@)|? + | Du(z + hes)2)% do
Bar
+ e/ 7]2(1' + hes)(1+ |Du(ac)|2 + |Du(x + hes)|2)p%2 |ThDu|2 dx
Bar
< ce |h|2“/ (14 |Du(z)|?)% da
Bar
+e/ 7]2(1'+h65)(1 + |Du(ac)|2 + |Du(:£+hes)|2)p772|ThDu|2 dx (3.9)
Bar

with ¢ = ¢(n, N, p, L,v), where in the last inequality we used Lemma 2.2.
Now let us estimate (IT). We can apply Lagrange’s theorem to estimate |n?(x + hes) —n?(x)|, the assumption
on |Dn| and again Young’s inequality with exponent 2 obtaining

h p—1
(II) < Bl n(z + hes) + n(@)|(1 + [Du(e)* + |Du(z + he,)|*) = [ Dul da
R Bar
2
< ce%/ (14 |Du(@)2 + |Duz + hey)?)% da
R Bar

* €/ |12 (x + hes) + 12 (@)|(1 + [Du()|? + |Du( + hes)|?) T |7, Duf* de
Bar
h 2 P pP—
< el / (1+ | Du(@)P) e + e/ (@ + hes)(1+ | Du(@) + |Dulz + hey)|2) 7 |m Dul2dz
R BZR B2R

+ e/ 772(x)(1 + |Du(av)|2 + |Du(z + hes)|2)p2;2 |ThDu|2 dz (3.10)
Bar

where we used Lemma 2.2.
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To estimate (I1I) we use Holder’s inequality, the definition of 7,u and the properties of  and h obtaining

(I1I) < % (/BzRa + |Du(x)* + | Du(z + hes)|2)§)1_% (/BR |7_n (Thu)|P dx)%

Il | (1+|Du@)) d, (3.11)
2R

IN

where we also used Lemma 2.2. Now set
Wi = Wi(Du) = 1+ |Du(z)* + |Du(z + he,)|?

and, since 7, Du(x) = Du(z + hes) — Du(z), we get

p—2 p—2
c w,? nQ(m)|ThDu|2 dz < ce W, 2 In(x) —n(x + hes)|2|7'h(Du)(:c)|2 dz

Bar Bar
p—2
+ ce W, > n?(x + hes)|m(Du)(z)|? dz
Bar
|h|2 22 5 2
<c 577} W |ThDu( )P dz + e W, 2 n7(z + heg)|mn Dul|” dx
Bar Bar

h|? p—2
< cu/ W |Du( ))? dz 4+ ce W, > n*(z + hes)|mDul? dx
Bar

P p—2
<c Rz / (1+|Du(z)|?)2 dz + ce W, = n*(z + hes)|mDul? da.
Collecting the estimates for (I), (IT) and (I1T), we get

/ 7)2(93 + hes)(1 + |Du(:n)|2 + |Du(x + hes)|2)]%2 |7'hDu|2 dz
Bar
< W2 (@ 4+ e Dul? da + e 122 1+ |Du(z)|?) d
<ce [ W@t he)nDudve G [ pu)) o
Bar 2R

+ce|h|20‘/ (1+|Du(m)|p)dx+|h|—/ (1+ | Du(z)|?) dz
Bar R Bar

From this estimate, choosing € > 0 small enough, we get

/ 772(x + hes)(1 4+ |Du(30)|2 + [Du(z + hes)|2)p_;2 |7'hDu|2 dz
Bar
2 . ‘
<l / (14 Du@P)de + celhPe [+ Du@P)de+ il [ (14 Du@)) ds

BQR B2R

but since 2a < 2 and R < 1 the following estimate easily follows
/ n*(z 4 hes)(1 4 |Du(z)|* + | Du(x + hes)|2)¥ |7 Du|* da
Bar
< c|h|2“/ (1 + |Du(x)|P) dz + c|h] (1+ |Du(x)|?) da, (3.12)
Bagr Bar

with ¢ = ¢(n, N, L,v,p, R).
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Now if 2a < 1, that is a < %, we have

/ (2 + hes)(1+ |Du(@)|? + | Du(z + hes) )52 | Duf? dz < c|h|2a/ (1+|Du(@))dz  (3.13)
Bar

Bar
while, if o > % we have
/ (2 + hes)(1+ | Du(@)? + | Du(z + hes)2) 22 |m Duf? dz < c|h|/ (1+|Du(@)P)de.  (3.14)
Bar Bar
We can get the final estimate applying Lemma 2.3 which yields

/ 7o (1 + | Dua)[2) P~/ Du() 2 de < e[| / (1+ |Du(z)?) da,

Br Bar
where
. 1
f=2a if a< ok
=1 if a>.
= 1 o —.
-2
Now we can conclude applying Lemma 2.4 and performing a standard covering procedure. U

4. THE APPROXIMATION

We need now the following fundamental result that can be obtained with a procedure first introduced in [14,15]
and then developed in [7,10], that plays a key role in the completion of the proof of our theorems.

Lemma 4.1. Let us suppose that the function f satisfies assumptions (H1), (H2) and (H3). Then there exist
a sequence fr(z,-) € C2(R™) and a constant ¢ > 1 independent of h such that

[SIiS2

(i) L1+ &+ P2 < fule, &) < el (1+ 4 +6P) Vo€ Q, VA e R

(i) ZINZ (1 + (€22 < (D2 falz, €)Nis) Vo € Q, YA, £ e RV

(i11) |Defa(r1,€) — Defu(wa €] < el — w2l (14 5 +[€P)" T with a € (0,1);
(iv) fn — [ uniformly on compact subsets of Br x RN,

where the number v is the same appearing in (H1) so it is independent of h.

Let us observe that since every f,(x,-) € C?(R™) condition (ii) turns out to be equivalent to (H2) thanks
to Lemma 2.1.
Now we can complete the proof of Theorems 1.1 and 1.2 at once.

Proof of Theorems 1.1 and 1.2. Let us consider, for every h, the solution uy of the Dirichlet problem

min{ fn(z, Dv) dx:vEu—i—WOl’p(BR;RN)}-
Br
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Thanks to Lemmas 1.1 and 1.2, the sequence {uy,} turns out to be locally bounded in W7 (Bg; RY) for every k
in (0, ), where

np

= if p > 2;
Y n— kg up=2
np .
= fl<p<2.
Q—7> ! p

Therefore, up to a subsequence, {up} converges weakly to some uq, in Wli)’C’Y(B RN ); let us prove that e
verifies the estimates (1.6) and (1.9). From (i) we have

N|=

3
[[Duool|Lv(B,) Slimhinf [[Dun||z~(B,) < climhinf (/ (1+ |Duh|2)§dx) < climhinf ( fh(x,Duh)dx)
B

R Br

1 1
< climinf ( fn(z, Du) dm) <c (/ (1+ |Du|2)% dm)
h Br Br

where we also used the minimality of wup,.
Now, exploiting the local higher equi-integrability of {uj} which follows from the estimates provided by
Lemmas 1.1 and 1.2, we shall prove that u, = u. Fixed M € N we can consider for every p < R

[t )= o Dun) o+ [ f(z, Duy) dz
B, Byn{|Dup|<M}

B,N{|Duy|>M}

<

/ [f(z, Dup) — fn(x, Dup)] dz +/ fn(x, Duy) dz
B, {| Dun|<M} B,

+/ f(z, Duy) da.
B,N{|Duy|>M}

Remembering that f; converges uniformly to f on compact subset (see (iii)) we have

lim [f(anuh)ffh(anuh)] dl':()’
h JB,0{|Dun|<M}

therefore

limhinf/ f(z, Duy) da < 1imsup/ fr(z, Dup) da + lim sup f(z, Duy) dx. (4.1)
B, no JB,

h /lapm{Duh,|>M}
Moreover, since

lim sup

/ (2, Du) — f(z, Du)] dz =0,
h B,n{|Du|<M}

by the minimality of uj, we can control the right hand side of (4.1) by

/ f(z, Du) dz + limsup/ fn(z, Du) dz + lim sup f(z, Duy) da.
B, B,n{|Du|>M}

h h /Bpﬂ{|Duh>M}
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Using the growth conditions (i) on f and fj, we have

liminf/ f(z, Duy) d g/ f(z, Du) dx—l—cL/ (1+|Dul*)? da
h B, B, B

oN{| Du|>M}

+ cLlim sup (14 |Dupl?)? de,

h /Bpﬂ{|Duh>M}

1015

(4.2)

where L > 0 is the same growth constant appearing in the assumption (H1). Applying Holder’s inequality we

can estimate the last integral in (4.2) with

2=

limsup cL (/ (1+|Duh|2)¥ dm) - {|Dup| >M}ﬂBp|17%
h p

where the first factor is finite and independent of h. So we get the estimate

1—1
limhinf/ f(z, Duy,) dzx §/ f(z, Du)dx + cL (hmsup {|Dun| > M} N Bp|) 5
B, B, h

+cL/ (1+|DuP)? da.
B,n{|Du|>M}

Note that

limsup/ (1+Du)% de=0 and |{|Dus| > M} B,| M < / \Dup|? de < C
B, {|Dul>M}

M—>+OO P

where the constant C' does not depend on h. Therefore

C
H{|Dun| > M} N By| < El

for every h and
limsup [{|Dup| > M} N B, =0
h

when M — +o00. Then we have
/ f(x, Dus) do < liminf/ f(x, Duy) da < / f(z, Du) dz.
B, h B, B,
Passing to the limit as p T R we can conclude

flx, Duso) da < f(z, Du) dz.
BR BR

Since u is a local minimizer of the functional F and u., = u on the boundary of Bpg, the strict convexity of f

implies Us = u.

O

Now we can apply Theorems 1.1 and 1.2 to get a bound on the Hausdorff dimension of the singular set 3 of

minimizers of functional F.

We recall that a local minimizer of F is partially C1#-regular if there exists an open subset of full measure

Qo C € such that Du is Holder continuous in .
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It is well known that, in general, in the vectorial case local minimizers are not everywhere regular. For coun-
terexamples to any type of regularity in the interior of Q (even the L* one) of minimizers of regular variational
integrals in the vectorial case and solutions to nonlinear elliptic systems see for instance [8,18,24,26,27].

In this situation one can try to prove that the set '\ Qg is “reasonably small” in the sense that it is not only
negligible but it has also a low Hausdorff dimension. Since the singular set of a local minimizer u is contained
in the set of non-Lebesgue points of Du, the conclusion is achieved by proving an estimate on the size of non-
Lebesgue point of functions belonging to a fractional order Sobolev space. For a more detailed discussion on
partial regularity and singular set see [22].

In our case we have the following result.

Corollary 4.1. If f is a C? function satisfying the assumptions (H1), (H2), (H3) and the function u €
WhP(Q;RY) is a local minimizer of F in €, then for the Hausdorff dimension of the singular set X of the
function u the following estimates hold

dimy(¥) <n —aq ifp>2;
dimy(X) <n—Fp ifl<p<2;
where q = z% and 3 := min {o, $}.

Proof. If w € WP, p > 1, is a local minimizer of the functional F as a consequence of the Theorems 1.1 and 1.2
we have in particular that

DueWwiP if p> 2;
for every k € (0, «) and
DueWhkP  ifl1<p<2;

for every k € (0,3) where 8 := min{a, 3}. Therefore applying Lemma 2.6 we immediately conclude the
proof. O
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