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1. Introduction and statement of results

Let Il be a number field, and let E be an elliptic curve defined over Il. Let p be
any odd prime, and let Kc~ be the cyclotomic Zp-extension of Il with galois group
r c and Iwasawa algebra

the completion of the Zp-group ring of r c with respect to the topology defined
by its maximal ideal. We may also identify c with the formal power series ring
in one variable over Zp, the identification being realised (non-canonically) by
sending a choice of topological generator 1 for r c, to the polynomial (1 + T).
Using Tate’s notion of global Euler-Poincaré characteristics, Schneider [Sc] and
Greenberg [Gr3] have formulated conjectures on the c-corank of certain Selmer
groups attached to E over Kc~. Numerous special cases of these conjectures have
been proved (see below). In this paper we prove another, namely when Il is an
imaginary quadratic field over which E has complex multiplication and p is a prime
where E has good supersingular reduction.

In a forthcoming joint paper with Rod Yager [McY] we extend these results,
obtaining some interesting connections between the modules considered in this
paper and special values of L-functions attached to E.

1.1. STATEMENT OF THE MAIN THEOREM

We fix some notation which will be standard throughout the paper. Given an odd
rational prime p, write Epoo for the union over all m &#x3E; 1 of the pm-torsion points
Ex- of E. For any number field Il, let Acn denote the n-th level of the cyclotomic
Zp-extension Kc~ of Il, so Gal(Kcn|K) ~ Z/pnZ. Let E be a finite set of places
of Il containing the primes above p, the archimedean prime and the primes where
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E has bad reduction. We denote by K03A3 the maximal Galois extension of Il which
is unramified outside the primes in S. Write G (X),L for the galois group of Il£
over Kc~, and Gn,03A3 for the galois group of Il£ over Kc. For any galois group
G, H i ( G, M) will denote the i-th galois cohomology group of the Zp[G]-module
M. We shall also use properties of continuous galois cohomology as defined in
[Ta].

CONJECTURE 1 (Schneider/Greenberg). Let E be an elliptic curve defined over
the number field Il and let p be any odd prime. Then

For a more general statement of this conjecture the reader is referred to [Gr3].
The known results are as follows. Suppose first that Il = Q and E is modular.
Define the analytic rank r,,E of E to be the order of vanishing of the complex
L-function attached to E at s = 1. Using deep results of Kolyvagin [Ko] it is
shown in [CMc] that if ra,E  1 then indeed conjecture 1 holds for all odd primes
p. The only other instances where the conjecture has been demonstrated are where
E has complex multiplication. So we specialize now to the case where Il is an
imaginary quadratic field and E has complex multiplication by the ring of integers
O!{ of Il. Rubin [Ru3, 4.4] has shown that if E is defined over Q and p &#x3E; 2 is

a prime of good ordinary reduction for E, then the conjecture is true for E at p.
Further, in the discussion after that theorem he extends his result to more general
cases (including where E is defined over the field of complex multiplication).

Our main result is the following.

THEOREM 1. Let 1£7 be an imaginary quadratic field. Let E be an elliptic curve
defined over Il with complex multiplication by the ring of integers OK of ll. Let
p be a prime of ll lying above p which is coprime to the number wI1 of roots of
unity in IV, and suppose that E has good, supersingular reduction at p. Then

REMARKS. ( 1 ) Our hypotheses imply that p is inert or ramified in 117: Q and that Il
has class number one (see for example [G, Sect. 5.1 ]). Furthermore, the stipulation
that p be coprime to wI1 only excludes the case Il = Q ( 3 ) and p = 3. So apart
from this case, it is now known that when E is defined over an imaginary quadratic
field Il over whose ring of integers it has complex multiplication, conjecture 1

holds for all primes p t 2 of good reduction.
(2) The proof extends in an obvious fashion to any curve E with complex

multiplication defined over a number field F satisfying Shimura’s condition that
the field F( EtaTs) obtained by adjoining to F the coordinates of all torsion points of
E, is an abelian extension ofK. We have omitted the details of such a generalisation
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for the sake of clarity of exposition; for the necessary framework we refer the reader
to [Ru 1 ] .

The proof of Theorem 1 proceeds in a manner similar to Rubin’s proof in the
ordinary case [Ru3, 4.4], using a deep analytic result of Rohrlich [Ro] on the non-
vanishing of special values of modular L-functions twisted by Dirichlet characters.
The crucial ingredient is Rubin’s supersingular analogue of the Coates-Wiles ’main
conjecture of Iwasawa theory’ for imaginary quadratic fields [Ru4], which enables
us to translate the problem on elliptic curves into a problem on elliptic units. The
Coates-Wiles logarithmic derivative homomorphism then links the elliptic units to
special values of L-functions.

1.2. NOTATION

In order to simplify the presentation, for the remainder of Section 1 and all of
Section 2 we work under the hypothesis, except where otherwise indicated, that E
is defined over Q. The concepts necessary for a generalisation to arbitrary number
fields of what is said in this and the next section are essentially explained in [Gr3]
and [P-R2].

Fix an odd rational prime p. If A is any abelian group, A (or sometimes A^ )
will denote the Pontrjagin dual of A, and A*p its p-adic completion. The (p-adic)
Tate module HomZp(Qp/Zp, A ) of A will be denoted by Tp ( A ) . When A = Epoo
we just write TpE. Let tzp (A) denote the maximal Zp-torsion subgroup of A.
From now on we shall write Dp for the divisible group Qp/7,p. If G is any group
and M any G-module then MG will denote the G-invariants of M, the maximal
G-submodule of M which is (pointwise!) fixed under the action of G. Similarly,
we define the group of G-coinvariants of M to be the maximal quotient module
MG of M which is pointwise fixed under the action of G.

1.2.1. Galois cohomology groups

Let n E N ~ {0, oo}. The prime p is totally ramified in the extension Q£ : Q and
so we shall just write p for the unique prime above p of any subfield QI @ Define
for i = 1, 2 : 

z

where Xi~,03A3 is understood to be the Pontrjagin dual of the inductive limit with

respect to the restriction maps in galois cohomology of the modules Hi(Gn,03A3, Ep~).
Next, we define the continuous cohomology modules:

for n finite; when n = oo we take the projective limit with respect to the norm
(corestriction) maps to obtain À£ 1 .
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By Tate local duality and the Weil pairing (see [Mi, I]) for every place v and
every pair 0  n, m  oo we have

and so it follows that for all n &#x3E;, 0:

and for v any place not dividing p:

the last two equalities following from Kummer theory, since for v prime to p:

For n = oo we take the obvious projective limits with respect to the norm (core-
striction) maps.

It is easy to show using Nakayama’s lemma that each of the modules defined
above is a compact finitely-generated c-module. The structure theory of such
modules was developed by Iwasawa; see [Bo, VII] for a general exposition. We
define the rank of a c-module M to be the FA, -dimension of M (DA,, Fc, where
FA, denotes the field of fractions of c. Dually, if M is a discrete c-module the
c-corank will mean the c-rank of .

1.2.2. Selmer groups

Let L be any extension of Q contained in QE. Define the pm-Selmer group SpmE|L
of E over L by the exactness of the sequence

and the so-called ’modified’ pm -Selmer group S’pmE|L by the exactness of

We further define an ’unramified’ pm-Selmer group via the exactness of
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Taking inductive limits with respect to the maps on cohomology induced by the
inclusion maps Epm  Epm+1 gives the (p" )-Selmer groups

and taking projective limits with respect to the maps on cohomology induced by
the multiplication by p maps p: Epm+1 ---7 Epm we get the ’continuous’ Selmer
groups:

When L = Qg for some n, 0  n  oo, we shall denote these modules simply
by

respectively.
It is easy to show that when L = Qc~, the groups 5’oo, S’~, R~, ~, S’co and
~ are naturally compact finitely-generated c-modules. We shall use this fact
without further comment in the sequel.

2. Réduction to a problem on R~

Conjecture 1 has been investigated in a number of guises and it is not always
apparent how they interrelate. The following theorem explains some of these
connections. Here in the statement of the theorem we allow ourselves the freedom

that K be an arbitrary number field.

THEOREM 2. Let E be an elliptic curve defined over a number field Il of absolute
degree 03B4K. Let p be any odd prime. The following statements are equivalent:

Moreover, when p is a prime of (potentially) supersingular reduction for E, the
above statements are equivalent to
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REMARKS. (1) In a forthcoming note [Mc2] we shall show that if E is defined
over Q and p is a prime of good ordinary reduction for E, statements (i)-(ix)
are equivalent to the conjecture of Mazur that S~ should be a c-torsion A,-
module. (Equivalently again, that ~ = (o)). That this conjecture implies the
above statements is easy to deduce from the definitions; the reverse implication
requires recent deep results of Kato (soon to be published). It should also be
mentioned here that the module for which Kato formulates his ’Iwasawa main

conjecture’ is the one defined as 2~,03A3 above. See also [CMc].
(2) As a consequence of remark(1) it follows from [CMc, Theorem 1 ] that if E

is a modular elliptic curve of analytic rank 1 and if p is a prime of good ordinary
reduction for E then in fact 600 is c-torsion. This was previously only known in
the cases when E is modular of analytic rank zero (Kolyvagin [Ko]) and when E
has complex multiplication (Rubin [Ru3, Sect. 4]).

(3) Greenberg [Gr3, Proposition 5] has shown that if any of the above statements
holds then Xl , has no non-zero finite submodules. As a corollary, it is easy to
show using forthcoming results of Coates and Greenberg [CGr] that S’~ has no non-
zero finite submodules provided that p is coprime to the orders of the nonsingular
parts of the reduced curves Ens (JFN v) at every bad prime v. This is true for all odd
p if E has complex multiplication, by [SeTa]. Moreover when ~ = (0) one can
show similarly that S~ has no non-zero finite submodules for all such p.

Proof. (of Theorem 2). As indicated above, we restrict to the case where
Il = Q, 6K = 1. The generalisation is straightforward but makes the notation very
cumbersome. However one vital caveat if one considers an arbitrary prime p of a
number field K lying above the rational prime p, is that the definitions (3) (respec-
tively, (4)) must be read strictly as stated. Namely, one must exclude (respectively,
include) all places above p and not just p as is sometimes the convention.

For the purposes of the proof of Theorem 1 we only require a proof that (vii)
implies (iii); hence for the sake of brevity we only give details relevant to this. The
following chains of equivalences:

and

may be deduced from a careful application of the duality theorems of Cassels,
Poitou and Tate [Ca], [Mi, I Sect. 6] to the definitions of these objects. One also
needs Propositions 3 and 4 of [Gr3] and [P-R3, Lemma 0.2.4].

So we need only show that (say) (vii) implies (v). Since it will cost us no more
effort, we prove it in such a way that the implication (i) ~ (ix) also becomes
apparent. The simplifying observation is to note that each of these requires that
we show that under certain hypotheses, if a module M which is the direct limit
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of finite modules Mm,n has c-corank d, then the module M obtained from the
inverse limits under the dual maps has rank  d. Obviously this does not hold in
general, but we can draw together enough information in our situation to formulate
the following proposition. Define a family of modules Bpmn by the exactness of the
sequence

where 03A3’ is some subset of 03A3. We set as usual

the inductive limit being taken with respect to the maps on cohomology induced
by the inclusion of Epm in Epm+1, and

where the projective limit is taken with respect to the multiplication by p maps.
Finally, set

inductive limit with respect to restriction maps, and

the projective limit with respect to the norm (corestriction) maps.

PROPOSITION 3. With notation as defined above, suppose that 13,, has c-corank
d. Then ~ has c-rank  d.

REMARK. Notice that the Selmer group is excluded from consideration by the
stipulation on the local conditions.

Proof. From the definition of the modules Bn it follows easily by [Im] and the
fact that the p-cohomological dimension of 0393c is one, that the kemel and cokemel
of the restriction map

B ---7 n
are finite; indeed the kemel has order bounded independently of n. The proposition
is now an easy consequence of Lemma 1.1 (e) of [Wing]. 0

So we have shown that (vii) implies (v) (take S’ = S) and that (i) implies (ix)
(take 03A3’ to be empty). This completes our sketch of a proof of Theorem 2. 0
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We have the following easy corollary of the considerations above. It gives an
’unramified’ analogue of the Cassels-Poitou-Tate exact sequence.

PROPOSITION 5. Let F be any extension of Q contained in QL and let p be any
prime. Then the following sequence is exact.

Proof. We merely sketch the proof. Comparing the definition of E|F with the
usual Cassels-Poitou-Tate exact sequence over F it is enough to show that

Define a module 9 by the exactness of

Some diagram chasing shows that

so that certainly the natural map in (5) is surjective. But it is also injective as it is
defined as the restriction to ker 0’of the identity map on SElF / H2( G F,L’ Ep~)^. D

3. Rubin’s supersingular ’main conjecture’

We are reduced by Theorem 2 to showing that R~ is Ac-torsion. We first explain the
connection between the Selmer groups of elliptic curves and the Iwasawa theory of
imaginary quadratic fields. Rubin’s beautiful analogue of the Coates-Wiles main
conjecture for ordinary primes will then enable us to translate the original problem
into a problem about elliptic units. In addition to the notation of the previous
section we need to introduce the usual machinery for Iwasawa theory over the field
of complex multiplication, as follows.

3.1. THE PAIR {E, p}
Henceforth in this paper, E, 117, p and p will be as in the statement of Theorem 1.
So Il is an imaginary quadratic field, OK its ring of integers, and p an odd rational
prime. E is an elliptic curve defined over E with complex multiplication by OK.
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We work always under the constraint that E has good supersingular reduction at
p. The completion of Il at p will be denoted Kp, and Op will denote the ring of
integers of K..

Fix once and for all an embedding Il  C and a Weierstrass equation for E
over Il which is minimal at p, of the form

where g2, g3 E K. For any such model there is a natural choice of standard invariant
differential WE, defined by

This is a basis for the cotangent space of E at the origin. The pair (E, 03C9E)
determines uniquely a period lattice L = L(E, cvE) defined by

which is naturally an OK-module. Fix 03A9E to be a generator of this module. With
this normalization (E, 03C9E), we may write explicitly an identification

which is such that for any 03B1 E OK, the endomorphism (03B1) E Endh (E) is that
which induces multiplication by a on the tangent space to E at the origin. Let Ih
be the subgroup of fractional ideals of Il relatively prime to the conductor f = f E
of E over K. Let OE be the Hecke grossencharacter of K attached to E by the
theory of complex multiplication (see [deS, II Sect. 1]). That is, ~E is the unique
homomorphism from IfK to OK satisfying the following condition. For any ideal
a of K prime to f and any integral ideal c of K prime to a, we have

for all P E E,, where 03C3a is the global Artin symbol for the extension K(Ec):K.

3.2. p-POWER DIVISION POINTS AND THE TOWER OF FIELDS

We follow [Ru2]. Denote by 4l the completion Ap of Il at p. For each n &#x3E; 0 we
define Kn = K(Epn+1) and 03A6n = 03A6(Epn+1). Note that the extension 03A6n : 03A6 is

totally ramified for all n &#x3E;, 0, by Lubin-Tate theory, so that we may write just p for
the unique prime of Kn above p e K, for every n. So the canonical embedding
Il - 4J fixes embeddings Kn - 4Jn for every n &#x3E; 0. Define Iloe = ~n0Kn and
03A6~ = ~n003A6n, so we have a fixed embedding of K~ into 03A6~. We may identify
Gal(K~|K) with Gal(03A6~|03A6) since p is totally ramified. Fix, once and for all,
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embeddings of Il into Q and Qp, and then embeddings of Q and Qp into C so that
the compositions of embeddings are compatible with our fixed embedding of Il
into C. Define F = K(Ef). For every n &#x3E; 0, define Fn = F · Kn. Finally, define
F CX) = ~n0Fn = F(Efp~).
We shall constantly be making use of the structure which E has locally as

a Lubin-Tate formal group. So let A denote the unique (cyclic) subgroup of
Gal(K~|K) = Gal(03A6~|03A6) of order Np - 1, where N denotes the absolute norm.
Let K0394~ be the maximal subfield of K~ fixed by A and let f- be the group
Gal(K0394~|Kc~). We identify r c = Gal(Kc~|K), the galois group of the cyclotomic
Zp-extension of K, with the subgroup Gal(K0394~|Ka~) of Gal(K~|K). Here Ka~ is
the ’anticyclotomic’ Zp-extension of Il; that is, it is the extension corresponding
to the -1-eigenspace for the action of Gal(K|Q) on Gal(K0394~ |K). Using the facts
that the whole extension K~: Il is abelian and the order of A is coprime to p, we
may write

Let

be the full 2-variable Iwasawa algebra for our extension of p-power division points.
Without loss of generality we choose an identification of A2 with Op[[6B T]] which
is such that (7 = ( S + 1) topologically generates the galois group of the cyclotomic
extension Kc~ : Il, and T = (T + 1) that of the extension K0394~ : Il£ . That is,

Finally, for any field F we let A(I’) denote the p-primary part of the ideal class
group of F, and write

where the projective (inverse) limit is taken with respect to the norm maps.

3.3. TRANSLATION OF THE PROBLEM TO 117,,

Recall that we are trying to show that R~ = RE|Kc~ is c-torsion. We need to link
the Selmer groups of E to the Iwasawa theory of 117. Write

so
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PROPOSITION 6. Let E/K and p be as in the statement of Theorem 1. Then for
all such supersingular p we have the following isomorphism of A, -modules:

PROPOSITION 7. With notation as in Proposition 6,

and they are both 2(Zp)-torsion A2(Zp)-modules.

Propositions 6 and 7 may be found in [Bi, Sect. 3] under slightly more restrictive
hypotheses; the generalizations are obvious. D

If c is any O p -valued character of A and M any (9p [A]-module then we denote
by M~ the maximal submodule of M on which A acts via the character E. If we
define the ~-idempotent ~ e CUA1 as usual by:

then we have

Let K be the 0; -valued character giving the action of galois on the Tate module
TpE, and write 03C9 for restricted to the subgroup A. Altematively viewed, 03BA is the
natural isomorphism from Gal(03A6~ |03A6) to 0’. One has a natural identification of
03BA with what may loosely be termed the ’p-adic completion of OE’: for a beautiful
exposition see [G, Sect. 8]. Notice that we are using here the assumption that p is a
prime of good reduction, so that 03A6~:03A6 is a Lubin-Tate extension. Define

PROPOSITION 8. With notation as above, Z is A,-torsion if and only if e(T)
does not divide the characteristic power series f(S, T) of the A2-module

Proof. Let g(S, :L’) denote a choice of characteristic power series for

over A2, so that by linear algebra
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It is clear that e(T) divides f (S, l,) if and only if T divides g(S, T). Let M be any
Zp[0394]-module. Then by standard linear algebra we have that as Zp-modules,

Such an isomorphism is easily constructed to preserve the F2-module structure.
The question of whether T annihilates anything in these modules is independent
of whether we are working over Zp or over (9p, so we need only show that T
divides a characteristic power series for the left-hand module if and only if R~ is
A,-torsion. But this is exactly proposition 6 combined with proposition 7, using
our identification (T + 1&#x3E; = &#x3E; = 0393-. D

It is the statement in proposition 8 which we shall now prove. We use Rubin’s
theorem to convert it to a statement on elliptic units, as follows.

3.4. LOCAL, GLOBAL AND ELLIPTIC UNITS

For every n &#x3E; 0, let Un denote the group of principal local units of 03A6n. These
are the units which are congruent to 1 modulo to maximal ideal of the ring of
integers of 03A6n . Define UCX) to be the projective limit with respect to the norm maps
of the modules Un ozp Op. For each n, let 03B5n,g denote the group of units of the
field Kn, and we let Cn,g denote the subgroup of elliptic units as defined in [deS,
II Sect. 2]. Each of these Z[Gal(Kn|K)]-modules sits inside the local field -*,,.
Identifying each with its image inside lfn, define 03B5n,l = 03B5n,g n Un and similarly
Cn,l = Cn,g n Un. Denote by £n and Cn the p-adic closures inside Un of 03B5n,l and
Cn,l respectively. As usual we refer to these as the global units and the elliptic
units respectively, of the fields 03A6n. Since Leopoldt’s conjecture is known for these
towers of fields we may identify En (respectively, Cn) with 03B5n,l ~Z Zp (respectively,
Cn,l 0s Zip). Define

and

which are naturally submodules of U03C9~, the projective limits always being taken
with respect to the norm maps. It is clear from the definitions that U03C9~,03B5~03C9 and
t7 are naturally A2-modules. If M is any A2-torsion A2-module, we denote by
fM = fM(S,T) a choice of characteristic power series for M over A2. We are
now in a position to state the following special case of Rubin’s supersingular ’main
conjecture’ .


